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A B S T R A C T
Response function models are often used to represent the behaviour of complex, high order global carbon cycle (GCC)
and climate models in applications which require short model run times. Although apparently black-box, these response
function models need not necessarily be entirely opaque, but instead may also convey useful insights into the properties
of the parent model or process. By exploiting a transfer function (TF) framework to analyse the Lenton GCC model,
this paper attempts to demonstrate that response function representations of GCC models can sometimes also provide
structural information on the parent model from which they are identified and calibrated. We take a fifth-order TF
identified from the impulse response of the Lenton model atmospheric burden, and decompose this to show how it can
be re-expresses in a generic five-box form in sympathy with the structure of the parent model.

1. Introduction

The global carbon cycle (GCC) would qualify under most defi-
nitions of a complex system. Because of the central role the GCC
plays in determining the fate of anthropogenic CO2, consider-
able effort has been committed to mapping out this complexity
and representing it in the form of carbon cycle models of var-
ious kinds. Not surprisingly, as understanding of the GCC has
increased, so has the complexity of the models with which we
choose to represent it as the respective scientists strive for accu-
racy (e.g. Maier-Reimer et al., 1996; Sarmiento et al., 1998; Orr
et al., 2001). However, in parallel to these model developments,
certain applications have demanded simple representations of
the GCC for, for example, detection-attribution studies (e.g.
Enting and Trudinger, 2002), integrated assessments (e.g.
Nordhaus and Boyer, 2000; den Elzen and Lucas, 2005); CO2

emissions mitigation specification (Wigley, 1991; Wigley et al.,
1996) and, recently, mitigation analysis (Jarvis et al., 2008).
Often these simplified GCC analogues have taken the form of
black-box response functions which capture the dominant per-
turbation dynamics of their large GCC model parents. In par-
ticular, sums of exponentials (SE) response functions have been
widely used in this respect (e.g. Maier-Reimer and Hasselmann,
1987; Enting, 1990; Joos et al., 1996; Thompson and Randerson,
1999; Hooss et al. 2001).
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In reviewing the use of response functions for these various
GCC applications it appears that they invariably tend to be be-
tween fourth and sixth order, that is, the sum of between four
and six first-order exponential response function terms. It has
been known for many years that, extreme non-linearity aside,
the dynamic response of complex systems can often be domi-
nated by a relatively small number of dominant modes (see e.g.
Moore, 1981; Dowell, 1996; Young et al., 1996; Young, 1999).
However, what is less well known is that these modes can of-
ten represent fundamental dynamic states of a system. Indeed,
systems identification methodologies and data-based mecha-
nistic modelling studies, attempt to exploit such phenomena
to resolve hidden processes from observed inputs and outputs
(e.g. Godfrey, 1982; Tang et al., 2001; Garnier et al., 2003;
Young and Garnier, 2006). Extending this philosophy to the
GCC, it may be that the response functions identified from GCC
model perturbation experiments are also a manifestation of the
dominant modes of GCC models and offer insight into the emer-
gent macroscale mechanisms within these models. For example,
Meyer et al. (1999) derive a box-type model of the terrestrial
biosphere from the SE response function of the Bern model.
Also, Hooss et al., (2001) equate a layer cascade representation
of the oceanic carbon cycle with response functions. However,
in the main, response functions have only ever been viewed as
empirical devices and Enting (2007) suggests that it is unlikely
they relate to specific carbon reservoir dynamics. In this paper
we will attempt to show that the dominant mode dynamics of a
GCC model, as expressed in its impulse response can, under cer-
tain circumstances, reflect specific carbon reservoir turnovers,
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providing an appropriate decomposition of the black-box re-
sponse function model is used.

The outline of this paper is as follows. Section 2 reviews the
relationship between three representations of the GCC impulse
response: SEs; transfer functions (TFs); and ordinary differential
equations (ODEs). Section 3 shows the equivalence between a
fifth-order TF response function and a generic five-box GCC
model. Section 4 investigates the specific relationship between
an identified response function, its ‘grey-box’ or mechanistic
decomposition and the Lenton (2000) GCC model from which
it was identified.

2. The representation of the GCC impulse
response: sums of exponentials, transfer
functions and ordinary differential equations

We start by outlining the relationship between familiar SE
and TF response functions and their ODE parent structures.
A generic, delay free deterministic single-input, single-output,
linear, continuous-time ODE system can be written,

dnx(t)

dtn
+ a1

dn−1x(t)
dtn−1 + · · · + anx(t)

= b0
dm−1u(t)

dtm−1
+ · · · + bm−1u(t), (1)

where u(t) is the input, x(t) is the system output, a and b are
coefficients and m and n define the system order. This expression
could, for example, be the conservation equation for carbon in
one or more elements of the GCC. Taking the Laplace transform
of eq. (1) and simplifying by assuming all initial conditions are
zero,1 the generic linear time invariant continuous-time system
is given by the following TF form,

x(s) = B(s)

A(s)
u(s)

= b0s
m−1 + b1s

m−2 + · · · + bm−2s + bm−1

sn + a1sn−1 + · · · + an−1s + an

u(s), (2)

where u(s) and x(s) are the Laplace transforms of the input
u(t) and output x(t) respectively; sm,n is the Laplace derivative
operator (i.e. sn = dn/dtn) and the ratio of polynomials B(s)/A(s)
denotes the TF.

If A(s) is of order n, then the characteristic equation [defined
as A(s) = 0] will have n pole roots p1, p2, . . . , pn, which are

1In this paper, the perturbational experiments analysed are initiated from
a zero initial condition and so all related analysis assumes these condi-
tions to be zero.

the poles of the TF.2 Providing m = n, the TF B(s)/A(s) can be
rearranged in a partial fraction expansion form:

B(s)

A(s)
= r1

s − p1
+ r2

s − p2
+ · · · + rn

s − pn

, (3)

where r1, r2, . . . rn are the partial fraction expansion residue
terms. In structural terms this is representative of a system com-
prised of a collection of first-order subsystems configured in
parallel where the steady state gain of each first-order element
in this expansion is gn = –rn/pn and the time constant or e-folding
time is τ n = pn

−1 for pn < 0.
For the impulse response case considered here the relationship

between the s domain and the t domain is given by

L−1

{
r

s − p

}
= rept , (4)

where L−1 denotes the inverse of Laplace transform. Therefore,
the SE impulse response function is simply the inverse Laplace
form of eq. (3):

L−1

{
B(s)

A(s)

}
= r1e

− t
τ1 + r2e

− t
τ2 + · · · + rne

− t
τn . (5)

Equations (1)–(5) show how the SE response function widely
used in GCC analysis can be expressed as a subclass of the
more generic TF response function, and how both of these relate
to ODEs, and vice versa. In this study we will be exploiting
TFs in order to facilitate a range of decompositions of response
functions into first-order subsystem, as opposed to using the
somewhat restrictive parallel decomposition inferred from the
more familiar SE response functions. The following section will
show how a generic GCC box structure based on ODEs can have
a corresponding TF form.

3. A generic global carbon cycle structure

Figure 1 shows a generic structure for the GCC. Broadly, dif-
ferences between various GCC models could be expressed as
differences in the subdivisions and specifications of each com-
partment. In this section we will develop the TF response func-
tion for this system and show this in a block diagram form com-
monly used in control systems analysis.3 This form provides a
visualization of the GCC response function that is structurally
related to Fig. 1.

2Note that for a stable response (i.e., an impulse response that decays
to zero) each pole must be < zero; for a conservative response (i.e.,
an impulse response that stabilises at a non-zero value) one or more
poles must be equal to 0; if a pole is greater than zero then the impulse
response is unstable and will grow exponentially.
3A key advantage of block diagram notation is that, while expressing
the same information as the ODE form, it separates the input and output
component from the system dynamics description facilitating algebraic
manipulation of the dynamic components.
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Fig. 1. A generic structure for the global carbon cycle showing the
amount of carbon in the atmosphere (mA), vegetation (mV ), soil (mS),
surface ocean (mSO) and intermediate and deep ocean (mIDO)
reservoirs. The arrows represent the net carbon fluxes between boxes as
governed by the exchange coefficients k (adapted from Joos et al., 1996
and Lenton, 2000).

For the small perturbations, locally linear case considered
later, Fig. 1 gives the atmospheric mass balance ODE as,

dmA(t)

dt
= uE(t) − (kO1 + kL1)mA(t) + kL2mV (t)

+ kO2mSO (t) + kL4mS(t), (6a)

where uE(t) are exogenous CO2 emissions (GtC yr−1), mx(t)
are the carbon burdens (GtC) of the various reservoirs, k’s are
exchange coefficients (yr−1) and the subscripts relate to those
shown in Fig. 1.

The four remaining reservoir mass balances are given by the
following ODEs,

dmSO (t)

dt
= kO1mA(t) − kO2mSO (t) − kO3mSO (t)

+ kO4mIDO (t)

dmIDO (t)

dt
= kO3mSO (t) − kO4mIDO (t)

dmV (t)

dt
= kL1mA(t) − kL2mV (t) − kL3mV (t)

dmS(t)

dt
= kL3mV (t) − kL4mS(t). (6b)

Assuming zero initial conditions, the Laplace transform of
eq. (6) allows manipulation of this ODE system into the fol-

lowing collection of first-order TF response functions,

mA(s) = 1

s
[uE(s) − (kO1 + kL1)mA(s) + kL2mV (s)

+ kO2mSO (s) + kL4mS(s)]

mSO (s) = 1

s + kO2 + kO3
[kO1mA(s) + kO4mIDO (s)]

mIDO (s) = 1

s + kO4
kO3mSO (s)

mV (s) = 1

s + kL2 + kL3
kL1mA(s)

mS(s) = 1

s + kL4
kL3mV (s).

(7)

After some rearrangement of eq. (7), one gets the following
system,

mA(s) = 1

s
{uE(s) + [kO2mSO (s) − kO1mA(s)]

+ [kL2mV (s) − kL1mA(s)] + kL4mS(s)}

kO2mSO (s) =
kO1kO2

kO2+kO3

1
kO2+kO3

s + 1

[
mA(s) + kO4

kO1
mIDO (s)

]

kO4

kO1
mIDO (s) =

kO3
kO1kO2

1
kO4

s + 1
kO2mSO (s)

kL2mV (s) =
kL1kL2

kL2+kL3

1
kL2+kL3

s + 1
mA(s)

kL4mS(s) =
kL3
kL2

1
kL4

s + 1
kL2mV (s).

(8)

Figure 2a shows this system in block diagram form. Equating
eq. (8) with Fig. 2a yields the following identities

τO1 = 1

kO2 + kO3
; gO1 = kO1kO2

kO2 + kO3
; τO2 = 1

kO4
;

gO2 = kO3

kO1kO2

τL1 = 1

kL2 + kL3
; gL1 = kL1kL2

kL2 + kL3
; τL2 = 1

kL4
;

gL2 = kL3

kL2

gL = kL1; gO = kO1. (9)

Note from Fig. 2a how the block diagram form of this sys-
tem makes explicit the fact that the exogenous emissions input
uE(s) are moderated by two core feedbacks, one from the land,
the other from the ocean, each representing the generation of
sink/source fluxes to the atmosphere in response to perturbations
in atmospheric carbon burden. These feedbacks are comprised of
an instantaneous feedback effect that represents the atmospheric
carbon loss to the terrestrial and oceanic sinks, and a lagged
feedback effect, which represents the effects of adjustments in
the respective carbon stock on the loss rate from the atmosphere.
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Fig. 2. (a) The block diagram equivalent to the generic GCC model structure shown in Fig. 1. The triangle blocks are instantaneous atmospheric
carbon loss rates to the terrestrial (L)/oceanic (O) carbon sinks, and each rectangle block represents a terrestrial/oceanic carbon sink (see eqs (8) and
(9)). (b) The block diagram of the SE decomposition of the TF eq. (10).

Using the rules of block diagram manipulation (see Appendix
A) eqs (8) and (9) can be collapsed to form the overall TF
response function relating uE(s) to mA(s).

mA(s) = b0s
4 + b1s

3 + b2s
2 + b3s + b4

s5 + a1s4 + a2s3 + a3s2 + a4s + a5
· uE(s), (10)

where the TF parameters a1 to a5 and b0 to b4 are comprised
of combinations of the GCC system parameters in eq. (7) (see
Appendix A).

The operation of moving from eqs (6) to (10) is obviously
a bottom-up model building exercise. However, let us assume
that we have arrived at eq. (10) through empirically describing
the impulse response characteristics of a planned GCC model
experiment. Then we could entertain the reverse operation of
going from eqs (10) to (6) which would be the corresponding top-
down systems identification process. Because, for this particular
example, m = n = 5, eq. (10) could also be decomposed into
its equivalent parallel structure, as shown in Fig. 2b. Then we
would arrive at the familiar SE response function representation
of the GCC yielding identical, albeit black-box, dynamics in
terms of the overall relationship between the input uE(s) and the
output mA(s).4

mA(s) =
[

r1

s − p1
+ r2

s − p2
+ r3

s − p3
+ r4

s − p4
+ r5

s − p5

]
· uE(s). (11)

4Although the parallel SE structure is empirical in the present GCC
application, there are numerous applications where a parallel system
configuration is appropriate, for example the flow of rainfall inputs
through catchments (see Young and Beven, 1994).

Because of the ability to interchange between the ODE, TF
and the SE representations of this particular system one can
see how SEs of order 4–6 regularly used to represent the GCC
(e.g. Maier-Reimer and Hasselmann, 1987; Joos et al., 1996;
Hasselmann et al., 1997; Hooss et al., 2001) could well be in-
advertent expressions of the structural character of these GCC
models, albeit in a very aggregated form. In essence the parallel
SE form represents a translation of the axis of the systems state
variables away from the mechanistically recognizable allocation
of the ODEs to an equivalent albeit abstract space. This would
not be at all obvious to those using SEs because it would be dif-
ficult to conceptualize how to make the transition to the relevant
GCC structure without the necessary aggregation and disaggre-
gation tools such as the Laplace transform and block diagram
manipulation. A response function analysis based on TFs on the
other hand naturally lends itself to this.

To summarize, the SE response function can be viewed as a
specific subclass of the more general TF representation of linear
perturbational dynamics and hence the authors would argue that
response function representations of the GCC should move to-
ward the use of TFs in future. There are two important reasons for
this. First, the SE approach implicitly imposes the constraint n =
m, whereas there are countless examples of systems, possibly in-
cluding some GCC models, where this is not the case, especially
where the system in question contains important serially orga-
nized subsystems, in which case n > m; or the time constants of
elements of the system forward path are tending to zero, in which
case m > n. Obviously, the TF makes no such restrictions, al-
though it is worth bearing in mind that the lack of constraint can,
in certain circumstances, be a disadvantage (see later). Second,
TFs yield a unique input–output dependency which facilitates
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the use of block diagrams in the representation of the response
function. As we will see later, this not only greatly aids the com-
munication of the mathematical interdependencies comprising
a system such as the GCC in terms of mass (or energy) balance,
it also greatly simplifies the top-down interpretation. Finally,
eq. (2) is quasi-linear in the parameters when estimated from the
input–output data whereas, unless one attempts to linearize the
input–output data, p (or τ ) in each exponential term in eq. (5)
is non-linearly related to the response. Hence the TF estimation
should, in principle, be more robust and able to exploit many of
the advantages associated with linear estimation. In the follow-
ing section we will apply TF response function estimation and
mechanistic decomposition to analyse the impulse response of
a specific GCC model in order to illustrate the points raised in
this section.

4. Impulse response characteristics of the
Lenton (2000) Global Carbon Cycle model

So far, we have formed the response function bottom-up hav-
ing assumed a particular GCC box model structure a priori.
However, in response function analysis we invariably start with
input–output data collected from a planned experiment on a com-
plex GCC model and attempt to fit to this in as parsimonious
a way possible. The inference of the structural dynamics of the
parent model then needs to be made from this identified response
function, top-down, that is, classical systems identification.

In order to test whether such an analysis can capture the fun-
damental dynamic traits of the parent GCC model, in this section
we apply a TF response function analysis to a GCC model and
verify the estimates we obtain for the properties of the various
compartments are consistent with the known values in the GCC
model from which the TF was derived. Because response func-
tions invariably involve some simplification it is worth keeping
in mind that the TF decomposition will likely involve some
aggregation of ‘similar’ dynamic elements. Also, given GCC
models are non-linear in many of their processes (CO2 fertiliza-
tion; oceanic carbon chemistry; temperature feedbacks) the TF
analysis will only provide a local linear approximation of these
non-linearities.

For this verification exercise we will use the GCC model of
Lenton (2000; LGCC) given it is simple enough to afford a rela-
tively transparent comparison with its response function daugh-
ter. The LGCC model structure is shown in Fig. 3. This is a
seven-box GCC model, with the terrestrial biosphere comprised
of global vegetation and soil pools, the surface ocean comprised
of high and low latitude reservoirs and the deep oceans com-
prised of intermediate and deep ocean reservoirs.

The unit (1 GtC) impulse response of the LGCC model is
shown in Fig. 4 for pre-industrial background levels of atmo-
spheric CO2. The generic TF structure eq. (2) was fitted to this
unit impulse response for the range of TF structures n = 2:6;
m = 2:6 using linear least squares given the noise-free nature
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Fig. 3. The Lenton (2000) seven-box GCC model structure in
pre-industrial steady state. Numbers represent carbon mass in
reservoirs (GtC). Solid arrows are gas and liquid-phase fluxes
(GtC yr−1) and dotted lines are particulate-based fluxes
(GtC yr−1).
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Fig. 4. The 1 GtC impulse response of the LGCC model (solid lines)
applied under an equilibrium pre-industrial atmospheric CO2

concentration initial condition. The dashed line is the fit of the TF eq.
(10) to this response.

of mA(s) in this case. In this estimation we assume two physical
constraints in order to aid the estimation. First, b0 = 1, which
simply states that one GtC of emissions adds one GtC to the at-
mosphere. This is shown in Fig. 2a as the unity integral gain (i.e.
1/s) in the forward path of the system. Second, a5 = 0, which
arises because the overall system is assumed to be perfectly
conservative with respect to anthropogenic CO2 emissions (i.e.
there are no loss terms in Fig. 3). In systems terms, this gives
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Table 1. Coefficients of determination (r2)
of five transfer function structures fitted to
the data shown in Fig. 4

n m r2

2 2 0.91549
3 3 0.99429
4 4 0.99994
5 5 0.99999
6 6 0.99999

Table 2. Parameter values associated with the TF response function eq.
(10) fitted to the data in Fig. 4. The parameters a and b are
parametrized through a least squares fit of mA(s) to the LGCC impulse
response. The effects of noise bias on the parameter estimation are
considered insignificant here given mA(s) is noise free and the model
residuals are so small. The figures in parentheses denote two standard
deviations on the parameter estimates

mA(s) = b0s4+b1s3+b2s2+b3s+b4
s5+a1s4+a2s3+a3s2+a4s+a5

· uE (s)

b0 = 1 a1 = 1.06490 (0.05317)
b1 = 0.89022 (0.05175) a2 = 0.24577 (0.02616)
b2 = 0.15811 (0.01877) a3 = 0.01361 (0.00183)
b3 = 0.00507 (0.00069) a4 = 0.0000811 (0.0000112)
b4 = 0.0000123 (0.0000017) a5 = 0

rise to a pole at 0.0 and hence an integrator (1/s) term in the
overall system response rendering the system marginally stable.
Interestingly, this integrator has profound implications for the
design of mitigation strategies (see Jarvis et al., 2008).

As can be seen from Table 1, the trade-off of TF fit to the GCC
impulse response against degree of TF parametrization falls off
after m = n = 5. As a result, we conclude that all significant
variation has been captured by the m = n = 5 TF response func-
tion, that is, eq. (10). Table 2 shows the corresponding parameter
values of eq. (10) for the LGCC model pre-industrial case whilst
Table 3 shows the equivalent SE parametrization for reference
with previous studies.

Having identified and parametrized an appropriate TF, we can
now consider the decomposition into an appropriate structure in
sympathy with the LGCC model. Unfortunately, the decompo-
sition does not simply involve reversing the operation detailed
from eqs (7) to (10) because that process is a many-to-one opera-
tion and hence its inverse, one-to-many operation, is not unique.
Therefore, we have developed a stepwise approach to decom-
posing eq. (10) back into the block diagram structure Fig. 2a.
This is shown in Fig. 5 and detailed in Appendix B. The corre-
sponding physical properties of the five box decomposition are
given in Table 4.

Before offering an interpretation of the parameters derived
from the response function, it is important to emphasis the fact

Table 3. SE response function inferred from the parallel
decomposition of eq. (10). The figures in parentheses denote the 95%
parameter confidence interval generated by means of 104 random
draws from the covariance matrix structure associated with estimating
the parameters in Table 2

ma(t) = r1e(−t/τ1) + r2e(−t/τ2) + r3e(−t/τ3) + r4e(−t/τ4) + r5e(−t/τ5)

r1 = 0.1517 (0.1424 0.1621) τ 1 = 1.3027 (1.2474 1.3612)
r2 = 0.1505 (0.1482 0.1527) τ 2 = 4.5623 (4.2355 4.9610)
r3 = 0.3330 (0.3252 0.3406) τ 3 = 14.023 (13.867 14.176)
r4 = 0.2128 (0.2126 0.2130) τ 4 = 147.83 (147.73 147.93)
r5 = 0.1517 (0.1516 0.1517) τ 5 = 0

that the decomposition will involve some aggregation of the
LGCC model properties. Starting with the land reservoir, the
time constants of the vegetation and soil subcompartments are
5.36 and 26.57 yr, respectively, which compare favourably with
actual values for LGCC of 5.40 and 27.80 yr. The vegetation
and soil respiration rates kL 2 and kL 4, and the litter fall rate kL 3

also compare favourably with the Lenton (2000) pre-industrial
values of 0.0920, 0.0375 and 0.0827 yr−1 (see Table 4). Although
both plant and soil respiration rates are temperature-dependent
in LGCC, this non-linearity appears to have not been excited by
the 1 GtC perturbation.

For the response function decomposition the ocean dynamics
are compartmentalized into the aggregated surface ocean and
aggregated intermediate and deep ocean. In the LGCC model,
the well mixed surface ocean consists of cold high-latitude and
warm low-latitude compartments and the response function de-
rived time constant of 1.5087 yr tallies with the cold, high lat-
itude fraction of the surface ocean (see Table 5), highlighting
the dominance of cold water CO2 uptake in the LGCC model.
The particulate flux is independent of CO2 and hence is un-
perturbed in the unit impulse response (Caldeira et al., 2000;
Harvey, 2000). The aggregated intermediate and deep ocean time
constant of 337.78 yr compares favourably with the 349.14 yr
specified in Kwon and Schnoor (1994) from which the LGCC
model was derived. Again, the unit impulse appears insufficient
to significantly alter the oceanic buffering of CO2 partial pres-
sure offered by the bicarbonate system. Given the nature of the
aggregation in the response function derived decomposition it is
not possible to compare the within-ocean exchange coefficients.

For the atmospheric component, the flux rates to land and
ocean allied to the size of the atmosphere result in a time constant
of 5.7235 yr which is marginally higher than the 3.3840 yr in
the LGCC model. This slight mismatch arises from an inability
to accurately capture the atmosphere–ocean exchange in the
LGCC model. Better accuracy would be obtained if the oceanic
component of the system was studied in isolation.
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Fig. 5. Three-step decompositions of eq. (10) (for details see in Appendix B).

Table 4. Model parameters derived analytically from eq. (10). The properties of the TF decomposition shown in Fig. 2
are given by steady state gain g (GtC) and time constant τ (yr). The properties of five-box GCC are specified by
effective carbon flux rates k (yr−1) corresponding to the arrows in Figure 1. The figures in parentheses denote the 95%
parameter confidence interval again generated from 104 random draws from the covariance matrix structure associated
with estimating the parameters in Table 2

Model Land component Ocean component

TF decomposition gL1 = 0.0385 (0.0355 0.0415) gO1 = 0.0916 (0.0889 0.0942)
τ L1 = 5.3610 (4.9598 5.8305) τ O1 = 1.5087 (1.4280 1.5978)
gL2 = 0.8767 (0.8306 0.9274) gO2 = 1.1652 (1.0942 1.2433)
τ L2 = 26.568 (26.413 26.725) τ O2 = 337.78 (336.39 339.08)
gL = -0.0722 (-0.0684 -0.0761) gO = -0.1025 (-0.0994 -0.1056)

Five-box GCC kL1 = 0.0722 (0.0684 0.0761) kO1 = 0.1025 (0.0994 0.1056)
kL2 = 0.0994 (0.0894 0.1097) kO2 = 0.5921 (0.5605 0.6240)
kL3 = 0.0871 (0.0818 0.0923) kO3 = 0.0708 (0.0652 0.0766)
kL4 = 0.0376 (0.0374 0.0379) kO4 = 0.00296 (0.00295 0.00297)

5. Conclusions

From the preceding analysis we would conclude that, providing
we acknowledge the affects of aggregation, then a macroscale
interpretation of a parent model based on response function
characterization is possible and that TF analysis is particularly
promising in this regard because. However, it is important to
stress some of the limitations of the approach.

First, effective TF estimation, identification and decompo-
sition relies heavily on the information content of the input–
output time series data. The unit impulse input is a useful exci-
tation in the present context because the GCC system is rather

Table 5. Comparison of the corresponding reservoir time constants
between LGCC and five-box GCC models (see Fig. 3 and Table 4)

Reservoir Lenton (yr) Five-box GCC (yr)

Atmosphere ∼3.3840 5.7235
Vegetation ∼5.4008 5.3610
Soil ∼27.800 26.568
High-latitude surface ocean ∼1.5305 1.5087
Intermediate and deep ocean ∼349.14 337.78
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stiff5 and the impulse excites the full range of dynamic modes.
Sometimes it is not necessary to identify the full dynamic range
of the parent model and a more parsimonious model structure
may be formed by considering only behavioural modes that
would be stimulated by an input with spectral properties achiev-
able in the real world. For example, in mitigation analysis the
specification of anthropogenic carbon emissions may not be
interested in rapid variations in these emissions because they
would violate certain socio-economic constraints (see Leedal,
2007 and Jarvis et al., 2008).

Second, some systems may be characterized by features such
as pole-zero cancellation which would lead to an apparent re-
duction in the identified response function model order. Under
these circumstances it would become very difficult if not impos-
sible to retrieve an appropriate structural interpretation. Indeed,
under many circumstances there are no structural interpretations
of response functions (see e.g. Leedal, 2007).

Third, the framework we have employed is linear, whereas
GCC models are only ever locally linear, although there are
non-linear extensions to the linear TF framework that may be
of particular use for further research in this area (e.g. Young,
2000).

In this paper, the approach used in Section 4 has been to infer
the parent model properties from the identified response func-
tion which in turn is determined only by the data fitting process.
This systems identification approach attempts to circumvent the
need to impose a response function model order/structure a pri-
ori, hence attempting to make the process in some sense objec-
tive. Although this may actually be a hindrance when analysing
LGCC given our prior knowledge of the model structure could
be used to greatly enhance the parameter retrieval, when we
move to more complex systems such as GCM’s it will proba-
bly be the prudent approach given we will be far less confident
about the nature of the aggregation in such models. Whether
the aggregation of dynamic effects in GCMs is such that the
response function says anything meaningful about GCMs re-
mains to be seen, although we note that response functions do
successfully capture global scale dynamics of GCMs remark-
ably well (Hasselman et al., 1993; 1997; Hooss, 2001; Lowe,
2003) and that simple models are frequently used to approxi-
mate the dynamics of GCMs (Raper et al., 2001; Meinshausen
et al., 2008).
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7. Appendix A: Deviation of the fifth-order TF
based on a simplified generic GCC model
structure

This appendix describes the procedure whereby the block dia-
gram in Fig. 2a is aggregated to generate the generic form of
fifth-order TF eq. (10). These steps are shown in Fig. 6.

Beginning with the shaded area (A1) in Figure A1,

gL1

τL1s + 1
+ gL1

τL1s + 1
· gL2

τL2s + 1
=

gL1
τL1

s +
(

gL1+gL1gL2
τL1τL2

)
s2 +

(
τL1+τL2
τL1τL2

)
s + 1

τL1τL2

(A1)

For the shaded area (A2) covering the ocean feedback,

gO1
τO1s+1

1 − gO1
τO1s+1

gO2
τO2s+1

=
gO1
τO1

s + gO1
τO1τO2

s2 +
(

τO1+τO2
τO1τO2

)
s +

(
1−gO1gO2

τO1τO2

) (A2)

Shaded area (A3) and (A4) are the net feedbacks from land
and ocean respectively and give,

gLs2 +
(

gLτL1+gLτL2+gL1τL2
τL1τL2

)
s + gL+gL1+gL1gL2

τL1τL2

s2 +
(

τL1+τL2
τL1τL2

)
s + 1

τL1τL2

(A3)

Shaded area (A4) produces,

gOs2 +
(

gOτO1+gOτO2+gO1τO2
τO1τO2

)
s +

(
gO−gOgO1gO2+gO1

τO1τO2

)
s2 +

(
τO1+τO2
τO1τO2

)
s +

(
1−gO1gO2

τO1τO2

) (A4)
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Finally, shaded area (A5) sums the net feedbacks eq. (A3) and
(A4) and gives

mA(s) = b0s
4 + b1s

3 + b2s
2 + b3s + b4

s5 + a1s4 + a2s3 + a3s2 + a4s + a5
· uE(s) (A5)

where

b0 = 1;

b1 = τO1 + τO2

τO1τO2
+ τL1 + τL2

τL1τL2
;

b2 = 1 − gO1gO2

τO1τO2
+ τL1 + τL2

τL1τL2

τO1 + τO2

τO1τO2
+ 1

τL1τL2
;

b3 = τL1 + τL2

τL1τL2

1 − gO1gO2
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;
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1 − gO1gO2

τO1τO2
;
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−
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[
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;

a5 = −
[

gL1 + gL1gL2
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τO1τO2
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1
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; (A6)

8. Appendix B: Decompositions of a fifth-order
TF into a GCC structure

8.1. Appendix B.1: Decomposition of Fig. 5a

Equation (10) gives,

mA(s) = s4 + b1s
3 + b2s

2 + b3s + b4

s5 + a1s4 + a2s3 + a3s2 + a4s
uE(s) (B1)

Figure 5a yields,

mA(s) =
1
s

1 − 1
s

[
B ′(s)
A′(s) + gLO

]uE(s) (B2)

where

B ′(s)

A′(s)
= bF0s

3 + bF1s
2 + bF2s + bF3

(s + aF1)(s + aF2)(s + aF3)(s + aF4)
(B3)

Expanding eq. (B2) we find that

a1 = aF1 + aF2 + aF3 + aF4 − gLO ;

a2 = aF1aF2 + aF1aF3 + aF1aF4 + aF2aF3 + aF2aF4

+ aF3aF4 − gLO (aF1 + aF2 + aF3 + aF4) − bF0;

a3 = aF1aF2aF3 + aF1aF2aF4 + aF1aF3aF4 + aF2aF3aF4

− gLO (aF1aF2 + aF1aF3 + aF1aF4 + aF2aF3 + aF2aF4

+ aF3aF4) − bF1;

a4 = aF1aF2aF3aF4 − bF2 − gLO (aF1aF2aF3 + aF1aF2aF4

+ aF1aF3aF4 + aF2aF3aF4);

a5 = −(bF3 + gLOaF1aF2aF3aF4) = 0;

b1 = aF1 + aF2 + aF3 + aF4;

b2 = aF1aF2 + aF1aF3 + aF1aF4 + aF2aF3 + aF2aF4 + aF3aF4;

b3 = aF1aF2aF3 + aF1aF2aF4 + aF1aF3aF4 + aF2aF3aF4;

b4 = aF1aF2aF3aF4; (B4)

It is interesting to note that aF 1, aF 2, aF 3 and aF 4 are de-
rived by factoring the numerator of eq. (B1). This simplifies
the process of deriving the analytical results from eq. (B4). For
the physical interpretation, the current decomposition has not
formally separated all the subsystems in the fourth-order TF
eq. (B3) (see below).

8.2. Appendix B.2: Decomposition of Figure 5b

Looking at Fig. 5b, the sum of feedback terms of eq. (B1), that
is, eq. (B3), is given by the following partial fraction expansion,

gPD1

τPD1s + 1
+ gPD2

τPD2s + 1
+ gPD3

τPD3s + 1
+ gPD4

τPD4s + 1
+ gLO,

(B5)
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so eq. (B1) can be written as,

mA(s) =
1
s

1 − 1
s

[
gPD1

τPD1s+1 + gPD2
τPD2s+1 + gPD3

τPD3s+1 + gPD4
τPD4s+1 + gLO

]uE(s)

(B6)

8.3. Appendix B.3: Decomposition of Fig. 5c

Eq. (B5) can be reconstituted into its land and ocean components
thus,

sysL + sysO + gLO (B7)

Substituting eq. (B7) into eq. (B6) one gets,

mA(s) =
1
s

1 − 1
s
[sysL + sysO + gLO ]

uE(s) (B8)

where

sysO =
(

gPD1τPD4+gPD4τPD1
τPD1τPD4

)
s +

(
gPD1+gPD4
τPD1τPD4

)
s2 +

(
τPD1+τPD4
τPD1τPD4

)
s +

(
1

τPD1τPD4

) (B9)

sysL =
(

gPD2τPD3+gPD3τPD2
τPD2τPD3

)
s +

(
gPD2+gPD3
τPD2τPD3

)
s2 +

(
τPD2+τPD3
τPD2τPD3

)
s +

(
1

τPD2τPD3

) (B10)

Decomposing sysO gives,

sysO =
gO1

τO1s+1

1 − gO1
τO1s+1

gO2
τO2s+1

(B11)

Similarly, sysL can be decomposed into

sysL = gL1

τL1s + 1
+ gL1

τL1s + 1
· gL2

τL2s + 1
(B12)

As can be seen from Fig. 6, eqs (B11) and (B12) represent the
subsystems A1 and A2 whilst gLO subdivides into gL and gO.
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