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Ahstrnct 

From solutions of the linearized vorticity equation applied to systenis with a variable basic 
zonal current, it is shown that the effect of damped disturbances is to feed energy into the zonal 
flow and transfer angular nionientiini from zones of easterlies into zones of westerlies, thereby 
strengthening the zonal circulation of the atnio5phere. Amplifying disturbances withdraw 
energy front the zonal flow and transfer angular momentuiii from zones of wceterlies into 
zones of easterlies, thereby weakening the strong zonal circulation and transforming it into cellu- 
lar vortex motions. Thus the migratory cyclones and axiticyc!ones are neccssary elemcnts for 
developin? and maintaining the zonal circulation, while, on the other hand, they also act 
occasionally as brakes on the general circulation, keeping it from growing indefinitely. 

The neutral disturbance corresponding to a typical zonal wind profile in winter is invrstiga:ed 
by numerical integration. The stream line pattern is found to bc rather similar to a typical flow 
pattern in the upper troposphere during a period of little change, indicating that this flow 
pattern is associated with the nc.irly neutral or slightly damped oscillations. 

I. Introduction 

When the niotioiis of the atmosphere have 
been smoothed by taking averages along the 
latitude circles and over longer periods to 
eliminate the transient irregularities, we obtain 
systenis of zonal currents, the so called pre- 
vailing westerlies and easterlies, which repre- 
sent the more prominent overall pattern of 
the general circulation. This zonal wind system 
is interrupted from time to time by the pres- 
ence of disturbances, both in the westerlies 
and easterlies, the number of which is much 
greater at lower levels than at upper levels. 
One of the fundamental problems that has 
always confronted meteorologists is the ex- 
planation of the nature of the physical pro- 
cesses that take place in the general circulation 

1 The research resulting in this work has been sponsored 
in part by the Geophysical Research Directorate of the 
Air Force Camhridge Research Laboratories. 

and also in the secondary circulations associated 
with it. It is evident that a complete answer 
to this problem can be achieved only through 
many different approaches which take into 
account physical processes in the atmosphere, 
among which those maintaining the global 
balance of energy and of momentum for the 
zonal wind systems are fundamental. 

The concept of the balance of angular 
momentum in the general circulation was 
used first by JEFFREYs (1926), who pointed out 
that the maintenance of the prevailing winds 
in a steady state against surface friction necessi- 
tates a transfer of westerly angular niomen- 
tum from the zone of surface easterlies into 
the zone of westerlies. However, the prevailing 
zonal winds are by no means steady. They go 
through cycles of decay and rebuilding, in 
addition to the mean seasonal changes in 
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intensity and location. Statistical investiga- 
tions have shown that the general circulation 
in middle latitudes tends to oscillate between 
extremes of strong and weak zonal motions, 
the time interval between consecutive maxima 
being of the order of magnitude of 4-6 
weeks (ALLEN, 1940; WILLETT, 1947) Thus 
the study of the general circulation should not 
be restricted to the problem of maintaining 
the steady zonal winds against ground fric- 
tion, but should also include the mechanisms 
for their growth and decay. However, it is 
most probable that the process that maintains 
the zonal winds is also responsible for their 
growth and decay and therefore the two 
problems can be studied simultaneously. But 
in view of the complexities of the natural 
process, we cannot ex ect to obtain a complete 

of equations; the Ehysical processes them- 
selves probably wor through many different 
stages, so that a reasonable solution can only 
be achieved through many different steps. 
The purpose of this paper is to investigate 
some essential mechanisms pertaining to the 
overall atmospheric circulations, that are 
directly connected with the development of 
the zonal winds. 

In the past, the mechanism of the general 
circulation which maintains the energy and 
momentum balances, has by and large been 
looked upon as consisting of a large-scale 
convective process, with ascending motions 
in lower latitudes and descending motions in 
higher latitudes, the development of a large 
zonal velocity being attributed to the action 
of the deflecting force of the earth's rotation. 
Recently the importance of the mean vertical 
motion for the maintenance of the zonal wind 
systems has been questioncd by STARR (1948 a, 
1g49), who suggests that the horizontal energy 
and momentum transfer can be accounted 
for by thc horizontal components of the gen- 
eral circulation and of the lesser circulations, 
or by the eddies with quasi-vertical axes. 
This idea has also been suggested by Rossby 
in his theory of horizontal mixing (1947, 
1949). The investigations of WIDGER (1949), 
MINTZ (1949) and WHITE (1950) have sub- 
stantially confirmed this point of view ; there- 
fore the possibility of the existence of mean 
meridional circulations will be disregarded in 
this study. 

solution of the prob f em from any single set 

In the atmosphere the zonal wind systems 
are most clearly defined above about kms. 
Above this level, es ecially around the level 

meridional momentum transfer occurs, the 
transfer of heat (WHITE, 1950) is relatively of 
little importance and the motion of the air is 
controlled largely by the equation of vorticity 
about the vertical and the continuity equation. 
Below this level, the heat supply and heat 
transfer must lay an important role and the 

from the presence of the large number of 
disturbances there, is probably associated with 
these factors, although the exact nature of 
this instability is still not very clear to us. 
This type of instability has been discussed by 
CHARNEY (1947) EADY (1949) JAW (1946) and 
BERSON (1949). On the other hand, in the 
upper troposphere and lower stratosphere, the 
atmosphere generally moves with a persistent 
flow pattern, indicating that it is in a relatively 
stable state, while very unstable conditions 
happen only occasionally (for example, the 
formation of cut-off lows and highs). Since in 
this study we are mainly concerned with the 
processes which govern the maintenance and 
development of the zonal wind system, it is 
sufficient if we restrict the investigation to 
those processes which are prominent in the 
upper part of the troposphere, assuming the 
existence and not concerning ourselves with 
the origin of disturbances in this field. We  
shall thus divide the atmosphere roughly into 
two layers and study the motions within the 
upper layer only. However, this partition into 
two layers is taken only as a convenient means 
of analysis rather than a real barrier for transfer 
from one region to the other. Energy can be 
received from the lower layer through irreg- 
ular disturbances, and can also be given by 
the upper to the lower layer on some occasions. 
Thus there is a mechanism in replenishing the 
kinetic energy of the upper system, even 
though we treat it as barotropic. In this way, 
we consider the lower layer merely as a 
source or sink of disturbances for the upper 
layer, and the divergence and vertical motion 
as a means of communication between these 
two layers. 

In order to separate the divergence effect 
from the overall processes, we shall assume 
that it takes place intermittently within some 

of the tropopause w K ere the maximum of the 

instability of t K, 's layer, which can be inferred 
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specific time intervals, so that after some 
disturbances have been produced in the upper 
layer, the subsequent motions are horizontal 
nondivergent and therefore governed by the 
simple vorticity equation without divergence. 
In this way, the most important problems 
concerning the dynamics of the upper at- 
mosphere can be discussed by the solutions 
of the simple vorticity equation. It can be 
shown by integrating the equations with 
respect to the mass distribution along the 
vertical that the mean motion of the whole 
atmosphere can also be approximately describ- 
ed by this two-dimensional barotropic model. 
Therefore the rcsults obtained may also be 
considered to represent the mean motion. 

Since there is no other energy source in this 
simplified model, the total kinetic encrgy 
must remain constant during the time under 
consideration. Thus any change of the kinetic 
energy of the mean zonal flow must come 
from the kinetic energy of the disturbances, 
and the study amounts to an investigation of 
the interactions between the lesser circulations 
and the zonal wind systems. In the following, 
the method of harmonic perturbations (both 
in x and in time t )  will be adopted. The prob- 
lem is therefore reduced to the discussion of 
thc stability of the zonal wind profiles with 
respect to the disturbances. Here the term 
"Stability" is defined according to the reac- 
tions of the disturbances to the zonal wind 
systems in the horizontal plane. In this res ect 

the disturbances which withdraw kinetic 
energy from the mean zonal flow arc said to 
be amplified, those which supply kinetic energy 
to the mean zonal flow are said to be darirped 
and those which neither give nor takc eneigy 
from the mean zonal flow are neutral. Since 
this study is not aimed at explaining the origin 
of the disturbances (although it may help to 
explain the development of some large disturb- 
ances), these disturbances are taken to have 
been added to the upper layer from below. 
It then becomes physically feasible to discuss 
the different effects produced by damped as 
well as amplified disturbances. W e  shall de- 
monstrate later that one of the effects is to 
transfer westerly angular momentum from the 
belts of slower zonal flow into belts of stronger 
zonal flow, therefore to strengthen the pre- 
vailing zonal winds and to overcome the fric- 

three kinds of disturbances can be distinguis K ed: 

tional effects, although the disturbances theni- 
selves carry no resultant momentum. On the 
other hand, the amplified disturbances take 
kinetic energy from the main flow and transfer 
zonal momentum away from the zone of 
strong westerlies. Thus it appears that the zonal 
mean motion is not merely a statistical result 
of these irregular disturbances, as is frequently 
stated in descriptive studies of the general 
circulation. Rather the general circulation is 
built up and regulated by the disturbances 
(migratory cyclones and anticyclones). Its 
growth and decay are closely connected with 
the activity and development of the disturb- 
ances and these in return are connected with 
the stability of the zonal flow. 

2. The rates of change of the mean zonal 
velocity and kinetic energy 

The equations of motion over a spherical 
earth for horizontal and frictionless flow may 
be written 

- - z v = - -  214 I 2 p  _ _  I a,, 
at e a cos @2A 2 acos @>A 

(14 

where Z = f + = 2 co sin @ + 
is the vertical au a@ cos "1 a cos " [Z - 

I 

component of the absolute vorticity, hereafter 
referred to simply as the absolute vorticity, 5 
the relative vorticity, u and v the zonal and 
meridional components of the horizontal veloc- 
ity, 2(h2 = uz  + vt, Q the density, p the pres- 
sure, n the mean radius of the earth, and 31 
and @ are the longitude and latitude res- 
pectively. 

As only large-scale motions connected with 
the general circulation will be discussed, all 
quantities may be averaged along latitude 
circles. Thus the velocity components and 
vorticity can be written as II = ii + u', v = 

C +  v', and Z = Z + 5'. Here the bars denote 

average values defined as i7 = ( 2 7 ~ - 1  / t d ,  and 

I{', v', 5' are the departures from the average 
values, which can also be taken as representing 
a perturbation. The motion is assumed to be 

z x  

0 
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27 1 GENERAL CIRCULATION AND THE STABILITY OF ZONAL FLOW 

purely horizontal and nondivergent within 
the time interval under consideration. This 

implies j vd?, = 2 X V  = o. In this respect the 

motion is similar to a geostrophc velocity 
field. Since the effect of the variation of the 
density Q in x-direction is small, Q will be 
taken as constant unless otherwise stated. The 
above condition then means that there is no 
net mass trans ort across the latitude circle at 

sentative of the mean atmospheric flow, this 
is equivalent to the condition 

2n 

0 

that level. If t l! e motion at this level is repre- 

bo 2 n  

f f e v  cos @ d A d z = o .  
0 0  

When equation (ra) is integrated along the 
latitude circle and use is made of the non- 
divergent assumption, we find that the rate 
of change of the mean zonal velocity is given by 

2 n  :n 
a ( # v  cosz @) a?, = 

2 7~ a COP @a@ 

zn 

where - 2 7 c a z t  = 1 0 2  cosz @ e u v d ? ,  = 

= 2 n o 2  cosz @ represents the total north- 
ward transfer of angular momentum across the 
latitude circle. When the convergence of 
meridians is neglected, linear momentum can 
be used and t = - p. Thus the time rate of 
change of the mean zonal momentum in the 
narrow zone contained between the latitudes 
@ and @ i- d @  is proportional to the net in- 
ward transport of angular momentum into 
this zone, namely a t / a  cos* @a@, or alterna- 
tively to the northward transport of vorticity. 

In discussing the development of the general 
circulation it is useful to consider also the time 
rate of change of the kinetic energy of the 
mean zonal flow. This may be dealt with 
quite generally as follows. Multiplying the 
general momentum equation in the zonal 
direction (obtained by combining the first 
equation of motion and the continuity equa- 
tion, both in three-dimensional forms) by the 
mean zonal velocity i? and integrating over 
the whole volume L' of air contained between 

0 

the two latitude surfaces @ = @ I ,  and @ = @*, 
we get 

+ Z C O S @  ---f-- u e v  cos @] d @ d z  = az 

Here it is assumed that the variation of e with 
longitude and with time are both small and 
have been neglected. Equation (3) shows that 
the kinetic energy of the mean zonal flow can 

a conversion from the kinetic 

this energy through the boundaries, and 
possibly by the presence of a mean meridional 
cell. The pressure force does not occur in this 
equation, therefore this energy cannot be 
produced directly by the pressure force. 

The significance of this equation for the 
study of the maintenance and development 
of the mean zonal winds has been discussed 
by the writer elsewhere (Kuo, 1951). It has 
been shown that only the horizontal eddy 
stress Z and the mean meridional motion can 
serve as sources of kinetic energy of the mean 

energy change o "r the eddy motions, an inflow of 

- 
- ax zonal flow, and that the term e u'v' cos @ - a@ 

in the last member of this equation is of the 
right order of magnitude and sign to account 
for the total frictional loss. W e  shall there- 
fore restrict our investigations merely to this 
effect, which can be discussed adequately by 
using our simplified model. 

Since the production of the total kinetic 
energy is also of paramount importance in 
understanding the physical processes, we may 
also write down the equation for the time 
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H S I A O - L A N  K U O  272  

rate of change of the total kinetic energy of 
the horizontal motion: 

whcre D . denotes the horizontal divergence. 
The significances of the different terms have 
been discussed by Starr (1948 b). It may be 
noted that the pressure force is certainly a 
source for the total kinetic energy although 
not for the mean zonal kinetic energy, hence 
it may be concluded that its effect is to pro- 
duce eddy and meridional motions. 

Suppose we now integrate equation (4) 
over the whole region Z bounded by two 
latitude surfaces along which v = 0, the earth’s 
surface where w = o and the top of the at- 
mosphere where pvhzw = o and the motion 
is assumed to be nondivergent, then all the 
terms on the right disappear. The equation 
then expresses the constancy of the total 
kinetic energy for the entire region. Suppose 
now the complete motion is divided into a 

mean zonal flow ii = (z z)-I t1dL and a per- 

turbation d, Y’ and denote the kinetic energy 
of the horizontal perturbation in Z by E‘ then 
we find by making use of (2)  and (4) that 

t n  

0 

aE’ I a 
- = - [fat [ p (11’2 + u’z)]  n~ cos @ d l d  @ = 
at 2 % -  

3. The perturbation equations and 
boundary conditions 

In the upper troposphere and lower stra- 
tosphere, the large-scale niotions are to a large 
extent horizontal, nondivergent and baro- 
tropic, we therefore assume that this motion 
may be described by the vorticity eqnation 
and the equation of continuity. Because of 
the difficulty of finding general solution of 
non-linear partial differential equation, the 
vorticity equation will be linearised and it 
then becomes 

where I40 is the basic current depending upon 
@ only, Z n  is the absolute vorticity of the 
basic current, Y is the kinematic viscosity. 
The suffix zero occuring in i n  and  denotes 
initial values of = i i / n  cos @ and Z. This 
equation will be used to investigate the 
changes from the initial state. The frictional 
term on the right is generally small and can be 
neglected except as discussed below. Since the 
motion is assumed nondivergent, the conti- 
nuity equation takes the form 

( 7) 
and a stream function Y for the perturbation 
velocities may be introduced, defined by 

where the integration along z has been omitted 
and where io denotes the initial value of 
ii/a cos p. The same equation can be obtained 
from (3). It  should be pointed out that equation 
(sj is applicable only when the entire region 
is considered. For any particular region or a 
small belt, the transport of kinetic energy 
through the boundaries must be taken into 
consideration and therefore we must use 
equation (4). 

- 

where the dots indicate time derivatives. In 
terms of this stream function, the relative 
vorticity 5.’ of the perturbation is given by 

== log (tan @ + sec @). 

The perturbation stream function can be 
represented by the sum of a number of elemen- 
tary independent harmonics of the form 
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273 GENERAL CIRCULATION AND THE STABILITY OF ZONAL FLOW 

where n is the wave number around the globe 
and p may be complex, ,u = pr+ ipi ;  p r  re- 
presents the angular phase velocity and tzpi 
the amplifying factor of the particular har- 
monic disturbance. When (9) is substituted 
in the linearised vorticity equation (6) we find 

d Zo 
dY 

( i o - p ) ( Y - t P Y )  + ~ Y = 

where the primes denote differentiation with 
respect to y. This equation must be satisfied 
by all the component harmonic perturbations. 
Since v is extremely small in the atmosphere, 
the terms on the right-hand side of (10) can 
generally be neglected. [n this case we get 
the nonviscous differential equation 

d Z o  

However, it should be pointed out that if the 
frictional term is neglected entirely in the 
vorticity equation (6),  then no distinction can 
be drawn between amplified and damped 
disturbances, since either the harmonic factor 
ein@-p') or e - i n ( A - p f )  will give the same dif- 
ferential equation ( I  I) .  Therefore we must 
take (11) as the limit of (10) with v extremely 
small, with the necessary. corrections for its 
solutions in the vicinity of  the singular points 
where pr = i,. 

The general solution of (11) for each har- 
monic contains two arbitrary constants. No 
specific information can be obtained without 
imposing some restrictions on their values. 
The necessary restrictions are the boundary 
conditions that must be satisfied by each 
harmonic. In the atmosphere, the only natural 
horizontal boundary conditions are those 
needed to make the perturbations finite at 
every point, therefore Y' and dY'jdy must be 
equal to zero at the two poles. However, 
since the motion over the southern hemisphere 
is generally unknown to us, our discussion is 
necessarily restricted to the northern hemi- 
s here. It therefore appears best to introduce 

all the seasonal variations. Thus we may use 
the following different set of boundary con- 

t K e equator as a line of symmetry, and disregard 

ditions under different circumstances: (a) Y = o 
at the pole, which must be satisfied, and 
either d Y / d y =  o (symmetric) or !P= o (anti- 
symmetric) at the equator. Each of these condi- 
tions will give a zero momentum transfer 
(z = 0) at the equator. In addition to the study 
of the hemisphere as a whole, we may consider 
a perturbation confined to a smaller belt. 
For this case, we use (a) !P= o along two lati- 
tude circles. Although these boundaries are 
rather arbitrary, it might be of interest for 
example to examine the belt within the 
subtropics which separates the easterlies from 
the westerlies. It may be noted that z, defined 
in (z), vanishes at the boundaries. 

By applying one boundary condition to 
the general solution of the particular har- 
monic, one of the two arbitrary constants can 
be eliminated, while the other boundary condi- 
tion enables us to determine the permissible 
value of p for any given 11 or conversely. 
Therefore the total oerturbation stream func- 
tion is given by 

@ ( t ,  A, y )  = Z ~ j Y j ( y ) e ' n j ( ' - p j i ' )  

where the arbitrary constants cj are 
mined by the initial disturbances 

@ (0, I ,  y )  = Z c j  Y j  ( y )  e iV 

Thus, the harmonics that are present 
moment corresoond to those oresent 

(4 
deter- 

( 1 4  

at any 
at the 

initial moment and the so1ut;on is unique. 
When every component disturbance is known, 
then (12a) can be used to forecast the velocity 
field. But at the present, we can only discuss 
the general properties of the individual har- 
monic components as related to the profile 
of the basic zonal currents. 

4. The solutions of the vorticity equation 
and the nature of the disturbances 

The solution of equation (11) has been dis- 
cussed by the author in a previous study (KuG, 
1949) for the motion over an infinite plane or a 
cylindrical earth, in which the coriolis para- 
meter was taken as a linear function of @ and 
the profile of the basic current symmetrical. 
Though the results obtained there are still 
generally valid for the motion over spherical 
earth and for asymmetrical profiles, certain 
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274 H S I A O - L A N  K U O  

modifications are unavoidable and conse- 
quently we shall now discuss the problem 
further. 

Equation (11) shows that if the phase ve- 
locity p lies within the range of values of Xo, 
the point y = ys where ,LL = 10 is a singular point 
of the equation.1 The solutions show certain 
peculiarities around this point and require 
careful examination. These questions do not 
exist for those disturbances whose phase 
velocity is distinct from the velocity of the 
basic current. It is therefore necessary to divide 
the disturbances according to their velocities of 
propagation into three groups : (a) those 
propagating faster than the maximum velocity 
max. lo of the basic current, (b) those travelling 
slower than the minimum basic current min. A,, 
and (c) those propagating with a velocity 
within these two limits. 

The disturbances in the groups (a) and (b) 
will be discussed very briefly. It can be shown, 

d Zo by writing ~ = h - d 2 i o / d y 2  (where 
dY 

k = 2 (w + i o )  sec hz y + z tanh yd%/dy corres- 
ponding to ,3 for motion in a plane) and employ- 
ing Sturm's oscillation theorem, that under the 
conditions existing in the attnosphere (h  > o 
generally) there can be no neutral disturbance 
in (a). That is to say, in general, no neutral 
disturbance that is governed by the simple 
vorticity equation will travel faster than the 
maximum velocity of the basic flow in middle 
latitude westerlies and equatorial easterlies. 
On  the other hand, there always exist neutral 
disturbances in group (b), since h(p - i0)-1 is 
then negative (see Kuo, 1949). 

Now let us examine the possibility of having 
amplified or damped disturbances in these two 
groups. If p is complex, !P must also be com- 
plex, Y = Yr + iYi. Thus, when equation 
(11) is multiplied by the conjugate function 
!P* = !Pr - i !Pi, we get by separating the real 
and imaginary parts : 

I Suffix S will always refer to thc value of a function 
at the singular point y = yY 

where W is the Wronskian of Yr and !Pi, 

- p,) I i o  - / L  1-3, 92 = pi 1 i o  -- p 1-2. 

Equation (13b), when integrated from one 
boundary to the other, determines the phase 
velocity. When (13a) is integrated from one 
boundary to the other we find 

which shows that a necessary condition for 
d Zo 

having a complex p, orgz  =I= 0, is to have 
dY 

change its sign somewhere within the region, 
since the boundary conditions require both W, 
and W 2  to be zero. This condition holds both 
for the amplified and damped disturbances in 
the groups (a) and (b), since there is no 
singular point for these perturbations. 

In the atmosphere, the absolute vorticity Zo 
is largely determined by the coriolis para- 
meter and therefore increases with latitude 
over most of the hemisphere. From (13 b) it 
can be seen that under this condition there is 
no disturbance at all in group (a) and only 
neutral disturbances in group (b). Rossby's 
long waves are examples of these neutral 
disturbances. 

Group (c). This group includes nearly all 
the wave disturbances actually observed in the 
atmosphere, which travel with phase velocities 
within the range of velocities of the basic 
current, min. Lo < pr < max. 10. For these 
disturbances, the points ys where ,M = 1, arc 
singular points of (11). (For the jet stream 
profiles, there are generally two singular 
points for cvery value of p, one on each side 
of the jet). Only one solution of the equation 
(11) is regular at this point, while the second 
involves a term with the factor log (y-yJ 
(Kuo, 1949), and therefore is many-valued. 
Since the motion cannot be many-valued, the 
change of the value of y in passing from the 
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GENERAL CIRCULATION A N D  THE STABILITY OF ZONAL FLOW 27 5 

negative to the positive side of yi must be 
determined properly, by finding the path of 
continuation around y,. This is obtained by 
considering the solutions of (11) as the limits 
of the asymptotic solutions of (10) with a 
very small coefficient of viscosity. Is has been 
shown by many investigators (e.g., LIN, 1945 ; 
WASOW, 1947; Kuo 1949) that ths conti- 
nuation must be taken along a path below the 
singular point y(sI) where dAo/dy is positive 
and above the singular point y(sz)  where 
dAo/dy  is negative. Therefore, the solutions 
should be taken as 

Y,=q+n*q2+ . . . ( 1 9 )  

Y2=1+bq2+ . . . + G, ! P I  log q 
for q’O I 

I !Pz=r+bzq2+ . . . + G, !PI (log lql-ni) for q<o 

where 
(ISb) 

However, according to LIN (194s) and W ~ s o w  
(1947), the set of solutions are not valid within 
a small region around the singular point for 
the damped disturbances. This means that 
although the neutral and amplified disturb- 
ances can be discussed by employing the 
inviscid vorticity equation ( I  I) ,  some other 
effects need be considered within the small 
region around the singular points in discussing 
the damped disturbances. This point becomes 
clear in the case when the absolute vorticity 
Zo is a monotone increasing function of y. 

With this in mind, we can use the solutions 
(IS) .  According to the two expressions of !Pz  
on the two sides of y,, there is a change of 

dY 
the value of - f 4 
given by 

There is, therefore, 

lm y, - E to ys + 8 ,  

a rapid change in ti’ 

across a singular point if ($)s is not zero 

and E very small. 

Now we may proceed to discuss the sta- 
bility of the zonal winds for the disturbances 
in group (c). Since the inviscid vorticity 
equation ( I  I) is valid for all real y when pi > 0, a 
necessary condition for the existence of ampli- 
fying disturbances, as can be seen from (14), 
is that dZo/dy should change its sign somewhere 
in the region, the same as for the disturbances 
in the groups (a) and (b). Unlike the disturb- 
ances in the groups (a) and (b), this condition 
is not necessary for damped disturbances, 
because equation (11) and its solution are not 
valid for some parts of the real y axis. 

The same condition is also necessary for the 
existence of neutral disturbances in this grou . 
by the writer (Kuo, 1949) by considering 
the jump of the Wronskian across the singular 
point, given by 

This has been proved in the previous stu f y 

W(Ys + 4 - W(Y,-&) = 

Since for neutral disturbances both Yr and Yi 
must be solutions of equation (11), the varia- 
tion of Wis zero at all points except the singular 
points where there are jumps given by (17). 
As W is zero at the two boundaries, the sum 
of these .umps must be zero. For the symmetric 

the same; therefore each must be zero. Thus 

either ($) or !Ps must be zero. The impossi- 

bility of thc latter has been proved by the 
writer (Kuo, 1949) by the method of com- 
parison, which can also be used for other 
profiles. It can also be proved by employing 
the expression (13b). Thus dZo /dy  must change 
its sign and go to zero in the region. Also 
dZo/dy  must be zero at the singular point 
for symmetrical jets; that is to say, this neu- 
tral disturbance travels with the velocity of 
the basic current i o ( c )  at the critical point2 (the 

jet pro I iles the values of the two jumps are 

5 

d Zo point where ~ = 0). This is also true for the 
. dy 

unsymmetrical jets when the value of A, is 
the same at the two critical points. 

2 Suffix t will always refer to the value of a function 
at the critical point y = y(c) .  
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H S I A O - L A N  K U O  276 

For unsymmetrical jets in which the values 
of io at the two critical points y cI) and y(c2 )  
are not the same, the condition t 6 at the total 

jump of W must vanish requires (%) and 
51 

to have opposite signs, which assumes 
(?)52 

the vanishing of dZo/dy somewhere in the 
region. This neutral disturbance travels with a 
phase velocity between the two values of io 
at the two critical points, as has been proved 
by FOOTE and LIN (1950). 

It has thus been shown that a necessary 
condition for the existence of amplifying 
disturbances is that dZo/dy should equal zero 
somewhere in the region and change its sign. 
The same condition is also necessary for the 
existence of neutral disturbances in group (c) 
and of damped disturbances in the two groups 
(a) and (b), but it is not necessary for damped 
disturbances in group (c). 

5.  Equations of angular momentum transfer, 
energy exchange and the stability of zonal 
flow 

The relation between the nieridional trans- 
port of angular momentum and the stability 
of the zonal flow has been discussed by the 
writer in a previous investigation (Kuo, 
1949). While the results obtained there are 
correct for the particular profile studied, they 
need some modifications and elaborations. 
The same problem has also been discussed by 
MACHTA (1949) and HASSANEIN (1949). These 
authors show that even with a constant basic 
current, some perturbations are able to pro- 
duce a constant meridional transfer of momen- 
tum. However, these perturbations do not 
satisfy the boundary conditions of this paper, 
and furthermore, a constant momentuni 
transfer without accumulation does not help 
the momentum budget, as can be seen from 
equation (2). Because of the importance of 
this momentum transfer and the energy 
exchange between the basic zonal current 
and the perturbations, they will be discussed 
in some detail in the following two sections. 

The perturbation velocity components 11’ 

and v‘ can be expressed in terms of the stream 
function, 

and v = - IZ [P, sin rz6 + !Pi cos f i t J  C W ,  

where 6 = a-p,r is the phase angle. From 
these expressions and by making use of 
equation (13a), the average northward an- 
gular momentum transfer across unit length 
of the latitude circle is found to be given by 

Y 

This transfer can also be expressed in t e rm 
of the tilting of the troughs and ridges, defined 
as the curves along which the nieridional 
velocity is zero. The location of the trough 
and ridge curvcs is determined by tan ) I  6 = 

- !Pi/‘P, and therefore the angle a which they 
make with the northerly direction is given by 

Since I Y 2 is proportional to v“, we see that 

equation (18) is proportional to the product 
of the mean kinetic energy of the perturbation 
and the tilting of the troughs and ridges. 

The vorticity transport can either be ob- 
tained in the same way, or simply by differ- 
cntiating (18) with respect to y. Thus we 
have 

the angu I ar momentum transfer given by 

This equation shows that the vorticity transfer 
produced by the damped disturbances is in 
the direction of increasing Zo while that pro- 
duced by the amplifying disturbances is in the 
direction of decreasing Zo, therefore it is 

 21533490, 1951, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/j.2153-3490.1951.tb00809.x by N

IC
E

, N
ational Institute for H

ealth and C
are E

xcellence, W
iley O

nline L
ibrary on [16/04/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



GENERAL CIRCULATION AND THE STABILITY OF ZONAL FLOW 277 

not always in the direction of the absolute 
vorticity gradient. When the zonal flow is 
stable, it actually is transported in the direc- 
tion opposite to the gradient of vorticity, 
therefore has the effect of increasing this 
gradient; only a very unstable flow will re- 
sult in a thorough mixirig and a reduction 
of the existing vorticity gradient. 

Substituting equation (IS)  into ( z ) ,  we get 
the time rate of change of the mean zonal 
velocity : 

It also follows that the effect of the damped 
disturbances is to produce an increase of tr in 
the region where dZo/dy is positive and a 
decrease where dZo/dy is negative, thus their 
effect is to intensify the zonal flow. The 
effect of the amplifying disturbances is in the 
opposite direction, that is to flatten the jet- 
stream of westerlies and easterlies. 

When the expression ( I  8) for t is substituted 
nto the energy equation (s), it becomes 

# 

From ( 2 2 )  it may be seen that if the pertur- 
bation kinetic energy is to increase (pi > o), 
then, besides the condititon that dZo/dy should 
change its sign somewhere in the region, we 
must also have positive dZo/dy associated with 
higher values of X o  and negative dZo/dy with 
lower values of X o .  This may be considered 
as a second necessary condition for the occur- 
rence of amplified disturbances and is equi- 
valent to the condition given by FJORTOFT 
(1950). For the profile of a jet-stream of 
westerlies, this condition is automatically satis- 
fied when dZo/dy changes its sign within the 
region. It is not necessarily satisfied however, 
for example, an easterly current around the 
equator can satisfy these requirements simul- 
taneously only if the current is sufficiently 
strong. 

It can now be shown that for the jet stream 
profiles, these two conditions are sufficient for 
the occurrence of amplified disturbances. 
That is to say, when they are fulfilled, equation 
(11) and the given boundary conditions ac- 
tually permit solutions with a ositive pi. 

symmetric jet stream velocity rofile has been 
proved in a previous study k u o ,  1949) by 
applying the Sturm oscillation theorem. This 
is done by first establishing the existence of a 
neutral disturbance with pr= L ( c ) .  For the 
jet-type velocity profile in which the current 
velocities at the two critical points CI and cz 
are the same, and dZo/dy  is positive in the 
central part and negative in the outer parts of 
the region, the ratio [;Z-;Z(c) -IdZo/dy is 

neutral disturbance with ,u = Ao(c) exists, since 
the solutions of the equation 

The existence of amplified distur g ances for a 

always positive and finite. It fo 1 lows that a 

d Zo 

become oscillatory for sufficiently small values 
of nz. When we investigate the eigen value 
p = pr+ i p i  in the neighborhood of this 
eigen-value p = io (c)  we find that (Kuo, 1949) 
if pr > i o ( c )  then pi < 0, and if p, < X o ( c ) ,  then 
pi > 0. Hence the disturbances which are 
travelling with a phase velocity greater than 
the critical values i o ( c )  will be damped and 
those which are travelling with a phase velo- 
city less than the critical value k ( c )  will be 
amplified. 

The existence of neutral and amplified 
disturbances for the profiles with X o ( c I )  and 
io (cz)  differing slightly from each other can be 
discussed by the argument used by FOOTE 
and LIN (1950). From the above discussions 
one can summarize the necessary and sufficient 
conditions for the existence of amplified and 
neutral disturbances (with pr = no) as follows: 

I f  dZo/dy  equals zero and changes its sign 

somewhere in the region arid if ~ > o where 

i o  is large and * <  o where io is small, then 
amplified and netrtral disturbances may exist. 

d Zo 
dY 
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278 H S I A O - L A N  K U O  

A necessary aiid sufficient condition for the 

existence of damped disturbances is that - is d Zo 
dv 

not identically zero in the entire region. 
In applying the equations (IS) - (22) to 

the damped disturbances propagating with the 
current velocity of some point, it must be 
remembered however that the solution does 
not hold in the small region around the 
singular point. Since this interval is generally 
small, we can neglect the large fluctuations 
within it and just compute the change of t 
across this interval from (17). Then equation 
(22) can also be used to discuss the damping 
effect. The dissipation of kinetic energy 
through friction within the narrow viscous 
strip can only increase this damping effect, 
and not reverse it. 

6. Momentum and vorticity transfer and 
energy exchange for different velocity 
profiles 

We shall next consider the meridioiial mo- 
mentum and vorticity transfer and energy 
exchange between the perturbations and the 
mean flow for some typical profiles. 

(a) ]c,t-strearn profile in which the valircs o j  io 
at the two critical points arc the sonic.. 

Assume that there are two critical points 

, y(c1) and y(c*) ,  one 

Fig. I .  (a) The mean zonal current and the mean absolute 
vorticity distriburions. The dashed curve represcnts the 
mean zonal winds produced by damped disturbances a t  
some later time. (bj Schematic orientation of the troughs 
and ridges (T) arid the mcridional distribution of the 
stress t = - p ’ v ’  cosZ@ for damped disturbances; the 
arrows indicate direction o f  vorticity transport. (c) 

Same as (b) for aniplified disturbances. 

~ 

to each side of the jet stream of westerlies. The 
profile must be such that Zo decreases with 
latitude in the outer parts of the re ion and 
increases in the central part, as is s a own in 
fig. I. For this profile, a neutral disturbance 
exists which propagates with the velocity &(c), 
which has its troughs directed from north to 
south, which gives zero momentum transfer 
at all points, and which causes no energy 
exchange between the basic flow and the 
perturbation. 

Now we discuss the damped disturbance 
which moves with a velocity only slightly 
greater than the critical velocity A0(c),  and 
having singular points. The eddy stress t 
(southward angular momentum transport) 
produced by this damped disturbance (pi < 0) 
decreases slowly from zero at y = y I  to a 
negative value up to the point y ( s I )  - E ,  

according to equation (I  8) ; then it decreases 
rapidly across the singular point, correspond- 
ing to the change of W given by (17), up to 
y ( s I )  + E ,  since dZo /dy  is positive at y(sl). 
Although the inviscid theory fails to be valid 
within the small belt 2 E around y(sI) we may 
approximate to the distribution of t within 
this small interval by the dotted curve, as is 
indicated in fig. Ib. As the change of t across 
this interval is known, its values at all other 
points where the inviscid theory holds can be 
computed from (18). Thus it increases from a 
negative value at y ( s I )  + c to a positive value 
at y ( s z )  - E ,  where it has another rapid decrease 
up to y(s2) + E ,  aiid then decreases to zero as 
the other boundary is approached. The vortic- 
ity transfer is northward in the central region 
between y(c1) and y(c2) and southward in the 
outer regions, as denoted by the small arrows. 
The direction of the trough and ridge lines 
for these damped disturbances is represented 
by the curve T. It is seen that the troughs and 
ridges are oriented with their convex-side 
toward the east in the vicinity of the jet 
stream, and momentum is transferred from the 
outer parts into the central part, (from regions 
where the zonal current is small into the re- 
gions where it is great), therefore having the 
effect of intensifying the zonal currents. It is 

also seen that t and the wind shear - have 

opposite signs in most parts of the region; 

d i 0  
dY 
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279 GENERAL C:IRCULATION AND THE STABILITY OF ZONAL FLOW 

therefore the damped disturbances supply 
their energy into the main zonal flow. The 
dashed curve in fig. Ia represents the zonal 
wind distribution produced by the damped 
disturbances at some later time. 

For the amplifying disturbances, t is given 
by (18) at every point. It increases from zero 
at y = y I  to a positive value, has a higher 
rate of increase near the singular point, and 
attains its maximum value at y ( c I ) ,  then 
decreases to a negative minimum value at 
y(cz) ,  and increases to zero as the other bound- 
ary is approached, as is shown in fig. IC. 

Thus positive t is associated mainly with 
positive d io /dy  and negative t with negative 
dioldy,  showing that the kinetic energy of 
the perturbation will increase with time. The 
vorticity transfer is in the opposite direction 
as produced by the damped disturbances. 
The trough lines and ridge lines are oriented 
with their convex side toward the west. 
There is a flow of angular momentum from 
the central part into the outer parts, with the 
effect of flattening the profile of the zonal 
motion. 

For the disturbances without singular points 
(pr + i o ) ,  the general featurcs of the distribu- 
tion of t and the orientation of the trough 
and ridge-lines are the same as have been 
discussed above. 

The results obtained above agree with 
those obtained in a previous study (Kuo, 1949) 
for symmetric profiles and over a plane or a 
cylindrical earth. When the asymmetry is not 
great, the general conclusions obtained also 
hold for the profile with different values of io 
at the two critical points. For this kind of 
profile, a constant momentuni transport can be 
produced between the two critical points 
by a neutral disturbance as has been discussed 
by FOOTE and LIN (1950). However, no 
other effect on the mean zonal flow will be 
produced by this neutral disturbance except a 
gradual reduction of this difference of io 
between the two critical points. 

(b) Jet is liniited to niiddle latitudes rohilo the 
vorticity distribirtion at higher and lower latit- 
udes is dominated by  the coriolis parameter. 

In the atmosphere, even when the westerlies 
are strong, and the absolute vorticity has a 

maximum to the north and a minimum to 
the south of the jet, the negative gradient of 
vorticity generally does not extend to the 
equator, but Z o  attains a second weaker maxi- 
mum at a lower latitude, showing the predom- 
inance of the effect of earth's rotation. This 
type of vorticity distribution, such as is re- 
presented in fig. 2, occurs much oftener than 
the case (a) and therefore deserves separate 
discussion. 

In this case, there and four critical points in 
the zonal wind profile where d Z o / d y  vanishes, 
the two inner ones having higher values of 
io. If i o  is the same at these two inner critical 
points, y(c2) arid y(c3) ,  a neutral disturbance 
will travel with this velocity. Another neutral 
disturbance corresponding to the two outer 
critical points may also exist. 

For damped disturbances, the distribution 
of t and the direction of the troughs and 
ridges are represented by the curves in fig. 
2b. It starts from zero and increases to a maxi- 
mum at y ( c I ) ,  then decreases from y(c1) to 
y(c.). Assuming that this damped disturbance 
is travelling with a velocity greater than &(cz), 

dZ0 
so that (dy) is positive, then z will have a 

51 

sudden decrease across this singular point, 
and reach a large negative value at y ( s I )  + 8.  It 
increases from there to the point y ( s2 )  - F ,  

where it reaches a positive value, and then 
decreases rapidly across the singular point 
y ( s2 ) .  It attains a small negative value as y(c4) is 
approached and increases to zero near the 

d Z 0  . 
pole. It is seen that z ~ is mainly negative, 

dY 

Fig. 2. Same as Fig. I for a weaker zonal wind profile. 
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280 H S I A O - L A N  K U O  

therefore the total kinetic energy of the 
perturbation decreases with time, being fed 
into the zonal flow, at least in part. Also, angu- 
lar momentum is transported into the central 
part of the zone of westerlies, strengthening 
the westerlies and also developing an easterly 
current north of the equator, thus gradually 
increasing the degree of instability. For this 
case, the troughs and ridges are tilted with 
their convex side toward the east in the zone 
of westerlies, but the direction is reversed in 
the equatorial belt and also near the pole. 

For the amplifying disturbances, the distri- 
bution of t is represented by the curve in 
fig. zc. It is seen that t dj.o/dy is mainly positive 
and has large values in the central part of the 
profile, so that the perturbation is withdrawing 
kinetic energy from the main flow. But in 
the outer Y t s ,  t d A o / d y  is negative, so that 
the pertur ation is also supplying kinetic 
energy into the main flow, strengthening the 
zonal flow in those parts, as can be seen from 
equation (22). Thus t h s  case is relatively 
stable as compared with the case (a). 

It should be pointed out that these dis- 
cussions of the distribution of t with respect 
to the zonal wind profile apply only to the 
individual situations. Because the jet-stream 
of westerlies fluctuate both in their latitudinal 
position and strength, and because different 
effects are produced by different kinds of 
disturbances, the distribution of the average 
values of t for a longer period may differ 
considerably from that given by the corre- 
sponding mean profile. 

~ 1 

7 

i 
1 

4 

~ T i  1 

f 
? 

I 

b C 

Fig. 3 .  Distribution of t and vorticity transfer in  the 
equatorial easterlies. (b) for amplified disturbances. 

(c) for damped disturbances. 

(c) Waves iri the hkh level easterlies i r i  

Although there is no natural boundary 
between the high level westerlies in middle 
and higher latitudes and the high level easter- 
lies in equatorial latitudes, different kinds of 
perturbations exist in these two regions. The 
disturbances in the westerlies move rather 
rapidly towards the east and are numerous, 
while in the easterlies there are relatively few 
large disturbances, and these generally move 
slowly towards the west or remain stationary. 
Therefore we may take the equatorial easter- 
lies as a separate region. 

The case when the easterly current is more 
concentrated in the equatorial belt and flat 
in the outer regions, with dZo/dy negative 
around the equator and positive in the outer 
parts will be discussed. According to the dis- 
cussion in section 5, both damped and ampli- 
fied disturbances can exist in this case. An 
examination of equation (IS) shows that for 
amplified disturbances, z is positive north of 
the equator and negative to the south, with 
the same sign as the shear of the basic current, 
as indicated in fig. 3b. This gives an increase 
of the perturbation kinetic energy. The 
trough and ridge lines for these amplifying 
disturbances are oriented with their convex 
side toward the east, contrary to that in the 
zone of westerlies. This tilting gives an equator- 
ward flow of westerly momentum and will 
tend to flatten and possibly destroy the zonal 
flow pattern. 

For damped disturbances with phase velocity 
within the range of io in the belt, the distribu- 
tion of z is represented by the curve in fig. 3c, 
with the proper rapid change across the 
singular point. It is seen that t is negative to 
the north and positive to the south of the 
equator, so that the perturbation kinetic 
energy will decrease. The troughs and ridges 
are tilted with their convex side toward the 
west, and momentum is transferred away 
from the equator, with the result that the 
easterly- current is strengthened near the 
equator, increasing the degree of instability. 

Besides these disturbances with p, within 
the range of in the belt, we might also have 
disturbances moving toward the west at a 
speed faster than the maximum easterly current. 

equatorial belt 
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GENERAL CIRCULATION AND THE STABILITY OF ZONAL FLOW 2 8  I 

The general features of the distribution o f t  are 
the same as those described above. 

(d) When dZo/dy is positive in the entire re- 

When the prevailing zonal winds are weak, 
the value of Z o  is determined primarily by the 
coriolis parameter, therefore may increase 
with latitude over the entire hemisphere. 
According to the preceding discussions, this 
case is stable and cannot be disturbed spon- 
taneously. The same conclusion may also be 
reached by applying the non-linearized vor- 
ticity equation dZo/dt = o (F JORTOFT, " 1950; 
STARR, 1950; Kuo, 1950). However, the 
linear theory also tells us that all possible 
neutral disturbances travel with phase velocity 
, ~ i  5 min. io. Thus if any disturbance is added to 
the system and is moving with a velocity 
within the range of A,, which is generally the 
case because added vorticity moves with the 
current, the motion cannot follow the law of 
conservation of absolute vorticity at every 
point, for some other effects necessarily enter 
into the problem (either viscosity or diver- 
gence), at least in some small regions. If we 
allow viscosity into the small region around 
the singular points, then damping effect will 
take place. 

Although viscosity is ini ortant for these 

outside the small strips around the singular 
points. Therefore the distribution of the stress t 
is still given by equation (IS) in these regions, 
and increases with latitude. Across the small 
strips around the singular points, t has rapid 
decreases, attains a negative value at y(sJ  +a, 
and goes to zero as the boundary y = y z  is 
approached. Corresponding to these negative 
jumps of t ,  the mean zonal current decreases 
within these strips. The mean vorticity 
decreases around y(sI) and increases around 
y(s2),  indicating a tendency of creating a mini- 
mum and a maximum of Z along these lati- 
tudes respectively. 

One physical explanation of this process is 
that high concentrations of vorticity are 
always present in the small-scale disturbances, 
which under the influence of the northward 
increase of Z ,  will result in a transport of 
cyclonic vorticity toward higher latitudes 

gion 

damped disturbances, its e tfp ect will be small 

(Kuo, 1950). The accumulative action of 
eddy viscosity near the singular points in 
spreading out the existing vorticity concentra- 
tions helps to build up extreme values of 
vorticity along these latitudes. 

7. The neutral 
troposphere in 

In order to 
obtained above 
the atmosphere, 

disturbances in the upper 
winter 

compare the general results 
with actual flow patterns in 
a solution of the Derturbation 

equation for some normal zonal kind profile 
is desirable. Here the study will be restricted 
to the neutral disturbances which robably 
represent the flow attern observe! on the 

relatively little change. 
The average basic current studied in this 

section is given in fig. 4. It is taken to represent 
a mean profile of the layer from 900 mb to 
100 mb, and resembles a typical profile at the 
500 mb level across a section of strong wester- 
lies. In order to simplify the integration, the 
profile has been greatly smoothed and adjusted 
to make A, have the same value at the two 
inner critical points. 

For this neutral disturbance, the phase 
velocity is given by the current velocity at the 
inner critical points. The corresponding wave 
number and the eigen function can be ob- 
tained by Taylor's expansion. Thus, if Y and 
its derivatives a t  the starting point y = yI are 
known, the value of Yand its first derivative 
at the nearby point y = yI + q are given by 

upper air weather c K arts during a period of 

+ r' !P (TI)  + ; Y"$ (p) + ; Y i v  (y1) + . . . 
2 !  3 -  4- 

where the primes denote differentiation with 
respect to y and 

6 P  (p) = Y i v  (p) - w ( T I  -- 7) 

5-104318  
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282 H S I A O - L A N  K U O  

-02 0 02 04 06 0’8 1.0 

solution that satisfies the boundary condition 
Y ( o )  = o is 

Y = A  sinh m y  (24) 

The first and higher derivatives for the starting 
point can be computed from this solution and 
the values of ?P and its derivatives at y = o + 7 
computed from the Taylor expansions. The 
value of 6 Y i v  at the starting point can either 
be neglected or computed from the solution 
given above. If the condition ti’= o = - a!?’/ay 
is used for y = 0, we get another solution. Since 
the difference is small, it wdl not be discussed. 

Since the other boundary condition applies 
at y = 00 (the pole) in our coordinate system, 
it is necessary to replace it by the condition 

Y ‘ + n Y = o  (25) 

for a very large value of y, i.e., Y should de- 
crease exponentially as the pole is approached. 
For the profile we are studying, the function F 
can be represented by F = - 2 (y - 0.8)-z = 
- -- 2 x-2 for y > 1.3 (north of 65” N), to a 
high degree of approximation. Thus, for y > I .3  
equation (I I) becomes 

!P = o (26) Fig. 4, The mean zonal wind profile and absolute vor- 
ticity distribution in winter, with UOM= 40 m. sec-1. 

Since Y has to satisfy the vorticity equation at 
every point, the second and higher derivatives 
have to be computed from (11) by successive 
differentiation and by use of the values of the 

The solution of (26) which satisfies the condi- 
tion (25) is given by 

lower derivatives already obtained. Thus !P= c ( n  + $) e-nx (27) 

Y ( y 1 )  = [nz - ( i o  - /A)-, ?Iy1 Y (y1) = 

and so on, and !P can be integrated in a step-by- 
step manner. 

To start the integration, the solutions corre- 
sponding to the distribution of F near the 
equator are obtained. In our case, F is equal to 
- 23 near the equator. Thus, for y = 0, (I I) be- 
comes Y”  = mZY, where niz  = nz + 23, and the 

and is valid for y > 1.3.  
When the function !P with its derivatives 

obtained from (24) has been integrated to y = 
= 1.3, the ratio P / Y  should agree with that 
given by (27). The value of n that fulfils this 
requirement is the eigenvalue of the problem, 
and the corresponding !P the eigenfunction. 
It is found that the neutral oscillation corre- 
sponding to the two inner critical points of 
the profile in fig. 4 has the eigenvalue ti  = 9.5. 
The phase velocity of this neutral disturbance 
is p, = 0.05 co, about 12 deg.lat per day. The 
500 mb and 300 mb maps during the winter 
months January and February show that the 
wave number is generally from 8 to 10, and 
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GENERAL CIRCULATION AND THE STABILITY OF ZONAL FLOW 283 

the phase velocity is about: 1-15 degrees of 
longitude per day.. The eigenfunction Y and 
its first derivative are given in fig. 5 .  It is 
seen that the perturbations are much stronger 
on the north side of the jet than on the south 
side; this agrees with the statistical result 
obtained by RIEHL, YEH and LA SEUR (1950) 
that the maximum value of 72 occurs generally 
to the north of the jet. 

In the perturbation stream function, the 
arbitrary constant has been chosen to give a 
maximum perturbation velocity ti' = 12 m 
sec-1 while the maximum velocity of the 
basic current is 40 m sec-1. The perturbation 
kinetic energy is less than 10 per cent of that 
of the basic flow. 

Since only an integral wave number is 
permissible, we shall take I I  = 9 instead of 9.5. 
The total stream function is plotted in fig. 6. 
It is seen that closed cyclonic and anticyclonic 
centers are produced to the north and south 
of the jet stream of westerlies as a result of the 

V -500 

Fig. 5 .  The eigen function Y and its derivative for the 
neutral distu:bance. 

Fig. 6 .  Composite contour lines in meters. 

perturbation. However, the anticyclonic cen- 
ters are very weak, much weaker than the 
cyclones to the north. In order to produce 
the large semi-stationary anticyclonic centers in 
the subtropics, it is necessary to superpose 
another slowly moving disturbance, largely 
determined by the two outer critical points 
in the profile. Since this generally does not 
effect the flow pattern in middle and higher 
latitudes, it will not be discussed. 

8. Summary 

From the discussions above, it is seen that 
different disturbances have quite different 
effects on the zonal flow, according to 
whether the basic flow is stable or unstable for 

atmosphere under normal conditions, In the the a so- 
the particular disturbance. 

lute vorticity is largely determined by the 
coriolis parameter, increasing toward the 
north in most regions. This situation is stable 
for most disturbances. Thus, when disturb- 
ances are added to the upper layer, most of 
them will undergo a damping process, trans- 
port zonal momentum from regions of 
weaker to regions of stronger zonal motion, 
and sup ly kinetic energy to the zonal flow. 

being transported downwards to overcome 
ground friction. The remainder will have the 
effect of strengthening and sharpening the 
zonal westerlies and easterlies, and thereby 
also increase the degree of instability. 

up of the 

disturbances has gone on for a sufficiently 
long period of time, the currents become 
strong and sharp, and maxima and minima of 
absolute vorticity are produced, the zonal 
wind distribution becomes unstable for the 
more effective disturbances, with longer wave 
lengths and smaller phase velocities. (From the 
vorticity distribution in fig. 5 and the solution 
obtained in the previous section, it may be 
inferred that the wave number of maximum 
instability is about 4 or 5 during the periods 
when the jet stream is strong in the winter 
months.) The amplitude of these disturbances 
will then increase to form closed cold lows to 
the south and warm highs to the north of the 
jet. As these amplified disturbances have the 
effect of transferring angular momentum from 

Parts o P these zonal momentum and energy 

When the process of buildin 
zonal wind systems through t if, e damping 
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H S I A O - L A N  K U O  284 
regions of higher to regions of lower zonal 
velocity, and withdraw kinetic energy from 
the zonal flow, the intensity of the mean 
zonal flow is greatly reduced by these disturb- 
ances, and the zonal wind profile is flattened. 

After this breakdown, the absolute vorticity 
distribution is again dominated by the coriolis 
parameter, so that the situation is stable for 
other disturbances, and the damping effect 
operates once again, to rebuild the prevailing 
zonal winds. Thus according to this study, 
the general circulation will go through cycles 
of decay and rebuilding, due to the effect of 
these disturbances. It may be noted that 
their kinetic energy, at least in part, must be 
destroyed through the convergence effect, or 
transferred to the lower layer, so that the 
energy of the upper system will not continually 
increase. 

From the foregoing discussions, it may be 
concluded that the daniped disturbances are really 
necessary parts in building up the prevailing zonal 
winds and overcoming the loss of kinetic energy 
and angular tnonrentuni through friction in thc 
lower atniospirere. O n  the other hand, although 
large amplijied disturbances occur only occasion- 
ally, they act in such a way as to prevent the yre- 
vailing winds from growing irzdejnitely, and 
therefre act as brakes for  the genernl circulation. 
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