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ABSTRACT

A method to solve a quasi-geostrophic two-layer model including the variation of static
stability is presented. The divergent part of the wind is incorporated by means of an
iterative procedure. The procedure is rather fast and the time of computation is only
60-70 % longer than for the usual two-layer model. The method of solution is justified
by the conservation of the difference between the gross static stability and the kinetic
energy.

To eliminate the side-boundary conditions the experiments have been performed
on a zonal channel model.

The investigation falls mainly into three parts:

The first part (section 5) contains a discussion of the significance of some physically
inconsistent approximations. It is shown that physical inconsistencies are rather serious
and for these inconsistent models which were studied the total kinetic energy increased
faster than the gross static stability.

In the next part (section 8) we are studying the effect of a Jacobian difference opera-
tor which conserves the total kinetic energy. The use of this operator in two-layer
models will give a slight improvement but probably does not have any practical use in
short periodic forecasts. It is also shown that the energy-conservative operator will
change the wave-speed in an erroneous way if the wave-number or the grid-length is
large in the meridional direction.

In the final part (section 7) we investigate the behaviour of baroclinic waves for some
different initial states and for two energy-consistent models, one with constant and
one with variable static stability. According to the linear theory the waves adjust
rather rapidly in such a way that the temperature wave will lag behind the pressure
wave independent of the initial configuration. Thus, both models give rise to a baroclinic
development even if the initial state is quasi-barotropic.

The effect of the variation of static stability is very small, qualitative differences in
the development are only observed during the first 12 hours. For an amplifying wave

we will get a stabilization over the troughs and an instabilization over the ridges.

1. Introduction

During the past ten years a great number of
simple (two-level or two-parameter) models have
been designed for the purposes of numerical
weather prediction. Some of these models have
also been tested for a long time and under a
variety of atmospheric initial data. Some phy-
sical shortcomings have been reported by
GaTtes (1961) and they may be repeated here:
(1) a tendency to underestimate the growth of
relatively new large-scale disturbances, (2) to
overestimate the growth of the relatively ma-
ture disturbances accompanied by fictitious
large gradients, and (3) to display a spurious

growth of anticyclonic circulation, especially
in the subtropical latitudes.

The most serious and also the most intricate
of these errors is the second one, and we will in
this study mainly restrict ourselves to this
effect. Those who daily follow up forecasts with
the simple two-parameter model eq. (2.17-2.18),
terms notated A,,, observe that the forecast
for the mean level sometimes is inferior to the
result from the barotropic, one-parameter mo-
del. These circumstances are a painful reality
for those involved in routine numerical weather
prediction and some have made the drastic
decision to neglect the term which controls the
effect from the thermal field on the mean
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field. (D66s (1962) 4,; in eq. (2.17)). This is the
same as to perform barotropic forecasts for the
mean level.

Let us discuss this problem somewhat further.
What are we doing when we formulate a con-
ventional two-level model? Disregarding the
general constraints on the fluid (frictionless,
hydrostatic and adiabatic flow) we have two
“geometrical”’ constraints on the forecasting
equations. The horizontal wind has a linear
variation in the vertical direction, and the
vertical wind has a symmetrical distribution
around the mean level. This means also that the
divergent part of the wind is symmetrically
distributed in the vertical.

Our empirical knowledge of a baroclinic de-
velopment tells us on the other hand that this
is quite an erroneous description of what is
really happening. The baroclinic development
starts as a rule at a special level in the atmos-
phere and after some time (10-24 hours) the
greater part of the troposphere is taking part in
the baroclinic development. Simultaneously
large variations in the vertical distribution of
divergence are observed. Consequently, this
last process is not possible to describe with a
two-layer model.

In the following experiments we will not be
able to justify by an explicit procedure that the
constraints on the windfield are the most serious
of our assumptions, but we will by a successive
elimination of other sources of error find this to
be quite plausible.

Another explanation to the systematic error
of overprediction of mature disturbances has
been discussed by Gates. (1961, 1963). If we
allow the static stability to vary in space and
time, the release of the kinetic energy of the
disturbances is regulated. During the develop-
ment stage the local conversion of potential
energy into kinetic energy may be systematically
underestimated (the static stability is small),
while during the occlusion and decay stage the
potential energy may be overestimated (the
static stability is large).

A third source of error may also be due to in-
consistent approximations in the forecast equa-
tions with respect to the conservation of the
total energy.

The errors due to purely mathematical ap-
proximations will also be studied and an in-
vestigation concerning the significance of the
conservation of the kinetic energy in the finite-
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difference form will be discussed separately in
section 6.

In this article we are going to discuss these
kinds of error quantitatively by performing
some series of numerical experiments. In order
to focus our interest on the most important
error due to the physical shortcomings of the
model we will arrange the experiments in such
a way that errors of other kinds are reduced
as much as possible. In the experimental models
which will be discussed, the motion is confined
to a zonal channel consisting of walls to the
north and to the south and open boundary to
the west and the east.

For the initial data we have taken simple
analytical expressions. By doing so we may
exclude errors due to inaccurate and non-
representative initial data and also errors due to
incorrect specification of the boundary condi-
tion.

The first part of this article will describe the
formulation of a two-layer model with a variable
static stability suited for numerieal weather pre-
diction. The same model has been investigated
by Gates (1963). However, in these experi-
ments we have chosen to solve the system of
equations in another way; thus we compute the
vertical velocity by the aid of the thermal
equation and then the divergent part of the
wind is incorporated with the aid of an iterative
procedure.

It is shown that only one scan is enough to
give a satisfactory result, manifested by the con-
servation of the difference between the kinetic
energy and gross static stability.

The results of the channel experiments will be
presented as different area-integrations which
will demonstrate the behaviour of baroclinic
waves for soms consistently and inconsistently
formulated forecasting models.

Finally we shall discuss the dynamic mani-
festations of some wave-solutions for the simple
two-level model given in closed form by OGURA
(1957) and WiN-Ni1eLSgEN (1960). These will be
accompanied by similar numerical experiments
for the model with constant and variable static
stability.

The following notations will be adopted:

z = Cartesian distance coordinate to east
y = Cartesian distance coordinate to north
p = pressure

t =time
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(u,v,w,) = time rates of change of (z,y,p) following
the motion
v = horizontal velocity vector
g = acceleration of gravity
k =vertical unit vector
& =vertical vorticity component
y =stream function
% = velocity potential
0 = potential temperature
¢,» ¢, =specific heats of air at constant pressure
and volume
R=c,—c,
% =Rjc,

2. The model

A very suitable model for this kind of investi-
gation has been designed by LorRENZ (1960). This
model has been very generally formulated and
we will in this connection only retain those
parts of the equations which are energy-consis-
tent, with the balance equation.

The basic equations (in the xypt-system) are
as follows.

The thermal equation:
a6 a0

== -y Vh-w—. (2.1)
at op

The vorticity equation:

0 ov
“_ v'Vy—0o—-9yV-v-k- (wa —)
ot op
(2.2)
The continuity equation:
ow
Z+V-v=0, (2.3)
op
where
v=kxVyp+Vy,
n=§+f

Inserting the horizontal wind-field in the
equations and omitting the divergent part of
the wind in the twisting term y in the vorticity
equation we get:

0

a0
— J(,0) -V VO—w—, 2.4
p (y,0) - Vyx wap (2.4)

o& ok
— = —J y —Vy:Vn— )
ot {y,m)—Vx-Vpy wap

—(5+f)V21—Vw'Va—w. (2.5)
op

-P
0 w=0 P=0
e 046 — P=R
2 f— ¥" 0 6 ——P=HR
LI IS +X, ——0-0 ——P=R
¢ w=0 P=R

Fic. 1. The information levels, and primary depen-
dent variables of the two-layer model under investi-
gation.

If we apply the eqs. (2.4) and (2.5) to a two-
layer model of the atmosphere as illustrated in
Fig. 1, we obtain the following equations
(cf. Lorenz):

a0 w
5 = —A,J@™0)+4, E’G

- B, J(¥%0) + B, Vo Vy, (2.6)

éo
;l = - B21J(Wmv0)+Bzzvo'VZ—DzzJ(Wd’O)a
(2.7)
oyp™ )
v E =~ AnJ(w"', 77m) - AazJ(lpd: Ed) + Dy, Ed Z;}

1 a d w
+D34E)Vw <V + Dy VEL - Vx+D3,§"A—p,
(2.8)

d
v’

ot = - A41J(Wm’§d)_A42J(Wd’77m)

A%
fo m ©
+A43A—p+B“Vf'Vx+D“§ %

+ Dy VE™ - Vy, (2.9)

27O RVIG =V - (fVyT) + V{V " vy
+ ViV - V(Vy™ V) (2.10)

+ —
Here "= Y’éjﬁ’ , = %———2 %,
_6,+6, _6,-0,
0 = g 0 TT T
Xa— X
and x:-le,
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where the subscripts refer to the levels shown
in Fig. 1.

To obtain eqgs. (2.6)-(2.9) we have applied the
thermodynamic equation and the vorticity equa-
tion to both of the levels 1 and 3 and after that
we have formed the sum and the difference of
the two equations. We have also evaluated
vertical finite differences over Ap(p, = 1000 mb
in assumed constant), with the vertical boun-
dary conditions w =0 at both p =0 and p =p,.
The approximations 6, =(6, +0;)/2 have also
been used. Eq. (2.10) is derived in the same
manner as that by Gates (1961), by differen-
tiating (2.4) with respect to pressure using the
hydrostatic relations, and evaluating oy/ép by
finite differences over Ap about the level 2. If
one introduces the continuity equation of the
form:

w 2
— V=0 2.11
Ap z (2.11)

it is easy to see that the system of eqs. (2.6)—
(2.10) will be just the same as that published by
LorENZ (1960) and GATEs (1961). w is the verti-
cal motion at level 2.

The coefficients “4,,”, “B,.” and “D,.”
appearing in front of every term in the equation
are used for identification. The subscript “‘m”
refers to the original equation and the subscript
“n” to the specific term. The terms denoted by
A,, and B,, are consistent with the quasi-
geostrophic equation and the terms denoted by
A, B, and D,,, with the complete balance
equation.

In particular, eq. (2.8) with term A4, is simply
the non-divergent barotropic equation and all
the terms A, together with the linear part of
equation (2.10) form the ordinary two-parame-
ter model of CHARNEY & PHILLIPS (1953).

This last statement may be clear if we elimi-
nate w between egs. (2.6) and (2.9). This proce-
dure gives us the equation:

awd
v 5 - AAIJ(Ed’ 'Pm) + AuaJ(rlm’ Wd) + B, Vf-Vy
A D, ™
+ D VE" - Vy + Aol + Dyst” {io
4,0 at

+ AuJ('Pm’o) + Bls‘]('/’d’ o)
+B“V0"Vx}. (2.12)
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The quasi-geostrophic balance for the ther-
mal equation will be introduced in the follow-
ing way:

By the aid of the hydrostatic relation we then
get:

%31

Vo = AL (2.13)

R

If we further assume that the following will
hold:

30 2x+1 awd

— = — 2.14
ot R ! et ( )

and introduce the new variables:

- %, (2.15)
s=R2 Mg, (2.16)

we get the following system of 3 equations (6
has been eliminated by the aid of the quasi-
geostrophic assumption):

V'*‘al{n -
ot

+ Dy + D) W+ D, VW - Vyp?
+ D, VE - Vy, (2.17)

{vz ] A4af+1)455'"}9_'/’d= 4
A128 ot

Ay I ™) + AzzJ(Ed’ ’I’d)

41'I(§d"l’m)

Ayuft+ D™

+ A, J (g™t +
w2t (" y%) A8

{4, ™ v

+ B J(y* )+ B, Vs- Vy}
+ By Vi Vy+ D VE™ - Vy, (2.18)

g= B, J(y",8) + By, fVyp* - Vy.  (2.19)
To solve the systems (2.17)-(2.19) we must
have an expression for y. With the aid of the
continuity equation (2.11), the definition (2.16),
the thermal equation (2.6) and the quasi-geo-
strophic assumption we get the following ex-
pression:
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1 8tpd
Vi — {28 L A fT", y°
X Alz’g{ ot uf (™, %)

+B,J(y%s)-B,,Vs* Vx} . (2.20)

To illustrate the computational procedure we
write the equations in the following way:

ayp™ y
(a) {Vz“q(x’y)} -6? = Fl(wm,wd»&x )
8wmv )
(b) vgg = Fy(y" 9% 8.7)
28"
— =F m, d, , v
{e) ot 9y 8 x)
P d
) szvfle‘(wm’%, s,xv)

(2.21)

here (2.21a) corresponds to (2.18); (2.21b); to
(2.17); (2.21¢) to (2.19) and (2.214d) to (2.20).

The superfix v here denotes the order of
iteration. The initial values are given in y™, ?
and ¢ and the system is solved in the order
a—~>b->c—>d.

The first guess of y is zero. The system is thus
first solved as an ordinarily two-layer model
with constant static stability, combined with
the non-divergent term denoted B,, and the
equation for the static stability.

The solution of the Poisson eq. (2.21d) gives
us the new y, after which the system (2.21a)—
(2.21d) is resolved and attention is paid to the
divergent terms. The iterative procedure is in
this case very successful and we will in the first
scan catch more than 95 % of the velocity-po-
tential field.

With this fast rate of convergence one scan
was enough to incorporate the divergent wind-
field. The computation time for the system cor-
responding to the terms notated 4,,,, B,,, there-
fore only exceeds that of the ordinary two-
layer model with 60-70 9. The finite-difference
form of the eqgs. (2.17)-(2.20) is described in the
Appendix.

The systems (2.6)—(2.9) may naturally be
solved in many different ways. Another proce-
dure has been described by GaTes (1963). He
uses the so-called w-equation, the diagnostic
relationship which we get if we eliminate the
time-derivatives from the vorticity and the

thermal equation. However, this method must
be criticized. When we want to obtain analytical
solutions to a system of differential equations it
may sometimes be useful to reduce the number
of equations by increasing the order of the
remaining ones.

This method is not to be recommended if we
want to solve our equation approximately, by
numerical methods. If, as often is the case, we
are restricted to a fixed number of adjacent
points when we want to truncate a difference
operator, the truncation error increases rapidly
with the order of the operator. Another problem
which arises if we use the w-equation is that we
ought to introduce one artificial constraint on
the coriolis parameter if we want to preserve
the total mass and on the static stability in
order to get convergence in the solution of the
w-equation. For further references see GATES
(1963).

In order to check if our method of solution is
justified we have found it is naturally required
that the system should conserve the difference
between the kinetic energy and the gross static
stability (cf. LorENZ). If this is true the method
of solution and especially the difference scheme
is acceptable.

As is seen from Fig. 5, showing the variation
of kinetic energy and gross static stability with
time, our methods are really justified.

3. Initial data

As the initial situation (f =0) we assume a
very simple baroclinic basic flow, characterized
by a zonal basic current, U™ for the mean field
and U? for the thermal field, independent of
the horizontal coordinates. The basic state has
further a constant static stability o.

A disturbance flow is superimposed on the
basic initial field in the following way.

Given, at the time ¢ =0 sinusoidal disturban-
ces in the mean, thermal and the stability
fields in the form of the following expressions:

’ . 27'! 2.‘,’t
™ =y} sin 7 T o8 Sy,

, 2 2 D
o =1pfi 8in En(x~yd) cos gy for |y|<§,

, . 2n e 2n
= in — (x— 08 — Y.
o' =04 8in 7 (x—7y D Yy
(3.1)
Tellus XVI (1964), 3
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Fic. 3. The channel model with an initial disturbance (3 = 7). Mean field (solid lines), temperature field

(dashed lines).

The amplitudes of the disturbances are
denoted by subindex “A”, L is the wave-length
in the zonal direction, D is the wave-length in
the meridional direction, 3¢ and »° are the
phase lags for the temperature wave v*" and
for the stability wave ¢’ respectively.

The numerical values which have been used
in the computations are specified later.

In the channel experiment we have used the
B-plane approximation.

For further description of the channel see
Fig. 3.

4. Energy computations

To depict the state of the flow we have com-
puted some energy relationships at every time
step. In discussing these relationships, deseribed
in the form of area or volume integrals, we will
make use of the following notations. Let, as be-
fore, o« be an arbitrary variable. We then define:

=+,
(4.1)

o =g+oa”,
h & ! d. 4.2
where = .
T & LM sas (4.2)

1 [t

and &=i fo adir. (4.3)

Tellus XVI (1964), 3

s represents a closed area, (s =2LM (see Fig. 3))
and ds is an infinitesimal area element. @ will be
referred to as the area mean and & as the zonal
mean. L is the wave-length of the baroclinic
disturbance and M is half the width of the
channel.

The kinetic energy of the mean zonal flow
and of the perturbation flow is expressed in the
following way:

K:? f (Vo™ - Vo + Vgl - Vy)ds, (4.4)
g J s

K" = % f (Vo™ V™ L Vyp? vyt )ds.
g Js

(4.5)

The total potential energy is given by LORENZ
(1960):

P+I- ?ﬂafeds—@bfads, (4.6)
g ) g Js

where a=0.797 and b=0.124.
The negative of the second term in (4.6) is the
gross static stability:

5 - be ods. (4.7)
g s
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It follows from eqs. (2.6) and (2.11) that

o6
f—ds=0
53t

which implies that the first integral in (4.6) is
a constant. Thus, if the total energy K +P +1
were conserved, the difference between S and K
would be conserved or vice versa.

In order to make comparisons with the in-
vestigation presented by TroMpsoN (1959) and
also with the quantities,

RoT =&™ 4 ¢ (4.8)
and Occ = (ﬁ%) (4.9)

have been computed. The first integral is a
measure of the total rotationality of the flow
and the second integral may be regarded as a
measure of the state of occlusion. For a more
detailed description, reference is made to
TrHOMPSON (1959).

Finally, in order to get a more detailed pic-
ture of what will happen to a baroclinic disturb-
ance in a zonal channel we have also computed
the kinetic energy of the divergent wind, the
available potential energy of the zonal and the
perturbation flow, and the energy conversions
from the potential energy to the kinetic energy.
The expressions for these integrals are:

— p . .
K" =22 (Vy - Vy)ds, (4.10)
29 Js
X! & 17 ’
K" = (Vg - Vy')ds, (4.11)
29 Js

{d-K} = ~§f@a)ds, (4.12)
295

27 144 R 4 II
{4 K"} = - g e ds, (4.13)
R 6
= P f~—+6— ds, (4.14)
2 G+ Omax

R ()’7+a’7
A= P JT ds,  (4.15)
279 J s 6+ Omax

where 6,y denotes the maximum value under
adiabatic redistribution, LorENz (1960).

The integral relationship has for comparison
been computed for two models, one with con-
stant static stability and the other with variable
static stability. The integrals have been ap-
proximated by finite sums. Thus, for an arbi-
trary function f(xy) we have:

i=L j=+M
ff(my)d35igo jrsz(xy)tjAAr (4.16)

where A4 corresponds to an elementary grid
square.

5. The effect of inconsistent approxima-
tions in the differential equation

We will in the following make use of four
different models.

Model I: The terms denoted by 4,, in egs.
(2.17)—(2.19). Consistent model with respect to
energy, inconsistent with respect to vorticity.

Model 1I: The terms denoted by 4,,, and B,
in egs. (2.17)—(2.20). Consistent model with
respect to energy, consistent with respect to
vorticity.

Model 111: The terms denoted by A,., B,...
Dys, Dyyy Dygs, and Dye. Inconsistent model with
respect to energy, consistent with respect to
vorticity.

Model IV: All the terms denoted by 4,,,, B,
and D,,. Inconsistent model with respect to
energy, consistent with respect to vorticity.

As we can see, Model I corresponds to the
ordinarily two-parameter model with constant
static stability, CHARNEY, Purrries (1953).
This model is energetically consistent with the
quasi-geostrophic approximation.

It must be pointed out that this is only
valid if we let “f” be a variable in {2.13) and
(2.14). Multiplying eqgs. (2.8) and (2.9) with ™
and y? respectively and then adding the change
of the kinetic energy, can be written in the fol-
lowing average way:

A
P ;" [w’"J @™ ™+ "I (% &)

+y8T 4™ + 9T ™€)
- P w_"fTo] = 2™ ")
gAp

Tellus XVI (1964), 3
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TABLE 1

Kinstic Gross static
energy stability

Ratio between
the change in
kinetic energy
and gross static

Kinetic Gross static
energy stability

Initial state 36-hour forecast stability
Model IT 4125 18182 5707 19740 1.01
Model III 4125 18182 5885 19719 1.14
Model IV 4125 18182 5958 19648 1.25

Units: kj/m?2.

+ 3T %™ + I (p" ", &) — WL
(5.1)

The corresponding expression for the avail-
able potential energy reads:

—A=——6W. (5.2)
oL 2%g

Where, as before, () means an integration
over a closed area.

Since an integration of a Jacobian over a
closed area is zero it follows immediately from
egs. (5.1) and (5.2) that:

3 R __
VW = i 0 (5:3)

if the total energy is conserved.

Further it is seen from eq. (2.9) that the vorti-
city of the thermal field is not conserved since
the correlation between f and W is not neces-
sarily zero. If we want to conserve the relative
vorticity for the thermal field or the mean
temperature, then f must be a constant. If f is
constant in (2.9) (the term denoted A4,;), then f
must be a constant in (2.13) according to (5.3).

Let us qualitatively discuss what the effect
will be if we use f instead of f,. For an amplifying
disturbance we often have a negative energy
conversion in the meridional plane. This means
that the warm air to the south is sinking and
the cold air to the north is rising. The net effect
of the term —fW will therefore be a slight in-
crease in the mean temperature. In the experi-
ment with Model I using 3¢ =3z the relative
change for the stream function y? was + 0.0005 9%
for 36 hours which corresponds to an increase
in the mean temperature of 0.1°K. Thus the

Tellus XVI (1964), 3

effect of a variable f in Model I in this experi-
ment is almost insignificant.

In Model IT the static stability is allowed to
vary, thus we can describe the static stabiliza-
tion accompanying the release of kinetic energy.
This model corresponds to a model investigated
by Gates (1961, 1963), and yet, we have here
used the quasi-geostrophic approximation. The
terms denoted A,,, and B,,, are consistent with
the quasi-geostrophic approximation, whereby
this model also is energetically consistent.

In Model IIT we also include, in the equation
for the mean flow, the vertical advection of
vorticity, the twisting effect, the advection of
vorticity by the divergent wind and the diver-
gence term depending on the relative vorticity.

Together with the term included in Model III,
in Model IV we also consider the divergence
term depending on the relative vorticity in the
thermal flow.

Both Models ITT and IV are consistent regard-
ing the conservation of vorticity,

since — =0 and —=0.
ot

However, these models are inconsistent re-
garding the conservation of the total energy, since
we are only using the quasi-geostrophic approx-
imation. It may be of interest to see if this in-
consistency is significant or not.

In this first experiment we shall compare the
results from Models IT, III, and IV. The initial
fields have the form:

m

m m . 27 2 m
Y =-U Y+pa SlnExCOS’By‘*‘W(), (5'4)
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F1a. 4. The variation of the stream-function for the mean field, ™ (solid line), the stream-function for
the thermal field, y? (dashed line) and the static stability (dotted line) in the middle of the channel
(7=0). (a) Initial state, (b) 36-hour forecast with Model II, (¢) 36-hour forecast with Model III and
(d) 36-hour forecast with Model IV.

d

. 2n 27
vi= — Uy + 9% sin — (x—»% cos By+z,ug,

d

(5.5)

. 2x R 2n
0=0,+0y4 s1ni(x—y)cosﬁy, (5.6)

where

U™=25 m sec '
U%-15 m sec™’

o =15°C

ya =50-10° m® sec™!
y;ﬁ =50+ 10° m” sec !

[} =3°C

L =4800 km
D =3600 km
Y =i
¥ o=dn

wa = 5500 10° m® sec™*

wod = 3500 10° m® sec™!

The amplitude for the static stability field as
well as the phase difference between the mean
and static stability fields have been given the
values above in order to agree roughly with the
values found by WiIN-N1ELSEN (1963). He found
that the perturbation stability is about 20 % and
the corresponding 3° 110° for an unstable wave.
The time-integration of the systems (2.17)-
(2.20) has been performed for 36 hours.

Figs. 5, 6, and 7 show the variation of the
total kinetic energy and the gross static stability
for Models II, III, and IV respectively. We see
that the conservation of the difference between
the kinetic energy and the gross static stability
is very good for the consistent model, but for
the two others the kinetic energy of the barocli-
nic disturbance is increasing more than the
gross static stability.

Tellus XVI (1964), 3
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It is seen in Table 1 that for Model IV the
increase in the kinetic energy is surpassing the
increase in the gross static stability by 25 %.
This means that the effect of the inconsistency
in Models III and IV as compared with the
quasi-geostrophic assumption is rather serious
and the ultimate effect of the static stabilization
may be cancelled.

Fig. 4 shows in a cross section along the middle
of the channel (j =0) the initial waves for the
mean field, thermal field, and the static stability
(a) as well as the state after 36 hours for Models
II (b), I1I (¢}, and IV (d). The forecasts show no
significant differences, the troughs and the rid-
ges have for example almost the same positions.
The mean static stability is somewhat higher in
Model II, but the amplitudes are also almost
the same in the three models. The greatest dif-
ferences are found in the meridional plane, and
in the zonal kinetic energy.

6. The effect of an energy conservative
Jacobian operator in short-time forecasts

The difference expression (A.9) which cor-
responds to the Jacobian operator has the pro-
perty of conserving the total kinetic energy for
the barotropic model. As can be seen in the
appendix this depends on a consistent trunca-
tion of differential expressions of the kind «J(«,f)

Since a model which is consistently formu-
lated in the differential version conserves the
total energy very well we can say without per-
forming any special experiments that the usual
difference expression is satisfying enough for
short periodic forecasts. Yet, it may be interest-
ing to see to what degree the use of (A.9) in-
stead of (A. 8) will improve the conservation of
the total energy in a two-layer model.

s K
kj/m? kj/m?
20200.{ 6400 ]

S =GROSS STATIC STABILITY =------
K=TOTAL KINETIC ENERGY

198004 60004

194004 56004

190004 5200

186004 4800

18200 4400-{

17800+ 4000

17400J- 3600. T

T T T T T T ™

6 ¢ 8 12 % 2 2 28 32  35hours

Fig. 6. The same as for Fig. 5 but with Model III.
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kjfm? kjfm?
20200 64004
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K= TOTAL KINETIC ENERGY

19800 60004

19400 5600

180004 5200

186004 48004

18200 4400

178004 4000

17400 L 3600 . r

0 4 8 12 1‘8 ;ﬂ ZTL i) 3‘2 3’5 hours

F1a. 5. The variation of total kinetic energy (solid
curve) and gross static stability (dashed curve) with
time in kj/m?. In order to simplify the comparison,
the curves have been placed together. The y-axis
to the left refers to the gross static stability and
the y-axis to the right to the total kinetic energy.
Model II.

The result of such a comparison is given in
Table 2. This table shows the total kinetic
energy, the gross static stability and the differ-
ence between the change over one time-step for
the kinetic energy and the gross static stability.
As we can see from the total difference (in the
bottom of the table) this difference is signifi-
cantly smaller if we use J’(«, 8). For short-time
routine forecasts, however, the improvement
may be of little practical value.

We will further investigate how an energy
conservative Jacobian operator will influence
the wave-speed. To simplify the problem as
much as possible we will restrict ourselves to ba-
rotropic waves moving in a f§-plane.

The barotropic equation reads:

8£= 1
ot J(p.m) (6.1)

S K
R T
22000 6400

S = GROSS STATIC STABHITY -------
K= TOTAL KINETIC ENERGY

196830 6000

19400 56004

130084 52004

196004 48004

182004 44004

178004 4000

17400 J 3600 T

T T

T T T T T
4 ] 12 1€ 0 U 28 32 36 hours

Fi1a. 7. The same as for Fig. 6 but with Model IV.

25017 SUOLLOD SIS0 3[ceol[dce L) A PoLBAOB 312 SOIE YO B8N J0 S3NI 10} ARIGIT SUIIUO 31 U0 (SUONIPUGD-PUB-SWIB)ALIGDAB] I AR 1[pu|U0//'SCNL) SUONIPUGY L SULS | 81 385 *[9202/470/9T) U0 ARIGIT 8UIIUQ AB]IAA ‘S0UB|pOXS B0 PUE L1IEH 10} 3IMISU| [EUOTEN ‘ZOIN AT X0,T0001 96T 06VE-ESTZ TTTT OT/I0pA0™Aa] 1M ARq 1pU1|U0//'SIY WO1j POpeojuMoq ‘s ‘96T ‘06VEESTZ



338 LENNART BENGTSSON

TaBLE 2. The change of total kinetic energy (K) and gross static stability (S) with time (t). Units:
kj/m?. For further explanation see text.

Conventional
Jacobian operator

Energy-consistent
Jacobian operator

z K s AK-AS | 7 K S AK-AS
3 6731 20573 e |8 6729 20572 s
1 6821 20682 o 1 6818 20679 i
2 7046 20901 MR 7040 29805 T
3 7276 30127 TE s 7267 30117 T3
4 7505 30351 ts 4 7493 30336 v
5 7718 30565 . 5 7703 30543 T3
6 7913 30761 B 7899 30732 t
7 8083 30938 2l 8065 30896 2
8 8218 31074 “ 8 s 8203 31029 T
9 8323 31183 el 8309 31128 o
10 8386 31254 10 8371 31189

1 8412 31287 “ I n 8405 31212 u
12 8399 31281 RS BT 8387 31195 i
13 8347 31237 R BT 8346 31143 o
14 8263 31158 BEA BT 8262 31053 o8
15 8142 31044 EF Bt 8148 30934 a
16 7998 30904 s 8010 30786 o
17 7829 30740 R 7843 30618 e
18 7640 30559 S T 7664 30433 T
19 7445 30364 - 19 7469 30239 ]
20 7237 30166 ~1 ] 0 7271 30040 t
21 7036 29969 21 7074 20845

22 6835 20777 Y e 6880 20656 -3
23 6651 20602 9 | 23 6703 20482 -3
24 6480 29440 24 6535 20323

Change for 24 hours —118

Change for 24 hours + 55

and the waves have the form:

e sin 2 () cos 2 (6.2)
== n---(r—ct) cos ——y. .
Y =yasin (o 55

In order to compute the operators we must
replace our continuous variables with discrete
ones:

r=1As, Yy=7A8, t=tAt,

L=L,As, D=L,As
when O0<¢<L and - M<y< + M.

L, and L, are integers which had to be mul-
tiplied with the grid-length in order to give the
zonal and meridional wave-lengths respectively.

Since the waves will keep their amplitude
constant in this experiment we will get an ex-
pression for the ratio (r) between the finite-
difference wave-speeds if we compute the ratio
between the Jacobian operators. Thus:

re Jl(w"’])
Iy, m)’

(6.3)

where

UiA o 2af. At 2n . 1

= s+, sin — |t—ct— ) cos — 74y,

y 1 ¥a A TAS S Ly? Yo
(6.4)

J(«, ) and J'(x,f) are then computed for an

arbitrary point at v=0.
After some calculations we get:

Iy, m) = —4 27 cos 22 j sin X (B - U)
,n)=— cos — ¢ cos — 7 sin —— (B -k U),
Y1 Ya L, Ly? L,
(6.5)
3 4 27, 27, . 2=n
,n) = — — % cos — 7§ sin —
¥.1) P4 COS . cos Lyj 1 z
27
2+ cos —
< (B-K*U) — Y, (6.6)
where k is the wave-number
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and for the ratio:

2n
2 +cos —
i - Y. (6.7)

Consequently we have found that the ratio
is a function of the meridional wave-length; and
it follows that the waves are propagated slower
if we use an energy consistent Jacobian opera-
tor. Yet, this effect is only observed for waves
with small meridional extension or for large
grid-lengths. In this connection ‘‘meridional”
must be interpreted as the direction perpendi-
cular to the direction of the basic flow.

Fig. 8 shows the wave-speed for the Jacobian
operators (A. 8) and (A. 9) as compared with
the analytical wave-speed. The result presented
in the figure is obtained from a numerical in-
tegration for the channel model (see appendix
and Fig. 3). The initial state is given by (6.2).

The numerical values used here have been
somewhat different from those in the other sec-
tions. Thus, L =2400 km and y4 =107 m? sec-L.

The curves in Fig. 8 exhibit some interesting
features.

The error in the wave-speed which we get if
we use the ordinary Jacobian operator (curve b)
is rather small and changes very little with in-
creasing meridional wave length. As was in-
dicated in (6.8) the wave-speed which corre-
sponds to the energy consistent operator is
quite different (curve ¢} when L, is very small.

7. The structure of waves in two-level
models with constant and variable static
stability

In this section we will make some comparisons
between the behaviour of baroclinic waves for
Model I and Model II.

The ordinary two-level model has, as was
pointed out in the introduction, & pronounced
tendency to overpredict the kinetic energy. This
is especially true in connection with intensive
cyclone developments and the real reason for
this misbehaviour is obscure. The purpose of
the experiment, described in this section, is to
answer the question whether a model with va-
riable static stability could coneceivably sup-
press a baroclinic development.

Before we start the discussion let us briefly

Tellus X VI (1964), 3
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Fic. 8. The wave-speed in a barotropic model as a
function of the meridional wave-number for different
finite-difference schemes: (a) Analytical wavespeed.
(b) Ordinary difference operator for the Jacobian
operator. (¢) Energy-consistent Jacobian operator.
The basic velocity is 25 m sec™! and the zonal wave-
length 2400 km.

describe the history of a wave disturbance as we
observe it on the weather map. In the initial
state the axis of the disturbances is sloping
towards the ‘‘cold” side indicating that the
temperature wave is lagging behind the pressure
wave. During the development stage (& process
of 12-24 hours) the temperature wave is
catching up the pressure wave and in the mature
stage the disturbance is almost quasi-baro-
tropic. Hereafter the disturbance starts to decay
mainly as the consequence of the frictional dissi-
pation and the time-scale of this process is of
the order 2-5 days. It seems very natural to
assume from the empirical point of view that
adiabatic processes may describe the transfor-
mation from a baroclinic to a quasi-barotropic
state but diabatic effects may account for the
development from the quasi-barotropic to the
baroclinic state. However, the author is not
aware of any synoptic investigation where this
process has been studied systematically, but
the remarkably good forecasts with the baro-
tropic model from a quasi-barotropic initial
state in areas where diabatic sources and sinks
are unimportant, strongly suggest the conserva-
tion of the quasi-barotropic state within an
adiabatic and a frictionless atmosphere.

This problem has been discussed by THOMP-
SON (1959) who showed that the local change of
total rotationality and occlusion (defined in
section 5) depends on the initial phase difference
between the mean and thermal fields. If »¢ is
situated in the interval 0,7 (the temperature
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Fic. 9. The variation of the stream-function for the mean field, ™ (solid line), the stream-function for
the thermal field, wd (dashed line) in the middle of the channel. Model I. (a) Initial state, the phase-
difference between the mean and thermal field (3% =3}n). (b) 36-hour forecast with the initial fields
(a). (¢) Initial state (y2=0). (d) 36-hour forecast with the initial fields (c). (¢) Initial state (y%= —}x).
(f) 86-hour forecast with the initial fields (e).

wave is lagging behind the pressure wave) the
rotationality will increase and for »? in the
interval —x,0 the rotationality will decrease.
For % =0, +x the rotationality will be constant.

However, these results differ from those
obtained by OGURA (1957) who found that for
the amplifying unstable baroclinic wave the
phase difference, 9%, has a positive, limiting

Tellus X VI (1964), 3
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F1a. 10. The variation of the stream-function for the mean field, ™ (solid line), the stream-function for
the thermal field y® (dashed line) and the static stability ¢ (dotted line) in the middle of the channel.
Model II. (a) Initial state, the phase difference between the mean and thermal field (3¢ = }n).
(b) 36-hour forecast with the initial fields (a). The same figure as 4a and 4b. (c) Initial state (% =0).
(d) 36-hour forecast with the initial fields (c). (e) Initial state (yd= —4n). (f) 36-hour forecast with
the initial fields (e).
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value which is independent of the initial phase
difference. Any unstable wave will therefore ul-
timately get a positive phase lag, and the
amplitudes will after a certain time start to
grow. For the stable waves the phase lag will
pass through all possible values giving a fluc-
tuating amplitude to the disturbance.

Since the results by Ogura were obtained by
a linearized treatment of the dynamic equations
it may be interesting to see what the result will
be if we perform a numerical experiment, where
we can also consider the non-linear terms, that
is, the interaction between the basic stream and
the disturbance. In this experiment we have
used Model I and Model II since we also want
to study the effect of a variable static stability.
Figs. 9a, 9¢ and 9e show the initial states (ana-
lytically given in section 5) for y%}z, 0 and

— }n respectively, and 9b, 9d and 9f show the
corresponding 36-hour forecasts. The amplitudes
are largest in the case where the initial tem-
perature wave had a positive phase lag and
smallest where the initial temperature wave had
a negative phase lag.

On the other hand the phase lag has the value
3n/8 +x/8 in the three cases, indicating that in
this experiment also the phase lag is approaching
a limiting value.

Concerning Model I we may compare our
result with Ogura’s computations. With our
notations his expression for the phase lag, y,

reads:
Y i
y=u 2kUd 2
where

F- 2u"(1&‘_4)+i LDV
4\ L'+ D* ’

X - 4 (P + DY) 2 1
fALl’D* R o,

and = Vj

During the development the meridional wave-
length D increased to 7200 km which, together
with the value presented in section 5, gives y
=30°. This value is smaller than those found
in the experiment. The difference may be due
to interaction between the basic flow and the
wave or to numerical approximations.

The behaviour of the waves in an atmosphere
with a variable static stability may be studied
in Fig. 10. (a), (¢), and (e) show the three initial
states for % = 47,0, and — 4z and (), (d), and
(f) show the corresponding 36-hour forecasts.
If we first disregard the forecasts of static stabi-
lity, we see when we compare the results from
Models I and II that the forecast of pressure
and temperature waves differs somewhat in
amplitude and position. The real wave-speed
has become somewhat smaller in Model II, but
the imaginary part of the wave-speed is larger
for this Model, indicated by the larger ampli-
tudes. This last statement is more easily verified
in Fig. 11, where we have plotted the total
kinetic energy of the disturbance as a logarithmic
function of time for the three initial states.
During the very first hours the waves behave
as proposed by THOMPSON (1959), but after less
than 16 hours all waves have started to amplify.

After the next hours the perturbation energy
increases almost exponentially for all the curves
and the rate of amplification is almost inde-
pendent of the initial state. (For Model I the
perturbation kinetic energy doubles every 6
hours on the average and for Model II for
every 5 hours.) The e-folding times given from
the linear theory (Gares (1961)) agree roughly
with these values. The limiting phase lag 3° is
almost the same as for Model I.

The difference between Models I and II is
very small in the cases where the initial phase
lag is 4=, but it is more pronounced when
3¢ =0 and — 71, and thus when the rate of ampli-
fication is small.

The reason for this is associated with the fact
that the initial phase lag for the stability wave,
7%, has been the same in all the three cases.
Since the contribution from the terms denoted
B,,, on the whole is smaller than from the terms
denoted A,, they will be greatly surpassed
when the waves have reached their maximum
development rate. On the other hand when the
contribution from A, is small the effect from
B, , is observed and the effect may be different
depending on the prescribed initial state.

For the matter of the static stability some
details will be pointed out. In the initial state
the most stable air is found in front of the ridge
but in the forecasts the most stable air is found
over and just in front of the trough. Since also
an unstable area is found just in front of the
temperature ridge the static stability field
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exhibits a very small scale appearance. We will
discuss qualitatively the large gradient in the
static stability just over the temperature ridge.
For the most effective release of kinetic energy
the temperature and vertical velocity are cor-
related in such a way that the warm air is rising
and the cold air is sinking. This correlation is
very well established in this experiment. From
the continuity equation it then follows that the
divergence will be distributed with low and
level convergence under the mean level tem-
perature trough. If we now examine the term
in the stability equation which dynamically
describes the variation of the static stability,
namely fVy?- Vy we will get a positive contribu-
tion behind the temperature ridge and a ne-
gative contribution in front of the temperature
ridge.

Since for an amplifying disturbance the tem-
perature wave is lagging behind the pressure
wave with a phase lag of between 47 and }n
we will on an average get a stabilizing effect
over the troughs and an instabilization over the
ridges (Figs. 10b, d, and f).

It is further seen from the forecasted static
stability that the stability is greatly broken up.
The reason for this is perhaps that the advective
term J(y™ ) and the dynamic terms fVy?-Vy
in the eq. (2.19) may work somewhat indepen-
dent of each other giving rise to smaller scale
static stability variations.

8. Energy transformations

Let us now make a more detailed investiga-
tion of Models I and II. We will also perform
some comparisons with the result presented by
GATES (1963) who has integrated models very
similar to Models I and II over the whole nor-
thern hemisphere. Since the atmosphere is
quasi-barotropic over large areas, it is natural
to choose for the comparisons the case when the
temperature wave and the pressure wave are in
phase.

The integrals defined in section 5 have been
computed at every time-step and they are
depicted in Fig. 12.

Some details in the figures may be discussed.
Let us start from the energy transformation
from the available potential energy to the
kinetic energy, {4, K}. As to the eddy trans-
formation, Model I has continually a positive
conversion resulting in a monotonous increase
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Fia. 11. The total perturbation kinetic energy as a
function of time in unstable baroclinic waves from
various initial conditions. Solid curves indicate a
two-level model with variable static stability and
dashed curves a two-level model with constant
static stability.

in the eddy kinetic energy. For Model II we
have on the contrary a reverse transformation
during the first 8 hours (Fig. 12e), resulting in a
reduction in the eddy kinetic energy during the
same time (Fig. 12a). This is especially valid
for the thermal part, K%. Also, the available
potential energy has a correspondingly reversed
variation (Fig. 12d). For Model II we have a
general net transfer from the eddy available
potential energy, A”, to the zonal available
potential energy during the first part of the
time integration. For Model I no such net
transfer is observed.

It may also be pointed out that in the experi-
ment which corresponds to the initial value
1% = 7 no qualitative differences in the develop-
ment were observed.

However, after 12 hours’ integration the
damping effect from the variation of the static
stability becomes less pronounced and the be-
haviour of the waves in the two models is
rather similar. The reason for this is the in-
creasing effect from the baroclinic terms de-
monstrated by the change in the phase difference
between the pressure and temperature wave.
The phase lag increases more and more as it
approaches a limiting value.

Fig. 12f shows the variation of occlusion and
total rotationality with time. The occlusion, as
it has been defined here, is a semi-correlation
between the mean and thermal fields. The
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Fig. 12. Dashed lines refer to Model I (constant stability) and solid lines to Model II (Varxable

stability). (a) shows the variation of K™ and K%' with time; (b) the variation of K"' and Kd, {c) the

variation of KX and K*"; (d) the variation of A and A”; (e) the variation of {A”, K"} and {4, K} and
(f) the change of occlusion and total rotationality. For further explanations, see text.

change in occlusion will only roughly accom-  first hours implying that the results obtained by
pany the change in the phase difference, and so THoMPsoN (1959) are only valid during the
the curve in the figure has been somewhat first 2—4 hours. After this the occlusion changes
smoothed. The occlusion and the total rota- rapidly, whereupon it gradually assumes another
tionality is almost constant during the very constant value. The change in the occlusion is
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almost the same for Models I and II and the
variation of the static stability will not change
the limiting phase difference. The variation of
the total rotationality shows a somewhat dif-
ferent appearance. In this case the static stabi-
lity is causing a delay in the development of the
rotationality. Considered from the initial state
after 8 hours the development in Model IT is
very similar to that in Model I. This ‘““mechanism
of delay” is also the general impression gained
from Figs. 12a, 12d, and 12e. This is later com-
pensated by a larger rate of amplification.

The result presented in this section is com-
pletely different from those given by GATEs
(1963). It is naturally difficult to draw any
definite conclusions since the initial data and
the area of integration are so different from this
experiment. However, we are studying one of
the most dominating wave-lengths of the at-
mosphere and the results given here for the
energy transformations (Model I) also agree
qualitatively with those given by WHITE &
SarzmaN (1956) and WinN-NIELSEN (1959) ob-
tained from actual data. For example the ratio
between {4”, K"} and {4, K} (which may be
natural to regard as a measure of the scale of
the energy processes) given by White and
Salzman was 3:4, which agrees very well with
our values (Fig. 12e).

Gates’ values which correspond to Model II
seem to be dubious. The transformation {K”, K }
is negative and reverse compared with Model I
and the energy transformation {4, K} is one
order of magnitude larger in Model II than in
Model I. In all our experiments the difference
in {A, K} between Model I and Model II is
rather small (Fig. 12e).

9. Conclusions

We may summarize the result of this investi-
gation in the following way:.

1. There is an obvious indication that the
phase difference »% is approaching a limiting
value for both Model I and Model II indepen-
dent of the initial phase difference. This remark
is a very important one and reflects a serious
misbehaviour of the two-level model. As we
have seen, the two-layer model does not con-
serve the quasi-barotropic state (y?—0) but
gives rise very soon to a baroclinic development.
Other experiments, with more realistic, zonal
wind-profiles show the same kind of behaviour.
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We can conclude that a very reasonable
explanation for the erroneous increase in the
kinetic energy and the incapability to predict
the subsequent development of mature disturb-
ances is due to the property of the two-level
model of creating amplifying baroclinic states,
independent of the initial arrangement of tem-
perature and pressure (height).

2. The phase difference »° also seems to ap-
proach a limiting value manifested by a stabili-
zation of the troughs and an instabilization of
the ridges.

3. Models which are physically inconsistent
with respect to the energy transformations give
rise to rather serious errors within 36 hours
which may account for spurious sources of
kinetic energy.

4. The improvements in the conservation of
the total energy which depend on the use of an
energy-consistent difference form of the Jaco-
bian operator are very small, and may be in-
significant with respect to actual data. The use
of this operator implies furthermore that the
truncation error will increase for small meri-
dional wave-lengths. This is manifested by a
significant decrease in the finite-difference wave-
speed. The error arising from the ordinary
Jacobian operator is much smaller, and for suffi-
cient large wave-lengths in the zonal direction
the difference between the analytical- and the
finite-difference wave-speed changes rather
little. An experiment with actual data verified
this.

5. The effect of the variation of the static
stability and of the divergent part of the wind
is largest during the first 12 hours and we may
get a qualitatively different behaviour between
Model I and Model II. After this the baroclinic
terms increasingly dominate the development
and after 24 hours Model II behaves in the
same way as Model 1. The quantitative differen-
ces are characterized by a slower wave-speed
for Model IT and a larger amplification rate
(about 15 %) when the development has started.
The energy transformations are on the whole
very similar to those for Model I.

The stabilization following the increase of
the kinetic energy will conceivably not break
the development, but we will get instead too
large an increase in the static stability since
the difference between the total kinetic energy
and the gross static stability is an invariant.
If one is interested in large scale static stability
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forecasts, say, as a basic predictor to thunder-
storm forecasts, the best thing is evidently to
eliminate the term in the equation for the static
stability which describes the dynamical changes
after 12 or 24 hours, depending on the smooht-
ing and the grid-length.

The same may be said about the baroclinic
term in the equation for the mean field. This
last interference has also been done at some
forecasting centres in order to improve the
routine baroclinic forecasts. As is seen from
Fig. 11 this is mostly consistent with respect to
the errors of the model.

To get a conception of the applicability of the
result from the channel experiment the models
have also been tested with respect to real data.
The case which was tested was characterized
by a high baroclinicity (3¢~ 3n) which gave a
large amplification rate. The result of the fore-
cast justified the channel experiment; thus we
get only slight quantitative differences with a
larger amplitude and slower wave-speed in
Model IT than in Model 1.

As we have found in this investigation a
variable static stability will not suppress the
releage of kinetic energy. The lack of variable
static stability in a two-layer model is therefore
not the primary reason for the errors in predic-
tion. Since we have also in this experiment
eliminated the errors depending on improper
side-boundary conditions we may highly sus-
pect the ‘‘geometrical’’ constraints on the
three-dimensional windfield depending on the
lack of vertical resolution.
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The z-axis is oriented to the east and the
y-axis to the north (see Fig. 3) and we consider
an atmospheric section in the shape of a chan-
nel. The channel has walls to the north (y = + M)
and to the south (y = — M), where the kinematic
boundary condition requires the disappearance
of the meridional wind component v.

In the zonal z-direction the channel is unli-
mited, but with all dependent variables and
their derivatives cyclically continuous in z. Con-
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sequently for an arbitrary function «, the fol-
lowing identity is valid:

an n

5;1(&) = Q(OHLL),

where L is the length of the channel. It suf-
fices then to consider in the horizontal plane
the rectangular area

O<i<L, -—-M<j<+M.

The numerical solution of the systems (2.17)-
(2.19) was found from the approximating dif-
ference equations:

eAL
Vi(Ay™)y = T {4, 3™ p™

+ A, (&, vh)}
+{(Dys + Dy) WV*y + D, VW Uy
+ Dy VE Yy Hips A. 1)
Ayuf+ D "
V2—{_‘L*‘L} ] (A p®)
[ Aj,sp i T
et
1 [Ach(Ed,Wm)+AazJ(’7m’wd)

A.s {Auf']('/’m’ d)+B13J(Wd:3)
12

+ B“VSVZ} + B, ViVy+ D45V§Vx] ’
ij

(A. 2)

eAtu
A8y = RS (B, J(y™,8) + Bzszdex]U,

(A. 3)

+ AufJ(Wma d)

1 fA: 'Pd
V= [*

A8 | Aty

+ B, I(y",8) —-B“V«?Vx] s (AL4)
if
m 2
U= (;) , where m is the map factor; m=1 in
2

the channel experiment. The finite-difference
operators in the system (A.1)-(A.4) are de-
fined in the following way (x and § stand for
arbitrary variables):

(éi“) Ata”
et U_ At ’
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Fi6. 2. Principles of the time integration. Solid
line: forward time integration. Dashed lines: cen-
tered time integration.

Y T

where Aoyj=od; " —adi !
and e=1 for =%,
e=2 for z=1. (A. 5)

The time-integration is illustrated in Fig. 2.

(V*Bi= (Busn.s+ Bicr s+ Brossr + Brsoa — 4Bu)s
(A. 6)
(VaVB)i; =4 {(arr,s— ) " (Bisa,s— Big)
+ (g =iy, 3) * (Biy— Biy. 1) + (o4, 700 — 004y)

*ABi g1 Big) + (o~ o1, 54 * (Biy— Bis-a)-
(A.7)

It will be noted that the operator (VaVg);
had to be truncated in this way if we want to
have a consistent finite difference form, ana-
logues to the vector identity:

V- (aVB)=Va- B+aV?B,
Iy BYiy=H(ous0.= 2i_1.2) * (B gir = Brser)
~ (@341~ @150 Bisrs— Pia )} (AL 8)
It follows that

lz zj:J(%ﬂ)UEO

and ; ; {o;(V° B)ij + (VU B)ys} = 0.

Thus, the total vorticity for the mean and
thermal field separately is conserved in the
difference equation if it is conserved in the
differential equation.

It has been shown by LoreNz (1960) that a
model including the terms noted A,, and B,,
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combined with the balance criteria (2.13) con-
serves the sum of the available potential energy
and kinetic energy and the difference between
the gross static stability and kinetic energy.
These energy invariants are not necessarily
valid in the di¢fference equation.

Recently Arakava (unpublished) has proposed
a difference form of the Jacobian operator which
implies that the kinetic energy is conserved in
the one-dimensional barotropic model. The de-
finition of this energy conservative Jacobian
operator is:

V(@ B)is = 15[y, = iy, 1) (Bi,jur — Biioy)
et s41= %, 7o) (Bisnns = Bior, )]
+fg{ir, s (Brinon = Brinsca)
— iy, 5 (Bicy.gar = Bicy. 1)

{1 Bivriior— Biir 1)

=i Bivrioa— ﬂi—l.l—l)}]

1
+12 [{ﬁi.iﬂ (41,501~ Hiog, 1)
= Bijoa (g, 5oy “i—l.i—1)}]
- {ﬂiﬂ.i(“in.iu = iy, 5-1)

~Bior s iy, o1 —%g 500} ]
(A. 9)

The prime stands for the energy-conservative
finite difference operator. Generally it follows
that the use of (A. 9), together with appropriate
boundary conditions implies that:

2 ; oyl (1, By E; ; B (@ By
E; 2 I (a, p);;=0

which is consistent with the corresponding dif-
ferential operators.

Since in the energy transformations for the
two-layer model we have also expressions of the
kind «J(a, f) see GATES (1961) we may get some
improvement if we use J’(a, ) instead of J(a, §).
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