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ABSTRACT

We developed an efficient retrospective optimal interpolation (ROI) algorithm by which we can avoid the overlap of
model integration periods, which appears in the procedure of evolving a previous analysis error covariance. If the
fixed-lag Kalman smoother (FLKS) is used to determine the analysis state at the beginning of the fixed analysis window
as is done for ROI, the FLKS can be considered a suboptimal version of the efficient ROI when the involved model
is non-linear and has no errors. We confirm that the efficient ROI analyses are more accurate than the FLKS analyses
with the increase of the analysis window size. Nevertheless, the computation costs for implementing efficient ROI are
almost the same as those for FLKS. Additionally, the reduced-rank version of the efficient ROI is developed based on
the accuracy-saturation property.

From the experiments using Lorenz 3-variable model, it is confirmed that the non-linearity of numerical model, which
becomes stronger with the increase of the analysis window size, makes the analysis of efficient ROI more accurate than
that of FLKS. Our Lorenz 40-variable experiments show that the average analysis error of the efficient ROI is smaller
than that of the FLKS for an analysis window size of up to 4 d. However, the efficient ROI and the FLKS requires
almost the same costs for computation. From the results of Lorenz 40-variable model experiments, it is suggested that,
by using the reduced-rank formulation of the efficient ROI, we can obtain the suboptimal analysis more cost-effectively

rather than FLKS.

1. Introduction

Any future atmospheric state has dynamic and physical rela-
tionships with its past atmospheric state. Observations of the
future atmospheric state can offer information about the past
state of the atmosphere. It was called retrospective analysis by
Cohn et al. (1994) to obtain high-quality analysis data by assim-
ilating future observations. Fixed-lag Kalman smoother (FLKS)
and four-dimensional variational assimilation (4D-Var) are rep-
resentatives of the retrospective analysis methods (Zhu et al.,
2003; Ruggiero et al., 2006).

Cohn et al. (1994) proposed FLKS, which could produce
long-term reanalysis data. The FLKS assimilates an observation
into an analysis field corresponding to each past observation
time within a moving analysis window. It makes an observation
increment by using a Kalman filter analysis and draws the incre-
ment back to the past observation time by exploiting the adjoint
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model integration. Todling et al. (1998) applied the FLKS to a
shallow water equation to test its various suboptimal versions.
Zhu et al. (2003) implemented a retrospective data assimilation
system based on the FLKS in the Goddard Earth Observing
System Data Assimilation System.

The FLKS has much higher computing and memory require-
ments than 4D-Var. Although it requires optimization algorithms
for large dimensional applications as well as the adjoint tech-
nique, the 4D-Var has been more widely used than the FLKS
because of its capability of being implemented with large di-
mensional models (Rabier et al., 1998). The 4D-Var assumes
that the cost function has its minimum value when its gradient is
zero (Le Dimet and Talagrand, 1986). When the forecast model
has strong non-linearity and the analysis window is too wide, the
cost function may have multiple minima (Rabier and Courtier,
1992; Miller et al., 1994). If the cost function has multiple min-
ima, the minimization process may stop after finding a local
minimum near the initial state of the process (Pires et al., 1996).

Song et al. (2009) proposed the retrospective optimal interpo-
lation (ROI) to solve the multiple-minima problem. They showed
that ROI can be useful in finding the global minimum of a cost
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function although it depends on the analysis window size. They
also showed that ROI can be implemented without using an ad-
joint model by adopting the perturbation method of Errico and
Raeder (1999). They confirmed their hypothesis with numerical
experiments using Lorenz 3-variable and 40-variable models.

Even though its development is difficult for physical schemes,
the adjoint model accurately computes the gradients of cost
functions independent of the validity of the linearization, and
the computation is efficient. However, using the perturbation
method helps us to implement ROI with ease (Zhu and Kamachi,
2000; Errico, 2003). The four-dimensional ensemble Kalman
filter (4D-EnKF) proposed by Hunt et al. (2004) also allows
us to obtain a retrospective analysis without the adjoint model.
The four-dimensional local ensemble transform Kalman filter
(4D-LETKF), which is a simplified version of the 4D-EnKEF,
was compared with 4D-Var using the Lorenz 40-variable model
(Lorenz, 1996; Fertig et al., 2007). However, due to model non-
linearity, the 4D-LETKF analysis was shown to become more
inaccurate than the 4D-Var analysis as the length of analysis
window increases. Therefore, ROI is worth being proposed as a
method, which can reduce analysis error due to multiple minima
with circumventing the use of adjoint model.

Since ROI is basically an optimal interpolation technique,
the error variance for each variable in the analysis state vector
decreases after an individual ROI analysis step. This property
is called the accuracy-saturation of ROI. Song et al. (2009) de-
vised a reduced-rank formulation for ROI based on the accuracy-
saturation property to reduce computation costs for implement-
ing ROI Using Lorenz 40-variable model, they showed that
the reduced-rank formulation of ROI requires progressively less
computing time than the 4D-Var for the same quality of analysis
as the analysis window size increases.

The ROI analysis estimates an atmospheric field for the initial
time of the analysis window every analysis step. ROI uses the
previous ROI analysis as the initial condition of the model inte-
gration for calculating the guess of the next future observation
field. Therefore, the time period, over which a numerical model
is integrated to evolve a previous analysis error covariance, over-
laps the model integration period for the next analysis step. Since
such overlap hampers the efficiency of ROI, we devise an effi-
cient ROI algorithm in which we improve the efficiency of ROI
in Section 2. We find that the equations of the efficient ROI are
analogous to those of the FLKS, which are described in table 1
of Cohn et al. (1994), and thus compare the efficient ROI with
the FLKS in terms of accuracy and computation costs based on
a mathematical reasoning. Since the efficient ROI would have
the accuracy-saturation property as ROI does, we could devise
a reduced-rank formulation for the efficient ROL It can be im-
plemented also without using tangent linear and adjoint models.
The formulation for the reduced-rank version of the efficient ROI
is described in Section 3. In the following section, we confirm
the theoretical reasoning of Section 2 and examine the efficiency
of the reduced-rank formulation described in Section 3 in com-
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parison with the FLKS algorithm by using Lorenz 3-variable
and 40-variable models.

2. Comparison of efficient ROI with the
fixed-lag Kalman smoother by assuming
a perfect model

2.1. Avoiding the overlap of model integration periods
to evolve analysis error covariance matrices in the
ROI algorithm

To solve the multiple-minima problem, Song et al. (2009) de-
vised the ROI, which consists of the ROI analysis vector, the
corresponding error covariance matrix, and the optimal weight
matrix equations as follows:

Xo = Xon_1 + Won [¥0™ — H,[ M (x57,_1) ]} (1a)
Py =[1- Wi HM, [P, (1b)
Wih = P, MTH][H,M, P MIH] +R,] (1o)
forn =0, 1, ..., N. The index n stands for the observation

time, and the subscript 0|n, which is adopted from Cohn et al.
(1994), means that the ROI analysis x{)‘f}, results from the as-
similation of an observation y°* at a time ¢, into a background
state at the initial time ¢, of the analysis window, which corre-

sponds to the previous ROI analysis x{f;_,. The state x| and
the error covariance P{’ | are equal to the background field x{, of
an atmospheric state x;, and the corresponding error covariance
matrix B, respectively. The operator M, (x) is a forecast model
that transforms the initial model state X into a future state x,
at a time 1, . M((x) is equivalent to an identity. An observation
operator H,(x,) transforms the model state x, into the observa-
tion space. The matrices M,, and H,, are the first derivatives of
M, (x) and H,(x) with respect to X. By referring to the optimal
interpolation formulation, we can see that ROI is basically an
optimal interpolation that assimilates subsequent observations
to obtain the variance-minimum analysis (Kalnay, 2003).

The error variance of an analysis field derived by the optimal
interpolation from a background field and an observation set is
always smaller than that of a background field alone (Daley,
1991; Kalnay, 2003). As ROI proceeds, the error variance of
the ROI analysis decreases. Accordingly, we can expect that
the ROI process reinforces the validity of the tangent linear
approximation at each analysis step between the background
and true states,

Hn [Mn (X{)(‘):,_l)] - Hn[Mn(X{))] ~ HnMn [X€)0|i[_1 - Xz)] (2)
If eq. (2) is valid, the weight matrix (1c) is optimal and the

ROI analysis also becomes optimal with a minimum variance.
Figure 1a shows the schematic procedure of ROI.
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Fig. 1. The schematic procedures for implementation of (a) ROI and (b) efficient ROI. The solid arrow means that the process requires a model
integration and especially the process corresponding to the bold solid arrow requires model integrations of which the number is equal to the degrees
of freedom of a numerical model. The dashed arrow denotes that the process does not require model integrations.

In equation set (1), a time period for integrating a previous
analysis error covariance P{)“),L | is overlapped at each analysis
step as shown in Fig. la. In order to improve the efficiency
of ROI, we devise a modified ROI algorithm in which we can
eliminate such overlapping. In equation set (1), we define a
matrix multiplication M, P | as a cross error covariance P/ !
between forecast and analysis

Pn/aimi = M’1P67j171 . (3)

Another matrix multiplication M, P M is defined as a
forecast error covariance P/

I = MR, M. @

Note that we need a model integration of n observation time
intervals for calculating the cross and forecast error covariance
matrices. In other words, the model integration periods overlap
at each analysis step.

We intend to eliminate such overlapping in calculating P/¢-"!
and P/, Consider a relationship,

Mn = Mnlnfanfl’ (5)

where the matrix M,,,_, is the first derivative of M,,_;(x) with
respect to X, in which M,,,_ (x) is a model operator transforming
a model state x,,_; at a time f,_; into a future state x,, of the next
observation time #,. Based on (5), we can rewrite P/~ and
P/ a5

Pr{aJOi = Mn\nfanfng‘\Yitfl’ (6)
Pr{JOi = Mnln—an—lPg\))iz—lMI—leln—l' @)

By referring to eqs (1b) and (1c), eq. (6) can be rewritten as
follows:

P;{‘Lmi =M M, [I - ngillenfanfl]PBTihz

nin—1

= Mn\n—l [Mn—IP{)(f}i'l—Z - Mn—IP{J(\’il—ZM};—IHT

n—1

X [Hn—l

_roi -1 roi
P;{—lo HZ—I +Rn—l] Hn—an—IPO(\)n—2]
=M, [I-P/""H'_[H

f—roigyT
n—1 Pn—l Hn—l

n—1

-1 roi
+Rn—1] Hn—l]Mn—IPO(\)n—Z' (8)
We define the forecast optimal weight matrix W/~ as
W = PH) [H,PITH) FR, ] ©)
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and use the definition of P/ in (4) and egs (8) and (9) to
equate P/l o P/

P/ =M, [T - WZ'H,_ [P (10a)

We can also conclude that P/~ can be represented with the
. £ _toi . .
forecast error covariance P/~ of the previous analysis step as

follows:

o - R
P/t =M, [M, P§ M —M, P M

n—1 n—1

H_,
X [ananqu)(fi,szLlHLl + Rnfl]il
X Hn—IMn—IP{)C\‘iz—ZM;[z—l]MT

nln—1

=M, [P/ — P/ZHT

n n—1

[Hn—IPfJOiHI—l + Iln—l:l_1

n—1

XH,_ P

nln—1

= Mnlnfl [I - W.r{jl()ianl]P.r{fl()iMT

e (10b)
in which both P/~ and P/"" are equal to the background error
covariance matrix B, and My,_; is equivalent to an identity. Note
that, when using (10a) and (10b), we need a model integration
of just one observation time interval, not of n observation time
intervals, to obtain P/4-"! and P/-"!. Therefore, by using (10a)
and (10b) instead of (3) and (4), we can improve the efficiency
of ROI. The modified ROI equation set named ‘efficient ROI’
hereafter is written as follows:

X5 = Xop 1+ W {¥2™ = Ha[ Mot (Mo (x5, 1) ]}

(10c)
Py, =P, — Wi H P/ (10d)
Wi = [P/ " HI [H,P/~H] +R,] . (10e)

At the expense of efficiency, however, we need the storage
resource for P/4-! and P/-"!. Figure 1b shows the schematic
procedure for the implementation of efficient ROI. Comparing
it with Fig. 1a, we become aware that the efficient ROI eliminate
the overlap of model integration periods, which appears in the
procedure of evolving an analysis error covariance. Although
the model integration periods to obtain a guess of an obser-
vation field are still overlapped, efficient ROI is much more
cost-effective than ROI since evolving analysis error covariance
matrices mainly determines the computation costs for the im-
plementation of each method.

2.2. Comparison of efficient ROI with the FLKS with a
perfect non-linear model for one past analysis time

FLKS was proposed by Cohn et al. (1994; table 1) as a retrospec-
tive data assimilation method to produce long-term reanalysis
data. To simplify our discussion, we suppose that FLKS is ap-
plied to obtain the analysis state at the initial time of a fixed
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analysis window as is done for ROI, and the involved model is
non-linear with no errors since the model errors are not consid-
ered in efficient ROL By setting / and k of table 1 of Cohn et al.
(1994) to be equal to the index n that stands for the observation
time and the model error covariance Qy to be zero, the FLKS
equation set can be written as follows:

X0 = Xgpu—1 T Kom{ygbs - H, [Mnlnfl (X:i—l\n—l)]}’ (11a)
Pgm = Pg|n—l - KO\anPi((I)\nfl’ (11b)
K()ln = [PI{,T)W*I]THZ[HHP.V{W*IHZ + Rn]il' (110)

The above equations are the retrospective analysis, the ret-
rospective analysis error covariance, and the FLKS gain. As in
equation set (1) for ROI, the subscript O|n means that the FLKS
analysis x{j,, results from the assimilation of an observation yg*
at a time £, into a background state at the initial time ¢, of the
analysis window (Cohn et al., 1994). The cross error covariance
P/, of the FLKS is

n

fa
Pn,O\nfl = Mﬂlnfl[I -K

7

171|n71Hn71]Pﬁ1,0\n72~ (12)
The Kalman filter gain K,,_,,_ is
f
Kn—llnfl = Pn71|n72HT

n—1

[H, P/, H  +R, ],

n—1|n—-2"%n

13)
and the forecast error covariance P,{",,_l of the FLKS may be
expressed as

P’

nin

-1 = Mn\n—l[l - anl\nlenfl]Pffl\n72M;l;\n71' (14)

Both P’ {.0j_o and P 12 are equal to the background error
covariance matrix B. The extended Kalman filter (EKF) analysis

X, 1j,_1 1s given by
Xy (et = Mnfl\an(XZfZ\an) + K,y
X {YZ"_Sl - Hn—][Mn—]\n—2(xz—2\n—2)]}* (15)

where x* |, is equal to be x§.

To clarify the difference between efficient ROI and FLKS,
we compared the FLKS and efficient ROI equations in Table 1.
We can see that, except for the underlined parts of the retrospec-
tive analysis equations, the equations for the efficient ROl are the
same as those for the FLKS. We would call the underlined part in
the retrospective analysis of efficient ROI, corresponding to the
EKEF analysis of the FLKS, ‘ROI forecast’. Efficient ROI can be
considered as a variant of FLKS, which uses a forecast starting
with a retrospective analysis as a guess of an observation field,
instead of a forecast from the EKF analysis. Since the model
integration periods for obtaining a guess of an observation field,
not for evolving an analysis error covariance, are overlapped in
the efficient ROL, the efficient ROI has higher computation costs
than the FLKS. However, the dimension m of the model state is
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Table 1. The equation sets of FLKS and efficient ROI

H.-J. SONG AND G.-H. LIM

FLKS Efficient ROI
Retrospective analysis xg‘n = xg‘n_l + KOln{ygbs — Hn[M,ﬂ,,,l(xfl_”"_l)]} x{)“);l = x(’)‘l’;_] + W(’)‘l’;{ygbs

Kalman filter analysis
(ROI forecast)
Retrospective analysis P

a
—H,_, [Mnfl\n72(xr172|nf72)]}
a
n = P((I)\nfl — Kop Hy Pn,O\nfl
error covariance

a _ a obs
xn—]\n—l - Mn—1|n—2(xn—2\n—2) + Kn—l\n—l {yn—]

—Ha[Myjn—1 (M1 (X555, )1}

Mn—l(xg‘),;_l)

roi __ proi Toi fa_roi
PO\n - PO\nfl - WO\anP”

Cross error covariance P,{t‘(l)‘wl =Mup—1[I — Kyoip—1Huey ]Pf{:zl.0|)172 pJa-ot = M, [1- W){flOianl]PﬁfOi
Forecast error covariance Pr]:\n—l =M1 I - K"*H"*Hﬂfl]Pr{—l\n—zMnsz—l P,{Jm = Mn\n—l - Wr{flolanl]Pr{fflM;f‘nfl
Retrospective analysis gain Kop = [P}{;l o1 ITHT[H, nlnlerT +R,1! W(rﬁ;l =[P/ ”JO']THE[H,,P,{ “OH! + R,]7!

Kalman filter gain
(forecast optimal weight)

Ki—ip-1 = P/{—l\n—ZH/;r—l[H”*IPI{—l\n—ZI-I/;r—l +Ryi]!

WL BTN

n—1

+R, 17!

Note: The FLKS is assumed to produce the analysis state at the initial time of a fixed analysis window as in the case of ROI, and the involved model
is non-linear and has no errors. The FLKS equation set is obtained by setting / and k of table 1 of Cohn et al. (1994) to be equal to the index » that

stands for the observation time and the model error covariance to be zero.

huge relative to the number N of future observation times in an
analysis window. Therefore, the computation costs to implement
efficient ROI are almost the same as those for FLKS.

Zhu et al. (2003) showed that forecasts produced from retro-
spective analyses match observations better than forecasts from
filter analyses. Based on the experimental results by Zhu et al.
(2003), we anticipate that the efficient ROI will produce more
accurate results than the FLKS. In addition to their experimental
results, we will theorize our hypothesis.

From the EKF analysis in (15) and the efficient ROI analysis

roi

in (10c), we know that X, is equal to xpjo. The second analysis

x, of efficient ROI is written as

X = xih + PRMTHT[H,M,P5iMTHT + R ]

x (¥ — Hi[M, o (x5)]}- (16)
The second EKF analysis X7}, is
X7\| = Muo(Xg\o) + P|f|0H|T[H1P{\oH1T + Rl]_l
X Ay = H [My(x5)]}- a7

Since we know that P{"O =M, P{)‘l’(i)M,T, eq. (16) can be rewritten
as follows:

xi) = M, (x5%) + M [x5) — x5o] - (18)

Fori=2,...,n—1, the analysis x{,“’,‘ of the efficient ROI is
written as

xij = xii_, + Pyl MIH[[HMP§;_ MIH +R ]

x {Y?bs - H,-[M”l._l(Mi_l(X{)“’}_l))]}, (19)

and the EKF analysis x;; is

X?\i =M, (X?—lli—l) + Pij;i—lH;r[HiPiﬁi—lH;r + Ri]71

x Ay = H[My_ (x_y00)])- (20)

If the following relationship,
X?—l\i—l =M,_, (Xg\):—z) + Mi—l[x{)(l)}—l - X{)T:—z]
is valid, by referring to the relation PIﬁFI =M,Py_ M, we can
say that
X, =M, (X{)(l);—l) +M, [XST: - Xg\)j'—l]- @n
For the above equation, we assumed the following tangent
linear relationship,
Mi—l(x(r)‘\)zi’—l) =M, (XE)(\)Lz) + Mi—l[x(r)(\)z]:—l - X(r)‘\):‘fz]- (22)
Inductively, we conclude that the EKF analysis X;_;,,_; can
be written as

X1 = M, (X{)(\)i.—z) +M,_, [X{)(flil—l - Xzﬁz—z] (23)

Note assumption (22) that is necessary for deriving (23) can-
not guarantee the equality of the EKF analysis x;_;,, ; to the
ROI forecast Mn_](xf)‘l’,‘H) since i does not include n. Equation
(23) implies that the EKF analysis x;_;,,_; is a tangent linear ap-
proximation of an ROI forecast M,l,l(xg“‘,‘,_l ), which is integrated
starting with an ROI analysis xg;, ;. We can say that the FLKS
is a suboptimal version of the efficient ROI, which uses the tan-
gent linear approximation M, (X{,_,) + M, _i[x§,_, — X, _,]
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as a guess of an observation field, which differs from an ROI
forecast M,,_ 1(X0|n D-

As the analysis progresses, the difference between
M,,,l(xf)“’,ihl)andM,,,l(x{)“’,Lz) +M,1,1[x(‘)‘|’,il | XB‘T;; ,]increases
since the non-linearity of the model operator becomes stronger.
When FLKS is applied for the analysis state at the beginning
of the fixed analysis window, the efficient ROI analysis is more
accurate than the FLKS analysis as the analysis window size
increases when the involved model is non-linear and has no er-
rors. However, the above reasoning will not work for the analysis

window too wide to satisfy the assumption (2).

3. Reduced-rank formulation of efficient ROI
without using an adjoint model

Equation (1) points out that the analysis errors of ROI decrease
as the analysis step progresses. Song et al. (2009) set a crite-
rion defined as error tolerance to select the analysis components
that will be analysed in the ROI procedure and to neglect all
errors that are smaller in magnitude than the so-called error tol-
erance. The transform matrix Sy, plays the role of filtering the
accuracy-saturated components of the analysis vector of which
the error variance is smaller in magnitude than the predefined
error tolerance. By using the k by [ transform matrix Sq,,_; for
k < I, the reduced-rank formulation of ROI is written as follows:

b _ a
s()\n—l - SO\n—lsO|n—1’ (243)

a __ b S T -1
Soin = Sojn—1 + [(SO\n—lPO\n—lSO\n—l)

+ TglnflMIHIR;] HianTO\nfl]ilTg\nflMIHIszl

X [y(njbS - FInV (sglnfl)]’ (24b)
S S -1
Pom = [(SO\n—lPO\n—ng\n—l)
+T5, ,M'H'R;'"H,M,T,,_,] ", (24c)
X{)“):l - Tg\n—lsg\n + Tg\il—2n0|n—l’ (24d)

where So_; is an m x m identity matrix and [ is equal to m
at the initial analysis step. When sj_; is equal to the back-

0
ground state x having m components and To,—1 = I Sp;_s>
the null space of the analysis field is defined as 1710‘”71 =
;Tapz[sgp‘q

TO\—2 and H,i(sl(?)mfl) =H, [Mn(Tr(l)ﬁmflsl(?)mfl + nOln—l)]-
To devise the reduced-rank formulation for efficient ROI, we

— 8§, _180;_1] with an m x m identity matrix

should be able to equate P/ and P/ to the analysis er-
ror covariance P{ﬁ,i,_]. Therefore, we use eqs (6) and (7) instead
of (10a) and (10b) for obtaining P/~ and P/-°' with some
manipulations to avoid the overlap of the model integration pe-
riods. By using a variant of the Sherman—Woodbury—Morrison
formula (Kalnay, 2003), we can write the reduced-rank version
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of egs (10c) and (10d) as follows:

a _ b X T
Soln = Sojn—1 T [(SO|n—1PO\n—ISO\n—l)

1
+Tg\n71MT M;{\n lHTR IH Mnln an lTOln 1]

—1

X Tan—lMZ—IM HTR [y?zbs - Hrf (SO|n—1)]’

(25a)

nln—1

s S -1
Py, = [(SO\n—IPO\n—ISg\n—I)
—1
+Tg\nflMT M:\n IHTR lH Mn\n IM T0|n71] :
(25b)

In the above equation, the time period required to evolve the
matrix Tg,_; overlaps the model integration period of the next
analysis step.

From the definition of Ty,_;, we know that the column vectors
of To,—; belong to those of Ty,_,. Therefore, we can obtain
the result of the matrix multiplication M,,_;T¢,,—; by simply
selecting the column vectors of M,,_;Ty,_, corresponding to
To‘n 1. We name the resulting matrix multiplication a matrix
Tom ,. Based on (5), we can rewrite the matrix multiplication

M, Tg,—; as follows:
MnT()lnfl =M M, _  Tou—1

TO\n 2° (26)

nin—1

=M

nin—1

In the k-dimensional subspace, the analysis and the corre-
sponding error covariance equations are changed into

-1
Som = Sg\n—l + [(S0|;1—1P8\n—1sg\n—|)

—1

+ (HnMn\n—lT(j)\il—2)TR;lHnMnln—nglfz—Z]

S (HnMn\nfng\l:'LfZ)TR; [y2b< I_Ilf(sg\nfl)]’ (273)
Pf)m = [(SO\rl—IPB\n—lsg\n—l)_l

+ (H Mn\n ]TO\n 2) R;lHnMn\n—lT({\iz—Z]_l' (27b)

If the error tolerance is set to be zero, the reduced-rank for-
mulation of efficient ROI is exactly the same as the efficient
ROI formulation (10). By using equation set (27) and eqs (24a)
and (24d), we can avoid the overlap of the model integration
periods when evolving the transformation matrix Tg,_; for the
implementation of the reduced-rank formulation. We need the
model integration of just one observation time interval instead of
n observation time intervals in obtaining M, Tyy,_; that is equal
to My, T))_
the matrix.

In (27), the matrix multiplication M,;,_; T({‘fl_z requires a tan-
gent linear model. However, the perturbation method by Errico

,- However, we need extra storage resource for

and Raeder (1999) allows us to implement efficient ROI without
using the tangent linear model. Suppose that a state vector X is
decomposed into a reference state X" and a deviation field éx
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from x". A non-linear and differentiable function f(x) is oper-
ating on x. By adopting a scale factor « much smaller than 1,
we can approximate the multiplication of the Jacobian ‘;—{: [x=xr
and the deviation d8x irrespective of the Euclidean norm of §x,
as described by Errico and Raeder (1999)

af <~ f&X +adx) — f(x")
ax o '

8

x=x"

(28)

If we apply (28) to the matrix multiplication M, ‘,,,nglZ_z, we
obtain the following equation,

Mn\nfltOf\Sn{Z = OTIV{Mn\n—l [Mn—l(xg\)iz—l) + O‘rttff;{z]

- Mn\nfl[Mnfl(X{)(\)»iz—l ]}! (29)

where tgl;fz is the rth column vector of the matrix T({\;—z’ which
is scaled by the factor «,, and r = 1, 2, ..., k. By using (29),
we can obtain the matrix multiplication M,,,_ Tg;,fz, thatis M,
To}.—1, and circumvent the use of an adjoint model to implement
the reduced-rank formulation of the efficient ROI, since obvi-
ously eq. (27) does not require the calculation of the product of
the adjoint model and any matrix. However, using the perturba-
tion method or using an adjoint model is a choice. Although the
scale factors «, are adopted to eliminate errors originating from
higher-order terms in the tangent linear approximation (28), the
result of (28) may not be exactly the same as that of the tangent
linear model.

4. Numerical experiments using simple models

4.1. Comparison of efficient ROI with FLKS applied to a
perfect model

In this subsection, we confirm that the analysis of efficient ROI
is more accurate than that of FLKS. We assume that FLKS is
applied to obtain the analysis state at the initial time of a fixed
analysis window, and the involved model is non-linear and has
no errors to simplify our discussion. The dynamical model for
our experiment is the Lorenz 3-variable model (Lorenz, 1963).
The parameter set and the method to generate the background
state (error variance = 1) and the observations (error variance
= (.25) are the same as in Song et al. (2009). While in their
3-variable model experiments they analysed only one compo-
nent for easy display of cost functions, in the present experiment
all three components are included because we need not to draw
cost functions. In order to examine the dependence of the skills
of both methods on the analysis window size, we change the
number of observation times with a fixed observation time in-
terval of 0.2.

We calculate the root-mean-squared (rms) analysis errors
from FLKS and ROI analyses, which assimilated all observation
sets in each analysis window. We average the analysis errors of
60 realizations to define the average analysis error. The average
analysis error as a function of the analysis window size is shown

(@)
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Fig. 2. (a) The average analysis error as a function of the analysis
window size for FLKS (dashed) and efficient ROI (solid) and (b) the
total rms error for the EKF analysis (dashed) and the ROI forecast
(solid). The observation time interval is 0.2 in Lorenz 3-variable model
experiments.

in Fig. 2a for both FLKS (dashed) and efficient ROI (solid),
respectively. The average analysis error of the FLKS becomes
larger than that of the efficient ROI when the analysis window
size is wider than 1.2. While the efficient ROI can improve the
analysis quality by using farther observation data sets in analysis
windows wider than 1.2, FLKS produces poorer results in spite
of assimilating more observation sets in that case.

At once, we calculate the rms errors of both EKF analysis
and ROI forecast every analysis step, and sum up the rms errors
respectively to define ‘total rms error’. The results show how a
FLKS analysis is affected by using an EKF analysis instead of
an ROI forecast as a guess of an observation field. When the
analysis window size is wider than 1.2, the total rms error of the
EKF analysis becomes larger than that of the ROI forecast as
shown in Fig. 2b. This coincides with the results of the average
analysis error in Fig. 2a. As the observation set to be assimilated
gets farther away from the initial time of the analysis window,
the time period of model integration to produce a guess of an
observation field becomes longer and the non-linearity of the
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model operator makes stronger. Since, following the theoretical
reasoning of Section 2, an EKF analysis is a tangent linear
approximation to an ROI forecast, the ROI forecast becomes
more accurate than the EKF analysis as the non-linearity of the
model operator increases. As a result, the analysis quality of
the efficient ROI becomes better than that of the FLKS with the
increase of the analysis window size.

4.2. Comparison of the reduced-rank version of efficient
ROI with FLKS and ROI in terms of accuracy and

efficiency

The degrees of freedom of Lorenz 3-variable model are too
small to compare the efficiency of each method presented in
here. In this subsection, we use the Lorenz-96 model that has
40 variables (Lorenz, 1996). The model considers 40 grid points
spaced equally along a constant latitude circle. The equation set
for the model is,

dxj/dz‘:(ijrl —X; X, —X;+ F, 30)

where j (=1, ..., 40) denotes the longitudinal coordinate. We
implement (30) numerically with the fourth-order Runge—Kutta
scheme. We set the external forcing F to 8, and the time step At
to 0.0125, which roughly corresponds to one and half hours in a
global weather model (Lorenz and Emmanuel, 1998).

We integrate a randomly generated initial condition for spin-
up during 1 yr to obtain a true state. By adding a Gaussian-
distributed random error of which the standard deviation is 0.25
to every component of the true state, we construct an ensem-
ble, which consists of 50 members. The number of ensemble
members is sufficient in that the degrees of freedom of the
model are 40. Considering the doubling time of errors in Lorenz
40-variable model is 2.1 d, we integrate the ensemble mem-
bers during 2 d to generate the ensemble forecasts (Lorenz and
Emmanuel, 1998). We construct a background error covariance
matrix B by using 50 deviation fields obtained from the subtrac-
tion of the mean of the ensemble forecasts from each ensemble
members (Zhang, 2005). By adding a random noise vector with
a Gaussian distribution (mean = 0, covariance = B) to the true
state that has been integrated during 2 d, we produce a back-
ground state. We randomly select 20 observation positions from
the 40 grid points and fix them for all experiments, and make
observations every 6 h by adding uncorrelated random noises
having Gaussian distributions (mean = 0, variance = 1) to the
components of true state corresponding to the observation posi-
tions. We change the number of observation times with the fixed
observation time interval to vary the analysis window size. The
same background state and observations are used for efficient
ROL FLKS and ROI. As in Section 4.1, it is assumed that FLKS
is applied to determine the analysis state at the beginning of
a fixed analysis window as is done for ROI, and the involved
model is non-linear and has no errors.
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experiments. The error tolerance for ROI and efficient ROI is set to be

zero. The computing time is in units of seconds.

To evaluate the efficient ROI analysis, in comparison with the
FLKS and ROI analyses, which assimilated all observation sets
in each analysis window, we calculate the average analysis error
and the computing time required to obtain those analyses. We
measure the analysis accuracy as the ratio of the average analysis
error to the standard deviation of observation error, which is
the inverse of the average analysis error because the standard
deviation of the observation error is equal to 1. We estimate the
relative accuracy by dividing the analysis accuracy of each ROI
method by that of FLKS. The relative computing time is defined
as the computing time of each ROI method divided by that of
FLKS.

We show the average analysis error as a function of the anal-
ysis window size in Fig. 3a for the ROI analysis (dashed black),
the efficient ROI analysis (solid black), and the FLKS analysis
(solid grey). In this case, the ROI error tolerance was set to be
zero (refer to Section 3). Irrespective of the size of the analysis
window, the average analysis error of the efficient ROI is almost
the same as that of the ROI (Fig. 3a). However, as the analysis
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window size increases, the analysis error of efficient ROI be-
comes slightly larger than that of ROI. In the ROI algorithm,
a basic state for tangent linear model is a previous ROI analy-
sis. However, in the efficient ROI algorithm, the tangent linear
model is approximately implemented by eq. (5) as follows:

Mn (XB(\):I—I) ~ Mn|n—1 [Mn—l (X{)Tril—l)]Mn—Hn—Z
[M, 5 (x5h—2)] - - My (x570)- @1

When the error tolerance is set to be zero, the result of tangent
linear model in (29) is actually obtained by the right-hand side
of (31). This approximation causes the slightly higher error of
the efficient ROI analysis. When the analysis window size is
wider than 2.5 d, the average analysis error of the efficient ROI
decreases while that of the FLKS increases. This result sup-
ports the mathematical reasoning of Section 2, suggesting that
FLKS is a suboptimal version of efficient ROI. This result is also
consistent with that shown in Fig. 2.

The efficient ROI has much lower computation costs contrary
to the ROI (Fig. 3b). The difference between the computing times
for the ROI and for the efficient ROI increases as the analysis
window size expands in time. Note that if the observation time
interval over the analysis window is regular and is considered
to be a unit forecast period, the model running times to evolve
previous analysis error covariance matrices in the original ROI
formulation (1) are proportional to N(N + 1). In the efficient
ROI and the FLKS, however, we need to calculate the cross
and forecast error covariance where the model simulation times
are proportional to N. Since evolving analysis error covariance
matrices mainly determines the computation costs for the im-
plementation of each method, the cost for the ROI behaves as a
quadratic function of the analysis window size and those for the
efficient ROI and the FLKS have the forms of linear functions
as shown in Fig. 3b. Even though not shown in here, the results
from fitting the lines of Fig. 3b with quadratic or linear functions
confirm this reasoning. While offering a more accurate analy-
sis than the FLKS, the efficient ROI requires almost the same
computation costs as the FLKS (Fig. 3b).

For the ROI, the relative computing time exceeds the relative
accuracy as the analysis window size increases (Fig. 4a). For
the efficient ROI, the relative computing times tend to increase
due to the overlap of model integration periods in obtaining the
guess of an observation field with the increase of the analysis
window size (Fig. 4b). However, the relative accuracy exceeds
the relative computing time for the analysis window of which
sizes are narrower than 1 d or wider than 3 d, while both relative
values are similar for the other analysis windows. The results
for wide analysis window are directly related to the reasoning of
Section 2. When the analysis window size is narrow, the comput-
ing times required for calculating the cross and forecast analysis
error covariance matrices in all three methods are the same.
However, the FLKS may demand additional burdens such as
matrix multiplication and inverse for obtaining the EKF analy-
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Fig. 5. The relative accuracy (dashed) and the relative computing time
(solid) as functions of error tolerance for efficient ROI for the 2-d
analysis windows.

sis. Such extra costs make the FLKS inefficient relative to both
ROI methods for narrow analysis windows.

The relative accuracy and the relative computing time depend
on the magnitude of the error tolerance as shown in Fig. 5.
For the 2-d analysis window, both relative accuracy and relative
computing time decrease as error tolerance increases. When the
error tolerance is larger than 0.3, relative accuracy is smaller
than 1, which means the accuracy of the efficient ROI analysis
is worse than that of the FLKS analysis. However, the relative
computing time is smaller than the relative accuracy. By using
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the reduced-rank formulation of the efficient ROI, we can ob-
tain the suboptimal analysis more cost-effectively rather than
FLKS.

5. Conclusions

ROI is useful in avoiding the multiple-minima problem of 4D-
Var without using an adjoint model (Song et al., 2009). In the ROI
equation set, however, the model integration periods to evolve a
previous analysis error covariance overlap at each analysis step.
To improve the efficiency of the ROI algorithm, we devised a
modified ROI algorithm that can avoid such overlapping and
named it efficient ROI. When FLKS is used to obtain the anal-
ysis state at the initial time of a fixed analysis window, it is a
suboptimal version of the efficient ROI since the FLKS uses a
tangent linear approximation of a forecast stemming from a ret-
rospective analysis for guessing an observation field. Therefore,
the efficient ROI produces more accurate results than the FLKS
with the increase of the analysis window size. The computation
cost for implementing the efficient ROI nevertheless is almost
the same as that for the FLKS.

From the experiments using Lorenz 3-variable model, we con-
firmed that the analysis quality of the efficient ROI becomes bet-
ter than that of the FLKS as the analysis window size increases.
To compare the functionality of efficient ROI with FLKS and
ROI in terms of accuracy and computation costs, we carried out
Lorenz 40-variable experiments. As the analysis window size
increases, the analysis quality of the efficient ROI become bet-
ter than that of the FLKS, even though the efficient ROI has
almost the same computation costs as the FLKS. By increasing
the error tolerance, we can get a suboptimal analysis with lower
computation costs than for the FLKS.

In this study, the analysis window size was controlled by the
number of observation times. However, it can also vary with the
observation time interval. We would face such situations when
assimilating the data observed with different time intervals. In
future, the ability of the efficient ROI will be examined with
increasing the observation time interval for the fixed number of
observations. Also, for the analysis window too wide to fulfil
the optimality of efficient ROI, we will compare the accuracies
of the efficient ROI and the FLKS. The model errors are not
considered in the present formulation of efficient ROI. In future,
the efficient ROI will be generalized to incorporate model errors.

Since efficient ROI requires huge resources in computing and
memory as FLKS does, we should use its reduced-rank formu-
lation for application with realistic models, which typically have
over a million degrees of freedom. In the reduced-rank formula-
tion, however, only the components that belong to the analysis
subspace are analysed. Since the accuracy-saturated components
may be correlated to the components of the analysis subspace,
the correction concentrated on a portion of the full analysis field
may cause an imbalance among the variables of the analysis
field. We will determine whether this problem is crucial to the

Tellus 61A (2009), 5

quality of the efficient ROI analysis or not and try to find a proper
solution for the potential problem.
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