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ABSTRACT
The ability of data assimilation systems to infer unobserved variables has brought major benefits to atmospheric and

oceanographic sciences. Information is transferred from observations to unobserved variables in two ways: through the
temporal evolution of the predictive equations (either a forecast model or its adjoint) or through an error covariance
matrix (or a parametrized approximation to the error covariance). Here, it is found that high frequency information

tends to flow through the former route, low frequency through the latter. It is also noted that using the Kalman Filter
analysis to estimate the correlation between the observed and unobserved variables can lead to a biased result because
of an error correlation: this error correlation is absent when the Kalman Smoother is used.

1. Introduction

As observing systems become increasingly complex, involving
many streams of information, the study of complex geophysical
systems is increasingly carried out with the help of assimilation
systems which filter, regularize and interpolate the data as neces-
sary. This paper looks at one aspect of the assimilation process:
the ability to infer the values of unobserved variables.

Juckes and Lawrence (2006) studied the random walk, in the
context of both filtering and smoothing data analyses (Kalman
and Bucy, 1961). Here an oscillatory system is studied in order
to investigate the impact of different analysis systems on the
accuracy of the inferred variables.

Studying a single mode allows us to derive explicit expres-
sions for the error covariances. These solutions show how in-
formation is transferred to the unobserved variable both through
the synthesis step and through the forecast step.

Polavarapu et al. (2005) draw attention to the detrimental
impact of biases on scientific exploitation of reanalyses, in the
context of the strength of the Brewer—Dobson circulation. This
circulation is not observed, but inferred through the assimilation
process. The possibly detrimental effects of artificial sources
and sinks produced through the assimilation system have been
widely discussed. The error covariances and the biases they
induce in flux estimates are discussed below.

The factors affecting the accuracy of the analysis can be put
into three main categories: the accuracy of the observation, ac-
curacy of the model, and the accuracy of the error statistics. This
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paper also looks at the insensitivity of the analysis to model er-
ror covariance misspecification found in Sgrensen et al. (2006),
Juckes and Lawrence (2006) and Juckes (2006). Sgrensen et al.
(2006) present empirical evidence of this insensitivity: here a
simple analytic model will be used to give explicit results.

The Kalman Filter and Kalman Smoother are used. The re-
lation between these and other algorithms used in meteorolog-
ical analyses is discussed in Li and Navon (2001), Fisher et al.
(2005). Some of the practicalities of using a Kalman Smoother in
are-analysis context have been discussed by Cohn et al. (1994),
Todling et al. (1998) and Zhu et al. (2003).

2. The simple harmonic oscillator

2.1. Equations

‘We will consider a linear harmonic oscillator subject to random
forcing. The random forcing will be treated as unknown to the
assimilation system. For this very simple system the error co-
variance of the Kalman Filter and Smoother can be calculated
explicitly. The system is sufficiently complex to investigate an
important aspect of data assimilation: the ability to infer unob-
served variables. In the work below it will be assumed that one
component of the two-component system is observed and the
second is left to be inferred by the assimilation system.
The components of the oscillator, (u, v), evolve as follows:
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where o is the frequency, ¢, and y, , are constants, and (W,
W,) are Wiener processes (e.g. Stark and Woods, 2002) with a
correlation W

(A7 1+At At, i=],
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where E[.] denotes the expectation value. eq. (2) holds for any
time interval (¢, t + At). The assimilation model is as Eq. (1)
with the right-hand side set identically to zero: the terms ¢ »
and y; , terms are thus, from the perspective of the assimilation,
model random error and bias terms, respectively.

Appendix C shows how eqgs (1a,b) can be replaced without
approximation by discrete equations. If u;, = u(kdt), vy = v(kdr),
then the discrete equations take the form:

ue) _ p (w1 2 pr1i2 fl +n ’ 3)
Uk Vg1 e+
where ¢;, i = 1, 2 are Gaussian random variables and

b ( coslwdt /2] sin[wdt/2]> . @
—sin[wdt /2] cos[wd?/2]

The covariance of the e;, Q, is calculated in Appendix C: it is

expressed without approximation in terms of the covariance of

W;, the time interval dt, and the frequency w (eqs C4-C6).

Optimal estimates of the state for given observations can
now be obtained with the standard discrete Kalman filter and
smoother. The relevant equations are given in Appendix A, along
with a description of the notation.

To summarize the notation of the discretized problem: P is the
process model, Q the process model error covariance, B is the
forecast error covariance, and B is the analysis error covariance.
B and B are used with subscripts f for the forward (i.e. normal)
Kalman Filter, b for the backward Kalman Filter and s for the
Kalman Smoother. Components of covariance matricies will be
indicated by subscript pairs, with ‘1’ and ‘2’ corresponding to
the observed and unobserved variables, respectively.

A full list of the symbols used is given in Table 1.

2.2. Scaling

Six parameters describe the system: 5 introduced above
(w, ¢1, 62, df and W,.) plus the amplitude scale of the true solu-
tion, which we will denote U. These six parameters can be com-
bined into five independent non-dimensional parameters repre-
senting process noise, signal to noise ratio, system frequency,
the ratio between process noise in observed and unobserved
variables and the correlation between the latter two noise terms:
2
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and W,., which is already non-dimensional. Here, a,f:

/01102 is the geometric mean of the process model error
variance. e, is a measure of the model error relative to the obser-
vational error, 84 is a measure of signal amplitude relative to the
model noise, v, is the system frequency non-dimensionalized
by the observation period, and y, is the ratio of modelling error
in the observed variable to that in the unobserved variable.

Itis also convenient to introduce a dependent non-dimensional

variable,
€A G162

€= 2 =222 ©)
Va wo;

where €, measures the ratio of the noise affecting the oscillator
over over the timescale of an oscillation to the noise in the
observations.

3. Preliminary results

3.1. Smoothness and error variance reduction

Figures 1 and 2 show the results of observing the simple system
analysed with three assimilation techniques (the forward and
backward Kalman filters and the Kalman smoother) and with
different ratios of process noise to observational noise (e4) and
to signal amplitude (64). In both figures, the two components in
eq. (1) were equal and uncorrelated (i.e. ¢; = ¢; and W, = 0),
so that Q = alfl , where [/ is the identity matrix. In each case, a
realization of (u, vi), k = 1, ..N, as defined by eq. (3) is con-
structed using pseudo-random numbers from the IDL random
number generator. (i, vo) are initialized to (4, 0) (and hence
U = 4), the solution is generated with a time discretization of
0.1. See figure caption for other parameter details.

Pseudo observations of the u component are taken, again using
pseudo-random noise to emulate observational errors:

i = u(kdr) + e, (10)

where the observational noise variance is E[e?] =02, k =
1, ..Nyps. Figures 1 and 2 show results for dr = 1.

In Figs. 1 and 2 it can be seen that useful inference of
the unobserved variable can be obtained even with very in-
accurate observations (o, ~ U) and with a very inaccurate
model (84 < 1) (for the assimilation, both variables are ini-
tialized to zero, and would remain zero in the absence of any
assimilation).

The discontinuities seen in the forward and backward Kalman
filter analyses in Figs. 1 and 2 occur from the discontinuities in
information content which occur every time a new observa-
tion is incorporated into the analysis. By contrast, the Kalman
Smoother uses both future and past observations. It follows that
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INFERRED VARIABLES 131
Table 1. Table showing notation used. Optional subscripts and superscripts are listed after the symbols in square brackets. For example, [b|f|s]
indicates that the symbol may take one of b, f or s in the indicated position
Symbol Description First use
Operators E Expectation eq. (2)
Wi Wiener process eq. (1)
Matrices P Process model eq. (3)
O Process model error covariance After eq. (3)
B{Z\]f Is11k] Forecast error covariance Section 2.1, Appendix A
B[[Zl‘;’]l[sri][k] Analysis error covariance Section 2.1, Appendix A
T f1s) Bias sensitivity eq. (15)
K Kalman gain Appendix A
H Observation operator Appendix A
Ry Observation error covariance Appendix A
Vectors (U, V) Variables in the simple harmonic oscillator eq. (1)
(s1,$2) Amplitudes of noise in the simple harmonic oscillator eq. (1)
b Bias in analysis egs (15, B8)
e Random error in discrete model equations eqgs (3,C2)
y Bias in model equations eqs (1, B8)
Scalars dt Observation interval eq. (4)
k Time interval index eq. (3)
Ajs Information asynchronicity eq. (13)
Nops Total number of observations eq. (10)
U Scale of signal Section 2.2
Sij Error sensitivity eq. (14)
c, s cos(wdt), sin(wdt) Appendix D
Ch, Sh cos(wdt /2), sin(wdt /2) Appendix D
T Time eqgs (1,2)
e Model error integrated over observation interval, normalized by (702 eq. (5)
84 U? normalized by model error integrated over observation interval eq. (6)
VA Observation interval times system frequency eq. (7)
YA Ratio of observational error variance in observed to unobserved eq. (8)
variable
[[;J‘O] Error variance Below eq. (8)
10} Frequency of SHO eq. (1)
Subscripts blfls Backward/Forward Kalman Filter and Kalman Smoother Appendix A
plo Process/Observational (applied to error variances)
i,j,1,2 Component index
a Analysis
A Non-dimensional scalar
h See cp,, s, under scalars
k As under ‘Scalars’
Superscripts T Denotes an estimated error statistic used as input to an assimilation,
and the associated estimate of analysis or forecast error statistics
* Denotes actual analysis or forecast error statistics in cases where
incorrect input error statistics are used
n Non-dimensionalized by o>
T Transpose

there are no discontinuities in the information content and hence
no discontinuities in the optimal solution.

The Kalman smoother is a weighted linear combination of the
forward and backward filters. Generally, this results in u, lying
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between u, and u,, but not always. The weighting by the error
covariances and the fact that both # and v components of the
filters influence u, can lead to a situation in which u; lies outside
of the range spanned by u; and u,. This occurs over roughly
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Fig. 1. Target trajectory and assimilation, v4 = 1,e4 = 0.04,54 =
16,4 =1, W, =0, = 1 and 0, = 5. (a) Simulated observations
and u, (b) a magnified section of (a), and (c) inferred v from the
assimilation. The forward solution of the equations is shown by black
diamonds (which form a continuous line in this case), and the Kalman
Filter, Backward Filter and Kalman smoother as green, blue and red
lines respectively. Time, u and v are dimensionless.

Fig. 2. AsFig. 1, exceptforeyq =25,0,=1,84 = 0.64.

7% of the time interval for the solution shown in Fig. 1, but by
amounts which are barely visible.

3.2. Error covariances

The information content can be understood by evaluating the
analysis error covariance, B. This can be calculated analyt-
ically if the observations are regularly spaced and have uni-
form error variance. The calculation is essentially the same as
that carried out in Juckes and Lawrence (2006) for stable and
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unstable random walks, except that the scalar error variance
there is replaced by a 2 x 2 error covariance matrix. If both
components are observed the problem can easily be reduced to
a scalar one, exploiting the symmetry between the two compo-
nents. If only one component is observed the symmetry of the
problem is broken leading to a set of coupled quadratic equa-
tions for the three independent components of the covariance
matrix. This can be expressed as a discrete algebraic Riccati
equation (e.g. Brogan, 1991) for the background error covari-
ance, B. Appendix D solves the problem for the simple harmonic
oscillator by reducing it to a single quartic equation for B.fll and
using a substitution which reduces the quartic to two quadratics,
such that the solution of the first quadratic gives the coefficients
of the second. While the solution is algebraically complex, it
does give a complete description of the dependence of the non-
dimensional error covariance, normalized by the observational
error variance, on a 4 dimensional parameter space spanned by
ea, Va, Ya and W, (the error is independent of U).

Figure 3 shows, for the case of uncorrelated model errors
(Q12 = 0: see Appendix C), the error covariance elements for
the Kalman Filter, normalized by the observational error vari-
ance and displayed as functions of sin(v4) and €,/(€4 + 1)
(this coordinate for the x-axis is chosen so that the entire range
0 < €4 < oo can be displayed on a finite axis running from 0
to 1). The y range only displays results down to an observing
frequency of once per cycle. The general gradient from left- to
right-hand side in all panels shows how increasing model error
leads to increasing error in the analysis. In the case of the ob-
served variable (Fig. 3a) this is, of course, limited by the error
in the observations (the validation here is done at an observation
time, larger errors will generally be found between observation
times). The unobserved variable, on the other hand, has an error
variance (Fig. 3b) which, for fixed observational error variance,
increases without bound as the model error increases.

The variation from top to bottom of each figure shows the
change in error covariance which would result from increasing
the observing frequency. Increased observational frequency can
reduce the error in the observed component to arbitrarily small
values (Fig. 3a), but for the unobserved variable there is a finite
limit dependent on €4 (Fig. 3b). At small €4 it can be shown that,
for the Kalman filter, the error variance of the observed variable

is given by
An 2ep es K 1,04,
By~

€4 vaSea<kl.

Figure 3b shows that, as expected, B 122, the error variance
in the inferred variable normalized by the observational error,
increases without limit as the model noise variance increases
(going from left- to right-hand side in the figure). For large
model noise, e4>>1, it can be shown that the analysis error
variance for the inferred variable is related to the process model

Tellus 61A (2009), 1

sin(v4)

o0 O O O r =|mH

(b) é?zz

1.0F
0.8;
sin(py) ©0-6f
0.4;
0.2F
0.0F
0.
y
(c) -2z
BB
1.
0.
sin(ry) 0
0.
0.
0.

Fig. 3. Error covariances for Kalman filter applied to the simple
harmonic oscillator. Component ‘1’ is the observed variable (u),
component ‘2’ the inferred variable (v). (a) Observed variable analysis
error variance, (b) unobserved variable analysis error variance, and (c)
analysis error correlation between observed and unobserved variables.
The x-axis scale is such that the entire range 0 < €4 < oo is shown.
Other parameters are y4 = 1 and W, = 0.

error covariance Q by:

. 1

20 N Sn(vy) (\/ 01102 — le) (11a)
Wa>0, 1010n—0hI>a). (11b)

The second of the above conditions excludes the singular case
of near perfect correlation between the model error coefficients.
As might be expected, this component of the error grows in
proportion to the model noise variance.

The correlation between the analysis errors of the ob-
served and unobserved variables, B; 1/+/ B; i 3;22, is shown in
Fig. 3c. It maximizes at small v, with a maximum value slightly
over 0.327. The errors become uncorrelated both on the limit of
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Fig. 4. As Fig. 3, except plotted against e4 /(14 e4).

€4 — 0 (small model error) and €4 — oo (large model error).
The error correlation also vanishes when v, = 7, that is, when
the observations are spaced at half the oscillators period. By, is
discussed further in Section (3.3) below.

Figure 4 shows the results plotted in Fig. 3, but now plotted
on different axes so that the top to bottom gradient shows how
the error covariance varies as a function of w at fixed dz. The
error variance in the inferred variable increases rapidly as w —
0 as predicted above in the discussion of eq. (11a). Equation
(11a) also suggests that the error in the inferred variable is large
for low frequencies and frequent sampling (v4 = wdt small),
provided that the model error correlation, Q,/+/Q1; O is not
too close to unity. A strong error correlation leads to enhanced
flow of information to the unobserved variable. This is slightly
misleading because there is some cancellation between terms
in this limit as Q is also dependent on these parameters (see
Appendix C). Taking into account these factors, it can be shown
that the small dz limit of eq. (D5c) is:

B ~ea(1 =W, Bn~cia(l — Wo)o, (12a)

.0 0.2 0.4 0.6 0.8 1.0

(I>»vs>0, [0102n—0nl> U(,Z)» (12b)

Thus, we have amplification of the error variance for w small, and
the error variance in the unobserved variable is independent of
both o, and d¢ in this limit. That is, o, and d¢ have been reduced
to the point where further changes make no difference: (12a)
gives the minimum error which is obtained in the unobserved
variable when observation of the observed variable is perfect.

Equation (11a) also shows that there is amplification of the
By, as wdt — n for any integer n; that is, there are large er-
rors in the unobserved variable when the observing frequency is
an integer multiple of half periods. This singularity occurs be-
cause the u and v equations are uncoupled when wdt = nmw. The
assumption, used in Appendix C, that the Kalman Filter error co-
variances reach a steady limit is then not valid: the error variance
in the unobserved variable grows linearly with time. Physically
this is a result of the weak coupling between the two variables
in this limit (recall that w is essentially a coupling parameter in
this system), which means that the flow of information from the
observed to the inferred variable will be weak. Equation (12a)
shows that Bzz is independent of dr as dr — 0, so increasing
the frequency of observations cannot reduce the analysis er-
ror variance of the unobserved variable below the limit set by
eq. (12a). This result is likely to be relevant for wave-like modes
in more complex systems, but it is not clear to what extent it will
apply to other types of coupling.

Comparing Fig. 3b with Fig. 4b, it can be seen that the anal-
ysis error variance of the unobserved variable, By, has a wide
range of values for any given e4, but varies over a relatively small
range for any fixed € 4. That is, the model error normalized by the
system frequency is a better indicator of the unobserved variable
error than the model error normalized by the observation inter-
val. In order to obtain 322 comparable to the observation error
covariance, for instance, a value of €4 &~ 0.3 is needed. In other
words, when the accumulated model error over approximately
one third of a period of the oscillator matches the observation
error, we get an error in the unobserved variable comparable to
the observation error.

As in Juckes and Lawrence (2006), these plots can be inter-
preted in terms of the influence of asynchronous observations on
the analysis. The ratio of information in the observations to that
in the analysis is now a matrix, so its amplitude is not uniquely
defined. If, for simplicity, we take the L., norm (the maximum
of the row-sums of the matrix), then the analysis information
asynchronicity as defined by Juckes and Lawrence (2006) is
simply:

A =B}, (13)

which was shown in Figs. 3a and 4a. As model skill increases
(to the left-hand side of Figs. 3a and 4a) or as observational
frequency increases (towards the bottom of Fig. 3a), A;; de-
creases, implying that the analysis is increasingly dominated by
asynchronous observations.

Tellus 61A (2009), 1
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Fig. 5. As Fig. 3, except for the Kalman smoother, (a) observed
variable analysis error variance and (b) unobserved variable analysis
error variance.

Similar patterns are seen for the Kalman Smoother error vari-
ances (Fig. 5), except that the covariance term now vanishes
identically (discussed further below). As is the case for the neu-
tral random walk (¢ = 0), described in Juckes and Lawrence
(2006), the ratio of the error in the Smoother relative to that
in the Filter approaches unity as the model skill decreases and
approaches 0.5 as the observational skill decreases.

3.3. Bias in derived fluxes

In addition to the errors present in the assimilated and inferred
variables, an important question is what influence these have on
derived quantities. In the atmosphere important derived quanti-
ties include quadratic fluxes used to quantify a range of physical
processes.

Evaluation of the analysis error matrix reveals a striking dif-
ference between the Kalman Filter and the Kalman Smoother.
If Q1 = 0 and Q1 = Oy, then the Kalman Smoother anal-
ysis error covariance vanishes identically (i.e. By1» = 0). This
is a consequence of the symmetry of this problem with respect
to time reversal, which depends in turn on (i) the system being
linear with no explicit time dependence, (ii) evenly spaced obser-
vations, (iii) model and observation error statistics which have
no time dependence and (iv) the harmonic coupling between
the observed and unobserved variable. Under these conditions
the error covariance of the backward filter can be obtained from
that of the forward filter by reversing the sign of w. Since the
covariance term fi_m is proportional to sin wdt, it follows there

Tellus 61A (2009), 1

is exact cancellation of the 12’ terms in eq. (B5b). By contrast,
the Kalman Filter produces error correlations (Fig. 3¢) of up to
0.327. In other words, in the situation described here, unlike the
Kalman Smoother, even using a perfect model and perfect sta-
tistical information the Kalman Filter produces analyses which
have a bias in their covariances.

The impact of such biases will be particularly relevant to
estimation of heat fluxes in atmospheric analyses. For example,
in stratospheric analyses the temperature is measured and the
wind field is normally inferred. There is therefore potential for
significant error correlations to be generated: where analysis
systems have time asymmetric assimilation components, even if
the model itself were perfect, systematic biases would be present
in the eddy fluxes of such analyses. This suggests that this could
be a problem even in state-of-the art analyses, such as ERA40
(Uppalaetal., 2006), which doesn’t use a Kalman Filter, but does
use a system which has the time asymmetry which generates the
error correlation.

The expense of the standard Kalman Smoother algorithm has
meant that the full algorithm is not generally considered as an
option for large-scale problems. While this is not a problem for
assimilation systems aimed at forecasting, Juckes and Lawrence
discuss the advantages of the Kalman smoother for assimilations
systems aimed at best estimation of state at some past time. We
have shown here that biases in derived quantities are another rea-
son why solutions based on the Kalman smoother are preferable
for historical analyses. However, the Kalman smoother can be
deployed in some large-scale problems: Juckes (2006, 2007) has
demonstrated that a relaxation algorithm can derive the Kalman
Smoother solution for assimilation with an isentropic advection
model in a numerically efficient manner.

4. Sensitivity to incorrect error variance
estimates

The Kalman Filter requires the model error covariance Q to
be known. But how accurately does it need to be known? In
numerical weather prediction applications it will not be possible
to know all the details of Q. A similar problem occurs in the
context of optimal interpolation (or kriging), in which case Stein
(1997) has established bounds for the analysis errors resulting
from a specific class of misspecifications in the observational
error correlation function used.

Petersen and McFarlane (1994) and Dong and You (2006)
exploit control theory techniques to develop stable filters when
there are unknown, but bounded, uncertainties in the model error
statistics. In these filters, the Kalman gain matrix, K, is replaced
with the solution of an algebraic Riccati equation. Sangsuk-lam
and Bullock (1990) show the conditions under which misspecifi-
cation of the model error covariance can lead to filter divergence.
They also show that under or overestimates of the input error
covariances will lead to under or overestimates, respectively,
of the analysis error covariances. This section investigates the
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robustness of the results of the Kalman Filter and Kalman
Smoother to misrepresentation of Q, assessing the sensitivity
of the actual analysis error covariances to misspecification of
the input error statistics. The difference between the estimated
and actual error covariances analysed by Sangsuk-lam and Bul-
lock (1990) is, for small misspecifications, linearly dependent
on the amplitude of the misspecification: here we will be looking
at the quadratic difference between the actual error covariance
and the optimal error covariances which would be achieved if
the correct input covariances were used.

4.1. Sensitivity to incorrect specification of Q

This subsection looks at the importance of the difference be-
tween the correct error covariance, Q, of the model and the rep-
resentation of that error covariance in the assimilation, which
will be denoted Q' here. In general, Q' # Q, and in many cases
Q is unknown. In such cases there are more variants of the anal-
ysis error covariance: the symbol B will continue to be used for
the error covariance of an analysis computed with the correct Q
matrix. The actual error covariance in an analysis computed with
Q" which will be denoted B*. In addition there error covariance
estimate delivered by the Kalman Filter and Smoother algorithm
when they are applied using Q: this algorithmic covariance will
be denoted B'. Appendix B.1 derives a generic equation relating
the difference between B* and I§, that is, the difference between
the error covariance obtained and the theoretical optimal error
covariance, to the difference between Q' and Q.

Reverse Filter sigma_st =1

Kalman Filter sigma_obs = 1

bb01

* > <

Smoother

(a)

1.5 T T T

Bi

0.0 1 1 1

-2 -1 0 1 2

. tr+]
In 154/ 0]

Inserting the error covariances for the simple harmonic os-
cillator discussed above gives a set of three linear equations
for the sensitivity of the three components of the analysis error
covariance to this perturbation.

We first consider the case Qh = Q1> =0 and look at the
variation of the analysis error as a function of the incorrect
model error covariance used: Q. Figure 6a shows the analysis
error covariance of the observed variable (B r11) as a function for

log, [022/05] for two sets of parameters, where 0;2 =4/ Qil Q;z.
Solutions of eq. (B2), which are correct for arbitrary a;, are
shown as solid lines, and of eq. (B4) (correct for small per-
turbations) as dashed lines. Also shown are results from large
ensembles, in which the error covariances are directly evaluated.
These serve as an independent check on the algebraic manip-
ulations leading to the analytic solutions, as the former have
become highly intricate by this stage.

For small perturbations the error covariances show a quadratic
dependence on the perturbation amplitude. This means that a
5% overestimate of o, generates the same increase in analysis
errors as a 5% underestimate. At larger perturbation amplitudes,
however, strong asymmetry develops: a large underestimate in
(713 has greater impact on the analysis accuracy than a large
overestimate.

We now look at the importance of the model error covariance,
Q1. It can be seen directly from the results of Appendix D that
Bf]] and B r12 are completely independent of Q1. It follows
that the Kalman filter analysis, (ﬁ’}, f)f;»), is independent of sz.
The value of the predicted analysis error covariance for the

(h)

-1.0 -0.5 0.0 0.5 1.0
W,

Fig. 6. The analysis error variance and the impact of (a) using an incorrect estimate of the model error variance (observed variable), (b) neglecting
the model error covariance (unobserved variable). In (a) the analysis error covariance of the observed variable is shown, calculated using eq. B4
(black lines), the quadratic approximation (eq. B6, dashed lines): the lines are black for the Kalman filter and red for the Kalman smoother. In (b) the
analysis error covariance of the unobserved variable is shown. The solid lines correspond to assimilations using the correct W, the symbols for

assimilations completely neglecting W,.. Symbols are derived from an ensemble of numerical experiments: red stars: Kalman smoother; blue
diamonds: backward filter; green triangles: Kalman filter. Other parameters are €4 = 1 and v4 = 1, and in (a) W, = 0, in (b) a; =0p.
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unobserved variable, E}zz, is, on the other hand, affected by
QIZ. The value of 3}22 has an impact on the Kalman Smoother
estimate of the inferred variable, as shown in Fig. 6b. This can
lead to situations in which the suboptimal Kalman Smoother is
less accurate than the corresponding Kalman Filter, such as at the
extreme right-hand side of Fig. 6b. With this set of parameters
the Kalman Filter is much more accurate than the backward
filter. If the algorithm uses a correlation of zero instead of 100%
it will give the backward and forward solutions equal weight,
thus degrading the solution by incorporating the greater error
introduced by the backward filter. This is, however, an extreme
case. For error correlations up to 50% the effect of neglecting
them is minimal.

In Fig. 7 the sensitivity of the analyses to errors in 01% is
presented using the following parameter:

doh
UP(SBI'J'

A 2 2"

B;; (0’; —03)

This is the relative increase in error normalized by the squared
relative error in the assumed model error variance: it is the rele-

Sij = 14)

vant measure of the sensitivity in the region where the quadratic
approximation shown by the dashed line in Fig. (6a) is close to
the full solution.

In all cases the sensitivity tends to zero as e, — oo and hence
ea/(ea + 1) — 1, that is, as the model noise in the observation
interval becomes large compared to the observational noise. This
simply reflects the fact that the analysis in this limit is equal to
the observations and is unaffected by the value of Q. From
Fig. 7 it can be seen that the low sensitivity seen in Fig. 6 is
representative of the entire parameter range. Thus, large errors
in the specification of the model error variance lead to a relatively
modest degradation in analysis accuracy. This is consistent with
the finding of Sgrensen et al. (2006), in a study of reduced order
Kalman filtering systems, that the accuracy of the assimilated
fields are only significantly degraded by using ‘extreme and
unrealistic values’ for the input error covariances.

The Kalman Smoother shows higher sensitivity than the
Kalman filter over most of the parameter range displayed (shaded
regions of Figs. 7d and e). In the inferred variable the Kalman
Smoother always has lower sensitivity than the Kalman Filter.
Lack of accuracy in the process error Q does not, however,
alter the fact that the analysis error covariance term vanishes
identically for the Kalman Smoother: if B;i + B}, B r+ Bb and
B_Tf + B,‘f are all diagonal then it follows that B} + B; given by
eq. (BS) is also diagonal.

4.2. Model bias

We now look at the effect of misspecification of the process
model bias, y1, ¥, in egs (1,3). The preferred method of dealing
with model bias in numerical weather prediction is by empir-
ically estimating it and imposing a correction (e.g. Dee and
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Fig. 7. Sensitivity of error covariances to inaccurate model error
statistics. The x-axis is the relative error increase in error normalized by
the squared relative error in the assumed model error variance. Other
parameters are y4 = 1 and W, = 0.
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Da Silva, 1998; Dee and Todling, 2000; Bell et al., 2004) or by
refining the Kalman filter to provide a formal estimate of the
bias (e.g. Keppenne et al., 2005; Gillijns and De Moor, 2006).
The control theory work cited above (Sangsuk-Ilam and Bullock,
1990; Petersen and McFarlane, 1994; Dong and You, 2006) has
looked at what might be called first order model errors, in that
the model P is equal to the true model plus an error P’: here, as
in the meteorological works cited in the previous sentence, we
look at a zeroth order error, in that the increment over a time

interval is given by P " + y and there is an error in y . In this
v

subsection we look at the impact of model bias on the analysis.
The bias in the solution is linearly related to bias in the forcing
terms ¥y,

bl _ Syu
(5-)

where I is a 2 x 2 matrix.
As outlined in the Appendix B, I" can be evaluated, for the
Kalman filter:

1 To 2(1—-c)(o2-B11)

Fy=—| , @ (16)

= |1 Bfl]f—ﬁflz('—i‘) ’

1

where
di = (20] — Bsi) (1 —¢) + Bsios (17a)
s = sinwdt (17b)
c =coswdt, (17¢)

For the Kalman Smoother

0 2B (BT r12+B 12T 122)
_ BfIIBfZ’Z*BZ'

Iy = k f12 . (18)

™! 0

The non-trivial elements of the matricies I' ; are displayed
in Fig. 8. Both I'f,; and I s, are singular as @ — 0. Thus, any
bias in the system will produce large errors in the unobserved
variable. When the Kalman smoother is used, I';2; = T s2;, but
I'y2> vanishes. This means that a bias in the v equation will
only produce a response in the ¥ component of the analysis, and
this response is bounded in the low frequency limit. Hence the
problem of the low frequency singularity is eliminated from one
component of the system, but remains in the other.

The sensitivity of the analysis of low frequency modes to
bias in the model can be traced to the singularity of the matrix
- Bf B;l P) (see eq. B7A). The same matrix occurs in the
expression for the impact of an observational bias, so the same
sensitivity occurs.

(‘d) 1'4”1
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Fig. 8. Sensitivity of analysis bias to model bias. Other parameters are
ya =1land W, =0.

5. Neglecting the background error covariance

In the Kalman Filter, information from the observations of u is
transferred to the analysis estimate of v through two routes: (1)
by the evolution of the model in the forecast step and (2) by
projection in the synthesis step. The relative importance of these
two routes can be illustrated by setting By, = 0 and thus cutting
route (2) for the transfer of information from u to v. Appendix E
gives optimal B}, Bz,, which deliver the best possible solution
subject to the neglect of Bj,. In a practical application these
might be derived by tuning the assimilation system, but here they
can be derived explicitly from the prescribed noise statistics.

The impact on IARf ,» where B is the actual error covariance in
the analysis, is small, with a maximum increase of 33.2%.

The ratio B,,/ B;z is plotted in Fig. 9. The impact of neglect-
ing By, is small when s = sin(wdt) approaches unity. In this
parameter regime it appears that the information is transferred
primarily through the model equations in the forecast step.

As s is reduced, however, the neglect of B, causes increas-
ingly severe degradation. This suggests that the information
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Fig. 9. Ratio of optimal error covariance in unobserved variable to
suboptimal, both with the Kalman Filter, where the suboptimal solution
is obtained neglecting the error covariance between the two
components.

transfer through the model evolution is relatively weak, and
hence that the dominant route for information transfer in the low
frequency limit is through projection in the synthesis step.

Neglecting the off-diagonal terms in B is analogous to
the approach used in the NOAA Rapid Update Cycle (RUC)
(Benjamin et al., 2004) system, which inserts observations con-
tinuously without taking error covariances into account. The
above calculation suggests that the RUC will produce near op-
timal results for high frequency modes, but may be deficient in
low frequency modes, since the latter have small v, (this analysis
neglects transfer between modes by non-linear interactions).

Snyder and Zhang (2003) and Zhang et al. (2004) discuss
the ability of the Ensemble Kalman filter (ENKF) to transfer
information to an unobserved variable. In their application they
find that the covariance terms are important, and that the low
order approximation to the covariance provided by the ENKF
approach gives significant benefits.

6. Discussion

The properties of the Kalman Filter and Smoother when ap-
plied to a simple harmonic oscillator have been analysed, with
observations taken only from one component of the oscillator.

Surprisingly, neglecting the model error covariance term Q»
has absolutely no impact on the accuracy of the Kalman Filter,
though it does make the associated error variance estimates in-
correct. This leads to an error in the Kalman Smoother solution,
and, if the neglected error covariance is sufficiently large, to the
smoother being less accurate than the filter.

If, on the other hand, the covariance term of the background
error, By, in the filter is neglected, there is a significant impact,
especially at low frequencies, even when the remaining com-
ponents of B are chosen to give the best possible results. At
higher frequencies, on the other hand, neglect of By, has less
significant impact.

It is found that the Kalman filter generates a spurious correla-
tion between observed and unobserved variables in the analysis.
The bias in the covariances is introduced by the time asymmetry
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in the Kalman Filter. This may have implications for the inter-
pretation reanalyses such as the widely used ‘ERA40’ (Uppala
et al., 2006) which share this time asymmetry.

Results of Section 5 suggest that an approach which neglects
background error covariances and has frequent data input can
work well for some components of the flow. The largest defi-
ciencies are expected to be in the low frequency component.
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8. Appendix A: The Kalman filter and
Smoother

The Kalman filter equations are as follows:

Xpp = PXpr1, (Ala)
By = PBy_ PT 4+ PV2Q P27, (Alb)
e = xp+ Ky — Hxpp), (Alc)
By = —-KH)Bp, (Ald)
K =ByH" (HBH +R)", (Ale)

(Kalman and Bucy, 1961). Subscripts f, b and s will be used to
indicate the Kalman filter, backward filter and smoother respec-
tively. A subscript k, k + 1 will be used to label the time interval.
Following standard notation, Q is the noise covariance matrix, H
the observation operator and R the observation error covariance.
B will be the analysis error covariance. The state estimate x and
error covariance B at any time level are written with a hat, **’, if
they include observations from the current time level, otherwise
these quantities refer to estimates which do not use the current
observations. A ‘T” superscript indicates a transpose.

The k subscript is omitted from H and K because for these
operators the time is clear from the terms they are associated
with. An algebraically more simple form of (Alc,d) is:

B % = Bylxw + H R yi (A2a)

Bl =By +H'R'H, (A2b)

where the * in the subscript can be f, b or s. Eqs (Alc,d) are
preferred in numerical applications if the rank of R is less than
the rank of B. The set (A1) avoids inversion of B, which is an
enormous saving in many instances. The analytic manipulations
in Appendix C will, however, start from the simpler form (A2).

Similar equations apply for the backward filter, simply replac-
ing P with P~!, and appropriate changes in indexing:

Xpk = P Ry (A3a)
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By = P~ By P+ P20 P (A3b)

along with the general expressions in eq. (A2). There is a sub-
tlety in eq. (A3a): in order for this to be valid, the model noise in
the interval (k, k + 1), €, should be independent of X . How-
ever, is is clear that, for any given x;, there will be a correlation
between x;.; and €;. The optimal estimates, %, etc., are condi-
tional and this conditionality creates conditional independence:
just as the conditional probability of x;4; give xx, Pr(xgr1 |xi),
is independent of €;_;, Pr(Xy,1|yk+1) is independent of €;. The
conditional independence results from the fact that €, influences
X+1 only through yyiq.
The Kalman smoother is then:

X = B (Bplxp + By xoe + H Ry wy) (Ada)

B, =By + B, +H R'H (Adb)

9. Appendix B: Error evolution with imperfect
models and error statistics

B.1. Random error

If the deterministic model is not correct there will be both a
random and a deterministic component of the analysis error. We
first look at the random component.

It B} and IAS‘; are the estimated/empirical/erroneous error co-
variances used in the Kalman filter, possibly derived from less
than perfect estimates, P!, Qf, of P and Q, then the random
component of the error, B*, evolves according to:

Bi, = PBP" +P'PQPT (Bla)
B* _ BT BTilB* BT BT71 T
k+1 — DyDy 1\ PrDy
+BIHTR'HB]T. (B1b)

A more general version of this formula, allowing for errors in the
observing operator H and the predictive model P was given by
Heffes (1966), Griffin and Sage (1969).! If we assume a steady
state, so that the error covariance at time k is the same as that at
time k+1, eqs (Bla,b) can be rewritten as:

BT BT—IB* (BT BT—I)T _ PB*PT
fEf f r=r f
= PI2QP'2T 4+ BIHTR'HB! . (B2)

The optimal error covariances B, B, which would be obtained
using the deterministically perfect model an accurate error statis-
tics, satisty (B2) with * and t superscripts removed. Subtracting
this equation for the optimal solution from the (B2) gives an

! Griffin and Sage calculate linear sensitivities: for the error covariance
this vanishes identically and it is the quadratic sensitivity which is of
interest.

equation for the difference between the actual an the optimal
error covariance as a function of the difference between the esti-
mated and the optimal. If we assume that B and B' are consistent
in the sense that:

Bi-'=Bl""+H'R'H (B3a)
BI''=Bl""+B"'—~H"R'H. (B3b)
Then

(1+B/H'R™H)(B; — B) (1 + By H'R™H)'
—P (B} - By) PT ~
(B} = B)H"R™'H (1 — BAH'R™H) (B} = B, (B4)

where terms in which B} — By multiplies B;i - B ¢ have been
omitted.

The difference terms on the right-hand side, B; — B and its
adjoint vary linearly with changes in Q" when the perturbation
from Q is small. This shows that the actual error variance varies
quadratically with the perturbation.

B — B, = B,[B;" (B} — By) B}

+ B,'(B; — B,) B,'] B, (BSa)
+ (333}4 - Bsz;ffl) B, (333;71 - BSB[I) (BSb)
+ (BS*B,I*I —BB,") By (BIB) ' - BB, (BSc)
+ (Bl —B,)H"R'H (B - B,)" (B5d)

This gives a combination of the errors in the forward and back-
ward components and an additional error due to the inaccurate
combination of the two.

B.2. bias

Since the equation system is linear, the bias evolves indepen-
dently of the solution and the random error. The amplitude of
the bias in the solution results from the competition between the
generation of bias by the forward model and the removal of bias
by the addition of unbiased observations.

b1 = Php +v' (B6a)
b = EfB]lbka + Kéy, (B6b)
where dy is the bias in the observations.

If bf/H»l = bfk = bf then
A P
by=(I—-BB;'P) (BsB;'y' +Kby), (B7a)
by=—(ByB;" — P™") " (B,B; 8T, + Kudy) , (B7b)
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by =B, (B;'b; + B, 'by). (B7¢c)
Where
, 1 s 1-c¢
v = ( ) 14 (B8)
w\c—1 s

is the integral of the bias over the interval dr, T, is the same
with the sign of s reversed, and K}, is the Kalman gain matrix for
the backward filter.

10. Appendix C: Analytic integration of the
random oscillator

Analytic integration of an unforced harmonic oscillator is trivial:
this appendix shows how to extend the calculation to include the
random term. Introduce the complex variable z = u+ iv, so that

3
**a—j-i-iwz:deglwl—i—ingz. (1)

This can then be integrated, without approximation, to give

z(t + dt) = z(t) exp(—iwdt) + e exp(—iwdt /2), (C2)
where

t+dt
e= W(r)explio(t —d —dt/2)]dr. (C3)

t
The covariance properties of (e1, e;) = (Jile], I[e]) now need
to be determined.
It follows from the definition of the Wiener processes W ,
that

t+dt t+dt
011 = El@)]1=E U /

{glz Wi (t)Wi(t") cos ¢ cos ¢’
+ 61622W (1) W, (1) sin ¢ cos ¢’
+ 63 Wa(r)Wa(t') sin ¢ sin ¢’ }drdr’]

wdi/2
= afl-/ [57cos® ¢ + 67 sin® ¢ + WeorG162 5in 20 dop
wdi/2

1 sin wdt
= gidr+ o (3 — &7) (df -— ) ; (C4)

where ¢ = w(t —t —dt/2) and ¢' = w(r’ — ¢t — dt/2). Simi-
larly,

1 sin wdt
On =g dt+ 5 (57— 53) (dt - ) (C5)
2 w
and
t4dt t+dt
Q12=E[a?2]=2/ /
t t
{[sTWi(@Wi(T)) — 63 Wa(T)Wa())] cos ¢ sin ¢’
+ 51 Wi (1) Wa(r') cos(¢ + ¢) }drdr’
_ sin wdt
- corG162 ® (C6)
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11. Appendix D: Evaluating analysis error
covariances

If the observations are evenly spaced and have equal error co-
variance it is possible to derive an analytic expression for the
error covariances of the Kalman filter and Smoother.

In this situation, the error variances converge towards a steady
state which is independent of the time index, k (unless the prob-
lem is underdetermined, in which case the undetermined compo-
nent of B grows without limit). If B is eliminated from (A1b) and
(A2b), and the time index is dropped, we obtain the following
equation for the steady state:

(B'—H'"R'H)"'=PBP" +(Q,
where
Q/ — Pl/zQPTl/z.

After some manipulation, the three components of this equa-
tion are:

0‘02311 = (0’02 _Ell)
X

[02311 +52By +2cs By + Q’n] (Dla)
(7,,2312 = (%2 - Bll)
X [CS(Bzz — B+ (@ —5sH)B+ 0] (D1b)
%2322 - an}zz + 3122 = (002 — E”)
X [czgzz + 2By, — 2¢sBy, + Q/zz] , (Dlc)
where
¢ = cos(wdr), s = sin(wdt). (D2)

Eliminating By, and By, from eq. (D1) leads to a quartic
equation for Bll:

52 (202 — Bi)*[(02 — Bu) (@}, + Q'Dz) — B2
— [(002 — E“) (CQ’11 — sQ’lz) — cﬁfl] =0.
Letting z = B? /(02 — By1) and dividing through by (02—

A2 . . .
B, 1) reduces the quartic to a quadratic equation for z:

Z+2bz4c, =0, z=-b . [b2—c, (D3)

where the coefficients are given by:

2.2 1 _¢ _
b, = 2s%c, 2(Q11 + 0O») > Q11 — On) (D4a)

. = —4025> (Q11 + 00) + (011 — 5702)° (D4b)

where ¢, = cos(wdt/2), s, = sin(wdt/2) The sign of the solu-
tion in eq. (D3) will be determined below.

Once z is known, By, is determined from the definition of
z, which can be rewritten as a quadratic equation for B.l. The
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choice of root is determined by the fact that Bll must be positive.
Hence, whatever the value of z:

N 1

B =3 (—z+,/zz+4aozz>,

Bo= (1 [ V[z—c0n+50n]  ©sb)
2s z + 40} " "

By =B +l 1+C2 <

2T 52\ z 440}

/
2 2 12
X [cz —c,0u +s,,Q22] —

(D5a)

(D5¢)

There are still two possible solutions, corresponding to the two
possible value of z. It is found, however, that taking the negative
root in eq. (D3) always produces either z < 0 or BBy — 3122 <
0 (determined by numerical evaluation): real solutions must have
both these quantities positive, so it is the positive root in eq. (D3)
which leads to the valid solution.

12. Appendix E: neglecting model error
covariances

In large systems it is often necessary to economize on the rep-
resentation of the error covariances. This appendix looks at the
consequence of neglecting Q5.

Minimising the actual error B* with sz = 0 gives:

. 20,0,+ad’

Biy = 2a0, + a? (ED
0
h=5 (E2)
o, +a
2c o?

By =Biy— B+ T’; (E3)
where
a= ,/05 + 20,0, — 0. (E4)
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