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ABSTRACT
Data assimilation (DA) involves the combination of observational data with the underlying dynamical principles

governing the system under observation. In this work we combine the advantages of the two prominent DA systems:
the 4D-Var and the ensemble methods. The hybrid method described in this paper consists of identifying the subspace
spanned by the major 4D-Var error reduction directions. These directions are then removed from the background

covariance through a Galerkin-type projection, and are replaced by estimates of the analysis error obtained through a
low-rank Hessian inverse approximation. The updated error covariance in one window can be used as the background
covariance for the next window thus better capturing the ‘error of the day’. The numerical results for a non-linear model

demonstrate how the hybrid method leads to a good estimate of the true error covariance, and improves the 4D-Var

analysis results.

1. Introduction

Data assimilation (DA) is a relatively novel and versatile multi-
disciplinary methodology. Given a consistent numerical model
for a complex time-dependent system, and a set of observations
of the model state taken at various time moments, DA allows us
to combine these two sources of information to obtain a state
approximation, which is, in a well defined statistical sense, the
‘best’ estimate of the true model state.

DA comprises three types of methods: interpolation, varia-
tional, and sequential methods (Daley, 1991; Malanotte-Rizzoli,
1996; Cohn, 1997; Ghil et al., 1997; Courtier et al., 1998;
van Leeuwen, 2009). In the first method, the measurements
are interpolated from the points of observation onto the grid
points. The interpolation can be weighted by the statistics
of the observations. While simple to implement, this ap-
proach is not justified by any physical arguments. The vari-
ational and sequential data assimilation methods fit into the
framework of estimation theory. Sequential DA features the
Kalman filter (Kalman, 1960; Jazwinski, 1970), the ensemble
Kalman filter (EnKF) (Evensen, 1994, 2003, 2007; Burgers
et al., 1998), as well as several types of particle filters (Doucet
etal., 2000, 2001; Arulampalam et al., 2002; Berliner and Wikle,
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2007). The main drawback of sequential data assimilation comes
from the fact that the covariance matrices of the state variables
have huge dimensions for operational models.

The variational methods were introduced by Sasaki (1958).
These methods consider the equations governing the flow as
constraints, and the problem is closed by using a variational
principle, for example, the minimization of the discrepancy be-
tween the model and the observations. This problem fits into
the framework of optimal control theory (Lions, 1971), as pro-
posed by Le Dimet (1980), Le Dimet and Talagrand (1986)
and Courtier and Talagrand (1987). The major drawback of the
variational methods is in assuming the background error covari-
ances being static, nearly homogeneous and isotropic. This has
been pointed out in (Parrish and Derber, 1992; Cohn et al., 1998;
Courtier et al., 1998; Lorenc, 2003). The ensemble methods pro-
vide an alternative to variational data assimilation. The EnKF
estimates the background error covariances from an ensem-
ble of short-term forecasts (Anderson, 2001; Houtekamer and
Mitchell, 2001). Although sequential methods and variational
methods are implemented separately, some connections between
them have long been known. In fact, for a linear model with
Gaussian errors, with the same input data (initial background
state, background covariance, distribution of observations, and
observation covariance), both the 4D-Var and the Kalman fil-
ter yield the same analysis at the end of the assimilation
window (Talagrand and Courtier, 1987; Thépaut and Courtier,
1991).
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This equivalence between sequential and variational methods
provides a possibility of combining the two approaches, leading
to powerful hybrid DA algorithms.

There have been several recent research efforts in this di-
rection. The 3D-Var/EnKF of Hamill and Snyder (2000) is a
hybrid scheme blending the 3D-Var and the ensemble Kalman
filter. It utilizes the ensemble framework to propagate the es-
timation statistics of the model. However, it does not fully ex-
ploit the smoothing characteristics of 4D-Var. The Ensemble
Kalman Smoother (EnKS) of Evensen and van Leeuwen (2000)
recomputes a new analysis for all recent measurements upon
the receipt of each new observations. This approach is com-
putationally intractable for real world problems. Zhang et al.
(2009) devised the Ensemble 4D-Var (E4ADVAR). E4DVAR is
essentially constructed as a feedback loop between 4D-Var and
the EnKF method. The ensemble mean in EnKF is periodically
replaced by the 4D-Var analysis, and the covariance matrix built
from the EnKF ensemble provides the background information
in 4D-Var. Cessna et al. (2008) proposed the Ensemble Varia-
tional Estimation (EnVE) method. EnVE is a coupled hybrid of
EnKF/EnKS and 4D-Var. It leverages the non-linear statistical
propagation properties of the EnKF/EnKS to initialize and prop-
erly define a consistent variational iteration similar to 4D-Var.

This research work proposes a novel hybrid method to gener-
ate covariance estimates at the end of the assimilation window.
Ideally, at the end of the assimilation window, the error co-
variance matrix shall represent the true covariance statistics of
the forecast (posterior) state error. The state errors are the vec-
tors in a n-dimensional space that can be viewed as the sum
of the components in the subspace spanned by the 4D-Var and
the components in the orthogonal subspace. The variational ap-
proach with 4D-Var reduces the former components, while the
latter parts are untouched. Our method is the first approach to
explicitly consider the error components removed by the numer-
ical optimization method in 4D-Var. Since 4D-Var is an iterative
process, in practice, the errors in the subspace spanned by the
4D-Var can not be canceled completely. We use a low-rank Hes-
sian inverse approximation to add back the error components
that are eliminated by the hybrid projection.

This approach can be thought of as a Galerkin-like projection
of the background covariance onto the orthogonal complement
of the space spanned by the leading 4D-Var error reduction
directions. The Hessian inverse information is added through
a Karhunen-Loeve expansion of the leading eigenpairs of the
Hessian inverse matrix. The summation of these two parts leads
to a hybrid ensemble, thus a hybrid covariance. The new back-
ground covariance estimate can be constructed as a convex linear
combination of the static background covariance and the hybrid
covariance. This update is carried out at the end of every assim-
ilation window to provide a new flow-dependent background
covariance for the next assimilation window.

The numerical experiments in Section 4 show that the hybrid
covariance estimate is superior to the static background covari-
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ance, especially when many windows are used. Moreover, the
hybrid covariance update leads to a significant improvement in
the quality of the model forecast.

Similar to our present work which consists on updating the
background error covariance at the end of each assimilation
window and based on the fixed-lag smoother proposed by Cohn
et al. (1994), Li and Navon (2001) put forward the cycling 4D-
Var. They separated the observations into a sequence of batches
and performed a standard 4D-Var procedure separately for each
batch of observations. The solution at the end of each one batch is
used as a the background for the subsequent batch. Our proposed
method differs from the cycling 4D-Var of Li and Navon, as we
do not act at all on the observations. It is also worthy of note
that the only common point between our present work and the
reduced-order approach to observation sensitivity of Daescu and
Navon (2008) resides in the control space spanned by the descent
directions.

Qiuetal. (2007) proposed the explicit 4D-Var implementation
(E-4DVAR) as an alternative to the regular 4D-Var (I-4DVar).
They used the singular value decomposition (SVD) to construct
an orthogonal basis in which the control variables in the cost
function appear explicitly. As a consequence the analysis does
not require the use of an adjoint integration. An ensemble-based
4D-Var approach was proposed in (Qiu et al., 2007). This work
is very similar to the previous one. This time the ensemble mem-
bers are sampled from a time series produced by a single integra-
tion of the model over a long time period. In the same vein, Tian
et al. (2008) proposed the POD-E4DVAR. They merged both
Monte Carlo (MC) method and proper orthogonal decomposi-
tion (POD) into the 4D-Var method. A SVD-based method has
been employed to generate a POD basis that captures the most
possible kinetic energy. The solution for the analysis problem
is then approximately expressed by a truncated expansion. With
this, the observation operator in the cost function is replaced by
its tangent linear counterpart and consequently the calculation of
the model adjoint is no longer needed. Although our method is
an ensemble-based 4D-Var method that uses the SVD method,
it differs from the aforementioned work. Our present work is
geared towards generating covariance estimates at the end of
the assimilation window to capture the ‘error of the day’. This
has been achieved by first identifying the subspace spanned by
the major 4D-Var error reduction directions and then by remov-
ing them from the background covariance matrix. Hence, the
drawback of the variational methods consisting of assuming the
background error covariances not time-evolving is alleviated.
In our work, the SVD method has been used to construct the
set of the most dominant singular vectors generated from the
difference of the 4D-Var optimization directions.

The rest of this paper is structured as follows. Section 2 dis-
cusses the mathematical foundation of the 4D-Var method. In
Section 3, we present a step by step description of our hy-
brid method. The hybrid DA scheme is then tested on the
Lorenz 96 model (Lorenz, 1996) in Section 4. The summary and
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conclusions are presented in Section 5, along with further re-
search directions.

2. Mathematical background on 4D-Var

Consider a time-dependent model given by the initial value prob-
lem

dx

— =M, x), fh <t =<tp,

dr (@, x) 0 F

x(t)) = xop. @

Let M be a discrete solution operator for the model (1). The
discrete approximation to the exact model state at time ¢ = ¢; is
X; € R”

X; = Myy—y; (x0). 2

In the following, we will denote by #, and 7 the start time and
the end time of a 4D-Var assimilation window, respectively.

Given a background model state x; € R" at #o, the asso-
ciated background error covariance matrix B;, € R"™*", a set
of noisy observations y; € R™ with the observation covariance
R; € R™™ at selected times #;, the discrete 4D-Var data assimi-
lation problem consists of determining the maximum likelihood
initial model state x“(#() as the minimizer of the following cost
functional

Txo) = T°+ T° = (xo — x8)" B" (%0 — x3)

fo
Nobs

+ Z (Hixi — y)" R (Hixi — 1)
i=1

Here J° represents the departure from the background value
xg, while J° measures the misfit between the model prediction
and the observations. The H; are observation operators that map
the state variables x; = x(#;) to the observation space.

Current 4D-Var assimilation studies use the same background
covariance matrices for each assimilation window. Ideally how-
ever, this background information should be updated periodi-
cally to capture the system dynamics. Using 4D-Var with an
improved background covariance can be expected to lead to a
higher quality forecast with a larger range of validity.

Knowledge of the forecast (a posteriori) error statistics at the
endpoints of the 4D-Var window is very valuable. A good esti-
mation of the posterior covariance at the end of one assimilation
window is supposed to be used as the background covariance
for the next assimilation window, allowing one to account for
the errors of the day, and ultimately improve the quality of the
forecast.

3. The hybrid method

4D-Var experiments usually use a static prescribed background
error covariance at the beginning of each assimilation window.
This matrix is built using statistical information inferred from

the background state, the available observations, and the model
dynamics. The drawback of this approach is that an accurate
analysis is only guaranteed within each window. The ideal DA
method should account for the ‘errors of the day’, by updating
the background error covariance matrix between assimilation
windows.

The objective is to estimate the analysis error covariances, so
that the updated error statistics can be used in the background
covariance of the next assimilation window. Note that 4D-Var by
itself does not yield any covariance information. Second order
adjoint models (Wang et al., 1992; Le Dimet et al., 2002) can
be used to obtain eigenpair information for the Hessian V2.7.
The inverse Hessian is known to approximate the a posteriori
error covariance matrix at ¢y (Gejadze et al., 2008). Thus, we
can expect that the eigenvectors corresponding to the smallest
Hessian eigenvalues give some indication of the directions of
maximum error growth in the dynamic model (1).

The hybrid DA method makes use of two ensembles. The
‘background ensemble’ is generated using the error statistics
given by B,, and each of its members is propagated (in parallel)
to tr. The 4D-Var analysis is started from the mean of the back-
ground ensemble x?(¢,). The vectors in the subspace spanned by
the 4D-Var process correspond to the directions of maximum er-
ror growth that are visited during the first optimization iterations.
A ‘hybrid ensemble’ is generated by projecting the background
ensemble perturbations out of the space spanned by the first sev-
eral 4D-Var increments. The hybrid covariance matrix is then
assembled from these hybrid ensemble members. This can be
done both at ¢, and at 7, with no additional computational cost,
since the 4D-Var iterates are available at both endpoints of the
assimilation window.

In the following we give a detailed description of our algo-
rithm.

3.1. The background ensemble

(1) Att = ty.
Suppose we are given the background state x’(f)) € R", the
background covariance matrix By € R"*", a set of observations
v; € R™ taken at times #;, for j = 1,..., N, and the observa-
tion covariances R; € R">™.

(i) Generate a set of N, normally distributed perturbation
vectors with zero mean, and covariance By;:

Axl e N(©O, B,), i=1,...N,. 3)

(i1) Construct a background ensemble of size N, centered
around the mean x°(z):
xP(to) = x"(to) + Ax?, i=1,...,N.. 4)

(2) Att = tp.
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(1) The background ensemble members at f, are propagated
through the model up to #z. We obtain

(xPte), xoap), ., X 0] 5)

where

xP(tp) = Myory (X0(t0)), i=1,...,N.. (6)

(ii) Compute the mean x”(t), and the background ensemble
perturbations

Ax,'b(tF) = x,-b(fF) —x"(tr) @)

to prepare for the projection.

3.2. The hybrid ensemble

(1) Att =t,.

Starting from x”(¢,), the numerical optimization routine used by
4D-Var generates a sequence of iterates {x};_; ;. Here kis a
truncation index, in that we retain only the first k iterates, with
k < n. This strategy is consistent with the observation that the
reduction in the cost function is fastest during the initial itera-
tions of the optimizer. This phenomenon has been consistently
observed in practice (Navon et al., 1992; Li et al., 1993; Zou
et al., 1993; Sandu and Zhang, 2008). Note that all of the it-
erates {xV};_; , are calculated by the 4D-Var process at both
endpoints of the assimilation window. Let xg) be the jth 4D-Var
iterate at ¢ (for all j), and

x;f) = My (x(()j)). ®)

2) Atr =tp.
(1) Let xg) be the jth iterate propagated to 7, and denote
by &;, the matrix whose columns are the normalized 4D-Var

increments
) (=1
xp —x
Se =\ ol , ©)
7=
j=1.k

with x% = x(¢r).
(ii) Using the singular value decomposition (SVD) of S, :

S, =UzV", (10)
we prune the error direction space by retaining only the first /
right singular vectors uy, . ..u; that correspond to the largest /
singular values oy, ..., o;, where

o j .

— <1<l I<j<k (11
[ef]

Here 7 is a problem-dependent, user-controlled threshold. The
SVD is used for two reasons. First, one should not remove too
many of the 4D-Var directions, otherwise the subspace on which
we define our hybrid error statistics will be too small to lead to
a good posterior covariance estimate. Second, the SVD is a
numerically robust orthogonalization procedure.
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Let
Uy = {ub ud ... b}, (12)

(iii) The orthogonal projector onto the orthogonal comple-
ment of Range(U,,.) is defined as

P, =1-U,U]. (13)

Using P,,., project the ensemble perturbations Ax? (7) out of
the range of U;,, to obtain the projected ensemble perturbations
Ax?:

Axip(l‘l;) = PfF Axib(lp). (14)

These projected perturbations do not contain any components in
the space Range(U;,, ), by the definition of P;,.

3.3. Hybrid enhancement

As discussed previously, the 4D-Var data assimilation process
implicitly builds a subspace S;, where the error reduction is
greatest. Since in practice the number of optimization itera-
tions is much smaller than the number of state variables, the
dimension of this optimization subspace is small compared to
the dimension of the entire state space. As constructed, the pro-
jected background ensemble perturbations Ax? (14) has no error
components in the optimization subspace. However, the result-
ing analysis error is not orthogonal to this subspace, but may
contain small posterior error components that lie in the opti-
mization subspace. While these errors are small at #,, they might
grow considerably during subsequent system evolution.

Therefore, we seek to approximate the analysis error com-
ponents in the optimization subspace, and to account for them
in the hybrid ensemble. We refer to this procedure as an en-
hancement of the hybrid ensemble. The basis of the proposed
enhancement is the observation that the L-BFGS algorithm im-
plicitly produces an approximation of the inverse Hessian using
only information from the optimization subspace. This inverse
Hessian approximates the posterior error covariance reduced to
the optimization subspace (Gejadze et al., 2008).

The detailed enhancement procedure is now discussed.

(1) Attr =tg:

The analysis error covariance can be approximated by the
inverse of the Hessian matrix H~' (Thacker, 1989; Gejadze
et al., 2008). The inverse Hessian approximation is constructed
from the optimization iterates and corresponding gradients [for
further details, the reader is kindly directed to Algorithms 7.4
and 7.5 in (Nocedal and Wright, 2006), and references therein].
The gradients can be computed through finite differences, or
through the application of the adjoint of (1).

We perform an eigendecomposition of the approximate in-
verse Hessian to obtain its leading d (d < n) eigenpairs (4, w;),
j=1,...,d.Forlarge-scale models, these eigenpairs can be cal-
culated with a matrix-free eigenvalue solver such as (P)ARPACK
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(Lehoucq et al., 1998) or Anasazi (Sala et al., 2004). The follow-
ing approximation is valid by the Eckart-Young theorem (Golub
and Van Loan, 1996)

d
H' ~ ) jww]. (15)
j=1

We sample the posterior error components in the optimization
subspace using perturbation terms obtained from the Hessian
inverse, and referred to as ‘Hessian-based perturbations’. Based
on the Karhunen-Loéve decomposition (Loéve, 1955), and mak-
ing use of (15), the Hessian-based perturbation AxHs atr = ¢
can be represented as:

d
Axf (1) = > &l /Ajw;. where £ € N(O, 1). (16)

j=1

(ii) Att =tp:
The Hessian-based perturbations are added to the analysis and
propagated from ¢, to 5 using the non-linear model

xHeS (1) = x(t9) + AxHe (1)
(1) = Mgy X195 (10)

A (1) = xFS(1p) — x9(1p), an

3.4. Covariance update

The hybrid ensemble perturbations are obtained by adding the
projection ensemble perturbations (14) and the Hessian-based
perturbations (17)

AxI(tp) = AxP(tp) + AxP(tp). (18)

To summarize, the background error components in the opti-
mization subspace are removed from the ensemble by the or-
thogonal projection. However, we can expect that the most im-
portant error components remaining after the 4D-Var process
will be re-introduced in the hybrid ensemble through the Hes-
sian enhancement.

The hybrid ensemble covariance matrix is obtained from the
hybrid ensemble

Ne

ens __ 1 hy . mT
By = e ;(Axi) (axh". (19)

Due to the small size of the ensemble this covariance matrix can
suffer from spurious long-distance correlations. This issue can
be addressed by applying a localization procedure, as is typically
done in ensemble based data assimilation.

The analysis covariance matrix can then be updated through
a convex combination of the static background covariance By
and the hybrid ensemble covariance B}, as
B! =a-By+(1—a) B™. (20)

o

The blending factor 0 < o < 1 ensures that the analysis
covariance matrix is non-singular, and therefore it can be used
as background in the next 4D-Var assimilation window.

3.5. The computational cost of the hybrid DA method
The most expensive steps of the hybrid DA method are:

(1) the forward propagation of the background ensemble
members (4) through the non-linear model, from ¢, to #f,

(ii) the computation of 4D-Var iterates xg) starting from

x”(t¢) and the propagation to xg) and
(iii) the generation of additional Hessian-based perturba-

tions, and their propagation through the system.

Note that the first two phases are independent. They can be
performed in parallel on a multiprocessor computer, thus sub-
stantially reducing the run time of the hybrid method. Once the
final time background ensemble (5), and the optimization iter-
ates at 77 have been computed, the hybrid projection method can
be readily applied. The only additional cost is incurred when
computing the SVD of S;,..

The quasi-Newton approximation of the inverse Hessian H !
is computed at almost no extra cost from the sequence of gra-
dients used by L-BFGS. Additional computational costs for en-
hancing the hybrid ensemble are due to the eigendecomposition
of H™!, the Karhunen-Logve expansion, and the propagation of
the new perturbations (17). In practice one can use only a small
number of Hessian-based perturbations, in which case only a
subset of the projected perturbations are enhanced via (18).

4. Numerical experiments

4.1. Experiment setting

We test the hybrid data assimilation strategy with the Lorenz 96
model, which is described by the following set of equations
dx;
dr
with periodic boundary conditions. The forcing term is F' = 8.0.

=—X_1(xjo—xjp —x;))+F, j=1,...40, (21)

The initial state before the model spin-up is chosen to be
xi(t_10) =14+0.1mod(i,5), i=1,...,40. (22)

This state is integrated forward to #( to provide the reference
trajectory x'(t_;), k=0, 1, ....

A static background covariance matrix By, is constructed as
follows. First define the covariance matrix B, , at _3 using

d2

(Bi_3)ij =0i-0j -exp(—ﬁ) i, j=1,...,40, (23)

where the standard deviation for the state variable i is o; =
0.03 x!(r_3), and the correlation distance is set to L = 5.
We account for the periodic boundary conditions in that d =
min{|i — j|,n — |i — j|} (n = 40). A background ensemble
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with 100 members is generated with mean x’ (7 _3) and covariance
B, ,. This background ensemble is propagated forward in time
to fo. The ensemble covariance at ¢ is computed, and is localized
using a correlation distance of L = 5 (Houtekamer and Mitchell
1998; Hamill and Snyder, 2000). Next, to prevent the covariance
from having a large condition number, due the model dynamics
collapsing on a smaller-dimensional manifold, we regularize the
covariance eigenvalues, while keeping its eigenvectors the same.
The regularization changes the smaller eigenvalues of the covari-
ance matrix (such that the smallest eigenvalue becomes 1074),
while the largest eigenvalue remains unchanged. This procedure
yields a non-singular By, as required by the 4D-Var algorithm.

The background initial state is obtained from the reference
solution, plus a random perturbation consistent with the back-
ground error statistics

12

x"(to) = x'(to) + B,/ " &, & € N(0, )" (24)

The observation covariance is a diagonal matrix with R; = 0.4
and assumed to be constant in time for all the observations. The
linear observation operator H captures only a subset of 30 model
states, which includes every other state from the first 20 states
plus all of the last 20 states. The length of one assimilation win-
dow is set to be one time unit. The observation data is generated
from the reference (‘true’) solution with added Gaussian noise
(whose standard deviation is equal to 3% of the solution value).
There are N,y = 20 (uniformly spaced) observation times in-
side each window. Our implementation of 4D-Var makes use
of the L-BFGS routine of Zhu et al. (1997), the de facto ‘gold
standard’ of gradient-based optimizers used in data assimilation
studies. During the 4D-Var optimization the gradients and the
solution increments are saved. The Hessian inverse information
is obtained using a six-term L-BFGS approximation (Nocedal
and Wright, 2006).

The simulation time spans seven consecutive time windows.
In each window a 4D-Var data assimilation is carried out; the
background value is the analysis solution at the end of the previ-
ous window, and the background covariance matrix is the hybrid
covariance at the end of the previous window. A background en-
semble is generated, consistent with this background mean and
error covariance matrix.

In the projection step we perform the SVD of the directions
that span the optimization space. We set 7 = 0.1 in (11), to
retain the most important optimization directions. A low rank
approximation of the Hessian inverse is obtained from the last
six gradient and solution increments in the optimization, via the
L-BFGS approximation formula (Nocedal and Wright, 2006;
Gejadze et al., 2008). The hybrid ensemble covariance matrices
are localized using a Gaussian de-correlation function with a
correlation distance L = 5, see (23). A blending factor « = 0.2
is used in (20) to obtain the hybrid covariance matrices.

In each window we also perform an ensemble of 100 4D-Var
runs, each initialized with a different background state (consis-
tent with the background error distribution at the beginning of
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the window), with a different set of observations (consistent with
the observation statistics). The ensemble of 4D-Var solutions is
propagated to the end of the window, and is used to compute the
reference analysis covariance.

4.2. Analysis errors

We first study the effect of using the hybrid covariance in the as-
similation on the root mean square error (RMSE) of the analysis
solution. The RMSE for the time window [#;, #;,] is defined as
follows:

N . . 2
1 alt; + jAL) — x'(t; + jAt
RMSE, = *ZHX( + JAD) — x'(t + jADI;

N llx' (i + jADI;

. (@25

=0

where x' is the ‘true’ solution and x“ is the analysis so-
lution in the current time window (the solution initialized
at f; with the optimal initial condition obtained by 4D-Var,
and propagated throughout the window). The comparisons are
made at N = 100 equidistant time points inside each window
[t;, tizi=t,+1],i=0,...,6,with Ar =1/N.

We run three different 4D-Var data assimilation experiments.
The first one uses a fixed background covariance equal to B,
in all windows (the ‘static B’ case); this corresponds to a tra-
ditional 4D-Var setting. The second experiment uses a hybrid
background error covariance obtained using only projection (the
‘P’ case), and the third experiment uses an enhanced hybrid co-
variance matrix using both projection and Hessian-based per-
turbations (the ‘P+H’ case). In both hybrid covariance tests a
localization of ensemble covariances is performed with a corre-
lation length L = 5, and the blending factor is ¢ = 0.2.

09— T
- 8- Static B a
- . 1 npn n _____
0.8t *— Hybr!d B (“P ) . » 0 |
~A- Hybrid B ("P+H") AN
’ v(’
0.7 _/I I . 1
. ’ Y
0.6 S ' |
’ ’/ .
L * 4 \
g 0.5¢ K4 // N 7
’ ’ \
« /, sA‘/‘I” REEERY:N 4\‘\
0.4r cood \ 1
KR4 B N\
/7 \
0.3f . f,zf»“ *
Ao oE LT N
0.2 " ) |
A
0.1 . . . . . . .
1 2 3 4 5 6 7

Assimilation window
Fig. 1. Root-mean-square error (RMSE) comparison for seven
assimilation windows, using different background covariance matrices
(static and hybrid covariances with localization length L = 5, and
blending factor « = 0.2; P is projection only, P+H is projection with
Hessian enhancement).
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Fig. 2. The leading eigenvalues of the background, hybrid, analysis, and static error covariance matrices, for six data assimilation windows. Here
o = 0.2, and the spatial correlation L = 5. The hybrid covariance was generated using both the hybrid ensemble and Hessian information (‘P+H’).
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The solution RMSE is shown in Fig. 1 for each of the seven
windows. As can be seen from the data, using the static back-
ground covariance, the RMSE error increases from window 1
to window 7. We observe an error oscillation between win-
dows for both the hybrid covariance test scenarios. In general,
the solutions obtained with hybrid covariances have smaller er-
rors, which shows that the hybrid covariance improves the static
background covariance by incorporating the ‘error of the day’.
Furthermore, the enhanced covariance using both the projec-
tion and the Hessian-based perturbations leads to a smaller error
then that of the projection alone. Since the projection directions,
as well as the Hessian inverse approximation are dynamically
generated at the beginning of each assimilation window, the sys-
tem dynamics is naturally captured and reflected in the hybrid
covariance matrix.

4.3. Covariance approximations

We next assess the effect of the proposed hybrid technique on
capturing the posterior error covariances. For this we plot eight
leading eigenvalues of different covariance matrices at the end
of each of the first six assimilation windows. The results are
shown in Fig. 2. At the beginning of each window a 100-member
background ensemble is initialized with the mean given by
the background state and perturbations consistent with a Gaus-
sian background error distribution. this ensemble is propagated
to the end of the window, and is used to compute the back-
ground covariance whose eigenvalues are reported in Fig. 2.
The hybrid covariance is computed from the enhanced hybrid
ensemble using both the projection and the Hessian inverse in-
formation. The reference analysis covariance is computed from
a 100-ensemble of 4D-Var runs, each initialized with a mem-
ber of the background ensemble, with different perturbations in
the observations. The static covariance is the fixed background
covariance B . The results in Fig. 2 indicate that the hybrid co-
variance is a good approximation to the analysis covariance. For
later windows (5 and 6), the fixed background covariance eigen-
values slightly underestimates the reference analysis covariance
eigenvalues, while the hybrid covariance eigenvalues tends to
overestimate them to some extent.

5. Conclusions

Recently, considerable research efforts have been put into the
development of variational data assimilation procedures that up-
date the background covariance matrices such that the specific
flow dynamics (hence, the ‘errors of the day’) are taken into
account. This paper proposes a hybrid data assimilation method
that yields an estimate of the a posteriori error covariance matrix.
This hybrid covariance is built by removing the most significant
error directions explored by 4D-Var (during the first few opti-
mization iterations) from a set of background ensemble pertur-
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bations, and adding back estimates of the posterior error in the
same subspace. The projection operator is easy to construct at
the end of an assimilation window because the basis vectors are
provided ‘for free’ by the 4D-Var process. Estimates of the pos-
terior error are obtained using a low rank approximation of the
Hessian inverse built implicitly by the L-BFGS algorithm. The
projected background perturbations plus the posterior (Hessian-
based) perturbations lead to a hybrid ensemble, which allows to
construct an estimate of the posterior error covariance. Both the
4D-Var and the background ensemble runs can be performed in
parallel on a multiprocessor machine. This significantly lowers
the computational cost of the hybrid method, making it feasi-
ble for large-scale models. The additional cost of the method
comes from the background ensemble projection at the window
end points (for the hybrid projection strategy), and from the
propagation of the Hessian-based ensemble (also embarassingly
parallel), in case of the Hessian-enhanced hybrid strategy.

We demonstrate the hybrid data assimilation approach on the
Lorenz-96 system. The use of hybrid covariances results in an
analysis trajectory whose errors are smaller than that of the anal-
ysis obtained when reusing a constant background covariance.
The hybrid projection method seeks to correctly account for
the ‘errors of the day’, and improves the quality of the model
forecast. This work lays the foundation for future research into
hybridizing the 4D-Var and EnKF methods.
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