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A B S T R A C T
In this work, a new theoretical mechanism is presented in which equatorial Rossby and inertio-gravity wave modes
may interact with each other through resonance with the diurnal cycle of tropical deep convection. We have adopted the
two-layer incompressible equatorial primitive equations forced by a parametric heating that roughly represents deep
convection activity in the tropical atmosphere. The heat source was parametrized in the simplest way according to the
hypothesis that it is proportional to the lower-troposphere moisture convergence, with the background moisture state
function mimicking the structure of the ITCZ. In this context, we have investigated the possibility of resonant interaction
between equatorially trapped Rossby and inertio-gravity modes through the diurnal cycle of the background moisture
state function. The reduced dynamics of a single resonant duo shows that when this diurnal variation is considered, a
Rossby wave mode can undergo significant amplitude modulations when interacting with an inertio-gravity wave mode,
which is not possible in the context of the resonant triad non-linear interaction. Therefore, the results suggest that the
diurnal variation of the ITCZ can be a possible dynamical mechanism that leads the Rossby waves to be significantly
affected by high frequency modes.

1. Introduction

It is well known that the large-scale atmospheric flow has ba-
sically two different kinds of wave motions, namely the low-
frequency Rossby wave which is characterized by an approxi-
mate geostrophic balance and the high-frequency inertio-gravity
or Poincaré wave, apart from the mixed Rossby-gravity (Yanai)
and Kelvin waves, which are exclusively characteristic of the
equatorial wave-guide (Matsuno, 1966). Due to the large gap in
the time-frequency spectrum between the Rossby and Poincaré
waves and the fact that most part of the energy of the large-scale
motions in middle and high latitudes is in quasi-geostrophic
modes, many initialization methods have been considered in nu-
merical studies on global models of primitive equations in order
to filter out inertio-gravity oscillations of unrealistic high ampli-
tudes (Charney, 1955; Phillips, 1960; Baer and Tribbia, 1977;
Kasahara, 1982; Tribbia, 1984). Initialization schemes have also
been analysed in the context of the equatorial waveguide by sep-
arating the solution into slow and fast manifolds based on the
time-frequency of the linear eigenmodes (Tribbia, 1979; Silva
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Dias et al., 1983). An important point regarding any filtering
procedure is on whether or not one loses information on the sys-
tems’ dynamics with the filtering process. This point is closely
related to the following specific question: can a slow (Rossby)
mode interact with a fast (inertio-gravity) wave in such a way
that the slow mode be significantly affected by the propagating
fast wave?

To answer this question, one needs to account for the wave
interaction mechanisms. As regards the non-linear wave inter-
action, it is well known (Bretherton, 1964; Ripa, 1981, 1982,
1983a,b; Medvedev and Zeitlin, 2005; Reznik and Zeitlin, 2007)
that in the finite amplitude limit dispersive waves only interact
effectively if they are resonant, that is, when they form three-
or four-wave interactions with other modes of the system such
that the wavenumbers and frequencies of the modes both add
to zero. In this sense, any dispersive system having quadratic
non-linearities to lowest order may exhibit triad resonance phe-
nomena as leading-order non-linear effects. A rich compendium
on the three-wave resonance phenomenon in fluid dynamics
can be found in chapter 5 of Craik (1985). With regard to the
resonant triad interaction involving Rossby and inertio-gravity
waves, Duffy (1974) studied this kind of interaction in the con-
text of the mid-latitude β-plane shallow-water equations, while
Domaracki and Loesch (1977), Loesch and Deininger (1979),
Ripa (1983a,b) and Raupp and Silva Dias (2006) analysed the
dynamics of equatorial wave resonant triads in the equatorial
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β-plane shallow-water model and Raupp et al. (2008) extended
these studies for a fully stratified model represented by the equa-
torial β-plane primitive equations. Medvedev and Zeitlin (2005)
investigated the resonant interactions of short equatorial waves
by applying the wave turbulence approach into the equatorial
β-plane shallow-water equations and obtained stationary power-
law energy spectra for the equatorial inertio-gravity waves. A
fundamental result of these studies is that the non-linear cou-
pling coefficients are in general proportional to the individual
time-frequencies in the resonant triads, so that the wave hav-
ing the maximum absolute time-frequency in a resonant triad
always acts as an energy source (or sink) for the remaining triad
components, as usually occurs with the three-wave resonances
in several other problems in fluid dynamics (see chapter 5 of
Craik, 1985, and references therein).

Thus, given the resonance conditions for a triad interaction
to take place, the only way for a Rossby mode to interact with
fast waves is to resonate with two inertio-gravity waves with
nearly equal or opposite time-frequencies. Furthermore, due to
the energy constraints imposed by the triad dynamics, in this
sort of resonant interaction the Rossby mode essentially acts
as a catalyst component for the energy exchanges between the
two high-frequency modes, in the sense that it enables the res-
onance conditions to be satisfied and controls the interaction
period through its amplitude, but its amplitude (energy) is not
significantly affected by the fast propagating waves. This prop-
erty explains the non-linear Rossby adjustment in mid-latitudes
even for general unbalanced initial data in the limit of strong
rotation (for more details on this, see Majda and Embid, 1998).

Nevertheless, apart from the non-linear wave interaction
mechanism, waves in general can also interact through inho-
mogeneities in the medium in which they are embedded, such
as a shearing basic current (Milewski, 1995; Milewski and
Benney, 1995) and a varying topography (Milewski, 1998).
In the atmospheric context, this interaction mechanism among
waves through variation in the medium has been studied by
Majda et al. (1999) in the framework of the equatorial β-plane
shallow-water equations with a varying topography. Majda et al.
(1999) analysed the role of a smooth varying topography in res-
onantly coupling equatorial waves, focusing on the interaction
involving the non-dispersive Kelvin wave and a set of disper-
sive modes. They show that by this resonance mechanism the
Kelvin wave can excite large-scale Yanai and Rossby waves
with specific zonal wavelengths and slow down its propagation
speed, along with preventing its breaking. In the present paper
we extend the study of Majda et al. by analysing another in-
homogeneous mechanism that can lead equatorial atmospheric
waves to interact and exchange energy with each other through
resonance. This mechanism is based upon the time and space
variations of the thermal forcing associated with moist deep
convection in the tropical atmosphere.

Therefore, in this work a new theoretical mechanism of in-
teraction among equatorial atmospheric waves is presented in

which equatorial Rossby and Poincaré modes can interact with
each other through latitudinal and time inhomogeneities of the
background distribution of moisture in the tropical atmosphere.
We have adopted the two-layer incompressible equatorial primi-
tive equations forced by a parametric heating that roughly repre-
sents deep convection in the tropical atmosphere. The heat source
was parametrized in the simplest way according to the hypothesis
that it is proportional to the lower-troposphere moisture conver-
gence, with the background moisture state function being pre-
scribed to mimic the structure of the intertropical convergence
zone (ITCZ). We have particularly explored the possible res-
onances between equatorial Rossby and Poincaré wave modes
associated with the diurnal cycle of the background moisture
state function. It was found that, unlike the resonant triad non-
linear interaction, in this linear interaction mechanism through
resonance with the diurnal cycle of the background specific hu-
midity, a Rossby mode undergoes expressive energy (amplitude)
modulations when interacting with an inertio-gravity mode. In
order to illustrate in a simplified fashion on how this resonance
mechanism works in the full dynamics, where it may compete
with the three-wave non-linear resonance, we have also analysed
the dynamics of a resonant non-linear wave triad composed of
two equatorial inertio-gravity waves and one barotropic wave
mode in which one of the inertio-gravity modes interact with
an equatorial Rossby mode through resonance with the diurnal
cycle of the background ITCZ function.

The reminder of this paper is organized as follows. In Sec-
tion 2, we present the model equations, the heat forcing
parametrization adopted and the possible resonances involving
equatorial Rossby and inertio-gravity wave modes through the
diurnal forcing. Section 2 also analyses the dynamics of these
resonant interactions in terms of the location and width of the
ITCZ. In this section, we also augment the two-wave interaction
theory to include the three-wave non-linear interaction of equa-
torial inertio-gravity wave modes and a barotropic mode. The
main conclusions of this paper and the main implications of the
results for the atmospheric science are discussed in Section 3.

2. Resonant interactions

2.1. Model equations and free linear wave solutions

The original model adopted in the present work is described by
the incompressible equatorial β-plane primitive equations with
a constant static stability parameter of the background atmo-
sphere given by its typical tropospheric value of N = 10−2 s−1.
The assumption of rigid lid vertical boundary conditions where
the vertical velocity w vanishes at the bottom (z = 0) and at a
hypothetical top of height z = H of the troposphere allows the
existence of a set of discrete vertical eigenmodes that character-
izes the vertical structure of the solution. The model is forced
by a deep convection (first baroclinic) heat source that has been
defined to roughly represent the typical deep convection activity
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in the tropical atmosphere. Under the circumstances described
above, we consider the two-layer approximation of the referred
model, which may be described in terms of the barotropic and
baroclinic components of the horizontal velocity and pressure
fields as follows:

∂V0

∂t
+ yV ⊥

0 + ∇p0 = −V1 · ∇V1 − V1divV1 (1a)

divV0 = 0 (1b)

∂V1

∂t
+ yV ⊥

1 + ∇p1 = −V0 · ∇V1 − V1 · ∇V0 (2a)

∂p1

∂t
+ divV1 = − gπ2

2H 2N 2cpT0
S1 − V0 · ∇p1. (2b)

In (1) and (2), V0 = (u0,v0)T and V1 = (u1,v1)T refer to the
barotropic and baroclinic components of the horizontal veloc-
ity field, respectively, while p0 and p1 represent the barotropic
and baroclinic contributions, respectively, for the pressure field
normalized by a reference value of the background density; g ≈
9.81 ms−2 is the gravity acceleration, cp = 1004 JKg−1 K−1

refers to the thermal capacity of dry air at constant pressure and
T0 is a reference temperature and will be fixed with its stan-
dard value of T0 = 288.16 K (15 ◦C). Equations (1) and (2) have
been non-dimensionalized by using the equatorial Rossby radius
LE =

√
c
β

as unit of length and TE = (cβ)−
1
2 as unit of time,

where c = NH/π is the characteristic speed of the linear waves
and β is the gradient of the Coriolis parameter at the equator and
is assumed here to be a constant. The variables Vj and pj, j =
0, 1, are non-dimensionalized by c and c2, respectively. In the
equations above, ∇ = (∂x, ∂y)T refers to the horizontal gradi-
ent operator and S1 corresponds to the projection of the vertical
derivative of the heat source onto the first baroclinic mode. The
parametrization of S1 in terms of the dynamical variables of
the present model will be discussed later. Hereafter we assume
the fixed values of the Brunt–Vaisala frequency N = 10−2 s−1

and the top height of the troposphere H = 16 Km, resulting in a
gravity wave reference speed of approximately c = 51 m s−1 and
in the units of length and time of LE ≈ 1500 Km and TE ≈ 8.3
h, respectively. Equations (1) and (2) are obtained by a Galerkin
truncation of the original model equations of the form

V (x, y, z, t) = V0(x, y, t) + V1(x, y, t) cos
( π

H
z
)

(3a)

p(x, y, z, t) = p0(x, y, t) + p1(x, y, t) cos
( π

H
z
)

(3b)

S(x, y, z, t) = S1(x, y, t)
π

2H
sin

( π

H
z
)

. (3c)

Due to the divergenceless condition (1b), eq. (1a) for the
barotropic mode may be written in terms of the stream func-

tion ψ according to

∂∇2ψ

∂t
+ ∂ψ

∂x
= − [V1 · ∇curlV1 + 2curlV1divV1

− V ⊥
1 · ∇divV1], (4)

where the stream function ψ satisfies the relations u0 = –ψ y

and v0 = ψ x and ∇2 = ∂2

∂x2 + ∂2

∂y2 corresponds to the Laplacian
operator. In the eqs (1a) and (4), we have neglected the advection
term V0 · ∇V0 that yields the barotropic mode self-interactions,
since this kind of interaction is beyond the scope of this paper.

The linearized and unforced version of (2) has equatorially
trapped linear wave eigenmodes of the form (Matsuno, 1966)⎡
⎢⎢⎣

u1

v1

p1

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

ua (y)

va (y)

pa (y)

⎤
⎥⎥⎦ eikx+iωat , (5a)

with the zonal wavenumber k and the eigenfrequency ωa satis-
fying the dispersion relation

ω2
a − k2 + k

ωa

= 2n + 1, (5b)

for n = −1, 0, 1, 2, . . . . The solutions of (5b) are dis-
played in Fig. 1 and correspond to the familiar equatorial wave
types: mixed Rossby-gravity waves (MRGW), inertio-gravity
(Poincaré) waves propagating westward (WGW) and eastward
(EGW), Rossby waves (RW) and the non-dispersive Kelvin wave
(KW). The important point here is that there exists a large time-
scale separation between the Poincaré and the Rossby waves.
For the dispersive modes (RW, WGW, EGW and MRGW), the
meridional structure eigenfunctions are given by⎡
⎢⎢⎣

ua (y)

va (y)

pa (y)

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

1
2 (ωa − k) Hn+1 (y) + n (n + 1) (ωa + k) Hn−1 (y)

i
(
ω2

a − k2
)
Hn (y)

1
2 (ωa − k) Hn+1 (y) − n (n + 1) (ωa + k) Hn−1 (y)

⎤
⎥⎥⎦

× e− y2

2√
Ea

. (5c)

In (5c) above, Ea = 2nn!π 1/2[(ωa − k)2 (n + 1) + n(ωa + k)2 +
(ω2

a − k2)2] refers to the L2 norm of the meridional structure
eigenfunctions and Hn(y) corresponds to the nth degree Her-
mite polynomial. The meridional structure eigenfunctions for
the non-dispersive Kelvin mode are given by ua(y) = pa(y) =

e− y2
2

(2
√

π )
1
2

and va(y) ≡ 0.

Thus, the subscript a in (5), which represents a particular
mode, is characterized by a zonal wavenumber k, the meridional
index n distinguishing the meridional structure of the equatorial
waves and the wave type represented by r [a = (k, n, r)]. For
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Fig. 1. Dispersion curves of the possible
equatorial wave types: Rossby waves (RW),
inertio-gravity waves propagating westward
(WGW) and eastward (EGW), mixed
Rossby-gravity waves (MRGW) and Kelvin
waves (KW).

periodic boundary conditions in x, the zonal wavenumbers k are
quantized and are given by

k = 2π

Lx

α, α = 0, ±1, ±2, ±3, . . .

with Lx representing the equatorial perimeter of the circum-
ference of the earth in dimensionless units, that is, LxLE ≈
40 000 Km.

The eigensolutions of the linearized version of (4) are the
barotropic Rossby waves that are no longer trapped near the
equator

ψk,l = eikx+iωB t sin(ly) (6)

with the dispersion relation

ωB = k

k2 + l2
, (7)

for any meridional wavenumber l.

2.2. Forcing parametrization and resonances between
equatorial baroclinic Rossby and Poincaré waves

Regarding the parametrization of the heat source S1 in (2b),
we have considered the wave-CISK hypothesis in which the
heating is assumed to be proportional to the lower-troposphere
moisture convergence (Hayashi, 1970; Lindzen, 1974; Stevens
and Lindzen, 1978; Chang and Lim, 1988)

S1 (x, y, t) = −LcQ (y, t) divV1

∫ zm

0
cos

(π

H
z
)

dz, (8)

where Q(y,t) corresponds the background state of the specific
humidity or, as will be called hereafter, the background moisture
state function or ITCZ function, Lc = 2.5 × 106 JKg−1 is the
latent heat of condensation and zm in the integral in (8) refers
to the height of the lift condensation level or the clouds’ base.

Substituting (8) into (2b) yields

∂p1

∂t
+ divV1 = �QdivV1 − V0 · ∇p1, (9)

where

� = g
πLc

2HN 2cpT0
sin

( π

H
zm

)
.

The background moisture state function Q(y, t) is prescribed
to roughly represent the structure of the ITCZ, which defines
the moist region of the globe where deep convection is most
likely to occur in a climatological view. In this way, the function
Q(y, t) is defined as

Q(y, t) = Q0 exp

[
−

(
y − y0

ry

)2
]

f (t), (10)

where Q0 is the maximum value of the specific humidity and
controls the magnitude of the heat forcing. In the calculations
displayed in this paper we have considered its standard value of
Q0 = 10 g Kg−1. In (10), y0 refers to the latitude of maximum
deep convection activity and can assume corresponding values
from 0 to 15◦ (south and north) according to the seasonal cycle
of the ITCZ and ry is the e-folding length of the ITCZ function.
The function f (t) is prescribed as a half a sine during half a
day and zero otherwise, repeating the cycle forever in order to
simulate the diurnal cycle of the specific humidity in the ITCZ.
In fact, recent studies have provided observational evidence of a
significant diurnal variability in both the sea surface temperature
(SST) (Bernie et al. 2005) and the convective activity along
the ITCZs (Yang and Slingo 2001 and references therein). The
function f (t) may be Fourier expanded according to

f (t) =
∑
j≥0

fj cos

(
2πj

τ
t

)
(11a)
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with

fj = 2

π (1 − 4j 2)
, (11b)

where τ is the duration of the day in dimensionless units. For
c = 51 m s−1 and β = 2.3 × 10−11 m−1 s−1, TE ≈ 8.3 h and,
consequently, τ ≈ 2.9.

To analyse the linear interaction between equatorial Rossby
and inertio-gravity wave modes through the parametric forcing,
let us consider a solution with only two modes, a Rossby mode
having a zonal wavenumber kR, meridional index nR and eigen-
frequency ωR and an inertio-gravity wave mode having a zonal
wavenumber kG, meridional index nG and eigenfrequency ωG,
that is

[
V1 (x, y, t)

p1 (x, y, t)

]
= R (t)

⎡
⎢⎢⎣

uR (y)

vR (y)

pR (y)

⎤
⎥⎥⎦ eikRx+iωRt

+ G (t)

⎡
⎢⎢⎣

uG (y)

vG (y)

pG (y)

⎤
⎥⎥⎦ eikGx+iωGt + c.c, (12)

where c.c indicates the complex conjugate of the previous term,
R(t) and G(t) correspond to the spectral amplitudes of the Rossby
and inertio-gravity modes, respectively; and the eigenfunctions
with subscripts R and G are given by (5c) for ωa = ωR, k = kR,
n = nR and ωa = ωG, k = kG, n = nG, respectively. Substituting
the ansatz (12) into (9) and (2a) and making use of (10) and (11)
yield

dR

dt
= ηR�fjG

∗ (13a)

dG

dt
= ηG�fjR

∗ (13b)

provided the modes satisfy the following ‘resonance relations’
with the harmonics of the diurnal cycle of the ITCZ function

kR = kG (14a)

ωR + ωG ± 2π

τ
j ≈ 0, for any j > 0. (14b)

In (13), the superscript ∗ denotes the complex conjugate and ηR

and ηG represent the coupling constants and are given by

ηR =
∫ +∞

−∞
pR (y)

[
ikGuG (y) + dvG(y)

dy

]

× Q0 exp

[
−

(
y − y0

ry

)2
]

dy (15a)

ηG =
∫ +∞

−∞
pG (y)

[
ikRuR (y) + dvR(y)

dy

]

× Q0 exp

[
−

(
y − y0

ry

)2
]

dy. (15b)

The linear interaction coefficients ηR and ηG represent a mea-
sure of the intrinsic coupling between the equatorial Rossby and
Poincaré modes through the convective forcing. Physically, they
indicate how far the heating produced by the convergence in-
duced by the Poincaré (Rossby) mode projects onto the Rossby
(Poincaré) mode. Using (5c), the coupling constants may alter-
natively be written as

ηR = iωGγRG (16a)

ηG = iωRγRG, (16b)

where

γRG =
∫ +∞

−∞
pR (y) pG (y) Q0 exp

[
−

(
y − y0

ry

)2
]

dy. (16c)

To analyse the potentiality of an inertio-gravity wave mode
to excite a Rossby mode in this linear interaction through the
convective forcing, let us consider the case where the Rossby
mode’s amplitude is zero initially and the initial amplitude of
the Poincaré mode is represented by |G(t = 0)| = G0. In this
situation, for the case where ωRωG < 0, the analytical solution
of system (13) is given in terms of the modes’ energy by

ER(t) = |R (t)|2 = G2
0

(∣∣∣∣ωG

ωR

∣∣∣∣
)

sin2 (λt) (17a)

EG(t) = |G (t)|2 = G2
0 cos2 (λt) (17b)

with the frequency λ of the energy modulation given by

λ = �|fj | |γRG| (|ωRωG|) 1
2 . (18)

The case described by (17)-(18) refers to the resonant duos com-
posed of a Rossby mode and an eastward propagating inertio-
gravity wave mode, where the resonance condition (14b) is only
satisfied if |ωG| > 2π j/τ , for any j > 0. For the resonant duos
composed of a Rossby mode and a westward propagating inertio-
gravity wave mode we have ωRωG > 0 and the amplitudes of
the modes grow unboundedly in time, being described by hyper-
bolic functions. This case may be regarded as a wave instability
problem. Conversely, in the present paper we aim to build the
linear wave interaction theory involving a convective resonance
with the diurnal cycle and, consequently, the unstable case is
beyond the scope of this paper. Thus, we focus our analysis here
on the resonant duos composed of a Rossby and an eastward
propagating Poincaré mode, whose coupling coefficients are of
opposite signs and, consequently, whose energies are finite in
time.

Table 1 shows the first harmonic frequencies associated with
the time dependent part of the ITCZ function. As the j = 0
harmonic has a zero time-frequency, resonance between equato-
rial Rossby and inertio-gravity modes through this harmonic is
impossible. Nevertheless, since there exist inertio-gravity wave
modes having eigenfrequencies close to the frequencies of the
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Table 1. First harmonic frequencies of the time-dependent part of the
ITCZ function for c = 51 m s−1 and β = 2.3 × 10−11 m−1s−1,
implying τ ≈ 2.9

j 2π j/τ Period of oscillation Fourier coefficients = 2
π (1−4j2)

0 0 ∞ 0.6366
1 2.1233 1 d −0.2122
2 4.2467 12 h −0.04244
3 6.3699 8 h −0.01819

Table 2. Examples of nearly resonant duos of equatorial Rossby (RW)
and eastward propagating inertio-gravity wave (EGW) modes that
interact through the 1 d harmonic of the ITCZ function

RW EGW ωR ωG γRG × 10−4
√

| ωG
ωR

|

1 (6,1) (6,1) 0.2873 −2.361 6.149 2.87
2 (5,2) (5,1) 0.185 −2.2144 8.493 3.46
3 (8,2) (8,0) 0.2215 −2.3088 −9.297 3.23
4 (8,1) (8,0) 0.2915 −2.3088 11.642 2.81

Notes: The table shows, from left to right, the duo components, their
respective eigenfrequencies and the coupling constant γ RG of the duo
(see text for explanation), as well as the semi-major axis of the ellipse
described by (17). The modes are characterized, from left to right, by
the zonal wavenumber α and the meridional mode n. The interaction
coefficients shown in this table were calculated for y0 = 1.1
(≈1650 Km or 15◦) and ry = 1.0 (1500 Km).

transient harmonics (j > 0) of the ITCZ function, near reso-
nances between slow tropical waves and fast eastward prop-
agating inertio-gravity waves through the transient harmonics
(j ≥ 1) of the diurnal forcing are allowed. Examples of such
resonances are displayed in Table 2. Table 2 shows examples of
nearly resonant duos of equatorial Rossby and eastward propa-
gating Poincaré wave modes that resonate through the j = 1 (1 d)
harmonic of the ITCZ function. The table shows the duo com-
ponents, their respective eigenfrequencies and the interaction
constants γ RG given by (16c) for y0 = 1.1 (≈1650 Km or 15◦)
and ry = 1.0 (1500 Km). The interaction coefficient γ RG has been
computed numerically from (16c) by using the Gauss–Hermite
quadrature formula.

The resonant duos displayed in Table 2 are representative
examples of the four possible resonances involving equatorial
Rossby and Poincaré modes through the convective forcing in the
present model. Duo 1 is a representative example of interaction
in which both Rossby and Poincaré modes are symmetric (i.e.
have an odd meridional index). In this case, the pressure fields of
the modes have an even symmetry about the equator. Duo 3, on
the other hand, illustrates an interaction involving antisymmetric
(even meridional index) Rossby and Poincaré modes, where
the pressure fields of the modes have an odd symmetry about
the equator. Duo 2 is a representative example of interaction

involving an antisymmetric Rossby and a symmetric inertio-
gravity wave mode, while in the last possible case represented
by Duo 4, the Rossby mode is symmetric and the Poincaré mode
is antisymmetric.

For the resonant duos displayed in Table 2, eq. (17) describes

an ellipse in phase space with semi-major axis G0

√
| ωG

ωR
| and

semi-minor axis given by G0. Thus, as can be observed in
Table 2, the maximum amplitude attained by the excited Rossby
mode in this resonant interaction, which is given by the semi-
major axis of the ellipse, is around three times the maximum
(initial) amplitude of the inertio-gravity mode. Moreover, as the
semi-major axis of the ellipse depends only on the ratio between
the time-frequencies of the wave modes, the maximum ampli-
tude of the excited Rossby mode is independent of the position
and width of the ITCZ. The only exception, of course, occurs
for Duos 2 and 4 when y0 = 0. In this case, the ITCZ function is
symmetric about the equator and, consequently, the integrand in
(16c) has an odd symmetry about the equator and the interaction
coefficient γ RG is zero.

Therefore, in the linear interaction mechanism involving the
diurnal cycle of the convective forcing, the amplitude (energy)
modulation of the equatorial Rossby mode is much stronger
than the amplitude (energy) modulation of the inertio-gravity
mode. In addition, as discussed in Section 1, such a significant
energy modulation of the Rossby mode due to the interaction
with an inertio-gravity mode is not possible in the context of
the resonant non-linear triad interactions involving two inertio-
gravity waves and one Rossby mode. This restriction in the
amplitude modulation of the Rossby modes in the resonant triad
interactions involving two high-frequency modes is due to the
energy constraints imposed by the triad dynamics, which force
a Rossby mode to essentially act as a catalyst component for
the energy exchanges between two inertio-gravity waves in a
resonant triad. Therefore, the results presented in this section
suggest that the diurnal cycle of tropical deep convection in
the ITCZ can be a possible dynamical mechanism that leads a
Rossby mode to be significantly excited by a fast-propagating
inertio-gravity mode.

In order to investigate the potential relevance of the wave in-
teraction theory developed here for the real atmosphere, it is also
important to analyse how the displacement of the ITCZ, as well
as its width, affects the strength of the interactions illustrated in
Table 2. In this way, Figs. 2 and 3 show the interaction period
given by T int = 2π /λ (with λ given by eq. 18) as a function
of y0 and ry, respectively. In both cases, the height of the lift
condensation level has been set with its standard value of zm =
2 Km. This value is typical over most of the equatorial oceans.
In Fig. 2 the parameter ry is fixed as ry = 1.0, whereas in Fig. 3
the latitude of the forcing is fixed as y0 = 1.0 (1500 Km). The
interaction period T int is a measure of the strength of the en-
ergy exchanges between the Rossby and Poincaré modes, since
the stronger the interaction, the shorter the interaction period.
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Fig. 2. Interaction period T int = 2π /λ (with
λ given by eq. 18) as a function of y0 for
ry = 1.0 (≈1500 Km).
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Fig. 3. Interaction period T int = 2π /λ (with
λ given by eq. 18) as a function of ry for
y0 = 1.0 (≈1500 Km).

Figure 2 shows that, in general, all the types of resonant duos
undergo more expressive interactions when the ITCZ gets its
maximum latitudinal displacement. In the case of Duo 1 where
both Rossby and Poincaré wave modes have the n = 1 merid-
ional mode (symmetric about the equator), the strength of the
interaction decreases as the ITCZ moves away from the equa-
tor such that the interaction becomes very weak as the ITCZ
approaches the correspondent latitude of y0 = 0.5LE. Then the
interaction intensifies again and becomes more expressive as the
ITCZ approaches y0 = 1.1 (≈1650 Km or 15◦), which corre-
sponds to the maximum latitudinal displacement of the ITCZ
in the Northern Hemisphere. For Duos 2 and 4, the interaction
is zero when y0 = 0 and, consequently, the interaction period
becomes extremely long as the forcing approaches the equator.

Another point to be noted in Fig. 2 is that for Duo 1 the
strongest interactions are associated with interaction periods of
the order of 120 d. This means that when this interaction is very
active (i.e. when y0 = 1.1LE), the Rossby mode attains its max-
imum amplitude at t ≈ 60 d. Similarly, when the interactions
associated with Duos 2, 3 and 4 are more active (i.e. when the
ITCZ is away from the equator), the energy (amplitude) modu-
lations occur in an intraseasonal time-scale (periods of the order
of 60–120 d). As regards the dependence of the strength of the
interactions upon the width of the ITCZ, Fig. 3 shows that, in
general, the interactions are more intense for wider ITCZs, with
the most marked variation occurring for the interaction involv-
ing an antisymmetric Rossby mode and a symmetric Poincaré
wave mode (Duo 2). For Duo 4, which undergoes the strongest
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interaction, the variation of the strength of the interaction with
the width of the ITCZ is very small. For narrow ITCZs (ry rang-
ing from 600 to around 1000 Km), the only interaction occurring
on intraseasonal time-scale is that associated with Duo 4.

2.3. Augmented two-wave interaction theory

So far we have developed the two-wave interaction theory
in which equatorial Rossby and eastward propagating inertio-
gravity wave modes can interact and exchange energy with each
other through resonance with the diurnal cycle of the ITCZ func-
tion in the context of the heat forcing parametrization. However,
recall that in the non-linear context of (1)-(2), the modes in-
volved in this interaction may also participate of resonant triad
non-linear interactions with the barotropic wave modes, so that
in the full dynamics these linear resonances might somehow
compete with the resonant triad non-linear interactions.

Thus, in order to illustrate in a simplified fashion on how the
linear resonance mechanism involving equatorial Rossby and
Poincaré wave modes through the diurnal forcing works in the
full dynamics, where it may compete with the three-wave non-
linear resonances, we have also analysed in this work the reduced
dynamics of a resonant wave triad coupled with a resonant duo
through one of its wave components. In this way, let us consider
a solution with four modes, namely a barotropic non-divergent
wave mode having zonal wavenumber kB, meridional wavenum-
ber lB and eigenfrequency ωB given by (7) for k = kB and l = lB,
two equatorial inertio-gravity wave modes constituting a nearly
resonant triad with the barotropic wave mode, one with zonal
wavenumber ka, meridional index na and eigenfrequency ωa and
the other with zonal wavenumber kc, meridional index nc and
eigenfrequency ωc, and an equatorial Rossby mode with zonal
wavenumber kR, meridional index nR and eigenfrequency ωR

interacting with one of the equatorial Poincaré modes through
the diurnal forcing. In other words, let us consider the following
ansatz

ψ (x, y, t) = B (t) sin (lBy) eikBx+iωB t + c.c (19a)

⎡
⎢⎢⎣

u1 (x, y, t)

v1 (x, y, t)

p1 (x, y, t)

⎤
⎥⎥⎦ = R (t)

⎡
⎢⎢⎣

uR (y)

vR (y)

pR (y)

⎤
⎥⎥⎦ eikRx+iωRt

+ Ga(t)

⎡
⎢⎢⎣

ua (y)

va (y)

pa (y)

⎤
⎥⎥⎦ eikax+iωat

+ Gc(t)

⎡
⎢⎢⎣

uc (y)

vc (y)

pc (y)

⎤
⎥⎥⎦ eikcx+iωct + c.c (19b)

with the following relations satisfied

ka ± kB = kc (20a)

na + nc = even (20b)

ωB ± ωa ± ωc ≈ 0 (20c)

and

kR = ka (21a)

ωR + ωa ≈ 2π

τ
. (21b)

Then, inserting the ansatz (19) into (4), (2a) and (9) and making
use of (20), (21) and (10)–(11) yield

dB

dt
= σBG∗

aGc (22a)

dGa

dt
= σaB

∗Gc + ηGfj�R∗ (22b)

dGc

dt
= σcBGa (22c)

dR

dt
= ηR�fjG

∗
a. (22d)

In (22), ηR and ηG are given by (15) or (16) and the non-linear
coupling coefficients σB, σa and σc are written as

σB = 1

k2
B + l2

B

∫ +∞

−∞
sin(lBy)

[
ua ikcζc + va

dζc

dy
+ 2ζadivikVc

− V ⊥
a •

(
−k2

c uc + ikc

dvc

dy
, ikc

duc

dy
+ d2vc

dy2

)T

+ CP

]
dy

(23a)

σa = −
∫ +∞

−∞

[
uB ikcuc + vB

duc

dy
+ CP

]
ua (y) dy

−
∫ +∞

−∞

[
uBikcvc + vB

dvc

dy
+ CP

]
v∗

a (y) dy

−
∫ +∞

−∞

[
uB ikcpc + vB

dpc

dy

]
pa (y) dy. (23b)

In (23) above, uB (y) = −lB cos (lBy), vB (y) = ikB sin (lBy) cor-
respond to the velocity field of the barotropic eigenmode, divik

Vj(y) = ikj uj(y) + dvj(y)/dy, for j = a or c, refers to the divergence
of the equatorial eigenmodes, while ς j = ikj vj(y) – duj(y)/dy,
for j = a or c, is their relative vorticity; Vj(y) = [uj(y), vj(y)]T ,
for j = a or c, corresponds to the velocity field of the equa-
torial eigenmodes, whereas V ⊥

j (y) = (−vj, uj)T . The term CP
in (23) represents the cyclical permutation of what is proceed-
ing, and the non-linear coupling coefficient σ c is written exactly
as in (23b) but exchanging the subscripts a and c. Physically,
the interaction coefficient σ B represents a measure of how far
the vorticity transport produced by the two equatorial Poincaré
wave modes projects onto the barotropic mode. Conversely, the
non-linear coupling coefficients σ a and σ c represent a measure
of how far the advection of momentum of one of the equatorial
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wave modes produced by the barotropic mode and the advection
of momentum of the barotropic mode produced by one of the
equatorial modes, as well as the advection of the mass field of
the equatorial wave mode produced by the barotropic wind field,
project onto the other equatorial eigenmode. The non-linear in-
teraction coefficients σ a, σ c and σ B have also been computed
numerically by using the Gauss-Hermite quadrature formula.
The relations (20a) and (20c) correspond to the usual non-linear
resonant triad interaction conditions, while condition (20b) is
necessary for the integrand in (23) to have an even symmetry
about the equator. In case of an odd symmetry, the resonant
component generated in y ≥ 0 would be exactly cancelled by
the resonant component generated in y ≤ 0.

We have then numerically integrated the reduced dynamical
eqs (22) for the system composed of a barotropic wave mode
having zonal wavenumber 1 (α = 1) and the second meridional
wavenumber, and two eastward propagating inertio-gravity wave
modes having meridional mode n = 0: one with zonal wavenum-

ber 8 and the other with zonal wavenumber 7. The equatorial
Rossby mode in this case is that with zonal wavenumber 8 and
meridional index n = 1. Note that the resonant duo here is the
Duo 4 of Table 2, which undergoes the most significant interac-
tion through the diurnal forcing. For the numerical integration
we have used the Matsuno (predictor-corrector) scheme at the
first step with a time-step of �t/6 and the Leapfrog scheme at
the remaining integration steps with a time-step of �t. In most
of our numerical integrations we have set �t = 10 min.

Results of numerical integrations of system (22) are shown
in Fig. 4 for the initial condition defined in such a way that the
initial energy is almost totally projected onto mode a, with just
an infinitesimally small part of total energy being projected onto
the remaining modes of the resonant triad in a white noise form.
Figure 4a shows the result of a numerical simulation for the
case where the heat forcing is centred at the equator (y0 = 0),
whereas Figs 4b and c display results of numerical simulations
for y0 = 0.2 (≈300 Km or 3◦) and y0 = 1.1 (≈1650 Km or 15◦),
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Fig. 4. Time evolution of the modes’ energy associated with the numerical solution of (22) for the initial amplitudes given by |B(t = 0)| = 0.2,
|Ga(t = 0)| = 2.0, |Gc(t = 0)| = 0.2 and |R(t = 0)| = 0.0. In the numerical simulations illustrated here, the width of the ITCZ is fixed with ry = 1.0
(≈1500 Km) and the latitude of the ITCZ is set as: (a) y0 = 0.0, (b) y0 = 0.2 (≈300 Km) and (c) y0 = 1.1 (≈1650 Km). The energy of the barotropic
eigenmode is given by (k2

B + l2
B ) |B (t)|2, while the energy of the equatorial wave modes is given by the square of their amplitudes.
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respectively. In all the simulations displayed in Fig. 4 the width of
the ITCZ is fixed with ry = 1.0 (1500 Km). In these simulations,
the initial amplitude (energy) of the equatorial Rossby mode is
zero.

This scenario where only one wave mode holds almost total
initial energy may be regarded as a wave stability problem. In the
context of the non-linear triad interaction, it is well known that
a single wave mode is unstable only if it is the highest absolute
frequency mode of the triad. In this case, the mode containing
the most part of the initial energy loses its energy to the other
two triad components until its energy gets small enough for the
constraints imposed by the total energy conservation to yield
saturation for the energy of the two remaining modes of the
triad. After this energy level, the highest frequency mode of the
resonant triad begins receiving energy from the other waves until
it becomes unstable and the cycle repeats, with the energy of the
highest absolute frequency mode always growing or decaying
at the expense of the remaining triad components. This is ex-
actly what happens in the simulation displayed in Fig. 4a. In this
case (y0 = 0), the ITCZ function is symmetric about the equator
and the linear interaction coefficient associated with Duo 4 of
Table 2 is zero. As a consequence, eq. (22b) decouples from
eq. (22d), and (22) reduces to the dynamics of a single resonant
wave triad. The energy exchanges observed in Fig. 4a consti-
tute a typical picture of a resonant triad non-linear interaction
involving two inertio-gravity wave modes and a Rossby mode,
where the energy modulation of the Rossby mode is smaller
than the energy modulations of the two high frequency modes.
The role of the low-frequency mode in this case is essentially to
act as a catalyst mode for the energy exchange between the two
inertio-gravity waves.

Figure 4b illustrates the energy modulations of the modes
when the linear interaction between the inertio-gravity mode

and the equatorial Rossby mode of (22) is of moderate level,
that is, when the ITCZ is slightly moved away from the equator.
In this case, as can be noted in Fig. 4b, apart from the energy
growth of the other triad components, the duo interaction be-
tween the unstable inertio-gravity wave mode and the equatorial
Rossby mode leads to the excitation of the latter. Nevertheless,
as the non-linear interaction is stronger than the linear one in
this case, the excited equatorial Rossby mode no longer attains
its maximum amplitude level predicted by the linear theory de-
scribed by (17). Instead, the competition between the duo and
the triad interactions makes the energy of the equatorial Rossby
mode to decrease earlier than predicted by the two-wave inter-
action theory, so that the equatorial Rossby mode undergoes in
this case an amplitude modulation with a period of 70 d, which is
much shorter than predicted by the linear theory for these values
of y0 and ry (Fig. 2). Another interesting feature to be observed in
Fig. 4b is that the competition between the linear and non-linear
interactions makes the energy of the equatorial Rossby mode
to go through a period-doubling energy modulation, alternating
small and large energy peaks within a total oscillation period of
the order of 140 d.

However, besides this energy modulation with periods of the
order of 70 and 140 d, Fig. 5 shows that the competition between
the two-wave and the three-wave interactions yields an even
longer time-scale modulation in the modes’ energies. Figure 5
displays the result of the same numerical simulation of Fig. 4b
but for very longer time integration. Fig. 5 illustrates the time
evolution of the total energy of the triad, given by the sum of the
energies of the barotropic and the two equatorial inertio-gravity
modes, and the time evolution of the energy of the equatorial
Rossby mode. Fig. 5 illustrates that, in a very long time-scale,
the energy of the equatorial Rossby mode grows significantly
and attains its maximum level predicted by the two-wave theory
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Fig. 5. Time evolution of the energy of the
equatorial Rossby mode (|R(t)|2) and the
total energy of the triad, given by
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B ) |B (t)|2 + |Ga(t)|2 + |Gc(t)|2, for

the same numerical solution of Fig. 4b.
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(17), stealing energy from the triad. Thus, one notices in Fig. 5
that, as a result of the competition between the non-linear triad
and the linear duo interactions, the equatorial Rossby mode and
the wave triad exchange energy in a very long time-scale, apart
from undergoing relatively small amplitude energy modulations
in intraseasonal and semi-annual time-scales.

For y0 = 1.1, which roughly corresponds to the maximum
latitudinal displacement of the ITCZ, the linear interaction be-
tween the equatorial Rossby and the inertio-gravity modes gets
its strongest level (Fig. 2). In this case, Fig. 4c shows that the
excitation of the barotropic and the zonal wavenumber 7 inertio-
gravity wave modes is very inhibited, and the energy of the
unstable Poincaré mode almost entirely leaks to the equatorial
Rossby mode. Like in the reduced dynamics of a single res-
onant duo, the zonal wavenumber 8 equatorial Rossby mode
with meridional index n = 1 undergoes an expressive energy
modulation due to the interaction with the equatorial eastward
propagating inertio-gravity wave with zonal wavenumber 8 and
meridional index n = 0. In addition, the period of the energy
modulation of the equatorial Rossby mode observed in Fig. 4c
(65 d) is close to that predicted by the two-wave theory for y0 =
1.1LE and ry = 1.0LE (Fig. 2). Thus, in the example illustrated
in Fig. 4c, the linear interaction through the diurnal forcing is
more effective and, consequently, overcomes the non-linear triad
energy exchanges.

3. Concluding remarks

In this work, we have presented a linear wave interaction theory
in which equatorial Rossby and eastward propagating inertio-
gravity wave modes may interact and exchange energy with
each other through latitudinal and time inhomogeneities of the
background distribution of moisture in the tropical atmosphere,
in the context of deep convection parametrization. The latitudi-
nal inhomogeneity is associated with the structure of the ITCZ,
whereas the time inhomogeneity is related to the diurnal varia-
tion of tropical deep convection. We have adopted the two-layer
incompressible equatorial primitive equations forced by a para-
metric heating that roughly represents deep convection activity
in the tropical atmosphere. The heat source was parametrized
in the simplest way according to the hypothesis that it is pro-
portional to the lower-troposphere moisture convergence, with
the background moisture state function mimicking the structure
of the ITCZ. In this context, we have investigated the possibil-
ity of resonant interaction between equatorially trapped Rossby
and inertio-gravity modes through the diurnal cycle of the back-
ground moisture state function.

The reduced dynamics of a single resonant duo shows that the
linear interaction between equatorial Rossby and eastward prop-
agating Poincaré modes through the fixed diurnal forcing can be
described by the parametric equations of an ellipse in phase-
space, with the semi-major axis representing the amplitude of
the equatorial Rossby mode and the semi-minor axis describing

the amplitude of the equatorial Poincaré mode. According to the
theory we present, the semi-major axis of the ellipse depends
only on the ratio between the two eigenfrequencies so that the
amplitude of the excited Rossby mode does not depend on the
latitudinal displacement of the ITCZ. The only exception occurs
for the resonant duos involving symmetric and antisymmetric
modes when the ITCZ function is centred at the equator. In this
case, the wave interaction is zero and a Rossby mode cannot be
excited by an existing Poincaré mode.

Therefore, in this linear interaction mechanism involving the
diurnal cycle of the convective forcing, the amplitude (energy)
modulation of the equatorial Rossby mode is much stronger
than the amplitude (energy) modulation of the inertio-gravity
mode. In addition, as discussed in Section 1, such a significant
energy modulation of the Rossby mode due to the interaction
with an inertio-gravity mode is not possible in the context of
the resonant non-linear triad interactions involving two inertio-
gravity waves and one Rossby mode. This restriction in the
amplitude modulation of the Rossby modes in the resonant triad
interactions involving two high-frequency modes is due to the
energy constraints imposed by the triad dynamics, which force
a Rossby mode to essentially act as a catalyst component for the
energy exchanges between two inertio-gravity waves. Therefore,
the theory we present here suggests that the diurnal cycle of
tropical deep convection in the ITCZ can be a possible dynamical
mechanism that leads a Rossby mode to be significantly excited
by a fast-propagating inertio-gravity mode.

The results of the two-wave dynamics also point out that this
linear interaction mechanism involving equatorial Rossby and
Poincaré modes through the diurnal forcing is more effective
when the ITCZ is located away from the equator, which is char-
acteristic of extreme seasons (summer and winter). For the ITCZ
function centred nearby the equator, which is characteristic of
transition seasons, the only significant interaction is that associ-
ated with Duo 3 of Table 2, which involves two antisymmetric
modes. Another point regarding the linear wave interaction the-
ory developed here is that when the duo interactions are very
active, that is, when the ITCZ is located away from the equa-
tor, the modes undergo amplitude modulations at intraseasonal
time-scales (periods of the order of 60–120 d). As regards the de-
pendence of the strength of the interaction upon the width of the
ITCZ, the results show that, in general, the interactions are more
intense for wider ITCZs. For narrow ITCZs (ry ranging from 600
to around 1000 Km), the only interaction occurring on intrasea-
sonal time-scale is that associated with Duo 4, which involves
a symmetric Rossby mode and an antisymmetric inertio-gravity
wave mode.

In order to illustrate in a simplified fashion on how this reso-
nance mechanism works in the full dynamics, where it may com-
pete with the three-wave non-linear resonance, we also augment
the two-wave interaction theory to include the three-wave non-
linear interaction of equatorial inertio-gravity wave modes and a
barotropic mode. In this sense, we have analysed the dynamics
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of a resonant non-linear wave triad composed of two equatorial
eastward propagating inertio-gravity waves and one barotropic
wave mode in which the highest absolute frequency Poincaré
mode interacts with an equatorial Rossby mode through the di-
urnal forcing. We have focused on the case where the highest
absolute frequency Poincaré mode holds most part of the initial
energy. The numerical results of the four-wave dynamics show
that when the duo interaction is very active, that is, when the
ITCZ is located away from the equator, the excitation of the
equatorial Rossby mode overcomes the triad non-linear energy
exchanges, and the linear interaction involving the diurnal forc-
ing dominates the system’s dynamics. On the other hand, when
the linear interaction between the Poincaré and the equatorial
Rossby modes is of moderate level, that is, when the ITCZ is
slightly displaced from the equator, the competition between the
non-linear triad and the linear duo interactions leads the equa-
torial Rossby mode and the wave triad to exchange energy in
a very long time-scale. In addition, besides this ultralong time-
scale energy exchange, both the equatorial Rossby mode and
the triad components undergo amplitude (energy) modulations
in intraseasonal and semi-annual time-scales.

Therefore, the results presented in this paper also have impor-
tant implications for the long-term weather forecast. The results
suggest that the correct representation of the multi time-scale
interaction presented here relies on the correct representation
in numerical weather forecast models of the diurnal cycle of
the convective activity over the ITCZs. Furthermore, the results
suggest that the diurnal cycle of the ITCZ might be important
for generating low-frequency (intraseasonal, semi-annual and
even longer term) fluctuations in the atmospheric circulation. In
addition, in a more complete picture of the model (1)–(2), an
equatorial Rossby mode excited by an equatorial Poincaré wave
mode through the diurnal forcing may also non-linearly inter-
act and exchange energy with barotropic Rossby modes (Ma-
jda and Biello, 2003; Biello and Majda, 2004a,b; Reznik and
Zeitlin, 2006; 2007). This kind of interaction involving equa-
torial baroclinic and barotropic Rossby modes, in the presence
of the parametric diurnal forcing considered here, might gener-
ate a tropical-extratropical connection directly related to diurnal
variations of deep convection in the tropics.

An important point in the construction of the wave interac-
tion theory developed here refers to the convective parametriza-
tion, which is still an open problem in atmospheric sciences.
In the present work we have considered the simplest con-
vective parametrization based on the wave-CISK hypothesis
in which the heating is assumed to be proportional to the
lower-troposphere moisture convergence. This choice was made
because of the simplicity in exposition associated with this
parametrization, which requires just a single first baroclinic ver-
tical heating profile. However, this concept of a single deep
convection mode parametrization constitutes an oversimplified
model for describing synoptic and planetary-scale convectively
coupled equatorial waves, in the sense that recent observational

studies (e.g. Lin and Johnson, 1996; Johnson et al., 1999) have
identified the important role of both the stratiform and the con-
gestus heating in the life-cycles of these tropical systems. This
multicloud nature of tropical convection led to the design of
models for convective parametrization carrying the first and the
second baroclinic modes (e.g. Khouider and Majda, 2006; 2007;
2008; Mapes, 2000; Majda et al., 2007).

Nevertheless, in spite of the oversimplified convective
parametrization considered in the present work, the theory devel-
oped here can be generalized to more complex parametrizations.
For instance, it is possible to realize that the effect of adding the
second baroclinic mode in our analysis in order to take into
account the multicloud nature of tropical convection would be
simply to spread the possibility of duo interactions between
equatorial Rossby and Poincaré wave modes. Thus, the theory
presented here would be very similar if we considered a multi-
cloud convective parametrization, but with more possibilities of
resonances. Consequently, in a more complex model the reso-
nances associated with the diurnal cycle of tropical convection
might be even more favoured than indicated in this simplified
context.
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