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ABSTRACT
The previous singular-value formulations for measuring information content from observations are transformed into

spectral forms in the wavenumber space for univariate analyses of uniformly distributed observations. The transformed

spectral formulations exhibit the following advantages over their counterpart singular-value formulations: (i) The

information contents from densely distributed observations can be calculated very efficiently even if the background

and observation space dimensions become both too large to compute by using the singular-value formulations. (ii)

The information contents and their asymptotic properties can be analysed explicitly for each wavenumber. (iii) Super-

observations can be not only constructed by a truncated spectral expansion of the original observations with zero or

minimum loss of information but also explicitly related to the original observations in the physical space. The spectral

formulations reveal that (i) uniformly thinning densely distributed observations will always cause a loss of information

and (ii) compressing densely distributed observations into properly coarsened super-observations by local averaging

may cause no loss of information under certain circumstances.

1. Introduction

Remotely sensed observations collected by rapid scans from
satellites and ground-based radars are characterized by their
dense spatial distributions. Over their covered areas, these ob-
servations are often much denser than the model background and
analysis grids used in data assimilations for numerical weather
predictions. Since the spatial densities of these observations are
far in excess of the resolution of the analysis, there can be
a significant degree of resolution redundancy in terms of in-
formation content extractable from these observations by the
data assimilation system. Such observation resolution redun-
dancies were demonstrated by the illustrative examples with
phased-array radar observations in Xu (2007) and Xu et al.
(2009).

Redundant observation resolutions not only impose unneces-
sary computational burdens on a data analysis system but can
also cause the cost function used in the analysis to be illcon-
ditioned. To reduce or eliminate information redundancy from
observations for data assimilation, it is necessary to compress
densely distributed observations into fewer super-observations
with minimum possible loss of information. To address this is-
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sue, Purser et al. (2000) proposed some general methods for
constructing super-observations by restricting the observation
operator to a local volume (or area), and the Shannon entropy
difference was the proposed information measure to quantify
and compare the information contents from the original obser-
vations and super-observations. Xu (2007) further examined the
above issue without restricting the observation operator to a local
volume and proposed to use the relative entropy in addition to
the Shannon entropy difference to measure the information con-
tents from the original observations and super-observations. By
applying the singular-value decomposition (SVD) to the scaled
observation operator M = R~/2HB'/2, Xu (2007) converted the
general formulations of relative entropy and Shannon entropy
difference into singular-value forms for measuring information
content from observations. Facilitated by the singular-value for-
mulations, the information redundancy from densely distributed
observations can be explicitly quantified in connection with the
rank deficiency of M, and super-observations can be constructed
with minimum or zero loss of information. However, since the
constructed super-observations and their covariance are tied up
with the SVD of M, their connections to the original observa-
tions cannot be seen explicitly in the physical space. Besides, the
SVD of M will become too expensive or impractical to compute
if the background space and observation space are both very
large, as often seen in real data assimilation (Parrish and Derber,
1992; Gao et al., 2004).
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This paper aims to overcome the above shortcomings and
limitations by transforming the singular-value formulations into
wavenumber space for situations in which the observations are
locally uniform and the observation and background error co-
variances or correlations (i.e. the covariances scaled by their
respective variances) are locally homogeneous over the analysis
area. In particular, with the spectral formulations derived in this
paper, the information contents from either densely distributed
original observations or their compressed super-observations can
be computed efficiently and analysed easily for each wavenum-
ber (as will be seen in Sections 2.2 and 3), and the super-
observations can be explicitly related to the original observations
in the physical space (as will be seen in Section 4.1). The paper
is organized as follows. The spectral formulations are derived
in the next section after a brief review of the previously de-
rived singular-value formulations, and then used to examine the
asymptotic properties of their measured information contents
partitioned for each wavenumber in the limit of perfect back-
ground or perfect observations in Section 3. The implications of
the spectral formulations to observational data compression are
examined in Section 4. Conclusions follow in Section 5.

2. Spectral formulations of information
measures for uniformly distributed observations

2.1. Review and generalization of singular-value
formulations

As shown in Xu (2007, referred to as X07 hereafter) and Xu
et al. (2009), the information extracted from observations by an
analysis can be measured by the relative entropy defined by R(p,
q) = (In(p/q)),, where g = q(v) is the background probability
density function (pdf), p = p(v) is the analysis pdf, v € R
denotes the random state vector in the model space R", and
O), = f dvp(v)() denotes the expectation of () based on p(v).
For a linear (or nearly linear) Bayesian optimal analysis with
Gaussian pdfs, the relative entropy is given by

R(p,q) = J, + SD — DFS/2. (1

Here, J, = (a — b)TB~!(a — b)/2 is the signal part of the relative
entropy which has the same form as the background term in
the cost-function of the optimal analysis, a € R" is the analysis
mean, b € RV is the background mean, B is the background
covariance matrix and ()7 denotes the transpose of (). The last
two terms in (1) are the dispersion part of the relative entropy.
The first term in the dispersion part is identical to the Shannon
entropy difference defined by

SD = (Inp), — (Ing), = In[Det(B'*A~'B"/%)]/2, )

where S(q) = —(Ing),, is the Shannon entropy of g(v), Det()
denotes the determinant of (), A is the analysis covariance matrix
and B'/? denotes the square root of B (satisfying B'/> = B"/?).
The second term in the dispersion part is related to the degrees

of freedom for signal defined by
DFS = (2Jb) = Tr(IN _ B*I/ZABfl/Z)’ (3)

where (()) = [ [dvdwp(v, w)() denotes the expectation of ()
based on the joint pdf p(v, w) = g(v)p(w|v) [see (8)—(9) of Xu
et al., 2009], w € RY is the observation vector, Tr() denotes the
trace of (), and Iy denotes the identity matrix in RV. As explained
in section 2.4.2 of Rodgers (2000), DF'S measures how many of
degrees of freedom of an observation are related to signal (versus
noise).

For a Bayesian optimal analysis, a — b = BHT(HBH" +
R)'d and A~! = B~! + H'R'H or, equivalently, A = B —
BH"(HBH" + R)"'HB, where d = w — H(b) is the innova-
tion vector, H() is the observation operator, H is the tangent-
linearization of H() at v=b, and R is the observation covariance
matrix. These results can be rewritten into a — b = B/2M™(I,, +
MMD)~'R~2d,B'?A"'B"/> =Iy + M™M and B"'/?AB~/? =
Iy —MT,; + MM")~'M, where M = R~!/?HB'/? is the scaled
observation operator and I, is the identity matrix in the observa-
tion space RY. Substituting the above results into J;, and (2)—(3)
gives

Jy =d"R2(1), + MM") ™ MM (I,, + MM")'R"'"d/2,

4)
SD = Tr{In(Iy + MM")]/2, 3)
DFS =Te[M'(1y + MM") "' M]. ©)

where the identities In[Det(ly + M™)] = In[Det(I;, +
MM")] = Tr[lndy, + MMT)] are
http://en.wikipedia.org/wiki/Determinant) in the derivation of

used (see e.g.

(5). The singular value decomposition (SVD) of M can be ex-
pressed in general by M = UA V!, where () denotes the Her-
mitian transport of (). Substituting this SVD into (4)—(6) gives

r

Ty =Y 1P PA + M) 722, (7)
i=1

SD =Y " [In(1 + % ))]/2, ®)
i=1

DFS =Y " [nPa+ )7, ©)

i=1
where r = rank(M), d; is the ith element of d' = UTR~1/2d,
and J; is the ith singular value, that is, the ith element of the
diagonal matrix A. The singular-value formulations derived in
(4)—(9) are similar to those in X07 and Xu et al. (2009), but the
diagonal matrix A and associated unitary matrices U and V can
be complex, so the formulations are more general than those
introduced in X07. This generalization is necessary for deriving
the spectral formulations in the subsequent subsections.
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2.2. Spectral formulations for one-dimensional
observations

The formulations in (7)—(9) are based on the SVD of the scaled
observation operator M. For operational data assimilations, the
observation space and background space are both very large, so
the SVD of M is too expensive to compute. However, for the
purpose of examining observation resolution redundancy, the
background variable can be restricted to (or transformed into)
the same variable as the observed, so the analysis is univariate
with a linear observation operator H that involves only spatial
interpolations. In this case, if the observations are uniformly
distributed and the error covariances (or correlations) for the ob-
servation and background fields (or observation and background
fields scaled by their respective variances) are homogeneous
over the analysis area (as often assumed in variational data as-
similation), then the singular values of M and associated right
singular vectors (in U) can be computed efficiently in the spec-
tral space. This approach will be examined for one-dimensional
observations first and then extended for observations in multidi-
mensional spaces in the next subsection.

Assume that there are M observations uniformly distributed at
Xo =X =mAx, form=M_,... M, overtherange of M_Ax, <
X, <M, Ax,, where x, is the coordinate for the one-dimensional
observations, Ax, is the observation spacing (which is also the
range represented by each observation), M— = Int[(1 — M)/2],
M = Int[M/2], and Int[] denotes the integer part of []. It is
easy to see that M— = (1 — M)/2 and M, = (M — 1)/2 for an
odd M, and M_ = 1 — M/2 and M, = M/2 for an even M, so
My — M_ + 1)Ax, = MAx, = D, where D is the length of
the domain and the domain is centred at x, = 0 for odd M or
at x, = Ax,/2 for even M. The model background grid (which
is also taken to be the analysis grid) has N grid points at x =
X, = nAx forn = N_,... N, over the range of N_Ax < x <
N Ax, where x is the coordinate for the background grid, Ax
is the background grid spacing, N— = Int[(1 — N)/2] and N, =
Int[N/2]. It is also easy to see that (N —N— + 1)Ax = NAx =
D = M Ax,. The background grid covers the same domain D as
the observations, but the background coordinate origin (at x = 0)
is not generally collocated with the observation coordinate origin
(at x, = 0). In the background coordinate, the location of the
observation coordinate origin is at x = éx = (N4 + 1/2)Ax —
(M4 + 1/2)Ax,. In general, x # 0 unless M = N (and thus
Ax, = Ax).

Denote by d,, = d(x,,) the innovation (observation minus in-
terpolated background) at the mth observation point over the
domain D in the x,-coordinate, and denote by b, = b(x,)
the background at the nth grid point over the same domain
D but in the x-coordinate. Assume that the above domain D
can be expanded periodically, so d,,+n = d,, for any m and
by,+n = b, for any n. There are M observation points and N
grid points over each periodic domain. The background field
b(x,) for n = N_,...N, can be represented by vector b €
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RY and transformed to a complex vector s = Fyb € CV in
the model-spectral space, where Fy denotes the N x N matrix
of the normalized discrete Fourier transform (DFT) (see e.g.
http://en.wikipedia.org/wiki/Discrete_Fourier_transform). The
ith element in the nth column of Fy is

(Fn)in = N™'exp(— jkix,) = N~"exp(— j2min/N)
fornandi = N—,... Ny,

(Fy)in = N~V2exp(—jkix,) = N~Y2exp(—j2min/N)
fornandi = N_,...N_, (10)

where j = (-1)!/? is the imaginary unit, k; = iAk and Ak =
2n/D is the minimum resolvable wavenumber associated with
the length D of the periodic domain. The ith element of s can be
denoted by s; = s(k;) fori=N_,...N,.

Note that the DFT can be extended to all integers i (beyond
N_ <i < N,) and the resulting infinite sequence is a periodic
extension of the DFT with period N. With this extension, we
have s;,y = s; or, equivalently, s(k; + ky) = s(k;), where ky =
NAk = 2m/Ax is the maximum wavenumber determined by
the background grid resolution. Since b, is real, s; obeys the
symmetry, that is, s—; = s;*, where ()* denotes the complex con-
jugate of (). This means that the DFT output s for real input
b is half redundant. Note that the zero-wavenumber element s,
is purely real and, for even N, the element sy, = sy, associ-
ated with the Nyquist-wavenumber ky, = 7/Ax is also real, so
there are exactly N non-redundant real elements in the complex
output s.

Similarly, the innovations d,, for m = M_,... M, can be
represented by vector d € R and transformed to a complex
vector ¢ = Fy,d € CM in the observation-spectral space. The ith
element of ¢ can be denoted by ¢; = c(k;) fori = M_,.. .M,
over the main period, and ¢; can be extended periodically by
civm = ¢; or, equivalently, c(k; + ky) = c(k;), where ky =
MAk = 2r/Ax, is the maximum wavenumber determined by
the observation resolution. Again, since d,, is real, ¢; obeys the
symmetry, that is, c—; = ¢;*, so ¢ is also half redundant. One can
verify that Fy and F), are unitary matrices, that is,

Fi =F, and Fj =F,/ an

With the above periodic expansion, the random background
error, denoted by e(x,) and represented by vector € can be
transformed to e = Fye. The background covariance matrix
is given by B = (e¢") and can be represented by S = (ee'l) =
Fy(eeT)FY = FyBFY in the model-spectral space. The back-
ground covariance function, defined by B(x, x') = (e(x)e(x')),
is an even and periodic function of x — x" satisfying B(x, x') =
B(x — x') = B(Jx — X' &= DJ). Here, B(x, x) is the continuous
counterpart of B, so the nth element in »n’th column of B is given
by B,y = B(x,, — x,v) = B(x,,») where x,,» = x,, — x,, =n” Ax and
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n" =n — n'. The ith element in i'th column of S is then given by

Ny Ny
Sir= N> 3" Blx,—x,)exp(— jkix,) exp(kix,)
n=N_n'=N_

Ny Ny
= N7 expl—jtki — kidxa] Y B(xw)exp(—kix,)

n=N_ n""=N_

= 8 S(k}) =81 S(k), 12)
where is the Kronecker delta, S(k;) =
Zflvz* ~_ B(xn)exp(—jkix,) is the power spectrum of € computed
by the non-normalized conventional DFT of B(x,). In the deriva-
tion of (12), B(x,») = B(|x,» = NAx|) is used in the second step,
and N~! Q’;M exp[—jk; — ki)x,] = N~ ;V:*M exp[—jm (i —
inIN] =8y for N <i <N,and N_ <i < N, is used in
the last step. As shown in (12), S is a diagonal matrix and its
diagonal elements are given by S(k;). As the power spectrum
of €, S(k;) is a real, non-negative and even function of k;.
The symmetry of S(k;) = S(—k;) implies that S is about half
redundant. The non-redundant elements in S are given by

Ny
Stk;) =2 Z B(x,)gncos(k;x,) fori =0,...N,, (13)
n=0
where g, = 1forl <n <N;and g, =1/2forn=0and n =
N, = Int[(N + 1)/2]. For even (or odd) N, (13) gives the type-1
(or type-5) discrete cosine transform of B(x,), called DCT-1 (or
DCT-5) as in Martucci (1994).

Similarly, R can be represented by C = FyRFY in the
observation-spectral space and C is a diagonal matrix with its
diagonal elements given by the power spectrum, denoted by
C(k;), of the random observation error. Again, C(k;) is also a
real, non-negative and even periodic function of k;, so C is about
half redundant. The non-redundant elements in C are given by:

My
Clki)=2 Z R(x)gmcos(kix,) fori=0,...M,, (14)
m=0
where g,, =1for1 <m <M, and g,, = 1/2form=0and m =
M, = Int[(M + 1)/2]. For even (or odd) M, (14) gives the type-1
(or type-5) discrete cosine transform of R(x,,). Since Fy and Fy,
are unitary matrices, S = FyBFY and C = F,RF}}, lead to

B=FiSFy and R =F}CF,, (15)

B2 =FS'’Fy and R'?=FIC'’F,, (16)

where B!/2 and R'/? are the square roots of B and R, respectively.

The observation operator H projects b (as well as €) from the
model space R" to the observation space RM by an interpolation
scheme in the physical space. When the model and observation
spaces are transformed into their respective spectral spaces, the
observation operator H is transformed to F,,/ HF' = Fil HFY,
and this transformed operator projects s (= Fyb) from the model-
spectral space CV to the observation-spectral space C*. When

N < M, this projection expands s by adding zero-value elements
stki) =0forM_ <i < N_and N, < i < M, which gives
an ideal interpolation in the physical space according to the
well-known zero-padding theorem (see e.g. Smith, 2007; sec-
tion 7.2.7). The trigonometric interpolation polynomial is not
unique due to the periodicity of s(k;). The ideal trigonometric
interpolation polynomial is unique since it is constructed from
the non-redundant Fourier coefficients associated with the small-
est possible wavenumbers. This ideal interpolation consists of
sinusoids whose frequencies have the smallest possible magni-
tudes (and therefore minimizes the mean-square slope defined
by [ pldb(x)/dx|*dx), and it ensures the interpolation polynomial
to remain real for real input b. With this ideal interpolation, the
continuous counterpart of b is constructed from s (= Fyb) in the
following form:

Ny

b(x) = N2 siexp(jkix)
i=N_
Ny
= 2N~y " [Re(si)gicos(jkix) + Im(s;)sin(jk:x)],

= (17)
where Re() and Im() denote the real and imaginary parts of (),
respectively, g; = 1 for 1 <i < N, and ¢; = 1/2 for i = 0 and
i = N, and the symmetry s_; = s is used. Note that Im(s;) =
0 fori =0 and i = N, for even N, so the number of non-zero
real Fourier coefficients in the summation is always N [since it
isgivenby 1 + 2N, =N forodd Nand by 2 + 2(Ny - 1) =N
for even N], which is exactly the number of non-redundant real
elements in s.

By using (17), the mth element of Hb = HFs can be inter-
polated from b(x) at x = x,, + Sx (that is, the mth observation
point at x, = x,, = mAx, in the x,-coordinate) to yield (Hb),, =
b(x,) = N_]ﬂZlN:N, s;e; exp(jkix,,)] where e; = exp(jk;8x). This
result shows that the ith column of HFY consists of M ele-
ments with its mth element given by N~'/2¢; exp(jk;x,,). Note
that the ith column of F',}EM also consists of M elements but
172¢; exp(jkix,,), where Ey =
diag(ey—, . .. epy) is the diagonal matrix composed of e; for

with its mth element given by M~

M_ < i< M,. Thus, as long as i is in the range of u_ < i <
i, the ith column of HFY is the same as the ith column of
Fil E), but multiplied by B'/2, where 8 = MIN = Ax/Ax,, ji— =
Int[(1 - w)/2], uy = Int[/2] and u = min(N, M). When N <M,
N_ = p_ <i<us =N, issatisfied by all the columns (indexed
by i from N_ and N, ) in HFY, so the above relationship gives
HF% = g'2F% Ey 1,y or, equivalently,

FyHFY = 8'2Eylyy for N < M, (18)

where Iy is a M xN matrix with its ii’th element is given by
Iyy)iv = S8y for M_ <i <M, and N_ < i < N,. Clearly,
for N < M, Iy contains only one non-zero submatrix I, over
the central u rows (for u— < m < u,), where I, is the identity
matrix in R*. In this case, Iy is a zero-padding operator that

Tellus 63A (2011), 4
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projects a vector from R" to R by adding zero elements on the
two ends of the vector, while Iy, = I},, 18 a truncation operator
that projects a vector from R to R by truncating the extra
elements on the two ends of the vector. When N = M, H, Ey,
and I,y all reduce to Iy = I, in (18).

When N > M, the right-hand side of (18) gives only the central
M columns of Fy,HFY in the range between M_ and M .. Fori <
M_ ori> M, the ith column of HF% goes beyond the column
range of FILEy. In this case, the periodicity of exp(jkix,,) =
exp(jki+mXn) and e; = e;1y can be used to relate the ith column
of HF! to the i’th column of FiLE,,, where i/ =i — IM is still
in the range between M_ and M, [ = Int[(i — M )/M] < O for
i<M_,and [ =Int[(i — M_)/M] > O for i > M. This gives
HF! = BY2FY E\Pyy or, equivalently,

FyHFY = B'?Ey Py, (19)

where Pyyy =(P,_,...P;,...Pry)isa M xN matrix, P, =1, for
L <l<Ly, L _=Int[(N_-M)/M],L, =Int[(N, —M_)/M],
P,_ is a M xI_ matrix containing only one non-zero submatrix
I,_ over the lowest [_ rows with [_ = ML_ + M, — N_, and
P, is a M x/, matrix containing only one non-zero submatrix
I, over the highest [, rows with [, = ML, + N, — M_. By
redefining Py = Iy, in Py, (18) is combined into (19). When
N < M, Pyy reduces to Py = Iy, = Iy and (19) reduces to
(18). When N > M, Py is a collapsing operator as it maps a
vector from RY to RM by shifting (by NI positions) the vector
elements outside the range of M_ < i < M (on the two ends of
the vector in R") inward and collapsing them into the range of
M_<i<M,.
Substituting (16) and (19) into M = R~/2HB!/? gives

M= FI;IC_I/ZFMHF%SI/ZFN = F}TlrMNFNa (20)

where I'yy = B'/2C~12EPyvS'/>. When N < M, P,y reduces
to Iy, . In this case, as shown by (18) and (20), Iy is a diagonal
matrix composed of the (complex) singular values of M, while
FI and Fy are the unitary matrices composed of the left and
right singular vectors of M, respectively. When N > M, Py is
no longer a diagonal matrix, so the SVD of M can no longer
be obtained from (20). However, by using (11) and (20), the
squared absolute singular values of M can be obtained from the
following eigenvalue decomposition of MMT

MM' = Fi T, T4 Fy = FLBTICT'F,,, 1)

where I = EyPyySP},  Ey = PyySPL,y = Z,L:LPIS,P,T is
a diagonal matrix in R*, EyEY, = I,/ is used, and the diagonal
matrix S is partitioned into diag(S,—, . . . Sp+) in consistency with
Pyv=P;_,...P;.). WhenN<M,L_ =L, =0andS =S, =
diag(S,—,...S,+). When N > M, L_ and L, are at least not
both zero, S; = diag(Sispr_» - - - Spyne,) for L <l < Ly, S, =
diag(Sy_, . .. Smqm, ) forI=L_, and S; = diag(Sms4ar_, - - - Sn,)
forl=1L,.

As we can see from (21), BIIC™! is a diagonal matrix com-
posed of the eigenvalues of MM, while FY! is the eigen-matrix
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of MM and therefore is still composed of the left singular vec-
tors of M in consistency with (20). Thus, BIIC~! and Fi}, are the
spectral representations of A% and U, respectively, for the SVD
of M = UAVH (see Section 2.1). Substituting (21) into (4)—(6)
gives

1y

Jo=Y (al/C) vl (1 + i) 2

i=p—

= > ai (l/C) i/ (1+ i) 22)
i=0
sD=Y [n(1+mP)]/2=> am(+n?] @3)
i=p_ i=0

Mt Mt
DFS= Y[yl (1+nl) =2 alnl’/(1+ %),
i=pu_ i=0

(24)

where ¢; = 1 for 1 <i < pu,and g; = 1/2fori =0 and i
g =min(Ny, M,), ¢; = c(k;) is the ith element of ¢ = Fyd, C; =
C(k;) is the ith diagonal element of C, |y;|> = BII;/C;, T1; is
the ith diagonal element of I1, Fy,R~'/2d = F},C~'/*F{ F;,d =
C~'/2¢ [see (11) and (16)] is used in the derivation of (22), and
the symmetry of c_; = ¢}, C_; = C; and S_; = S; [see (13) and
(14)] are used in the second step of each equation. According to
(21), the ith diagonal element of II is given by

Ly

M = Y S(ki+Tky) for p_ <i<p,
I=L_

and N_ <i+IM < N,. (25)

When N > M, I1; is the ith component of the background error
spectrum collapsed into the range of the observation error spec-
trum, we may call I1; the collapsed background error spectrum.
When N <M,L_ =L, =0 and (25) reduces to I1; = ;.

By comparing (22)—(24) with (7)—(9), one can see that |c;|*/C;
and |y;|> = BII;/C; are the spectral representations of d’;> and
|A;|2, respectively, except that the index i is counted from i _ to
i+ (or, equivalently from O to 14 by considering the symmetry
with respect to i = 0) rather than from 1 tor < u (= py —pu_ +
1) as in (7)—(9). Note that BI1; is the background variance for
wavenumber k; in the observation-spectral space [see (36)], so
lyi|*> = BII/C; is the ratio between the background and obser-
vation variances for wavenumber k; in the observation-spectral
space. Thus, in the observation-spectral space, the information
contents can be computed efficiently by (22)—(24) for the uni-
variate analysis under the condition stated at the beginning of
this subsection.
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2.3. Spectral formulations for two-dimensional
observations

The spectral formulations derived above for one-dimensional
observations can be extended for two-dimensional observa-
tions, and this extension will be presented in this subsection.
A similar extension can be done for three-dimensional obser-
vations, and this will be briefly described at the end of this
subsection.

To facilitate the extension, we assume that the two-
dimensional observations are spaced uniformly by Ax, and Ay,,
over the ranges of D, and D, along the locally selected x and y
coordinates, respectively. The background grid covers the same
range as the observations in each direction and spaced by Ax and
Ay along the local x and y coordinates, respectively. The inno-
vation and background fields can be then denoted by d(m,Ax,,
myAy,) and b(n, Ax, n,Ay), respectively, where (m, Ax,, m,Ay,)
is the (m,, m,)th observation point and (n,Ax, n,Ay) is the (n,,
ny)th grid point. The observation points are counted from m,
=M, = Int[(1 — M,)/2] to M, = Int[M,/2] along the x,-
coordinate and from m, = M,_ = Int[(1 — M,)/2] to M, =
Int[M,/2] along the y,-coordinate, while the background grid
points are counted from n, = N,_ = Int[(1 — N,)/2] to N,; =
Int[N,/2] along the x-coordinate and from n, = N,_ = Int[(1 —
N,)/2] to Ny, = Int[N,/2] along the y-coordinate. The analysis
domain, denoted by €2 = {(x, )| N,- Ax <x <N, Ax,N,_Ay <
¥ < N,; Ay}, is thus covered by M = M, x M, observation points
and N=N, xN, background grid points, where M,Ax, = D, =
N.Ax and M, Ay, = D, = N,Ay. Over Q, the background field
can be represented by b € RY and transformed to s = Fyb € RV
in the model-spectral space, where RY = R™ ® R™, ® denotes
the tensor product of two vector spaces or two matrices (see e.g.
http://en.wikipedia.org/ wiki/Tensor_product),

Fy =Fy,®Fy,, (26)

and Fy, (or Fyy) is the normalized DFT matrix for the transform
in the x (or y) space constructed in the same way as for the one-
dimensional case in (10). Similarly, the observation innovation
can be represented by d € RM and transformed to ¢ = Fy,d € R
in the observation-spectral space, where RY = R¥*® R™* and
Fy = F1x® Fyy,. One can verify that Fy and Fy, are still unitary
matrices and thus satisfy (11).

The state vector of the random background error &(n,Ax,
nyAy) over 2 can be still denoted by ¢ € RY. By applying Fy
to €, the spectral representation of the background covariance
matrix can be derived by S = Fy(eeT)FY = FyBFY. Since the
background covariance is assumed to be locally homogeneous
over €2, its DFT over €2 can be analysed along each direction of
(x, y) in the same way as in (12). With this extension, one can
verify that S is a diagonal matrix in RV = RV® R and its (i, j)th
diagonal element is the value of the power spectrum of ¢ at (k,,
ky) = (iAk,, jAk,), where Ak, = 2m/D, and Ak, = 27/D, are
the minimum resolvable wavenumbers in the x and y directions,

respectively, and the double indices (i, j) are used to count the di-
agonal elements of S in R ® R™’. The power spectrum, denoted
by S;; = S(iAk,, jAk,), is computed by applying the conventional
DFT, along x and y, to the discretized background covariance
function over Q. Similarly, R can be represented by C = F),RF"}
in the observation-spectral space and C is a diagonal matrix with
its diagonal elements given by the power spectrum, denoted by
Cjj = C(iAky, jAky), of the random observation error. With the
above extensions, the non-symmetric square root matrices B!/?
and R'/? can be constructed in the same way as in (16) except
that Fy = Fyy® Fyy and Fyy = Fi, @ Fyy.

For the above two-dimensional observations, the observation
operator H is extended to H = H,® H,,, where H, (or H,) is the
observation operator for one-dimensional interpolation along x
(or y) and the interpolation is the same as described in the pre-
vious subsection. The spectral representations of H, and H, can
be derived in the same way as in (19). Substituting these spectral
representations into Fy HFY, = ¥ H.Fy ® Fy,H Fy gives

FyHFY = (8:8,)"”EsiPrron: @Ep: Purywy, 27

where 8, = M/N, = Ax/Ax,, By = M,/N, = Ay/Ay,, Ey, and
E,, are defined as Ey in (18) but with M replaced by M, and
M,, respectively, Py, and Py, are defined as Py in (19)
but with M and N replaced, respectively, by M, and N, in Py,
and by M, and N, in Pyy,. Substituting the extended (16) and
(27) into M = RV/2HB!/? gives the same decomposition as
in (20) except that Ty is extended to Ty = Typne® Cagyy-
By using (E;,® EMV)(EM,Y(X)EM},)H = I;;® Ly, the eigenvalue
decomposition of MMT can be then derived in the same way as
in (21) to give

MM' = 8,8, FiTIC™'Fy,, (28)

where IT =Y"/F Z,L,SLV?(P,Y QP))Siy(P; @ P))T is a diagonal
matrix in R*Q R, L,_ = Int[(Ny_ — M4 )/M,], L = Int[(N,
~ MM, L = Int(N,— - My )/M,), Ly, = Int{(Nys —
M, )IM,], uy = min(Ny, My), uy = min(Ny, My), Sy is the
[I’th diagonal matrix partitioned from S in consistency with
Py ® Pry = (P, P ) @ (P, P,) and the
partition is done in each (x or y) direction in the same way as
described for S; in (21).

Substituting (28) into (4)—(6) gives

Hx+  Hy+

=30 3 (leaPre) v P+ v ) /2
i=px— j=py—

Mx+ Hy+
233 qiai(le P/C) v P (1 + ) 7 (29)

i=0 j=0

Mx+  Hy+

D=3 " [In(1+1yy%)]/2

i=px— j=py—

Hx+ Ky+

=23 qig;[In(1+1yy?)]. (30)

i=0 j=0
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Mx+  Hy+
DFS= 3" 3" lyylP(1+1wl?) "
i=px— j=Hy—
Hx+ Hy+
:42Zqiqjlyij|2(l+|yij|2)7li (€2))
i=0 j=0
where g; = 1for 1 <i < py, butg, =1/2fori=0andi=
My = min{Int[(N, + 1)/2], Int[(M, + 1)/2]}, g; =1 for 1 <
J < Hyg but g; = 1/2 for j = 0 and j = p,, = min{Int[(N, +
/2], Int[(M, + 1)/21}, ¢;j = c(iAk,, jAky) is the ijth element
of e =Fyd, |y;|* = B.B,[1;/Cy, Cj = C(iAky, jAk,) is the ijth
diagonal element of C, and I1j; is the #jth diagonal element of
IT. From (21), it is easy to see that the ijth diagonal element of
IT is given by

Lx+ L,v+
Mj= ) D SGdk+ ke jAky+ k)
I=Ly_I=Ly_

for Mx— =< i =< Mx+

Nx— =< i +lMx =< Nx+

Hy— < J =< My,
and N,_ <j+I'M, <N,y
(32)
where ky, = M Ak, kyy = MyAky, - = Int[(1 — p,)/2],
May = Intlu, /2], py— = Int[(1 — p)/2], and p,, = Int[p,/2].
When N, < M, and N, < M,, (32) reduces to IT; = S;;.

The spectral formulations can be similarly extended for three-
dimensional observations that are distributed uniformly along
each direction in a local Cartesian coordinate system over
the analysis volume. In this case, the double summations in
(29)—(32) will be replaced by their extended triple summa-
tions if the observation and background covariances (or cor-
relations) are homogeneous, at least along each direction of the
local Cartesian coordinate system. Since the required homo-
geneity conditions are too restrictive to be satisfied even approx-
imately by real three-dimensional observations and background
fields, the three-dimensional extension is not further explored
in this paper. The required homogeneity conditions, however,
can be satisfied approximately by two-dimensional radar ob-
servations (on each conical surface of radar scans) or satellite
observations (over a satellite-scanned horizontal area), while
the background covariance is nearly or locally homogeneous
in the horizontal at each vertical level as often assumed in
variational data assimilation (Daley, 1991; Parrish and Derber,
1992; Gao et al., 2004; Xu et al., 2010). The spectral formula-
tions derived for two-dimensional observations in this subsec-
tion will be applied to real radar data compression in a follow-up

paper.

3. Wavenumber-partitioned information
contents and their asymptotic properties

The spectral formulations derived in Sections 2.2 and 2.3 reveal
that the information contents can be partitioned and measured
independently for each wavenumber in the observation-spectral
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space. For given wavenumber k; = iAk (with u_ <i < ), the
partitioned terms from (22)—(24) are

Joi = (leil?/C)lyilP /(1 + |y,-|2)2

= [laP/Bm)] vl (1 + nl?), (33)
SD; =In(1 + |y ]?). (34)
DFS; =2|y:l*/(1 + I%:l*). (35)

respectively, where |y;|> = BI1,/C; is used in the derivation of
the second expression in (33).

The first expression in (33) shows that J,; o< |y|2/(1 + |y:]?)?
for given ¢; and C;. Note that |y;|%/(1 + |y;|*>)*> — Oas |y;|> —
0 or co. This implies that the signal part of the information
content J,; will approach zero as BI1; — 0 or oo for given ||
and C;. As explained in (22), ¢; is the ith element of ¢ (for
i=pn_,..
observation-spectral space, so ¢; is the innovation for wavenum-
ber k;. From (11)—(12) and (19), itis easy to see that ¢ = Fj,(e° —
He) = Fye® — FyHF e = Fe° — B'2EyPyye, where €°

and ¢ are the state vectors of random observation and back-

.m) and ¢ = Fyd is the innovation vector in the

ground errors, respectively, and e = Fye. This expression of ¢
leads to

(cc'y = FyRFY, + F,HBH'F}, = C + 810, (36)

where  FyHBH'F{, = F,HFYF\BFIFyH'F] =
BEyPuySPL L EY = BI is used [see (15)-(2D)]. As
shown in (36), the innovation covariance (cc'!) is the sum of
the observation covariance C and background covariance BII,
and this relationship is well known but is presented here in
the observation-spectral space. According to (15) and (21), C
and II are diagonal matrices in R, so (cc') is also a diagonal
matrix in R* according to (36) and the ith diagonal element of
(eet) is given by (|c;|?) = C; + BII; (fori = pu_,...u.). The
innovation variance is thus the sum of the observation error
variance and background error variance for each wavenumber
in the observation-spectral space.

In the limit of SIT; — 0, the background state becomes per-
fectly accurate (with no error), so no additional information is
needed or can be gained from the observations for wavenumber
k;. This explains why J;,; — 0 as SI1; — 0 for given ¢; and C;. In
the limit of BI1; — oo, the background error becomes infinitely
large, so (|c;|?) = C; + BII; o« BI1; — oo according to (36). In
this case, if |c;| is finite for an individual realization in this limit,
then the implied observation error for this realization must be
infinitely large and the signal part of information content gained
from the observations for this realization will become infinitely
small for the ith wavenumber. This explains why J,; — 0 as
BI1; — oo for given (finite) |c;| and C;. Now, if |c;|?
but becomes proportional to BI1; (as it should be statistically)

is not fixed
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in the limit of BI1; — oo with fixed C;, then J,; — |y;|*/(1 +
lyil>* — 1 as |y;|*> — oo. This result is consistent with the
asymptotic limit of (35), that is, DFS; — 2 for |y;|> — oo, since
(2Jy;) = DF'S; according to (3).

In addition to the above properties, it is also notable that
lyil2/(1 + |y|*)* reaches the maximum value of { when |y;|* =
1. This implies that the signal part of the information content
Jy; will reach the maximum value of (1/4)|c;|?/C; if BI1; = C;
or, equivalently, AxI1; = Ax,C; for given |c;| and C;. Note
that the signal part J,; measures the information gained from the
observations that improves the mean state (for wavenumber ;) in
the pdf updated by the optimal analysis (see section 5.1 of X07).
Thus, the above result implies physically that the mean state can
be improved most significantly for wavenumber k; with given
|c;| and C; if the background spacing weighted background error
variance for wavenumber k; in the model-spectral space (that is,
AxTIl;) equals to the observation spacing weighted observation
error variance for wavenumber k; in the observation-spectral
space (that is, Ax,C;).

The last expression in (33) shows that J,,; o< |y[*/(1 + |y4]?)?
is a monotonic increasing function of |y;|? for given |c;| and BT1;,
and this function approaches the upper limit of 1 as |y;|> — oo.
This implies that the signal part J,; of the information content
increases monotonically toward |c;|>/(BI1;) as C; — 0 and thus
lyil> = oo for wavenumber k; with given |c;| and BI1;. Again,
according to (36), the limit of C; — 0 implies that {|¢;|?>) = C; +
BI1; — PBII,. Applying this property to the above asymptotic
limit gives (J,;) — 1 as C; — 0 for fixed BI1;. This result is
also consistent with the asymptotic limit of (35), that is, DF'S; =
(2Jp;) = 2 for C; — 0 and thus |y;|*> — oo.

It is easy to see from (34) and (35) that SD;, DFS; and SD;
— DSF;/2 all become zero as |y;|> — 0. Physically, this means
that no information content can be gained from the observations
for the dispersion part of wavenumber k; when either the back-
ground state becomes perfectly accurate (with no error) or the
observation error becomes infinitely large for wavenumber ;.
Note also from (34) and (35) that SD; and SD; — DSF;/2 both
increase boundlessly as |y;|?> — oo. Physically, this means that
the dispersion part of the information content (measured by ei-
ther the Shannon entropy difference SD; or the dispersion part
of the relative entropy SD; — DSF;/2) will become boundlessly
large for wavenumber k; if the background error becomes in-
finitely large or the observation error becomes infinitely small
for wavenumber ;.

The above asymptotic properties are obtained from the spec-
tral formulations in (22)-(24) for one-dimensional observa-
tions. Similar asymptotic properties can be obtained for each
wavenumber vector (k;, k;) from (29)—(31) for two-dimensional
observations. For real-data applications, these asymptotic prop-
erties represent the behaviours of wavenumber-partitioned in-
formation contents in situations of |)/,»|2 <« 1 and |y,«|2 > 1 for
one-dimensional observations and |y ;|* <« 1 and |]/,»j|2 > 1 for
two-dimensional observations.

4. Observation resolution redundancy and data
compression—Super-obbing

4.1. Resolution redundancy revealed by spectral
formulations

In variational data assimilation (Daley, 1991; Parrish and Derber,
1992; Gao et al., 2004; Xu et al., 2010), the background error
covariances are often parameterized by smooth analytical corre-
lation functions, and their associated power spectra are virtually
band-limited in the wavenumber spectral space (Hollingsworth
and Lonnberg, 1986; Xu and Wei, 2001; Xu et al., 2007). Thus,
there is an integer v < N such that S; = 0 (or negligibly small)
for i > v. If the observations are dense with M > N, then v <
Hny =Ny < M,. In this case, I1; reduces to S; [see (25)], Py
reduces to Iy [see (18)—(19)], the rank of M, denoted by r =
rank(M), reduces from p to 1 4+ 2v (or even to 2v if the negative
wavenumber for i = —v is also truncated) and the range of the
first summations in (22)—(24) reduces from (u_, p ) to (r_, ry),
where r_ = Int[(1 — r)/2] and r, = Int[r/2] = v.

In the above case (with y; # 0 only for r_ < i < r;), only
the central » components of ¢ can contribute to the signal part in
(22). Similar to (4.2)—(4.4) of X07, the analysis increment and
covariance matrix can be rewritten into the following forms

a—b=B"M"(MM" +1,) 'R"d
= B2FY1,, TH(r,TY +1,)7'C e, 37

A =B -—BH'HBH' + R)"'HB

= B - B"?FiL,, T¥(T, T + 1) 'T,InFyB'?, (38)

where ', = Ly Tyvly, = B'/2C,7'?E,S,'2, S, = LySIy,, E, =
LyEyly., C. =1,,Cly,, ¢. = Lyc, and (20) is used. Here, I,
and I, are N xr and M xr matrices, defined in same way as the
M x N matrix Iy in (18), so they are zero-padding operators for
r < u, while Ly = I, and Iy, = I}, are truncation operators.
Thus, ¢, = Iy¢ is a truncated vector composed of the central r
components of ¢ for r_ < i < r, in association with the r non-
zero diagonal components of S where I', and C, are truncated
diagonal matrices composed of the central r diagonal compo-
nents of I'y;y and C, respectively. As shown by (37)—(38), the
above truncation does not degrade or change the analysis and
its covariance matrix, so it should cause no information loss.
The reason is simply because y; # 0 only for r_ <i < r, in
(22)—(24) or (33)—(35). This result implies that there is a resolu-
tion redundancy for the densely distributed observations when
M > N > r, so the M original observations can be compressed
into r super-observations as shown above. Such a compression
is called super-Obbing (Purser et al., 2000).

Note that Iy FyH = B'?E,LyFy for M > N according to
(18), so ¢, = Ly Fyyw — Ly FyHb = L, Fyyw — 8'2E,IyFyb.
The continuous counterpart of the innovation d can be
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constructed from ¢, in the same way as that for the background
field in (17). By using the same analysis as in (17)—(18), one
can verify that d, = (+/M)'/?F,H¢, is the super-innovation vec-
tor generated by interpolating the above continuous innovation
on r uniformly spaced super-observation points over the peri-
odic domain D. Thus, applying (+/M)'/*F," to ¢, = Ly Fyw —
B?E, 1 yFyb gives

dr = Her - HrNbv (39)

where H,y;, = (v/M)"/*F,H1,,,F), is the super-Obbing operator
and H,y = (+/N)'/?F,"E,IyF is the super-observation operator.
The super-observation covariance matrix is then given by R, =
H,,,RH,;,". The smth element of H,y; is given by

"+
(HrM)sm = rM(xsf xm) = M71 Z eXP[jki (xs —Xm )]

i=r_

forr- <s<r, and M_<m<M,, (40)

where x, = mAx,, x;, = sAx,, and Ax;, = (M/r)Ax,
is the super-observation resolution. Note that H,(x) =
k™' 0, exp(h)Ak - 2k [ Peos(hndk =
(k. /kyp)sinc(k,x/2) = (Ax,/Ax,)sinc(mx/Ax,) as Ak =
27/D — 0 (or M — o0) for fixed kyy = MAk = 2m/Ax, and
k, = rAk = 2m/Ax,, where Ax, = D/r and sinc() = sin()/()
is the sinc function of (). Thus, H,y(x) can be approximated
by (Ax,/Ax,)sinc(wx/Ax,), when M is very large. Similarly,
the snth element of H,y is given by H,y(x;, — x,) where x; =
sAx, and x, = nAx, and H,y(x) = N'Y_/7 exp(jk:x) can be
approximated by (Ax/Ax,)sinc(zx/Ax,) when N is very large.

Substituting (40) into (39) and R, = H,,RHY,, gives the
following super-Obbing formulations explicitly

My Ny
dr(xs) = Z HrM(-xs - xm)w(xm) - Z HrN(x: - xn)b(xn)v
m=M_ n=N_
“n
Rr(xs - xs’)
My My
= Z Z HrM(-xs - xm)R(xm - xm’)HrM(xm’ - -xs’)s
m=M_ m=M_ (42)

where d,(x;) is the sth component of d, for r_ < s < ry, and
R.(x; — xy) is the ss'th component of R, for r_ < s < r, and
r_ < < r,. By using the identity M~! Z;M_ exp(ikix,) =
8ip for M_ < i < M, one can verify that Z,}ZI;M, Hoap(x, —
Xx,) = 1 and Z,Ilv;vf H,y(x; — x,) = 1. If observations errors
are spatially uncorrelated, then R(x,, — x,y) = aﬁ&mm/ where
o2 denotes the observation error variance. Substituting this and
(40) into (42) gives R.(x, — xy) = 0 Hy(x; — xy), where
MM explitky — k)xw] = 8 for M_ < i < M, and
M_ <i <M, is used.

Note from (41) that the first summation on the right-hand
side is the sth super-observation and the second summation
is its associated background, and their difference gives the
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sth super-innovation d,(x;) on the left-hand side. As shown
by the first summation, each super-observation is a weighted
sum of all the original observations and each weight depends
sensitively on the precise location of its associated original
observation. By using (41)—(42), the original M observations
are compressed into » super-observations with no information
loss. Similar super-Obbing formulations can be derived for the
two-dimensional observations considered in Section 2.3. These
super-Obbing formulations, however, require the exact condi-
tions assumed by the derivations of the spectral formulations
in Sections 2.2 and 2.3; that is, the observations must be uni-
formly spaced and their errors (as well as the background
errors) must be bias-free and homogeneous. Since these con-
ditions are often not precisely satisfied in real data assimila-
tion, the above super-Obbing formulations cannot be directly
and precisely used without information loss. Nevertheless, these
super-Obbing formulations clearly reveal and precisely quantify
the resolution redundancy for densely and uniformly distributed
observations.

4.2. Information loss caused by uniform thinning

When observation errors are spatially uncorrelated, y? = 11,/02
in (22)—(24). For M > N and thus § = Ax/Ax, > 1, the upper
limit of the summations in (22)—(24) is . = N, independent
of M and IT; = §; in (25). Assume that 8 = M/N = Ax/Ax, is
an integer (> 1), so the observation resolution can be coarsened
from Ax, to Ax;, = Ax = SAx, by thinning uniformly (to
retaining one observation over each Ax), where Ax, denotes the
thinned observation resolution. This thinning does not affect IT;
(=S, but |y;|* = ﬂS,-/aﬁ is reduced to |y;|> = ﬁsSi/cfi = S,-/a%
where S, = Ax/Ax, = 1. According to the analysis in Section
3 for fixed I1; = S;, the reduction of |y;|?> indicates that the
above thinning reduces the information contents measured by
(33)-(35) and (22)—(24).

When observation errors are spatially correlated, R is no
longer diagonal and C; = C(k;) is an even function of i satisfy-
ing Z,AQM, C; = Mo? according to the inverse of (14). Again,
if the M observations are thinned uniformly into N observa-
tions with the observation resolution coarsened from Ax, to
Ax; = Ax, then the thinned-observation vector is Tyyw and
the thinned-observation covariance matrix is Ty, RTxy,". Here,
Tyum is the thinning operator defined by a N x M matrix with
its smth element given by (Tyy)gn = 8y, with s = sB for
N_<s<N;and M_ <m < M,. By using the same analysis
as in (18)—(19), one can verify that FyTyyFy = 871 2Pyy,
where Py, is defined as Py in (19) but with M and N inter-
changed. In the spectral space, the thinned-observation vector is
FyTyuFy'Fyyw = B~'/2PyyFyw and the thinned-observation
covariance matrix is Cy = FyTyyRTpny "FyT = Py CPyy /8.
One can verify that Cy is a diagonal matrix of size N and its ith
diagonal element is given by Z,ﬂ;}i Cipn/BforN_ <i <N,
where S_ = Int[(1 — B)/2], B, = Int[B/2], and the periodicity of
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C; = C; 1y is used. Clearly, the above thinning still does not affect
I; (= S), but y? = BSJ/C; is reduced to y? =
BSSI(X 1y Coon/B) = BSH(YTZ, Cray) since B, = 1 and
Z,ﬂ;ﬂ Ciuy = C; for N < i < N,. Thus, when observa-
tion errors are correlated, thinning still reduces the information
contents.

Note that B, — B_ + 1 B and PyyPny"/8 = Iy.
Thus, if C = 02Iy, then Cy = PyyCPyy"/B = Iy/o? and
/SS,«/(Zf;L Ciiy) = Si/ag. This recovers the result for uncorre-

lated observation errors. If observation errors are locally posi-
tively correlated, then C; decreases as |i| increases from O to M, .
In this case, (Zf;’ﬂ_ Ciun)ICi < B, 50 AylyilM[BSiICil =1 —
Gy Cipw) < AlyilPH(BSilo?) = 1-1/B, where A,|y;[* =
BSiIC; — ﬂSi/(Z;S;ﬂ7 Ciyinv) and A|)/i|2 = (ﬁSi/Ui - Si/Ui) de-
note the reductions of |y;|?> caused by the same thinning with
correlated and uncorrelated observation errors, respectively. This
result indicates that the information loss caused by the same
thinning is smaller for observations with locally positively cor-
related errors than with uncorrelated errors. The above analysis
and result (for Ax; = Ax) can be extended and applied to other
uniform thinning (with Ax, # Ax).

4.3. Super-Obbing by local averaging

If observation errors are not spatially correlated and the ob-
servation resolution is coarsened from Ax, to Ax, = Ax not by
thinning but by local averaging over each Ax, then the error vari-
ance of the super-observations produced by the local averaging
can be estimated by

] 2
o} = <(Z e;’,/ﬂ) > =o2/B, 3)
m=1

where £°,, denotes the observation error at the mth observation
point within each Ax, and § = Ax/Ax, is assumed again to
be an integer larger that 1. When these super-observations are
used in place the original observations, 8 and o2 are replaced
by B, = Ax/Ax; =1 and af, respectively, in (22)—(24), but the
resulting |y;|> = B,Si/o? = BS/o? still has the same value as
that obtained from the original observations. This implies that
coarsening the observation resolution from Ax, to Ax by the
local averaging (over each Ax) does not affect the dispersion
part of the information entropy (measured by SD, DSF or SD —
DSF/2) and thus cause no information loss to the dispersion
part. The signal part of the relative entropy, however, is more or
less affected by the local averaging, because it depends on the
individual realization of the innovation and the super-innovation
d, = w, — b is not ensured to yield exactly the same value of J,
as the original innovation d = w — Hb.

The above results are obtained for observations with spatially
uncorrelated errors. When the observation errors are correlated
between neighbouring observation points, as seen for radar ob-
servations (X07), the above local averaging can greatly reduce

the error correlation (between neighbouring super-observation
points) for its produced super-observations, but the informa-
tion content extractable from the super-observations will be no
longer generally be exactly the same as that from the original
observations.

4.4. Remarks

(i) Anobservation error includes both measurement error and
sampling error. The sampling error is an error of representative-
ness. This error can be caused by the limited spatial resolution
in the calculation of the observation operator and it depends
on the subgrid turbulent structures within the model effective
resolution volume over which the true state is averaged. The
model effective resolution, denoted by Ax,, can be significantly
coarser than the model grid resolution Ax in the horizontal direc-
tion (Frehlich, 2008). This effective resolution Ax, (>Ax) also
limits the finest horizontal scale resolvable by the background
error covariance, so the background error power spectrum S(k;)
is essentially band-limited and should become zero (or set to
zero) for |k;| > k., where k, = w/Ax, is the effective Nyquist-
wavenumber. In this case, the super-observation resolution can
be further coarsened to Ax, (by averaging over each Ax,) with
no information loss. This property can be derived similarly as
that in Section 4.3, except that the band-limited condition (S; =
0 for |k;| > k,) is used here to ensure that IT; still has the reduced
form of S; in (25) (although the number of the super-observations
becomes smaller than N).

(ii)) As mentioned in Section 4.1, the background error co-
variance used in variational data assimilation is often parame-
terized by simple and smooth analytical functions to capture the
dominant error correlation patterns rather than resolve any fine
structures. Because of this, the finest horizontal scale resolvable
by the background error covariance, denoted by Ax, [which is
equivalent to Ax; = (M/r)Ax, defined in (40)], can be coarser or
much coarser than the model effective resolution Ax,. The back-
ground error power spectrum S(k;) is thus further band-limited
and can be set to zero for |k;| > k. = m/Ax,.. In this case, the
super-observation resolution can be further coarsened to Ax, by
averaging over each Ax, and IT; still has the reduced form of S;
in (25), but the sampling error in the original observations will
increase due to the fact that the true state is now averaged over
Ax, instead of Ax, (<Ax,). Formally, the super-observation er-
ror variance can be estimated by aﬁAx{,/AxE similarly to that in
(43), but an increased value of ag should be used to account for
the increased sampling error. Because of this, further coarsening
the super-observation resolution from Ax, to Ax, (by averaging
over each Ax.) can cause information loss, and the loss will
increase as Ax, becomes increasingly larger than Ax,.

(iii) In this paper, the observation errors are assumed to
be purely random with zero mean and homogenous covari-
ance. When observations are not free of bias error with non-
zero mean (or contain significant bias errors), the formulations
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derived in Section 4.1 become inaccurate (or invalid). The local
averaging considered in Section 4.3, however, may still be used
for super-Obbing, but the bias error is not reduced by the aver-
aging and must be considered together with the reduced random
error estimated in (43). In this case, the information content
extracted from the original observations cannot be accurately
estimated by the spectral formulations derived in this paper. If
the random error is inflated by adding the bias error and used in
the formulations derived in this paper to consider approximately
the effect of the bias error, then it is easy to see that the super-
Obbing by local averaging proposed in Section 4.3 will cause
some information loss, because the bias error is not reduced by
the averaging.

5. Conclusions

In this paper, the singular-value formulations derived in X07
for measuring information content from observations are revis-
ited and transformed into spectral forms in the wavenumber
space for univariate analyses in which the observations are uni-
formly distributed and the observation and background error
covariances (or correlations) are locally homogeneous over the
analysis area. The transformed spectral formulations have pre-
cise correspondences to their counterpart singular-value formu-
lations except that the index is counted with the increase of the
wavenumber rather than with the decrease of the singular value
[see (22)—(24) versus (7)—(9)]. In particular, for one-dimensional
observations, if the ratio between the background error power
spectrum S; [or collapsed background error power spectrum IT;
if N > M, as shown in (25)] and observation error power spec-
trum C; multiplied by their resolution ratio 8 (= Ax/Ax,), that
is, |yi|*> (= BII;/C;) is a decreasing function of the absolute
wavenumber (indexed by |i]), then |y;| for i > 0 (or i < 0) is
precisely the absolute value of the (2i)th [or (1 + 2i)th] singular
value in the singular-value formulations [see (7)—(9)]. Since the
above power spectra can be computed efficiently by the Fast
Fourier Transform or even derived analytically, the information
contents from densely distributed observations (or compressed
super-observations) can be easily calculated even if the back-
ground and observation spaces are both extremely large and too
large to be computed by the singular-value formulations. This
is an obvious advantage of the spectral formulations over their
counterpart singular-value formulations.

Another advantage of the spectral formulations is that the
information contents and especially their asymptotic properties
can be analysed explicitly for each wavenumber in the limit of ei-
ther y? — O or y? — 0o, and this is demonstrated in Section 3. As
mentioned in the introduction, super-observations and their error
covariance constructed by truncated singular-value expansions
with zero or minimum loss of information are tied up with the
SVD of the scaled observation operator M (= R™'/2HB!/?), so
their connections to the original observations are neither explicit
nor transparent in the physical space. As shown in Section 4.1,

Tellus 63A (2011), 4

the very same super-observations and their error covariances
can be not only equivalently constructed by truncated spectral
expansions but also explicitly related to the original observa-
tions and original observation error covariances in the physical
space. This is the third advantage of the spectral formulations,
although constructing super-observations by truncated spectral
expansions has very limited utility (if any) without modification
and/or without information loss (see the comment at the end of
Section 4.1).

Facilitated by the spectral formulations, the analyses in Sec-
tions 4.2 and 4.3 reveal that uniformly thinning densely dis-
tributed original observations will always cause a loss of infor-
mation, but compressing densely distributed observations into
super-observations by local averaging with the observation res-
olution coarsened to the background grid resolution will cause
no loss of information if the original observations are unbiased
and their errors are not spatially correlated. As remarked in Sec-
tion 4.4, compressing observations, called super-Obbing (Purser
et al., 2000), by local averaging will also cause no loss of infor-
mation if the super-observation resolution is further coarsened
to the effective background resolution which can be signifi-
cantly coarser than the background grid resolution (Frehlich,
2008). However, there can be a loss of information if the fur-
ther coarsened super-observation resolution becomes resolvable
by the background error covariance. The idea of super-Obbing
by local averaging or weighted local averaging is not new,
and efficient super-Obbing techniques were developed based
on this idea and used for densely distributed radar observa-
tions (see e.g. Purser et al., 2000, Liu et al., 2005; Lu et al.,
2011, section 3.3). Since real radar observations are not exactly
uniformly distributed especially in the presence of data holes,
the information loss caused by super-Obbing cannot be evalu-
ated by the spectral formulations without approximation, but it
can be accurately evaluated by the singular-value formulations
if the observation or background space dimension is not very
large.

Practical applications of the spectral formulations derived in
this paper are limited by the assumed and required uniform
observation distribution. Nevertheless, when densely distributed
radar observations are treated roughly as uniformly distributed,
the spectral formulations may still be used approximately to
assess and compare the information losses (if any) caused by
super-Obbing with successively coarsened resolutions and thus
to find the optimally coarsened resolution for super-Obbing that
causes no loss or no significant loss of information. Applications
of the spectral formulations in this direction will be explored with
real radar observations in a follow-up study.
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