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ABSTRACT
In this paper, the current methods that are used for deriving the Gaussian cost function in four-dimensional variational

(4D VAR) data assimilation, are extended to lognormal and mixed, lognormal and Gaussian, random variables (rv). It
is also shown that transforming a lognormal rv into a Gaussian rv to use in a Gaussian based 4D VAR results in the

analysis state being similar to a median in lognormal space. An alternative version of the functional approach is derived

so that the minimum of this alternative cost function is the mode in lognormal space. However, the current approaches
do not allow for a generalized probability density function (pdf) approach, to overcome this a general probability model
is derived so that the mode is found for any pdf from Bayesian networks and conditional independence properties. It is
shown that the current Gaussian cost function and the lognormal can be found by the probability model method. The
paper is finished by comparing the median approach with the modal approach in the Lorenz 1963 model for both weak
and strong constraint 4D VAR and show that the mode is a more reliable analysis statistic than the median under certain

circumstances.

1. Introduction

One of the advantages of four-dimensional variational (4D VAR)
data assimilation (DA) in numerical weather prediction is that it
allows for the comparison of observations of the atmosphere in
near real time with the numerical model output. The differences
between the observations and model outputs, or transformed
model output, are stored as innovations to then be used in the
minimization of a cost function. This has the advantage of using
temporal information about different flows in the atmosphere. By
using the adjoints of the tangent linear models of the numerical
model and the observation operators it is possible to find new
initial conditions at the start of the assimilation window, the
time which the numerical model is run over and observations
are collected, which are then used to minimize the innovations
in the gradient of the cost function and find the best trajectory
through the assimilation window.

The cost function that is minimized in 4D VAR, whilst
it appears to have be derived from a conditional probability
approach, as in the 3D VAR, Lorenc (1986), is actually de-
rived from a weighted least square, or a functional, approach,
Lewis and Derber (1985), Le Dimet and Talagrand (1986) and
Talagrand (1988). The solution to the minimum of the cost func-
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tion derived from either of these two approaches is a median,
which is the unbiased statistic. For the Gaussian distribution the
three descriptive statistics, mean (minimum variance), median
(unbiased) and the mode (maximum likelihood) are the same.
However, for left skewed distribution, for example the lognormal
distribution, the three statistics are not equal, where the mode is
always less than or equal to the median and the mean is always
greater than or equal to the median.

As the resolution of the synoptic numerical models increase
and as more smaller domain, high resolution mesoscale and
cloud resolving scale data assimilation is needed, the variables
involved do not conform to the continuous Gaussian assump-
tions which underlies weighted least-squares theory, Clarke and
Cooke (2004). It has long been known that there are many pos-
itive definite variables, that is, variables which are greater than
or equal to zero, Mielke et al. (1977), Miles et al. (2000) and
Sengupta et al. (2002), but there are also discontinuous vari-
ables, that is, precipitation, which are important variables at these
scales but do not satisfy the Gaussian assumption. In Miles et al.
(2000) there is a good summary of the distributions of cloud scale
variables.

An approach to extend the methods used to derive the Gaus-
sian version of 4D VAR to non-Gaussian random variables
is not obvious. One problem lies with which statistic to use
to approximate the true state. The weighted least-squares ap-
proach for defining 4D VAR first appears in Lewis and Derber
(1985) where a weighted least-squares method is combined with
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adjoint techniques to find the minimum of a cost function. The
first functional/variational formulation of the observational com-
ponent of 4D VAR appears in Le Dimet and Talagrand (1986)
where the problem is defined for observational errors. The mod-
ern version of 4D VAR appears in Talagrand (1988). However,
all of these approaches are based upon finding the median, or
the unbiased estimator, but for skewed distribution this is not the
most desirable statistic.

In a recent series of papers the Bayesian model for the Gaus-
sian version of 3D VAR has been extended, first for lognor-
mal observational error, Fletcher and Zupanski (2006a), (FZ06a
hereafter), then to a combination of Gaussian and lognormal
observational errors, which we will now refer to as a mixed DA
system, formally the hybrid DA system, Fletcher and Zupanski
(2006b), (FZ06b hereafter), and finally to lognormal-Gaussian
background and observational errors, Fletcher and Zupanski
(2007), (FZO7 hereafter). It is in FZ07 that the 3D VAR ver-
sion of the mixed system is tested with the Lorenz’63 model,
Lorenz (1963), where the z component of the model is shown
not to be Gaussian distributed, nor is it lognormally distributed.
However, it is shown that the primary mode is captured by a
lognormal approximation.

For the 4D VAR problem there is no obvious probability
model where the definition of a different distribution can be sub-
stituted for the multivariate Gaussian and then maximized to find
the mode. However, in Van Leeuwen and Evensen (1996) an ap-
proach is presented but is based upon the vectorial form of Bayes
theorem which is not necessarily the correct approach to model
the probabilities involved in 4D VAR. In Section 4, different
probability models are presented using a multiple probabilistic
event version of Bayes theorem with conditional independence
tools.

The remainder of the paper is as follows: In Section 3, a
brief summary of the original techniques used to derive the
Gaussian version of 4D VAR, which are based upon variational
and weighted least-squares techniques, are presented. Also in
Section 3 the weighted least squares is extended to lognormal
random variables by the transform technique, and for the varia-
tional approach by defining a functional similar to the associated
with Gaussian random variables. It is shown that the solutions
to both approaches are equivalent but that the solution to both
is a median and not the mode. This is also presented for the
mixed Gaussian-lognormal case with the same conclusions. An
alternative functional form is also presented in Section 3 where
the associated minimums for both the lognormal case and the
mixed case are shown to be the mode of the analysis distribu-
tion. In Section 5, the probability model approach is compared
with the transform approach, effectively comparing the mode
with the median as the analysis state, with the Lorenz’63 model
for both the strong and weak constraint versions of 4D VAR.
It is shown that under certain circumstances the two are almost
identical but that under larger uncertainties then the mode is a
more reliable statistic than the median for the strong constraint
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version, for the weak constraint version this conclusion appears
to be valid as well but not to as large a window. This paper is
finished with some conclusions and plans for future work. How-
ever, in the next section some assumptions that are made in the
Gaussian 4D VAR derivation are investigated to see if they can
be extended to non-Gaussian 4D VAR.

2. Assumptions

In this section, the assumptions that are made in both Gaussian
and lognormal variational data assimilation are examined. The
implicit assumptions used in Gaussian data assimilation are ad-
dressed and shown not to apply to lognormal random variables.
Proof is also provided of the existence of non-Gaussian state
variables and hence errors.

2.1. Implicit Gaussian assumptions

In the derivation of Gaussian random variable based 4D VAR the
errors are defined as a difference, and as such are Gaussian dis-
tributed. However, this is using the implicit assumption that the
difference between two independent Gaussian random variables
is also a Gaussian random variable, Clarke and Cooke (2004),
Therefore, the difference between the true state and the back-
ground state have to be independent and Gaussian distributed.
This property also has to be true for the observations and the
observation operator.

InFig. 1, we present two samples randomly drawn from differ-
ent lognormal distributions, plots (a) and (b), where each sample
contains 20 000 points. These two samples are independent of
each other and therefore satisfy the independence assumption
mentioned above. In plot (c) the distribution of the difference
between the two samples has been plotted. Also in plot (c) is
the best Gaussian approximation that describes the distribution
of the difference between the two samples, as determined by
DFITTOOL in MATLAB. It is obvious from plot (c) that the
difference is not Gaussian distributed. This is an important fig-
ure as it demonstrates that we have to be careful in assuming
that the error, defined as a difference between two variables, will
satisfy the Gaussian assumption.

There are circumstances when the lognormal distribution is
very similar, in appearance, to a Gaussian distribution. This oc-
curs when the variance is small. This can be seen by considering
the skewness, or the third moment, y;, of the lognormal distri-
bution. The definition for the skewness is

_ E(IX-EX))
Y= T
{E(X?) — [E(X)])?

where E is the expectation operator and is defined as

b
E(X) = / Xf (X)X,
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Fig. 1. Plot (a) Lognormal sample from LN(0, 0.5), Plot (b) Lognormal sample from LN(O, 1), Plot (c) Distribution of the difference and the nearest

Gaussian with 4 = —0.533, 0 = 2.187.

where f(X) is the probability density function for the random
variable X.
For the univariate lognormal distribution the skewness is

y = (exp{o?} + 2)v/(exp{o2} — 1), (1

where 02 = E[(In X)?] — [E(In X)]*.

An important feature to note about (1) is that it is only a
function of the variance, o2, therefore as 6> — 0 then y; — 0,
which implies that the distribution is becoming more symmet-
ric. As a result of the skewness tending to zero then the three
descriptive statistics, mean, mode and median, are tending to the
same value, as can be seen from there definitions below

Xmod = eXP{M - 0.2}’

Xmed = eXP{IvL},

o2
Xmea = exp{u—i— 7} .

However, it is not guaranteed that the variance of the un-
derlying lognormal random variables will be small enough for
the two distributions to almost be similar for all the different
types of flows associated with numerical weather prediction. In
Fig. 2, this closeness between the two distributions is demon-
strated (plots a and b), also shown is the distribution of the
differences between the two samples which is approximately

Therefore, when defining the error as a difference between two
variables, if these variables are lognormally distributed then their
difference is not distributed as a Gaussian, but is approximately
a Gaussian random variable if the variance of the lognormal
variables is sufficiently small.

2.2. Lognormal observations

In this section observational evidence of non-Gaussian random
variables are presented and the implications for the Gaussian
error assumption are explained. The observations that are con-
sidered are taken from the Atmospheric Radiation Measurement
(ARM) at the Southern Great Plains (SGP) site in Oklahoma.
The observations were taken with a dual-channel microwave ra-
diometer between 1997 and 2000. The plots in Fig. 3 are of the
distribution of column water vapour (CWV) when a boundary
layer clouds is present. In each plot the best Gaussian and log-
normal fits to the data has been calculated by MATLAB. Each
sample contains about 4000 data points.

An important feature to note about the plots is that the Gaus-
sian approximation in three of the four plots (top left and right
and bottom right plots) allows for a negative value for a pos-
itive definite variable. Another feature to note is the seasonal
dependency of the variable. It is clear from the autumn plot
(September, October and November, SON) that there is a transi-
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Fig. 2. Plot (a) Lognormal sample from LN(0, 0.05) , Plot (b) Lognormal sample from LN(0.5, 0.05), Plot (c) Distribution of the difference which is

approximated by a Gaussian, u = 0.648, 0 = 0.097.
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Fig. 3. Histograms of Column Water Vapour
(cwv) from the ARM SGP site for the four
seasons: Winter (top left-hand panel), Spring
(top right-hand panel), Summer (bottom
left-hand panel) and Autumn (bottom
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Gaussian and lognormal approximations.

plot (JJA), to the drier winter months (DJF). It can also be seen
from Fig. 3 that the Gaussian approximation overestimates the
true mode for three out of the four seasons, and in the summer
months the lognormal approximation is not that much smaller
that the true mode.

The reason for presenting this data is to highlight that if CWV
acts similar to a lognormal then due to its calculation as a linear
function of humidity, which is a control variable in most synop-
tic and mesoscale 4D VAR systems, then there is implications
for the assimilation of humidity as a Gaussian random variable.
CWV is calculated as a sum of humidities multiplied by some
scaling constants for each vertical level. It is the sum of the dif-
ferent scaled humidities that plays the significant part. There is
an important property of the Gaussian distribution that informs
us that relative humidity for certain seasons over Oklahoma is
not Gaussian distributed. This property is that for independent
Gaussian random variables then the sum of these random vari-
ables is also a Gaussian random variable. However, the converse
is also true, if you have independent random variables and their
sum is a Gaussian random variables then they themselves are
Gaussian random variables (Cramér Theorem).

Therefore, if the sum is not a Gaussian then there exist at
least one vertical level where the humidity is not Gaussian.
The property also holds for a linear scaling, Clarke and Cooke
(2004). At the time of writing there is no known analytical proof
that the distribution of the sum of lognormal random variables
is lognormal, but numerical proofs of this property do exist,
Beaulieu and Rajwani (2004).

It is important to note that as a result of CWV being a linear
function of a background state variable then these observations
are implying that the state variable that is used to match this data
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is not always Gaussian distributed. Therefore as a consequence
of the sum property we have to consider a non-Gaussian back-
ground component, not just for the observational component.

3. Functional form for lognormal/mixed
lognormal-Gaussian 4D VAR

This section is comprised of three parts. The first part is a brief
overview of the derivation of the Gaussian version of 4D VAR.
The second section deals with extending these ideas to lognor-
mal random variables, and also to mixed lognormal-Gaussian
random variables (FZ06b) where it is shown that the maximum
likelihood state that is found in the extension of the Gaussian
framework is a median of the lognormal, or mixed distribution.
In the final section a different functional form is presented whose
minimum is the mode of the lognormal (or mixed) distribution.

3.1. Overview of the derivation of Gaussian 4D VAR

The earliest form of the mathematical ideas behind the modern
4D VAR appears in Lewis and Derber (1985). The approach
described in Lewis and Derber (1985) is to find the minimum of
the cost function

ta

J(x(1)) = % ; (W@E)Ix@) — xp(@: D), X)) — Xp(5)),

2
where 7, is the analysis time, W is a weight matrix which can be
changed depending on known accuracies, the expression (-, -)
is the inner product operator, X, is the output from a numerical
model which has been started by some set of initial conditions,
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Xp0 and X is the analyses that has come from a simpler ver-
sion of data assimilation, that is, optimal interpolation (OI).
The problem is to seek the initial conditions that minimizes the
weighted squared differences between the original analysis from
the OI scheme at several times and the coincident solutions to
the numerical model. Note: in later formulations W becomes the
inverse of the background error covariance matrix, B.

The minimum of (2) is found through its gradient, VJ, with
respect to the initial conditions. To find the minimum of (2) an
adjoint approach is used. This approach starts by considering the
first order change to (2) from a small perturbation, X'(¢,), about
the initial conditions x(#y). Therefore, J’ is the first order change
in the functional and is related to the directional derivative in
X'(f) by

J = (VJ,X(1). 3)

Substituting the information from (2) into (3) and introducing
a linearized perturbation model, the reader is referred to Lewis
and Derber (1985) for more details about this, and by using the
property of adjoints,

(x, Ay) = (A"x,y), (C))

then the gradient can be expressed as

ta K;
vIi=)] ([]‘[DT@O + km} fq(r,-)) , ®)
i=0 \Lk=0
where D is the matrix containing the coefficient of the discrete
approximation to the linearized perturbation equation and K;
represents the total number of time steps from 7 to #;, where
i=1,2,..., K where K is the total number of time steps to ,,
and %;(1;) = W({t)(x(1:) — xp(5;)).

The extension of the adjoint techniques from Lewis and
Derber (1985) to an observational base approach appears in
Le Dimet and Talagrand (1986). The approach in Le Dimet and
Talagrand (1986) is based upon calculus of variations techniques
and optimal control theory. The starting point in Le Dimet and
Talagrand (1986) is the state vector, X, that is defined in time by
the equation

dx
pri M(x), (6)

where M is a continuous non-linear model operator acting
on Xx.

It is assumed that there are sets of observations at different
times, denoted by y(#,), y(©2), ..., y(#,). Given these observa-
tions, it is possible to define a functional in terms of the obser-
vations as

ta

Tx(6) =Y (x(t;) — y(t), x(t) — y(1;)). @)
i=1

However, there is the problem that the observations do not ex-

actly match the state vector and therefore the gradient of (7) can

not be assumed to be exactly zero.

As in Lewis and Derber (1985) it is the initial conditions to
(6), such that (7) is minimized, that are required. To obtain this
goal the first variation of (7) with respect to a small perturbation
to the initial conditions, 8x(#y), is considered. Following the
techniques summarized above with the continuous perturbation
equation given by

déx
— = A@r)éx, 8
" (r)dx (®)
where (8) is started from initial conditions §x(fy) and
ad t
A = PMIxO1
ox(t)

is the Jacobian matrix of the model equations, then the gradient
is given by
a
VI =2 M1, to)[x(t;) — y)], ©)
i=0
where the fact that (8) is a linear equation for §x has been used
and therefore the solution at r = ¢; depends linearly on §x(%).
The linear operator in (9) is referred to as the resolvent between
to and t; and is denoted by M(z, ty) and M7 (¢, 1) is its adjoint.
The more advance observation operator version of (7) appears
in Talagrand (1988) where the cost function is defined by

ta

1
JXI,' = = _hiX[i s I,'—h,'th‘ . 10
[x(1)] Z,Z;(y [x(t)1, y(t) — hi[x(t))) (10)
Given that the observation operator h;(-) is a function of the
model state at ¢; then a discrete version of the dynamic model
equations is required, which is

Xi+1 = X; + AIM(X,) (11)

To find the minimum of (10), the first variations of (10) and
(11) with respect to the initial conditions to (11) are required. By
using the techniques summarized above as well as the adjoint
property (4) results in

la
Vi d =Y (T+ AM]) (T+ AtMG ) . (T+ AIMG, )

i=1

x HI (h(x;) — y). (12)
where
H, — dh(x;) and M, = 3M0.i(X0)7

aX,' 8X0

are the tangent linear models of the observation operator and the
non-linear model, respectively.

In the three approaches summarized above the final expres-
sions are independent of the variances of the observational errors,
nor do they contain a background error term. The observational
error is introduced in Courtier and Talagrand (1990). The back-
ground component is speculated upon in Thépaut and Courtier
(1991) and then applied in Thépaut et al. (1993) as an extra
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constraint in the functional formulation, which leads to

1 Tp-1
J(xp) = E(XO —Xp0) By (X0 — Xp0)
1 &
+3 ;(yf — hi(My,i (%))

X R (31 — hi (Mo (x0), (13

where N, is the total number of sets of observations.

3.2. Weighted least-squares approach to lognormal
and mixed distributed errors

3.2.1. Lognormal background errors. One of the main assump-
tions in a least-squares minimization approach is that the resid-
uals (errors) are Gaussian distributed, Clarke and Cooke (2004).
Given this restriction it may appear that the least-squares ap-
proach cannot be extended to lognormal variables, but there
exist a property of the lognormal distribution that enables this
approach to be considered. This property is that the natural
logarithm of a lognormal random variables is a Gaussian ran-
dom variable. Therefore, if the random variable x is distributed
x~ LN(p, X)then X =Inx ~ G(u, X).

As a result of the transform linking lognormal random vari-
ables with Gaussian random variables then it is possible to define
a functional of the form

1
JX) = 3 (By'(Xo = X5.0), (Xo = Xp0))
1 No
+ 5 Z (Rfl()ﬁ —h; (Mo, (x0))), (¥i — hi(Mo,i(Xo)))>-

= (14)

Following a similar variational approach as outline in Sec-

tion 3.1 and using the adjoint properties, the gradient of (14) can
easily be shown to be

Vx,J = By (Xo — Xp.0)
N,

- Wi ZM,«THiTRfl(y; —h; (M, ;(x0))), (15)

i=1

Therefore the non-linear solution to (15) when set to zero, for
Xg 1S

No
Xg = Xp0€xp | ByW5 ZM,»TH,-TR,-_I {yi = hi[Mo,;(xo)]} ¢ -

i=1

16)
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An important property of (16) is that this is also the solution
to the minimum of the functional

1
J (%) = 5 (By'(Inxg — InXp0), (InXg — In X5 0))
|
+ 5 Z <R,'_I(Yi —h;(M,,i(%0))), (yi — hi(MO,i(XO)))>7

i=1

an

with respect to Xy. This is important as the minimum of (17) is a
median, and not the mode, in lognormal space. To prove that (17)
is a median we have to use the fact that the most common median
of the multivariate lognormal distribution is exp{g}. This is an
extension of the univariate case given in FZ06a. It can be shown
that the minimum of the functional

1
J(x0) = 5():"(lnx—u), (Inx — p)), 18)

is exp{u} which is a median of the multivariate lognormal distri-
bution. Equation (18) arises from considering the log-likelihood
approach to the multivariate lognormal distribution

i

N 1 Mo
LN(X, u,X)=Q2n) 2 |X|2 1_[ <;>

i=1

x exp{(Inx — w)T T~ (Inx — )}, (19)

where 4 = E(Inx) and ¥ is the covariance matrix for In x not
x and N; = dim(x) with the product term omitted.

The mode of the multivariate lognormal distribution can be
found by minimizing the cost function

1
J(Xo) = E(Z’l(lnx — ), (nx — p)) + (1y,, Anx — p)),
(20)

whose solution is exp{u — X1} = exp{u} exp{—X1} where 1
is a vector of 1s of dimension N,. Therefore the mode is the
product of the median with a decaying exponential with respect
to variance. The significance of this result is that the median
approach is equivalent to the transform method that is used in
operational systems to overcome non-Gaussian random vari-
ables, Polavarapu et al. (2005).

3.2.2. Lognormal observational errors. The same transform
that is used for the background component can also be used
for the observation component. Therefore the functional for the
transformed observations errors is

No

- ! Yi L
D) =3 <Rl " b Mooy " h,.<M0,,-(x0>>>’

i=1

@n

where the ratio in the logarithm is componentwise.
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To find the minimum of (21) the same first variation tech-
niques are used here but now the composite chain rule

df(gh(u(x)))) _ df(gh(u(x)))) dg(h(u(x))) dh(u(x))
dx dg dh du

du(x)
*Tax (22)
is used.

Equation (22) is required to calculate the Taylor series expan-
sion of In m Therefore the expressions for the functions
in (22) are

_ df _ 1

_ Y de _ _ ¥

~h dh = p2
h = () $-n,

- , du _

u = M()‘,(X()) dX() = Mz (XO)
which results in
1 Yi
q— 9t
h; (M, (xo + 8X0))
Yi

~ 1

n m — W, i H; (M, (x0))M; (X0)5Xo, (23)

where

= dln h,'(M,‘(Xo)) _ dlag { 1 }

- 24)
0x; h; (M (x0))

0,i
Using the same arguments for adjoints from earlier results,
then the gradient with respect to X is

No
Vx,J ==Y M/H/W! R 'In

i=1

yi

_ 25
h; (M, (X)) =

The solution to (25) when set to zero is a non-linear function
of x due to h; (M, ;(xo)). Therefore combined the two gradients
(25) and (16) and setting them to zero results in the solution

No
Xo = X0 exp| —BoWj, ZMiTHiTW(T;.iRi_Iln

i=l1

Yi
h; (Mo (x0)) |

(26)

which is combining the median state of the background error
distribution with the median state of the observational error
distribution.

3.2.3. Mixed distributed background and observational er-
rors. In FZ06b a multivariate probability density function (pdf)
is defined which describes the probability of a random vector
where some components are Gaussian distributed and others
that are lognormally distributed. Given this distribution the as-
sociated 3D VAR cost function is also derived in FZ06b for
the case when there are observational errors with both Gaussian
and lognormal components. This approach is extended to the
background error case in a 3D VAR framework in FZ07.

The definition of a mixed distribution variate is
b'e X, ~ G, X,)
=("7), where b Koo
Xq

; @n
X, ~ LN([Lq, )
and p is the total number of Gaussian variates and g is the
total number of lognormal variates. As with the lognormal cases
it is possible to use the transform approach for the lognormal
components of a mixed distributed random variable. However,
following the arguments above again leads to a median and not
the mode, therefore an alternative formulation is required for

both the lognormal and mixed distributed random variables.

3.3. Functional approach for lognormal/mixed
distribution 4D VAR

In the previous subsection it was shown that if the Gaussian
method is extended to lognormal and mixed distributed random
variables through the natural logarithm transform, then the state
that is the minimum of the cost function is the median. However,
for lognormal, and mixed, random variables it is possible to
define a functional whose minimum is the mode.

3.3.1. Lognormal background errors. In the last subsection
the definition of the multivariate lognormal distribution was pre-
sented, (19). It was shown that the product term in (19) is what
makes the difference between the mode and the median. There-
fore, a functional defined for lognormal errors, and also mixed
distributed errors, must contain a term, which resembles the
product term when the negative logarithm has been applied. The
equivalent functional for lognormal background errors is

J(x) = % (By'(Inxg — InX0) + 2y, (InXg — InX;0))
1
+ B Z <R,'_I(Yi —h;(M,,i(%0))), (yi — hi(MO,i(XO))))7

i=l (28)
where 2 is a vectors of 2 s of dimension Nj.

Using the methods as outlined earlier for the first variation
and the properties of adjoint, then the gradient of (28) is

Vi, J = W5 [By'(Inxo — Inx;,0) + 1]
N{)

= Y MTHTR (y; — hi(Mo (%)), (29)

i=1
where the superscript —7T represents the inverse of the transpose
of the matrix and

Setting (29) to zero, rearranging and taking the exponential
results in the non-linear solution to (28) as

Xo = Xp,0exp{—Bo1}
N,

x expy W1 ZM,-THI-TR,»_I()’,' —hi(My (X)) ¢ - (30)

i=1
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The main difference between (30) and (16) is the term
exp{—Bg 1} which makes (30) resemble the mode of a multi-
variate lognormal distribution.

3.3.2. Lognormal observational errors. In the case when the
observational errors are lognormally distributed then the func-
tional for the mode is

1 & -1 Yi
=2 Z<R" (" om0 )

i=1

yi
In —— 31
" h,-<M<xO>>>’ b

where 2, is a column vector of 2s of dimension N; where N; is
the number of observations at t = ¢;.

Following the derivations as for the other functional from
earlier, and using the properties of adjoints, results in the gradient
for (31) as

No
Vi, == M'H'W R (In—Y 4Ry ).
X0 Z i i 0,0 N n hi(Ml(XO)) + N;

i=1

(32

The solution of (32), when combined with the lognormal
background component of (28), is

No
Xo = Xp0 exp{BOINx}exp{ -wl ZMiTHiTWiiR;I
i=1
< (m Y g 1N,.) , (33)
h; (M, (x0))

which is the mode, as detailed in FZ07 but extended to all of the
innovations.

3.3.3. Mixed distributed background errors. To obtain the
mode of the mixed distribution then the functional is defined as

Lf o Xp.0 = Xp.5,0 0,
Jx) = - (B! P, p.b, 2( 7],
@) 2< 0 <lnxq_0 —1Inx, ;0 + 1,
Xp.0 — Xp.b,0
Inx, 0 —1Inx, ;0

No

1
+5 D Ry — (Mo i(x0). (¥ — hi(Mo; (x0))) -
=l (34)

The gradient and the non-linear solution of (34) can easily be
shown to be (29) and (30) with 1 replaced by (0, lq)T, respec-
tively. It can also easily be verified that the solution is the mode
of the hybrid distribution.

3.3.4. Mixed distributed observational errors. The functional
for hybrid observation errors is very similar to (31) but now the
vector 1y, is replaced with (0,,; lq,,-)T, therefore the functional
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is defined as

_ RS -1 yi 0,.
7o) = 2Z<R" (1“ Mo o) (1% ’

i=1
M
In —— ). 35
“hi<M<xO>)> 9

The gradient and the non-linear solutions of (35), combined
with the mixed distributed background error functional, is the
same as (32) and (33) but with 2; replaced with (0, ; lq,,-)T,
respectively.

The functionals that have been presented in this section come
from being able to know in advance how to write the pdfs of the
errors in functional form to find the mode. It may not always be
possible to know this form and as such in the next section a prob-
abilistic approach is presented using the multi-event version of
Bayes theorem along with conditional independence properties
to find a general version of the cost function, which is indepen-
dent of any specific distribution, whose minimum is the mode.
However, this section is finished with a brief explanation of why
the mean is not considered as the analysis statistic, for 3D VAR
this is addressed in Fletcher and Zupanski (2006a).

3.4. Functional formulation for the mean

So far in the derivations presented the mode and the median
have been considered. However, it is possible to solve a func-
tional whose minimum is the mean of a multivariate lognormal
distribution. There is a problem with considering the mean as
the statistic that a lognormal or mixed data assimilation system
is based upon. This problem is the property that this statistic is
unbounded with respect to the variance, Fletcher and Zupanski
(2006a), A second drawback for this statistic in general is that
the mean of a multivariate distribution is calculated as a vector
of the mean of each random variable and as such does not allow
for the covariance between the variables.

The starting point for the functional is to considered the mean
for a univariate lognormal distribution, this is exp{u + %},
which can easily be verified as the solution to the integral

T 1(nX — )y
/ X—exp{—fu}dx (36)
V2mo Jo X 2 o2

The multivariate functional form for the mean of a multivariate
lognormal distribution is

E(X) =

J(x) = %(diag(ffl)(lnX—lL)— Ly, (Inx — p)), (37

where by differentiating (37) with respect to x and setting to
zero then the solution is

diag(2)1y, } 38)

x:exp{u—!— 5

However, as presented in Fletcher and Zupanski (2006a), the
statistic is an unbounded statistic with respect to the variance
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and hence it is not a desirable statistic upon which to base a
data assimilation system if the random variable is lognormally
distributed.

4. Bayesian networks approach to 4D VAR

In this section, two different probability frameworks for 4D
VAR, which are based upon a technique in probability theory
called Bayesian networks, Pearl (2007), are derived.

Bayesian networks are graphical methods which, as according
to Pearl (2007), have three roles:

(i) To provide convenient means of expressing substantive
assumptions.

(ii) To facilitate economical representation of joint probabil-
ity functions.

(iii) To facilitate efficient inference from observations.

In data assimilation, all three of the above properties are de-
sirable in describing how the errors are behaving with respect to
the information that is at hand.

The main feature of Bayesian networks is that they enable the
removal of non-dependent probability events from the multiple
probabilistic event version of Bayes theorem. The process of
the removal of the non-dependent events has many names but
the two most common names are conditional independence and
Markov processes.

In the next subsection some of the theory of Bayesian net-
works is presented using the perfect model assumption as an
example. Given the expressions that are derived, it is shown
that the current Gaussian error formulation from weighted least
squares is equivalent to the maximum likelihood estimator from
this approach.

In Section 4.2, the network for a model error formulation, or
weak constraint, version of 4D VAR is presented. Upon sub-
stituting the definition of errors into a multivariate Gaussian
distribution, the expression that arises is the same as that in Van
Leeuwen and Evensen (1996).

4.1. Bayesian networks for perfect model assumption

Bayesian networks are a type of graphical model that consist
of nodes, arrows between nodes and probability assignments.
These are also referred to as directed graphs. If there is an arrow
pointing from node X to node Y then X is said to be the parent
of Y. A node without a parent is referred to as a root node.

The advantage of Bayesian networks is that they allow the
simplification of large joint distributions, P(xy, x2,...,xy),
where there are 2V outcomes that have to be considered.
Bayesian networks allow for the simplification of the joint prob-
ability through highlighting which events are connected to each
other. This is usually accomplished through graphical repre-
sentations, referred to as directed acyclic graphs, (DAG), Pearl

XO:XB
ot oot
X1 =X yYi=¥:
ol ot
X2 = X9 Yo=Y

Fig. 4. DAG for strong constraint 4D VAR.

(2007). The DAG for a small version of strong constraint 4D
VAR is presented in Fig. 4.

The joint probability density function, which is required to
conditioned the probability of all of the observations, is rep-
resented by the multiple probabilistic event version of Bayes
theorem. The well known two event version of Bayes theorem,
which is the basis for 3D VAR, is

P(X,Y)= PYI|X)P(X).

The multiple probabilistic event version of Bayes theorem al-
lows the multivariate joint probability to be written in terms of
the product of conditional distributions and a marginal distribu-
tions, given by

N
P(Xn, Xn_1,..., X2, X1) = (l_[ P(Xi|f(i1)) P(X1),
im2

(39

where X; | = X;1, Xia, ..., X1.

It is clear from (39) that there are many expressions to con-
sider in the joint probability function and this is where Bayesian
networks become useful.

As a way to demonstrate this consider Fig. 4, which is the
DAG for strong constraint 4D VAR for a small sample. The
joint probability for Fig. 4 is

P (Xo, X1, Y1, X5, Y2) = P(Xo)P(X1|Xo)P(Y1|X1, Xo)
x P(X;|Y1, X1, Xo)
XP(Y2|X2,Y1,X1,X0), (40)

where X;,i = 0, 1, 2istherandomevent thatx; = x' and Y;, i =
1, 2istherandomevent thaty; = y! where = x; is the model state
and y; is a set of observations at # = f; as in the previous section.
This is where Bayesian networks become useful as they allow
the removal of non-dependencies in (40). This is accomplished
by the definition of Markov Parents/conditional independence.

Definition 1. (Markovian Parents)

For every variable X in the DAG, and every set Y of variables
such that it does not include the set D E(X) of descendent’s of X
then X is conditionally independent from Y given the set P A(X)
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of its parents and therefore
P(X|PA(X),Y) = P(X|PA(X)). (41

(Pearl, 2007).
Mathematically, Definition 1 can be written as

P(Xy, ..., X,) = []‘[ P(x,-|PA<X,->>} P(Xy), (42)

i=2

where (42) can be interpreted as the conditional independent
version of Bayes theorem.

Therefore, considering Fig. 4, the Markov parents need to be
identified. It is clear from Fig. 4 that X, is the root node. For
the second event, X, then the parent node is X,. For the first
set of observations the parent node is X, not the set {X;, Xo}.
Therefore the joint probability is P(Y;|X;). However, when we
consider X, it is clear that this is dependent on the events X
and X,. By assuming a hidden Markov model the conditional
probability of event X, becomes P(X;|X).

Combining all the arguments above results in the final joint
probability as

P(Xo, X1, Y1, X2, Y2) = P(Xo) P(X1|Xo) P(Y1|X1)
x P(Xa2|X1)P(Y2| X2, ). (43)

There is one more simplification that can be made to (40)
which comes from the perfect model assumption. The perfect
model assumption implies that if the initial conditions are the
true initial conditions then all of proceeding model states are
true, therefore the conditional probability of the future model
states is 1. Using this information results in the joint probability
as

P(Xo, X1, Y1, X2, Y2) = P(Xo) P(Y1|X1) P(Y2] X2). (44)

The arguments that have been used to derive (44) can be
extended to #, sets of observations which results in

ta
P (X0, X1, Y1,.... Xx,. Yy,) = POX) [[ PiIX). (49)

i=1

However, (45) is an expression for the joint pdf but it is the
mode of this pdf that is required. To obtain the mode of the pdf
defined in (45), then (45) has to be maximized. By using the
log-likelihood approach then the mode of (45) is the minimum
of the cost function

No
J(x) = —In P(Xy) — Zln P(Yi|X)). (46)
i=1
4.1.1. Equivalence of the weighted least squares and prob-
ability models for multivariate Gaussian errors. To show the
equivalence between the weighted least-squares approach and
the probability model for the multivariate Gaussian case, the
definition for multivariate normal background and observational
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errors are required. These are defined as

€50 = X0 — Xp,0, 6‘? =y, — h;(My,;(x0))
er0~GO,B) el ~G(O.R)), ' 47

where G stands for multivariate Gaussian, which is

N 1 1
G(p, ) = (2m) 7 |X| 2 exp {_E(X -w'E T (x— Il«)} ,

(43)

where X is a covariance matrix and g is the vector of the expec-
tations of the components of the random vector, X.

Combining (47) and (48) and substituting them into (46) re-
sults in

_ l _ Tp-1 _
J(x) = 2(Xo Xp,0) B™ (X0 — Xp0)

1
+ 3 Z(y,- —h;(M,;(x0)))"
i=1

X Ri’l(yi — h; (M (X0))), “9)

which is same as (13).

4.2. Bayesian network for weak constraint 4D VAR

The weak constraint approach, as outlined in Sasaki (1970), is
often considered the more realistic approach to data assimilation,
as it is well known that the versions of the governing equations
used in the numerical weather prediction systems are not the ex-
act equations. Many simplifications are made by scale analysis
to the continuous equations, Pedlosky (1987), which then en-
ables the discrete approximations to be simpler. However, more
errors are introduced when the numerical approximations are
applied.

Model errors are a major problem for data assimilation meth-
ods as the strong constraint approach ignores them. However, in
Daley (1992) the model error is shown to be a significant term.
In this section a first order Markov variable (chain) is consid-
ered as a model error term, this is equivalent to assuming that
the current model state is only conditionally dependent on the
model state at the previous model time. The DAG for model
error approach is presented in Fig. 5. Therefore, the conditional
independent version of Bayes theorem for Fig. 5 is

P(Xo, X1, X2, Y1, X3, X4, Y2) = P(Xo) P(X1]Xo)
P(X5|X 1) P(Y1]1X2) P(X3]X2) P(X41X3)P(Y2]X4) (50)
which generalizes to

P(Xo, X1, X2, Y1, ..., Xn-1, Yn,, Xn)

N la
= P(Xo) [ [ PCxalxin [ [ PCvs1x0), (51)

izl j=1

where N is the total number of model evaluations in the assimi-
lation window.
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X) = X},
X = X!
_ _ ot
X2 = X9 Y1= Y1
_

I e T
X4 = Xy Yo=Y,

Fig. 5. DAG for weak constraint/imperfect model 4D VAR.

As with the strong constraint formulations, it is the maximum
likelihood state that is required, therefore, by using the log-
likelihood method, the cost function is

No

N
J(x) =—InP(Xo) = Y InP(Yi|X)) = Y In P(X;|X ).
i=1 i=1

(52)

4.2.1. Gaussian model errors. If the model errors are Gaus-
sian distributed then they are defined as by

e =X — Mi_1i(Xpi—1). (53)

Therefore, using the error definitions given in (47) and (53) and
then substituting these into (48) results in

1
J(x0) = E(XO —x50)" B™' (X0 — Xp0)

1
5 205 = hi (Mo (x0)"

j=1

x R (y; —h;(Mo (X))
N

+ Z(Xi — M i(x-))"
i=1

x Q7 (xi — My i(Xp,i-1)), (54)

which is the same as the expression in Van Leeuwen and Evensen
(1996), where Q is the model error covariance matrix.

4.3. Probability model approach for lognormal
observational, background and model errors

In this section, (52) and (46) are evaluated with lognormally dis-
tributed background, observational and model errors. The first
step is to define the error structure for lognormally distributed
errors, which due to the geometric nature of the lognormal distri-
butions, these definitions are in the form of ratios, Cohn (1997)
as follows

egi) = ) i=1,2....N (55)
Xp0()
. y(Jj, k) .
Giky= — S o
OO = M, o,
k=12, ... K, (56)
XD ~
eni. D= S0, I=1.2.... .1, (57)

where x,(:, 1) = M,;_1;(Xp,;-1), J is the total number of obser-
vations, K is the total number of observations in set j and the
superscript o represents observation for the remainder of the
paper.

Substituting (55), (56) and (57) into (19) and then into (52)
results in

1
J(x) = E(lnxo — lnbeO)TB_](ln Xo — Inx, )

1 K
+ 5 D (ny; = Inhi (Mo, (%))
k=1
% Ri’l(lnyi — Inh; (M, ;(x0)))
1 &
+ 3 Z(lnxl —In M,y (xp-1))"
=1

X Ql_l(lnx, —InM;_y;(Xp,-1))

+ (Inxy —In X;,’Q)TINA
N

+ Z(ln yi — Inh; (M, (x0))" 1y,

i=1

la
+ ) (nx = In My (%5-0) Ly, (58)
I=1
whose minimum is the mode of the analysis distribution.
It can easily be verified that applying (55) with (19) into (46)
gives the same expression as (31) combined with lognormal
background error component of (28).

5. Numerical experiments

In this section, the probability approach is compared with the
transform method using the Lorenz’63 model, Lorenz (1963)
for both the strong and weak constraint versions of the mixed
distribution version of 4D VAR. Therefore in these experiments
we are comparing the median with the mode as an analysis state.
In the probability approach the mixed distribution version of the
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4D VAR is used where two components of the model are Gaus-
sian distributed and the third is lognormal. The cost function for
the strong constraint mixed distribution 4D VAR is presented
in Section 5.2. The weak constraint version is presented in Sec-
tion 5.6.

In FZ07 the 3D VAR version of the mixed distribution sys-
tem is demonstrated to outperform the transform approach more
consistently for different observational errors sizes, as well as
for different length of times between the observations. It is also
shown in FZ07 that the z component of the Lorenz’63 model
is not Gaussian distributed. The z component is also shown
not to be lognormally distributed, however, the global mode is
captured by a lognormal approximation, whereas the Gaussian
approximation missed both modes due to the symmetry property.
Therefore, to demonstrate the 4D version of the mixed distribu-
tion data assimilation technique the same model with the same
assumptions as in FZ07 is used.

5.1. Numerical model

The Lorenz’63 model is a 3-D non-linear model consisting of
ordinary differential equations, used to represent finite amplitude
convection. These ordinary differential equations are

x=—-0ox+Yy), (59)
y=—xz+px—Yy, (60)
z=xy— Bz, (61)

where the superscript dot represents the time derivative, whilst
o,p and B are constants, usually taken to be 10,28 and %
respectively. These choices for the three constant generates a
chaotic system, where chaotic means that the solution does not
stay on the left lobe of the attractor but transitions between the
two lobes of the attractors with no definite condition for the
solution to change between the two lobes of the attractor.

This system of equations are often used to test new techniques
in data assimilation methods. The chaotic nature of the system
makes it possible to obtain quite different answers from two
different initial conditions that differ at a few decimal places.

The numerical approximation that is used to approximate
(59)—(61) is the modified Euler scheme with a time step of
h = 0.01. To complete the numerical setup for the experiment
the tangent linear model of the modified Euler approximation to
(59)-(61) and its adjoint are required.

5.2. Strong constraint cost functions and their gradients

The two cost functions used in the experiments are
1 1
-1 Tp-1
I (Xg) = Es;oB ot > e"R; el + (Inzp — Inz)
i=1
No

+ Z (Inzf —In My (z0)) . (62)

i=1
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No

1, A 1 0T 1s—1 ~0
Jrr(XO)z EEZ_OB leh,()'f' E;E,-TR’ lsiv (63)
where
X0 — Xp,0 x{ — My i(xo)
€50 = Yo — Y60 & = y7 = Mo (yo) ,
In Z0 — In Zb,0 In Z? —1In M(),[(Zo)
X0 — Xp,0 X,-" - Mo,i(xo)
&p0 = Yo — Yb.0 f =1y- Moi(yo) | >
Zo—Zpo VA #
xX'=(x y 2) X"=(x y Ingz), (64)

where Z = Inz.

An important feature to note here is the control vector that the
two cost functions are to be minimized with respect to; for (62)
the minimization is with respect to X, which consists of the three
variables in the Lorenz model. However, for (63) the control
vector is X, which contains the transformed state In z.

The gradients of (62) and (63) are

0
onjmx = WZ B(;leb,() — 0
1
N, 0
+ M | wW R+ o] 69
i=1 |
No
Vxodir =Bg'8,0+ W, ZM,-TRFI@:?, (66)
i=1
where
W,=10 1 0 [, W,.=1]10 1 0
00 ' 0 0 (Moi(zo)™

The important feature to note about (65) and (66) is the incre-
ment that the tangent linear model is applied to. For (65) éx

0,2 (Mo,i(x0) — x7)

ox; = 0,2 (Moi (o) = ¥7) ,
(05,2 (In Mo, (z0) = Inzf) + 1) (Moi(z0) ™"
(67
whilst for (63) 5x is
0,2 (Mo,i(xo) — x7)
ox; = ‘70_.3 (Mo.i()’o) - )’,a) . (68)

0,2 (In Mo,i(z0) — Inzf) (Mo,i(z0)™"

To minimize the cost functions, the MATLAB routine FMIN-
SEARCH, which uses a Nelder-Mead simplex direct search
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TRUE AND BACKGROUND X TRAJECTORIES
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Fig. 6. Plot of the true and background x and z trajectories for the 1000
time steps.

method to find the minimum, is used. The routine is given the
cost function and the gradient to evaluate.

The background error covariance matrices are allowed to
evolve through the assimilation experiment. The generation
of the matrices are as follows: The initial covariance matrix
is calculated as the average of the differences between the
true solution of a background solution (whose initial condi-
tions are x, 0 = —5.9, y0 = —5.0 and z;, o = 24.0, whereas the
true solutions starts from x, o = —5.4458, y, o = —5.4841 and
2,0 = 22.56006) over the length of the first assimilation window.
As the matrix is only a 3 x 3 matrix the exact inverse matrix is
used. The true and the background trajectories can be seen in
Fig. 6.

The B matrices for the remaining assimilation windows are
calculated as follows:

N

1
o Z (Xh — Xomx» (Xb - me)T>i s

BV —
0 S

i=1
1 N
@ _ Z m @ () @\"
BO - E <me - me’ (me - me) >[. ’

i=1

N
1 T
k) _ E (k—1) (k) (k=1) (k)
BO - E <me - me’ (Xm)r - me) >i ’ (69)
i=1

where S is the total number of time steps in the assimilation
window, and k = 2,3, ..., K where K is the total number of
assimilation windows. Therefore, the B matrices are calculated
as the differences between the model run starting with the solu-
tion at the end of the last assimilation window and the solution
coming from the minimization for the current assimilation win-
dow. The same method is used to generate the B matrix for the

transform approach. It should be noted that for the z component
of x it is In z that is evaluated in (69), not z.

The observations used in the experiments are generated from
adding perturbations that are generated from a Gaussian random
generator in MATLAB given a value for 0. For the lognor-
mal observations the property of the Gaussian distribution that
if x G(i, 0?) then Inx LN (i, 02) and hence a Gaussian per-
turbation is generated given o2, then the exponential of that
perturbation multiplies the z component of the true model run,
the same way as in FZ07. Results are presented from experi-
ments where different assimilation window lengths and different
observational errors sizes are used.

5.3. Experiment 1

In all of the results that are shown, the total number of time
steps that the assimilation is performed on is 1000. Each of the
experiments have either different assimilation window lengths,
number of observations or different observational error sizes.

The first set of results, shown in Figs 7 and 8, have assimilation
window lengths of 100 time steps, but have different observa-
tional errors of o2 = 0.25 and 1.5. There are 10 observations in
each window.

The results presented in all of the figures in this section are of
the departures from the true solution for each analysis solution.
For the first experiment in Fig. 7, it can be seen that both methods
perform quite well, this is not unexpected considering how close
the lognormal distribution is to the Gaussian distribution for
small variances, but also given the volume of observations and
the shortness of the assimilation windows then the two scheme
should be quite similar.

When the observational error is increased to 1.5 (Fig. 8), but
the number of observations is kept at 10 per window, then there
again appears not to be too much difference between the two
approaches. The purpose of this experiment is to see the impact
of more lognormal structure to the observational error but given
alot of data and small windows is there much difference between
the two approaches, and it appears that there is not.

5.4. Experiment 2

For the second experiment, the number of observations in
each assimilation window is still 10, but the window lengths
are extended to 500 time steps. The observational errors are
still 0.25 and 1.5 for the two sets of plots presented for this
experiment.

It can be seen in Fig. 9, for both the x and z components,
that in the first window, the two solutions are almost identi-
cal. However, the important feature of these results is in the
second assimilation window. Here it can be seen that the trans-
form approach does not capture the correct initial conditions
for the next window while it appears that the model approaches
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Fig. 7. Plots of the departures from the true solution by both the mixed approach (dashed line) and the transform approach (solid line) for x and z

component of the model for N, = 10, 02 =0.255=10.
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component of the model for N, = 10, 62=0258=2.

does capture nearly the true initial conditions for the second
window.

In the second part of this experiment the observational error
is increased to 1.5, Fig. 10. Again in the first window the two
schemes’ results are quite similar. However, in the second win-
dow the transform approach again fails to find the correct initial
conditions. Therefore, these results are suggesting that the me-
dian may not be a good consistent statistic with which to perform
the analysis with. It can be seen in Fig. 10 that the mixed dis-
tribution approach has slightly more noticeable departures from
the true solution, indicating that the less accurate observations
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are having an impact on this approach, but not to the extent as
on the transform approach.

5.5. Experiment 3

In the third experiment the two approaches are compared un-
der the situation where the window length is 1000 time steps,
there are 20 observations but with observational errors vari-
ance of o> = 1.5, Fig. 11. The important feature of this exper-
iment is to demonstrate that even for long window lengths, the
modal approach can obtain the true solution, whilst the transform
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approach does not. Another important fact about this experiment
is that although the modal approach did need a few more function
evaluations and iterations than the transform approach, it found
a set of initial conditions very close to the true initial conditions.

In conclusion, the mixed distribution approach has been a
more reliable method for finding the true initial conditions in
the experiments given fairly accurate or very inaccurate obser-
vations, whilst the transform approach worked well for small
windows with fairly accurate observations, it appears not to
work as well when there are larger windows with fewer accurate
observations.

We now consider the model error/weak constraint version of
the mixed distribution system to see if these conclusions are
valid in the presence of model error.

5.6. Weak constraint cost functions and their gradients

The version of weak constraint 4D VAR that is considered in
these experiments is the state augmentation approach as outlined
in Zupanski (1997). This approach is where the model error term
is considered as a control variable, but where it is assumed that
the errors associated with the initial conditions are independent
of the model error terms. The assumption of the independence
of the initial conditions errors and the model errors enables the

B and Q matrices to be only the size of N; rather than 2N;. In
the experiments that are presented in Section 5.8 it is assumed
that the model error term is assumed to be constant for each time
step but is generated randomly from a lognormal or Gaussian
distribution initially. The cost function for the modal approach
is given by

T
1 Xo,p — Xp,0 X0.p — Xp,0
P 0.p -1 P 0.p
J(Xp, ®) = — B;
2 \Inxo, —Inx,0, Inxo, —Inx, 0,
X0.p — Xb,0,p 0,
Inxg, —Inx; 0, 1,
T
Ypii = Ypiik —1 Ypii = Ypiik

Iny, . —Iny, iz

e
_|_ —
2 &
T
yp;,i - yp;,i.k 017;,1'

In yt],-,i —1In Yqi,i,k lqi,i

Iny, ; —Iny, ix

T T
1 q’p —1 q’p "pp OP
+ = + )
2\In®, Q In®, In®, 1, (70)
subject to

X, p = Mi(X-) + @, (71)
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[Xk,q]s = [Mk(kal)]s[qh]]xv s=p+ 1, p+ 2,..., q, (72)
Yik = hi(xp). (73)

For the transform approach the cost function is
1/ x X ! X X
0,p — Ab,0,p 0,p = &b,0,
Jexo @)= ( T m(
2 XO,(] - Xb,O.q XO.q - Xb.O,q
No r
+l ( Ypii = Ypiik > Rfl < Ypii = Ypiik )
2 P Iny, ;i —Iny, i« Iny, ;i —Inyg i«
T
L Y T Y 0,,.i
In Yqi,i —1In yq,-,i,k lqi.i
®,\" o o,
b, &,) (74)
where & = In @, subject to

Xpp = Mi(Xe—) + @,
[Xk.q]s = [Mk(xkfl)]s[bq]s: s=p + 1, 14 + 27 ceen s

Yik = hi(xp).

The gradients for (70) is derived in Appendix C, whilst in
Appendices A and B the derivations for a constant Gaussian
and lognormal bias are presented, which given these derivations
results in

Vo J
vJ = , (75)
Vol

— 0
. X X0, p
VX(JJ — W[{ ]3()1 ( v o )

Inxy, —Inx; 0, 1

q

No
~ = _ Ypii = Ypisik
- ZMIT.kHiTWZ.i R; l " "
i=1 lnyq,‘.i - lnyq;,i,k
0, ;
+ (1”"_ ) > (76)
qii

No k-2
Vi = -3 (Mz n zMznlmzn,k)

i=1 n=0

x H]TWZ[ Ri—l Ypii = Ypiik + OP[»i
' In Yaii — In Yai ik lqi,f
~ (] 0
+Wm Q_l ( ; ) " ( p))7 (77
( In <I>q lq )
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where
~ M M g IJ 07
k:(Ak,pp kpq) Mk:<p1 _pa )

Mk.qp quq 04,17 quq
~ OM (Xi—1)i
(g, = Mg

3)6/'
j=12,...,N;

W — ( II’ 01’1‘1

. W) i=pt+tlLpt+2,...,p+q.
0,.p d’ag(q)j])>

The gradients for the transform approach is

Vg J = B! [ Xor T Ror ) b O
0 "\ X, — X0 0 (ﬂ)
,q V.9 q.p 8X0 aq

No o )
yp,‘ N yp,‘ Sk

x Yy M HTWI R
; 1Lk 5 0,i N 1Ilyq,._,-—lny,,i,,-vk (78)

No (T 0,,

Vol ==

S\ (53),

k=2
X <]\VAZ + Z MZ}leZn,k>

n=0

x H’TW({IRI—I Ypii = Ypisik
Inyg i —Inyg ik

@
+Q <<i>,,>' (79)

5.7. Weak constraint experimental design

The weak constraint experiments follow a similar set up as for
the strong constraint experiments, in that the observations are
calculated in the same way, the model error covariance matrix
is calculated similar to the background error covariance. The
main difference between the Q and B calculations is that the Q
matrix is calculated from the averaged differences between the
true model run with no model bias and the bias model run with
the true initial conditions.

The background trajectory is the same as the one from the
strong constraint experiment. The model errors are generated
randomly from a Gaussian distribution with a specific defined
variance, and mean zero. These are then added to the two Gaus-
sian variable model equations at each time step and the expo-
nential of the number generated for the lognormal component
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multiplies the model equation for the z component. The model
bias for the z component appears in the adjoint equations as
shown in Appendix B and so are included in the adjoint pro-
gram along with @, which we are trying to find to counter the
bias. The first guess for the model error of the control vector is
always (0 0 1) for the modal approach and (0 0 0) for
the transform approach.

5.8. Weak constraint experiments

The first problem that occurs when designing a model error
experiment with the Lorenz 1963 system is sensitivity of the
model. It does not take much pushing in any direction for the
model to either become a stable decaying solution staying on
one arm of the attractor, or completely unstable and blowing up
to infinity. Therefore, the model biases introduce could result
in either these solutions, which is different to the changing true
solution as seen in Fig. 6. We present 4 small experiments to
demonstrate first that it is possible to account for a lognormal
bias in a system given standard and highly accurate observations.
The first difference from the strong constraint experiments is that
both DA systems are not stable for as large a window as shown
for the strong constraint experiments. This could possible be due
to the trajectory of the first guess being to far away from the true
solution by the later times, making the tangent linear assumption
invalid.

The four results that are shown are different combinations
of model and observation error values as well as four different
assimilation window lengths. The first experiment is where the
model error variance is 0.2,, is 0.25 units, > = 0.25 units, with
10 observations in the window. The results for this experiment
are shown in Fig. 12 where we have a similar result as for the
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Fig. 12. Plots of the departures from the true solution by both the
mixed approach (dashed line) and the transform approach (solid line)
for x and z component of the model for N, = 10, an =0.25,
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Fig. 13. Plots of the departures from the true solution by both the
mixed approach (dashed line) and the transform approach (solid line)
for x and z component of the model for N, = 20, 002 =0.25,

02, = 0.25 with a window of 200 time steps.

strong constraint with the two analysis statistics able to approx-
imate the true solution quite well for the x component whilst for
the z component there is a slight difference but the two are quite
similar.

The second experiment is with a window of 200 time steps,
a2, =0.25,0% = 0.25 and 20 observations which is the equiv-
alent to the first experiment with observations every ten time
steps. As shown in Fig. 13 the two solutions are starting to
separate from each other with the modal approach slightly per-
forming better than the transform approach for the x compo-
nent but clearly performing slightly better than the transform
approach for the z component. Therefore, the effects of the
window length are starting to appear as in the strong constraint
situation.

For the third experiment the assimilation window is extended
by another 100 times steps and an extra 10 observations are
included with the same observation error as the last two ex-
periments, but now the model error is doubled to 0.5 units,
Fig. 14. The clear result from this experiment is that the trans-
form approach fails to capture the bias as well as the correct
initial conditions, whilst the modal approach is able to capture
most of the bias and is more accurate than the transform ap-
proach for both the x and z component. The significance of
this experiment is that it is demonstrating the limits on the
transform approach. Here for these combination, remember-
ing that the model error biases are not 0.5 but are randomly
selected from a Gaussian distribution with o> = 0.5. Whilst
it can be seen that the mixed modal approach does not cap-
ture the exact true solution it is nearer than the transform
method.

The last experiment, Fig. 15, has an assimilation window
of 400 time steps, this is the largest window that the modal

Tellus 62A (2010), 3



MIXED DISTRIBUTION 4D VAR 283

300 TIME STEPS, 30 OBS, 6’ =0.5, 62=0.25

DIFFERENCES

90 120 150 180 210 240 270 30

TIME STEP

8 1= == % %my
[ -
3 6F 1| —277,
Z 4r
s
& 2 - A
t OFe_-""~~a_. RN Sy SR LR S
8 ol |

-4t . . .

120 150 180 210 240 270 300
TIME STEP

1 30 60 90

Fig. 14. Plots of the departures from the true solution by both the
mixed approach (dashed line) and the transform approach (solid line)
for x and z component of the model for N, = 30,02 = 0.2, 02, = 0.5
with a window of 300 time steps.

approach was stable to for the all the different set ups that were
tried. In this experiment there are fewer observations, only 20
for the whole window, but these are quite accurate observations
with o = 0.01 units and with 6.2, = 0.2 units. The significance
of this experiment is to demonstrate that for larger assimilation
windows, with fewer but highly accurate observations, recall
the observations are generated from the true solution, and a
relatively small model error variance the transform approach
does not approximate the true solution. It is also clear that the
modal approach does not capture the true solution but it is more
accurate than the transform approach.
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Fig. 15. Plots of the departures from the true solution by both the
mixed approach (dashed line) and the transform approach (solid line)
for x and z component of the model for N, = 20, 002 =0.01,

02, = 0.2 with a window of 400 time steps.
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6. Conclusions and further work

In this paper, a brief overview of current techniques to derive 4D
VAR have been presented. The two approaches were a weighted
least-squares approach and a functional minimization set up.
These two approaches have been extended to both lognormal
errors and mixed lognormal-Gaussian errors. It has been shown
that the weighted least-squares approach, by a transform of the
lognormal random variable into a Gaussian random variable,
obtains a median of the multivariate lognormal distribution and
not the mode. It has also been shown that it is possible to define a
functional so that the minimum of the functional is the mode of
the multivariate lognormal distribution. One of the significance
of these derivations is that transformed weighted least-squares
approach is used in some operational centres in data assimilation
systems.

Whilst it is possible to derive a functional approach for
the mode when there are lognormal and mixed Gaussian-
lognormal errors, a more general maximum likelihood approach
was needed. In Section 4, two different probability models
were derived through Bayesian network and conditional in-
dependence theory. The two approaches were for the strong
and weak constraint versions of 4D VAR. During the deriva-
tion no correlation assumptions were made, making (46) and
(51) applicable for any distributions. It was shown that the
current Gaussian strong constraint 4D VAR is obtained from
this maximum likelihood approach. The consequence of this
is that although the weighted least-squares method finds the
median, for the Gaussian situation this is know to be equiva-
lent to the maximum likelihood approach, Clarke and Cooke
(2004). It is also shown in Section 4 that the functional ap-
proach for the mode, presented in Section 4.3, for lognormal
errors was equivalent to (46) evaluated with the lognormal
distribution.

In Section 5 results from experiments comparing the trans-
form approach with the probability approach are presented for
the strong constraint formulation of 4D VAR. In these experi-
ments the size of the assimilation windows are varied, as well as
the variance of the observational error and the number of obser-
vations in each window. The results showed that the transform
(or unbiased approach) performed as well as the probability ap-
proach for short windows with multiple observations, even when
o2 =1, 5 units. However, when the windows were lengthened
the unbiased approach could not capture the true solution whilst
the probability approach could. This was true for both small
and large observational error variance values. In the final exper-
iment there is only one window but with the same number of
observations as the second experiment with two windows. The
results showed that the unbiased approach did not capture the
true solution and converged quicker than the maximum likeli-
hood approach, which did capture the correct solution. While
these results are in a simpler ordinary differential equations
model they have demonstrated that there are consequences for
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which approach to use when dealing with non-Gaussian random
variables in a 4D VAR framework.

In Section 5.7, a new cost function and gradient are presented
for the weak constraint version of 4D VAR for mixed Gaussian-
lognormal model errors and the associated cost function and
gradient for the transform approach, the proof of the derivations
are shown in Appendices A, B and C. The results from a series
of experiments for the model error formulation are presented
in Section 5.8, where it was assumed that there was a constant
bias that is randomly drawn from a Gaussian distribution for
the x and y component of the Lorenz 1963 model, and from
a lognormal distribution for the z component. For the x and
y components the biases was added to the discrete equations
while for the z component the discrete equation was multiplied
by the random number. It was shown that although it was not
possible to go out to as large a window as for the strong constraint
where the bias was not present, the modal approach was more
reliable than the transform approach when the window length
was larger than 200 time steps, given a large variance for the
model error distributions or very accurate observations, which
were generated from the true solution.

In conclusion, the modal approach has been shown to be a
possible viable alternative to transforming lognormal variables
into their Gaussian counterpart for both the strong and weak
constraint, albeit a constant random bias and in a simpler model.
As part of this work a general probability model was derived
from Bayesian network and conditional independence theory,
which allows for a 4D VAR system for errors of any distribution
based upon a maximum likelihood approach.

The plans for further work are to develop this new approach
in both the 3-D and 4-D approaches for cloud prediction sys-
tems. These systems are highly reliant on the correct prediction
of humidity and moisture variables in general. In Section 2, is
was shown that a linear function of humidity was not a Gaus-
sian random variable during certain times of the year, and that
it is better represented by a lognormal distribution. Therefore,
assimilation systems need to be developed that can handle these
variables more consistently.
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8. Appendix A: Derivation of the model error
experiment gradient

The model error, or weak constraint formulation, as set out in
Zupanski (1997), for the Gaussian errors, constant bias case has
the associated functional

1
J(Xo, @) = E(XO — Xp,0)" B (X0 — Xp0)

N,
l o0
+ - i JYm TR’il [
5 ;(y Y) 'R (i = Yn)
1
+107Q"e, (A1)
where M and h are postprocessing operators imposed as weak
constrains defined by

Xn = Mm,mfl(xmfl) + <I>’ (Az)

yi =hi(x,,) + €, (A3)

where the subscript m represents the number of model eval-
uations needed from the start of the window to the specific
observation time.

An approximation to the conditions for a minimum to (A1) is
to consider the case when the first variation of (A1) combined
with (A2), §J is zero, Zupanski (1997). The first variation can
be written in terms of the gradient with respect to the two control
variables xy and ®, Zupanski (1997). Therefore the first variation
of (A1) is defined as

T T on-] 0 5X0
8J = 0%y VyyJ +6®" Vo J = =0
0 Vol L

(A4)

We require (A4) to be true V8x,, §® € R which therefore
implies that the two gradients must both be zero simultaneously
for us to solve the problem.

We start by considering the first variation of (A1) with respect
to 8Xg, 8y, and §®, combined with the first variations of (A2)
and (A3) which results in

8J = 8x) B~ (X0 — Xp,0)

No
= SR (i —ya) +607Q '@, (A5)
i=1
axm = Mm(SXm—l + 84)7 (A6)

However, we require (A5) only in terms of §x, and § ®, there-
fore substituting (A6) into (A7) itis possible obtain an expression
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for 8y,, in terms of §x, and § ®. By substituting (A6) for 6x,, we
arrive at

(Sym = Hi(Mn18Xm—l + 8(1)) (AS)

The step just proformed can be repeated for §x,,_; which results
in

(Sym = Hi (Mm (Mm718Xm72 + SQ) + Sq))
= Hi (MmMm—l(Sxm—2 + Mm6¢ + (S(I)) . (A9)

Continuing the substitution as detailed above to ¢ = 0 results
in
8ym = M, M,,,_; .. . M6y, + H;(M,,M,,,_; ... M,
+M,M,_.. M3+.. M,M,_; +M,, + )5 d.
(A10)

Substituting (A10) into (AS5) results in

No
8J = ox! (B‘(x0 — Xp0) — ZM,QOHITR,.“ (yi — ym))

i=1

No m—2
— 507 <Z <I + ZMQm,)
=1

i=1

x HIR; (y; — y) + Q"<I>> : (A1)

It can clearly be seen in (A11) that the first line is V J and
the second line is Vg J. Therefore, the problem is to find Xy and
@ such that (A11) is approximately zero.

9. Appendix B: Derivation of the Lognormal
model error gradient

In Appendix A, the derivation of the Gaussian model bias gra-
dient was derived, however, for the lognormal case the starting
point is quite different. The cost function is defined as

1
J(xp, ®) = E(ln X0 — Xp.0) By (Inxo — X3.0)

+ (Inxp — Xb.o)Tle

N,
1 [
+5 2 (ny; —Iny) R (ny; — Inyy)

i=1

+ (Iny; —Iny)" 1y,,

+(In®)" Q7 '(In®) + (In &) 1, (B1)
subject to
[xi]i = [Mi(xc-1)]; @, (B2)
Vi = hi(xp). (B3)
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Taking the first variation of the problem described in (B1) we

have
8J = Sxi WEB; ! ((Inx — Inx,0) + 1,)
N,
- Z Sy, W., (R (Iny; —Iny,) + 1y,,)
i=1
+8@"W! (Q'(In®) + 1y,), (B4)
subject to
8%, = Mydx;_ + M, 5, (B5)
8yk = H,'SXk, (B6)
where
~ oM 1)
B, = )iy
ij
j=1,2,...,N,
= 00,
[Milij = My (Xk-1); E, i=12,..., Ny,
j=1,2...,N,,
. 1
Wm :dlag gn s n= 172,- ,Ns

The first new feature that makes the lognormal approach dif-
ferent to the Gaussian is the inclusion of the model bias term in
(BS5). However, following the same argument as for the Gaus-
sian case we need to keep expanding (B5) down to 8x¢. The first
expansion of (BS) is

8%, = My(My_ 8% ) + My My 8@ + M5 9. (B7)
Continuing this expansion to §X;_, results in
X = Mkﬁk—lﬁk—zsxk—3 + Mkﬁk—lﬂk—ZSq)
+ My M, 5@ + M, 5®.
Following the derivation to §x, results in
8%, = MUM,_; ... M,8xy + M{M,_, ... My M, 5®
+ MM,y . M Mos® + ...+ MM, 5@
+ M5, (B8)
which can be simplified to

k-2
Xy = Mk,lsx() + (-/\/Zk + Zﬁk,kn//\\/tknl) s, (B9)

n=0

where
Mk,k—n =MM;_;...M;_,.

However, it is the adjoint of (B9) that is required, which can
easily be verified as

k=2
55T = SxIRL, + 507 (/\7,:“ N Zﬂ{nlﬁzmk) ,
n=0

(B10)
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where
AT _ xaT aT AT
M, ., =M_M_,. ..M.

Therefore, substituting (B10) into (B6) and then into (B4)
results in the first variation of (B1) as

87 = sxWiB, "' ((Inx — Inx,0) + 1y,)

0,i

No
= exgM] H/W!, (R'(Iny; —Iny,) + 1y,
i=1

No k=2
- Z Sq)T <Mz + Z MkT—n—IM[—n,k)

i=l n=0

x H'W!, (R '(Iny; — Iny,) + 1y,,) (B11)

+50"W! (Q7'In® +1y,). (B12)

10. Appendix C: Mixed type model error
gradient

In this appendix the information that has been presented in the
last two appendices are combined to give the case where the
model error is distributed a mixed Gaussian-lognormal distribu-
tion. The formulation of the cost function is

T
1 X0, — X X0, — X
J(X(), (I)) _ 0,p b,0,p Bal 0,7 b,0,p
2 \Inxg, —Inx,0, Inxo, —Inx,0,
"lo
X —X p p
+ 0,p b,0,1 )’
Inxg, —Inxp 0,4 1,
No T
+lz ypi,[ _yPi.i,k Rl_l yp,,i _y[),J,k
2 i=1 lnyq,‘,[ - lny%‘i,k lnyq,,i - lnyq,‘,[‘k
"lo
+ y]),‘.l y])i.l,k Disi
Iny, ; —Inyg i« 1,
(e, )\ ) e, \ [0
+ — r Q71 p 4 p 14 :
2\In®, In®, In®, 1,

(CD)
subject to
Xi,p = Mi(X-1) + @, (C2)
Xegls = (M) [®4)s, s=p+1,p+2,...,4,(C3)
Yik = hi(x). (C4)

As with the Gaussian and lognormal constant bias case we
require the first variation of (C1) with respect to §x¢ and §P.
Therefore following the steps presented in Appendices A and B

we have
X0.p — Xp.0.p

A 0
§J = sx; WI | By! +1 .7
Inxg, —Inx; o, 1,
No 0
_ Z(SyTWT' R Ypii = Ypiik i pii
i=1 o l In yq;,i - qu;,i,k lq;,i
—~ P 0
+s0"WI(Q ' T )+("])).
m (Q n, 1, (C5)

subject to

8%, = Mydx;_; + M, 8@, (C6)

3y, = H;8xy, (&0)]

where

_ M., M, ~ I, 0,

Mk:(,\ pip A,zq> and Mk:<pp Azq )
Mk.q,p Mk.q,q 0!1»p Mk,q-q

Following the arguments used in Appendices A and B then
8x; can be written as

k=2

Xy = MMSXO + (Mk + ZMk,anknl) 5. (C8)

n=0

Substituting the transpose of (C8) into (C5) results in

X0.p — Xp.0.p

~ 0
8J = sx; W] | B! + 7
Inxp, —Inx; 0, 1,
No Yoi — Vi
>R W (R (e Y
i=1 , ’ Inyg ; —Inyg i«

0. . No —r 2. _
+ (11)[1, )) - qu)T (Mk + ZMknlMZn,k>
i=1

qisl n=0

Ypii = Ypiik

~ 0 ;1
x H'W!, (R} =
’ Inygi —Inyg i 1.
. o, 0
+80W,, Q' P+ ) ). (C9)
In®, 1,
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