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A B S T R A C T
Part 1’s localization method, Ensemble COrrelations Raised to A Power (ECO-RAP), is incorporated into a Local
Ensemble Transform Kalman Filter (LETKF). Because brute force incorporation would be too expensive, we demon-
strate a factorization property for Part 1’s Covariances Adaptively Localized with ECO-rap (CALECO) forecast error
covariance matrix that, together with other simplifications, reduces the cost. The property inexpensively provides a
large CALECO ensemble whose covariance is the CALECO matrix. Each member of the CALECO ensemble is an
element-wise product between one raw ensemble member and one column of the square root of the ECO-RAP matrix.
The LETKF is applied to the CALECO ensemble rather than the raw ensemble. The approach enables the update of
large numbers of variables within each observation volume at little additional computational cost. Under plausible
assumptions, this makes the CALECO and standard LETKF costs similar. The CALECO LETKF does not require
artificial observation error inflation or vertically confined observation volumes both of which confound the assimilation
of non-local observations such as satellite observations. Using a 27 member ensemble from a global Numerical Weather
Prediction (NWP) system, we depict four-dimensional (4-D) flow-adaptive error covariance localization and test the
ability of the CALECO LETKF to reduce analysis error.

1. Introduction

Bishop and Hodyss (2009; hereafter Part 1, this issue) indicates
that the adaptive ensemble covariance localization provided by
ECO-RAP is superior to non-adaptive localization when error
correlation length scales vary and/or when errors propagate sig-
nificant distances over the data assimilation (DA) time window.
To realize these benefits in an ensemble DA scheme for a sophis-
ticated NWP model, a practical method for the incorporation of
ECO-RAP in ensemble DA schemes must be outlined. This is
the prime objective of this paper.

Currently, ensemble DA schemes fall into two categories:
schemes that use serial observation processing and schemes that
use observation volumes. Serial observation processing schemes
sequentially process small batches of observations; each batch
of observations is used to update the minimum error variance
state estimate and the ensemble based estimate of its error co-
variance (Houtekamer et al., 2005; Whitaker et al., 2004, 2008;
Khare et al., 2008). On the other hand, Local Ensemble Trans-
form Kalman Filters (LETKFs) (Bowler, 2006; Hunt et al., 2007;
Miyoshi and Yamane, 2007; Szunyogh et al., 2008) feature over-
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lapping observation volumes in which all observations within
the observation volume are used to estimate the state and er-
ror covariance of variables near the centre of the volume. The
calculations required for each LETKF observation volume are
independent and can be performed in parallel. While one could
envisage ways of incorporating ECO-RAP localization into se-
rial observation processing schemes, here we focus on incorpo-
rating ECO-RAP into the LETKF.

Hunt et al. (2007); Miyoshi and Yamane (2007) and Szunyogh
et al. (2008) have implemented LETKF schemes in which ob-
servation error variance is (artificially) made to be an increasing
function of distance from the centre of the observation volume.
The technique described here provides localization without re-
course to the artificial inflation of observation error variances.

Miyoshi and Yamane (2007) and Szunyogh et al. (2008) have
both employed vertical covariance localization schemes that re-
quire judgments to be made about the extent to which observa-
tions at some distance above or below a grid point should be
allowed to influence the analysis of variables at that grid point.
Such distance dependent judgments are problematic with obser-
vations that represent vertical integrals of the atmospheric state
because some of the variables that contribute to the integral are
close to the grid point of interest while other variables that con-
tribute to the integral are distant from the grid point (Fertig et al.,
2007). Radiance observations from satellites are of this type.
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More recently, Miyoshi and Sato (2007) appear to recom-
mend that the observation error variance that is assigned to
satellite observations in the LETKF be inversely proportional
to the value of the normalized-satellite-observation-operator-
sensitivity-function at the location of the grid point being up-
dated. We think that this approach is also unsatisfactory because,
for example, satellite observations with very shallow sensitiv-
ity functions would produce corrections more localized in the
vertical than conventional observations whereas a statistically
consistent treatment would not exhibit such behaviour.

Since radiance observations from space are the most numer-
ous of all observation types, the development of ensemble meth-
ods that treat them in a statistically consistent way is of some
importance. The technique described here provides statistical
consistency turning an ensemble with tens of members into an
ensemble with thousands of members. With such a large ensem-
ble, the LETKF does not require vertical localization beyond
what has been implicitly imparted by the ensemble enlargement.
Each member of the enlarged ensemble can be put into radiance
space and hence the covariance between first guess errors of
radiances and model variables can be handled in a way that is
perfectly consistent with the CALECO forecast error covariance
model.

Standard LETKF observation volumes small enough to filter
spurious ensemble perturbations are also problematic for four-
dimensional (4-D) DA because errors propagate. (Errors moving
at a typical jet level wind speed of 30 ms−1 travel 650 km every
6 h). The longer the assimilation time window, the further they
propagate. Ensembles can predict strong correlations through
time as accurately as they predict strong correlations through
space and across variables. Hence, observation volumes small
enough to remove spurious ensemble correlations may also re-
move observations that, because of error propagation, have a
non-spurious correlation with an analysis variable. The larger
observation volumes of the CALECO LETKF provide room for
error propagation while suppressing spurious correlations with
the propagating localization functions provided by ECO-RAP.

Section 2 shows that the costs of preparing an unfactorized
CALECO forecast error covariance model for use in the LETKF
would be greater than the cost of performing the LETKF update.
Section 3 introduces a factorization theorem for CALECO and
other simplifications that reduce the cost of the preparation steps
to a small fraction of the cost required for the LETKF update.
Section 4 shows how the ability of the CALECO LETKF to
accurately and simultaneously update a larger number of grid
points per observation volume than the standard LETKF might
make the CALECO LETKF faster than the standard LETKF.
Section 5 applies the CALECO LETKF to a 27 member ensem-
ble generated using the Navy Operational Global Atmospheric
Prediction System (NOGAPS) (Hogan and Rosmond, 1991). It
illustrates 4-D adaptive localization functions and demonstrates
the ability of the CALECO LETKF to reduce analysis error.
Conclusions follow in Section 6.

2. The high cost of a brute force CALECO
LETKF

The LETKF requires the square root of the forecast error co-
variance matrix. The columns of this square root correspond
to ensemble members. The LETKF creates correction vectors
for the ensemble mean and the ensemble members by applying
Bishop et al.’s (2001) ETKF to the ensemble members within lo-
cal observation volumes. Hence, a brute force CALECO LETKF
involves evaluating the CALECO matrix within the observation
volume and then finding its square root. The first part of this sec-
tion outlines the computational costs of such preparatory steps
(P1–P3). The second part of this section gives the costs of the
steps (E1–E5) involved in using the ETKF to compute the pos-
terior mean and covariance of the ensemble.

(P1) Define a 4-D observation rectangular volume in space–
time with sides nx,ny,nz and nt grid points long in the lon-
gitudinal, latitudinal, vertical and temporal directions. Let
ng = nxnynznt denote the number of grid points in each vol-
ume. Let nv denote the number of variables at each grid point
and let n = ngnv denote the number of variables within each ob-
servation volume. Let nu denote the number of grid points near
the centre of the observation volume that are to be updated. Let
p denote the number of observations within each observation
volume and K the number of ensemble members. The values
assigned to these variables for the example given in Section 5
are given in Table 1

(P2) Compute the CALECO matrix Pf

CALECO = Pf

K �
CECORAP = Pf

K � ˜C�qS ˜ST C�q in each observation volume
where Pf

K is the sample covariance matrix of a raw K member en-

semble and CECORAP = ˜C�qS ˜ST C�q gives the ECO-RAP local-
ization matrix. C�q is the correlation matrix obtained by raising
every sample correlation of the raw ensemble to the qth power.
SST is a smoothing operator; ST is the forward transformation

Table 1. List of parameters discussed in Section 2 and the values
assigned to them for the NOGAPS experiments discussed in Section 5

Chosen
Parameter Meaning value

nx number of grid points in x-direction 7
ny number of grid points in y-direction 7
nz number of grid points in z-direction 30
nt number of grid pts in t-direction 3
ng number of grid points in observation volume 4410
nv number of variables at each grid point 3
n number of variables in observation volume 13230
nu number of grid points updated in obs volume 90
p number of observations in each obs volume 7350
K number of ensemble members 27
L number of rows left in ST C

◦q after truncation 126

J = (K − 1)L number of non-zero eigenvalues of Pf

CALECO 3276
KL number of members in CALECO ensemble 3402
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Table 2. Summary of primary computational costs associated with the preparation of CALECO forecast error covariance matrix for use in the
LETKF. The estimated order of magnitude of the number of operations is based on the parameter values given in Table 1. The 2nd and 3rd columns
give the costs associated with the brute force and factorized forms of the CALECO LETKF, respectively

Task Operations: brute force Operations: factorized

(Pf

CALECO)1/2 2n3/3 ∼ 1012 nLK∼=nJ ∼ 107

Evaluate ST C�q n2[log(nx ) + log(ny ) + log(nz)] ∼ 109 nnt [ nx log (nx) + ny log(ny) + nylog(ny)] ∼ 107

C�q n2K ∼ 1010 nnt(nx + ny + nz)K ∼ 107

that maps physical space state vectors into spectral space and
then rescales the spectral coefficients such that small scale modes
are suppressed (see Part 1 for details). Producing C�q costs or-
der n2K [O(n2K)] operations. The cost of ST C�q depends on
the type of transform employed. If Fourier transforms are used
in each spatial direction, operating ST on one column of C�q

costs ntnv[nznynx log(nx) + nznxny log(ny) + nxnynz log(nz)]
operations. Hence, ST C�q costs order n2[log(nx) + log(ny) +
log(nz)] operations. Assuming that ST C�q was truncated to L
rows then formation of ˜C�qS ˜ST C�q is order n2L operations.
Finally, the element-wise product Pf

K � ˜C�qS ˜ST C�q costs n2

operations.
(P3) Essentially, the LETKF uses Bishop et al.’s (2001) En-

semble Transform Kalman Filter (ETKF) to update the state and
error covariance estimate within each of its observation volumes.
Ideally, the ETKF is applied to a concise left square root Z of
Pf

CALECO that has about the same number of columns as the effec-
tive rank of Pf

CALECO. The brute force eigenvalue decomposition
Pf

CALECO =V �VT where V contains Pf

CALECO’s eigenvectors and
the diagonal matrix �contains its eigenvalue provides the con-
cise square root Z =VJ �

1/2
J where the J × J diagonal matrix

�
1/2
J contains the J significant eigenvalues of Pf

CALECO and where
the n × J matrix VJ contains the corresponding eigenvectors.
The cost of obtaining this concise square root is O(2n3/3) oper-
ations (Press et al., 2007). Table 2, above, outlines the primary
costs of preparatory steps P1–P3.

Having obtained a concise square root Z of Pf

CALECO, one can
treat the columns of the square root as pseudo-ensemble mem-
bers or CALECO ensemble members. We refer to DA methods
based on the application of the LETKF to these CALECO en-
semble members as the CALECO LETKF. The costs for the
CALECO LETKF are as follows.

(E1) The first step of Bishop et al.’s (2001) ETKF is to com-
pute a p × J matrix HZ whose columns give the ensemble per-
turbations in observation space. The jth column (HZ)j of HZ
is given by (HZ)j = H

(
x̄ + zj

) − 1
J

∑J

i=1 H (x̄ + zi) where x̄
is the ensemble mean and where H is the (possibly) non-linear
observation operator such that yt = H(xt ) where xt is the true
value of the state and yt is the true value of the observation. The
most computationally expensive mappings are generally associ-
ated with observations that represent weighted vertical integrals
of the state such as satellite observations. The cost of mapping

the state to an observation that represents a vertical integral of
the state at some random horizontal location is around 10nznv

operations. Hence, if all p observations were of this expensive
type, the cost of forming the column (HZ)j would be about
10nznvp while the cost of forming HZ in its entirety would be
around 10nznvpJ.

(E2) The evaluation of the J × J matrix ZT HT R−1 HZ re-
quired by eq (11) of Bishop et al.’s (2001) description of the
ETKF is O(J2 p/2) operations where R gives the observation
error covariance matrix for the observations. The eigenvalue de-
composition of this matrix ZT HT R−1HZ = C�CT (C lists the
eigenvectors, diagonal matrix � gives the corresponding eigen-
values) also required by eq. (11) of Bishop et al. (2001) costs
about O(2J3/3) operations. For observation volumes that fill
the entire depth of the atmosphere and a dense observation net-
work, these two steps are usually the most expensive parts of
the ETKF algorithm. Both of them could be avoided if a varia-
tional approach were taken to updating the ensemble mean and
a global ensemble update along the lines of Wang and Bishop
(2003), Wang et al. (2004) or McLay et al. (2008) were used.
Details of a variational approach to updating the ensemble mean
and the corresponding costs are given in the Appendix S1 in sup-
plementary material. With the variational approach, the cost of
each iteration of the minimization algorithm is order 2Jp. While
this approach might be attractive for extremely large observation
volumes (very large p and J) we will not pursue it here.

(E3) Compute x̄a
u the mean of the corrected or

posterior ensemble members for the nunv variables
near the centre of the observation volume using
x̄a

u = x̄f
u + Zf

u C(� + I)−1CT Zf T HT R−1/2
(
y − Hx̄f

)
where x̄f

u

is the mean of the prior or forecast ensemble members at the
nunv variables, Zf

u is the (nunv)xK matrix obtained by removing
all of the rows of the n × J matrix Z except those that pertain
to the nunv variables that are to be updated, y is the p-vector of
observations within the observation volume. The cost of this
operation is about Jp + J2 + J + J2 + nunvJ ≈ J(p + 2J +
nunv) operations.

(E4) Create K ensemble perturbations xa
i whose covariance

estimates the error covariance of the nunv analysed variables.
There are at least three options available for this step. The first
option involves creating an (nunv)xK matrix of posterior ensem-
ble perturbations Xa

u using Xa
u = Za

uAJxK where Za
u is obtained
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Table 3. Summary of primary computational costs for the ETKF steps
in each observation volume with J CALECO ensemble members, p

observations and nu update variables. The estimated order of
magnitude of the number of operations is based on the parameter
values given in Table 1

Task Operations

HZ 10nznvpJ ∼ 1010

ZT HT R−1HZ J2p/2 ∼ 1011

ZT HT R−1HZ = C�CT 2J3/3 ∼ 1010

Computex̄a
u J(p + 2J + nunv) ∼ 5x107

xa
i , i = 1, . . . , K KJ(p + 2J + nunv) ∼ 109

Table 4. Summary of primary computational costs associated with a
variational approach to computing the update within each observation
volume with J ensemble members, p observations and nu update
variables. The estimated order of magnitude of the number of
operations is based on the parameter values given in Table 1

Task Operations

HZ 10nznvpJ ∼ 1010

Compute x̄a
u 100Jp ∼ 1010

xa
i , i = 1, . . . , K K100Jp ∼ 1011

using the precise square root solution Za
u = Zf

u C(� + I)−1/2CT of
the equation relating analysis error covariance to forecast error
covariance for an optimal DA scheme (Bishop et al., 2001) at
a cost of about nvnu(J 2 + J + J 2) ≈ 2nvnuJ

2operations. Each
column ai of the K columns of the J × K matrix AJxK is a
random vector with mean zero and covariance matrix equal to
the identity matrix ai ∼ N(0, I). The operation Xa

u = Za
uAJxK

costs about nvnuJK operations. In order to facilitate similarity
between the analysis perturbations of one volume and the next,
one could let AJxK be identical for all volumes. The second
option uses perturbed observations yi = y + εo

i and the equa-
tion xa

i = xf

i + Zf
u C(� + I)−1CT Zf T

u HT R−1/2(yi − Hxf

i ), i =
1, 2, . . . , K where εo

i is a random normal variable with covari-
ance R and xf

i gives the ith member of the ensemble forecast.
This Monte-Carlo approach would incur costs around KJ(p +
2J + nunv) operations. Table 3 gives the cost of this approach
for the parameter values listed in Table 1. For these parameters,
this second option costs about half as much as the first option. In
addition to this computational advantage, in practice, the Monte-
Carlo approach may be more accurate because it does not rely on
the assumption of an optimal DA scheme. The third option is to
update the ensemble using a global ensemble update algorithm
such as those suggested in (Wang and Bishop, 2003; Wang et al.,
2004; McLay et al., 2008) that do not use localization.

(E5) Create the K member posterior ensemble by adding the
perturbations Xa

u to the updated ensemble x̄a
u at a cost of order

Knu operations. After this step, the posterior ensemble is ready
for the next forecast/assimilation cycle.

Comparison of the costs (Table 2) of the brute force CALECO
LETKF with Table 3 shows that the costs of preparing CALECO
for use in an LETKF observation volume using the brute force
method exceeds the costs associated with the ETKF steps for
the parameter values given in Table 1. In the next section, we
introduce methods that make the costs of these preparatory steps
orders of magnitude cheaper than the ETKF costs.

3. Reducing the costs of preparing CALECO
for the LETKF

3.1. A factorization property for the CALECO matrix

Table 2 shows that the most expensive CALECO preparation cost
is that of finding a concise square root of CALECO via the de-
composition Pf

CALECO = V�VT . Let W = ˜C�qS so that CECO−RAP

=WWT . Let ZK = [x1 − x̄, x2 − x̄, . . . , xK − x̄]
/√

K − 1 give
the square root of the sample covariance matrix Pf

K of the
raw K-member ensemble (Pf

K = ZKZT
K ). Let zi and wj de-

note the ith and jth columns of ZK and W, respectively. Let
zki and wkj denote the kth row element of the ith and jth
columns of ZK and W, respectively. Now note that the ele-
ment [

∑K

i=1

∑L

j=1(zi � wj )(zi � wj )T ]klon the kth row and lth

column of the matrix
∑K

i=1

∑L

j=1 (zi � wj )(zi � wj )T is given
by[

K∑
i=1

L∑
j=1

(
zi � wj

) (
zi � wj

)T

]
kl

=
K∑

i=1

L∑
j=1

zkiwkj zliwlj

=
K∑

i=1

(
L∑

j=1
wkjwlj

)
zkizli

=
(

L∑
j=1

wkjwlj

) (
K∑

i=1
zkizli

)
= (

WWT
)
kl

(
ZKZT

K

)
kl

, (1)

where the symbol � indicates the element-wise matrix product
that is often called the Schur or Hadamard product. Equation (1)
implies the factorization property

ZKZT
K � WWT =

K∑
i=1

L∑
j=1

(
zi � wj

) (
zi � wj

)T

= (ZK �W) (ZK �W)T

= Pf

K � CECORAP = Pf

CALECO, where

ZK �W = [[z1 � w1, z1 � w2, . . . , z1 � wL] ,

[z2 � w1, . . . , z2 � wL] , . . . , [zK � w1, . . . , zK � wL]] .
(2)

Each of the KL columns of ZK�W is given by the element-
wise product of a column of ZK with a column of W. In the same
way that a musician can modulate sound by varying its amplitude
(volume), phase (timing) or frequency (pitch), we think of the
element-wise products zi � wj as causing wj to modulate zi . For
this reason, we refer to ZK�W as the modulation matrix product
between ZK and W. Equations (1) and (2) show that ZK�W is a
concise square root Z (having only KL columns) of Pf

CALECO and
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hence we can set Z = ZK�W. The cost of computing the KL∼=J
columns of Z from ZK and W is order KLn∼=Jn operations.
For the observation volume parameters listed in Table 1, the last
column of Table 2 shows that this cost is five orders of magnitude
less than the cost of finding the square root of Pf

CALECOusing an
eigenvalue decomposition and that it is insignificant compared
with the ETKF costs given in Table 3.

Judicious use of the factorization property (2) greatly reduces
the memory requirements of a CALECO ETKF. Without this
property, one would have to store in memory all nJ numbers
defining the J ∼= KL member CALECO ensemble. However, eq.
(2) shows how any member of the CALECO ensemble can be
computed as needed from the element-wise product of one of
the columns of ZK with one of the columns of W. Consequently,
one only needs to hold ZK and W in memory. Only n(K + L)
numbers need to be held in memory to precisely define ZK and
W . For the observation volume parameter values given in Table
1, n(K + L) = 2 × 106 whereas nJ = nKL = 4.5 × 107 and
hence (2) enables an order of magnitude reduction in memory
storage requirements.

3.2. Approximate C�q using separable functions

Table 2 shows that the evaluation of C�q is the second most
expensive step in the brute force approach to preparing CALECO
for use in the LETKF. The jth column of the matrix C�q lists
the correlations of all the variables with the jth variable. If there
are nt model output times in the assimilation window and m
variables at each time, then the jth column cj of C�q represents
the concatenation of nt m-vectors cτj , τ = 1, 2, . . . , nt each of
which lists correlations with all of the variables at the τ time level
with the jth variable; in other words, cT

j = [cT
1j , cT

2j , . . . , cT
nt j

].
The cost of computing this vector can be greatly reduced by
assuming that all of the elements in the m-vector cτj can be
approximated by a separable function of x, y and z. We found that
the following recipe produced useful separable approximations
to cτj , τ = 1, 2, . . . , nt and its elementwise powers.

(i) Find the maximum cτ max of the vector cτj . If τ indicates
the same time level as that of the jth variable then the maximum
will be at the jth variable. At other time levels, the maximum will
have propagated some distance away from the physical location
of the jth variable. Hence, information on the propagation speed
of significant correlations such as its maximum possible magni-
tude enables an efficient search algorithm for the maximum at
other times.

(ii) Compute the nx correlations along the line parallel to the
x-axis that intersects the maximum value and let these values
define the function fτ (ix), ix = 1, 2, . . . , nx .

(iii) Compute the ny correlations along the line parallel to
the y-axis that intersects the maximum value and let these values
define the function g∗

τ (iy), iy = 1, . . . , ny then normalize this
function by the maximum correlation cτ max = max[g∗

τ (iy)] to
obtain gτ (iy) = g∗

τ (iy)/cτ max, iy = 1, . . . , ny .

(iv) Repeat step (iii) but this time for a line parallel to
the z-axis thus obtaining the normalized correlation function
hτ (iz), iz = 1, . . . , nz .

(v) Approximate the element of cτj corresponding to the
(ix, iy, iz) grid point by fτ (ix)gτ

(
iy

)
hτ (iz) .

(vi) Approximate the qth power of the elements of cτj using
f q

τ (ix)gq
τ

(
iy

)
hq

τ (iz)
(vii) Repeat steps (i)–(vi) for all τ values (τ = 1, 2, . . . , nt .)

Thus, using steps (i)–(vii), the qth Hadamard power of the jth
column c�q

j can be approximated by adaptive separable functions
for τ = 1, nt. The computational expense of this approximation
to c�q

j is the relatively small cost of identifying the maximum
value of cτj at each time plus about Knt(nx + ny + nz) operations
required to create the separable functions defining the approx-
imation c�q

j . For large observation volumes, this cost is many
orders of magnitude less than the roughly Kn operations that
would be required to evaluate all the correlations that precisely
define the jth column c�q

j .
The matrix obtained by approximating each column of C�q

by a separable function in this manner will be denoted by Ĉ�q .
Since there are n columns in Ĉ�q , the cost of defining all these
columns is about nnt(nx + ny + nz)K. Table 2 shows that for
the parameter settings of Table 1, the cost of computing Ĉ�q is
2 orders of magnitude smaller than the cost of computing C�q .
In addition, while n2 numbers are needed to define C�q only
nnt(nx + ny + nz) numbers are needed to define Ĉ�q . For the
parameters given in Table 1, n2 = 2 × 108 while nnt(nx + ny +
nz) = 2 × 106. Hence, Ĉ�q requires 2 orders of magnitude less
computer memory than C�q .

Replacing ST C�q by the separable form ST Ĉ�q greatly
reduces the cost of estimating ST C�q . This is because the
transform of a separable function f q

τ (ix)gq
τ

(
iy

)
hq

τ (iz) is just
Fτ (νk)Gτ (νl) Hτ (νm) where Fτ (νk), Gτ (νl) andHτ (νm) are the
spectral transforms of f q

τ (ix),gq
τ

(
iy

)
andhq

τ (iz), respectively.
Thus, the separability assumption reduces the cost of taking
the transform of cj from order n2[log(nx) + log(ny) + log(nz)]
operations to nnt [nx ln(nx) + ny ln(ny) + nz ln(nz)] operations.
Table 2 shows that for the parameters given in Table 1, this ap-
proach reduces the cost of estimating ST C�qby two orders of
magnitude.

Note that while the columns of C�q are replaced by sepa-
rable functions, the rows of C�q are not. Hence, the columns

of CECO−RAP = ˜(Ĉ�q )T S ˜ST Ĉ�qwill not, in general, be describ-
able by separable functions. This non-separability is evident in
Figs. 2–6, which display various columns of CECO−RAP.

3.3. Use univariate ECORAP localization rather than
multivariate localization

In principle ECO-RAP provides separate functions for the
localization of covariances between distinct variables. How-
ever, Ensemble Kalman Filters that use the same non-adaptive
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localization function for all ensemble covariances have been
shown to work reasonably well (e.g. Houtekamer et al., 2005).
This suggests that computing the adaptive ECO-RAP localiza-
tion matrix for the univariate ensemble covariances associated
with a single variable type and then applying it to all ensem-
ble correlations (including multivariate correlations) would also
work reasonably well.

For the experiments to be reported on in this paper, we
found that ECO-RAP localization functions based on equivalent
potential temperature θe gave reasonable looking localization
functions and it is these functions that were used for localization
in this paper. To implement this univariate localization within the
computationally efficient framework provided by (2), we alter
the way we compute the correlations from which the square root
W is derived. To be specific, we (a) replace all univariate cor-
relations between wind, temperature and humidity variables by
the corresponding univariate correlations of θe (b) we replace all
multivariate correlations by the corresponding univariate cor-
relations from θe. This is equivalent to replacing multivariate
perturbation state vectors by univariate perturbation state vec-
tors in which the perturbation variables associated with the wind,
temperature and humidity variables have been overwritten by θe

variables. When this is done, it can be shown that each column
of the W matrix is composed of concatenated identical vectors
each of which would be identical to the corresponding column
of the W matrix one would obtain if one was only attempting a
univariate analysis of θe. This fact means that this univariate ap-
proximation allows further memory and computational savings.

A rigorous comparison of the quality of univariate ECO-RAP
localization functions derived from, say, streamfunction, with
those from θe is beyond the scope of this paper. This univariate
approximation reduces the costs listed in the third column of
Table 2 by the factor (1/nv) where nv is the number of variables
at each grid point.

4. Costs of CALECO LETKF versus standard
LETKF

Assuming that there are more observations than ensemble mem-
bers in each observation volume, the dominating cost of both the
CALECO LETKF and the standard ETKF is the computation
of ZT HT R−1HZ. The cost is about J2 p/2 = L2K2p/2 opera-
tions for the CALECO LETKF and about K2ps/2 operations
for the standard LETKF, where ps gives the typical number of
observations in a standard LETKF observation volume. While
the standard LETKF updates variables at the single grid point
that lies far enough away from the edges of its small observation
volume, the CALECO LETKF can simultaneously update the
many nu grid points that lie sufficiently far from the edges of its
larger observation volume with little additional computational
cost.

To see the additional cost, recall that (following Bishop et
al., 2001) the ETKF analysis update equation is x̄a

u = x̄f
u +

Zf
u C(� + I)−1CT Zf T HT R−1/2

(
y − Hx̄f

)
and that the cost of

this operation is order Jp + J2 + J + J2 + nunvJ operations
where the number of grid points to be simultaneously updated
is nu. Hence, provided nunvJ is much smaller than J2p/2 (the
cost of ZT HT R−1HZ), the cost of updating nu grid points will
be about the same as updating a single grid point. If we in-
sist that the cost nunvJ of updating nu grid points be no greater
than 10% of the cost J2p/2 of computing ZT HT R−1HZ, we
arrive at the requirement that nu ≤ 0.1Jp/(2nv). In the exper-
iment of Section 5, J = 3402, p = 7350 and nv = 3. From
these numbers we can deduce that the simultaneous update of
nu = 0.1Jp/(2nv) = 340.2 × 7350/6 = 4.2 × 105 grid points
would only be 10% more than the cost of updating a single grid
point. Thus, if there where 42 grid points in each vertical col-
umn, we could update a 100 × 100 square of vertical columns
and only incur a 10% increase in cost.

Recall that the standard LETKF can only update one grid point
per observation volume because spurious correlations associated
with its K member ensemble are suppressed either by (1) letting
observation error variance (artificially) increase with distance
from the grid point to be updated (2) shrinking the observation
volume until the effect of spurious correlations is minimized. In
contrast, the J = KL member ensemble of the CALECO LETKF
is largely free of spurious correlations and the only role of the
observation volume is to break the data assimilation problem
into manageable computational chunks. Hence, since there is
little additional computational cost associated with simultane-
ously updating large numbers of grid points, one can choose
much larger observation volumes for the LETKF and allow the
scheme to simultaneously update all of the grid points that lie
far enough away from the edges of the observation volume.
Here, we explore the conditions under which the higher cost of
the CALECO LETKF (L2K2p >K2ps) for a single observation
volume could be offset by the fact that a large number of grid
points can be simultaneously updated in the CALECO LETKF
whereas only a single grid point can be updated in the standard
LETKF.

Let us suppose that the parameters mx, my and mz define the
number of grid points in the x, y or z directions one must go in
order for ensemble correlations to be ignored without negatively
impacting the DA scheme. In this case, the ideal standard LETKF
observation volume would have (2mx + 1)

(
2my + 1

)
(2mz + 1)

grid points and the corresponding average number of observa-
tions ps in the standard LETKF volume would be given by
ps = ρo(2mx + 1)

(
2my + 1

)
(2mz + 1) where the observation

density ρo gives the average number of observations per LETKF
observation volume.

Let the CALECO LETKF observation volumes cover the en-
tire nz vertical levels of the model and let their x and y horizontal
boundaries be respectively mx + ne and my + ne grid points
from the centre of the volume such that each volume contains
[2(mx + ne) + 1]

[
2(my + ne) + 1

]
nz grid points. These larger

observation volumes provide nu = (2ne + 1)2 nz grid points that
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are sufficiently distant from the boundaries to be simultaneously
updated using the p = ρo[2(mx + ne) + 1]

[
2(my + ne) + 1

]
nz

observations within the volume. The standard LETKF cannot
update these nu grid points simultaneously. Hence, it costs the
standard LETKF roughly (nuK2 ps operations) to update these
grid points.

In order for the cost of the CALECO LETKF to be less than
or equal to the standard LETKF, the cost (nuK2ps operations) of
updating the nu grid points with the standard LETKF must be
greater than or equal to the cost (L2K2p operations) of updating
the nu grid points using the CALECO LETKF. In other words,
the condition

nuK
2ps ≥ L2K2p (3)

must be satisfied. Substituting for ps, p and nu in (3) using the
above relations gives

(2ne + 1)2 nz (2mx + 1)
(
2my + 1

)
(2mz + 1)

≥ L2 [2(mx + ne) + 1]
[
2(my + ne) + 1

]
nz.

(4)

The significance of (4) depends on the relationship between
L, the rank of the ECO-RAP localization matrix and 2ne, the grid
point length by which the sides of the CALECO LETKF obser-
vation volume exceeds that of the standard LETKF observation
volume.

To infer this relation, we recall that a keystone of the stan-
dard LETKF (Ott et al., 2004; Patil et al., 2001) is the assump-
tion that the dimension of the error space within the standard
LETKF observation volume is small enough to be spanned,
in large measure, by K raw ensemble perturbations. Here we
shall assume that aK CALECO ensemble perturbations are suf-
ficient to analyse the error at the centre of each independent
(2mx + 1)

(
2my + 1

)
(2mz + 1) standard LETKF observation

volume where a is an unknown constant. If Ott et al.’s assump-
tion applies to members of the CALECO ensemble then a will be
near unity (between 0.5 and 5, say). This suggests that the mini-
mum size J of the CALECO ensemble required for a CALECO
observation volume with [2(mx + ne) + 1]

[
2(my + ne) + 1

]
nz

grid points is aK multiplied by the ratio of the CALECO ob-
servation volume divided by the LETKF observation volume.
Hence,

J = LK =
[

aK

(2mx + 1)
(
2my + 1

)
(2mz + 1)

]

[2(mx + ne) + 1]
[
2(my + ne) + 1

]
nz.

(5)

Consequently,

L = a
[2(mx + ne) + 1]

[
2(my + ne) + 1

]
nz

(2mx + 1)
(
2my + 1

)
(2mz + 1)

. (6)

Using (6) in (4) gives

(2ne + 1)2 nz ≥ a2

{
[2(mx + ne) + 1]

[
2(my + ne) + 1

]
nz

(2mx + 1)
(
2my + 1

)
(2mz + 1)

}3

(7)

Fig. 1. In (a) the solid line shows the CALECO ensemble size as a
function of ne. [Recall that the number of grid points to be
simultaneously updated by the CALECO LETKF is nu = (2ne + 1)2

nz]. The dashed line (triangles) and the dash–dotted line (squares) give
the longest edge of the rectangles defined by the entire CALECO
observation volume and the region that is simultaneously updated by
the CALECO LETKF, respectively. In (b) the solid and dashed lines
give, as a function of ne, the value of the left and right hand sides of
eq. (7), respectively.

as the condition for the CALECO LETKF to be more efficient
than the standard LETKF.

For standard LETKF experiments with real and simulated ob-
servations Miyoshi and Yamane’s (2007, p. 3855) work used
mx = my = 10, mz = 6, K = 40 and nz = 48. Miyoshi
and Yamane’s (2007) horizontal grid spacing was 0.75 degrees
(∼83.4 km along a longitude line). Hence, the longest side of
their observation volumes was about 1750 km. To associate some
precise numbers with (6) and (7), we set a = 3 and assume the
aforementioned parameter values of Miyoshi and Yamane1 . For

1The grid point based definitions of observation volumes, although con-
venient for the current analysis, are problematic at the poles. Miyoshi
et al. (2007) describe observation volumes based on distance alone that
avoid this problem. It would be a simple matter to extend our analysis
to these types of observation volumes.
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Fig. 2. In a, b and c is shown a vertical cross-section of the evolution of the unlocalized meridional wind increment from a single temperature
observation at 3Z and (56S, 124E, σ = 20) denoted by the ‘+’; (the abscissa and ordinate give longitude and σ -level, respectively). In d, e and f is
shown the corresponding vertical cross-section of the evolution of the ECORAP localization function associated with this observation. In g, h and i
the corresponding CALECO increment is shown. Bars give the relation between ‘shade’ and ‘value’. For (a)–(c) and (g)–(i) values have units of
Kelvin.

these parameters, Fig. 1a plots the relationship between ne and
the size J = KL = 40L of the CALECO ensemble implied by (6).
As a function of ne, it also gives the length of the longest side (in
kilometres) of the rectangle of grid points that would be simul-
taneously updated by CALECO together with the longest side
of the rectangle defining the CALECO observation volume. In
Fig. 1b is plotted the corresponding left and right hand sides of
eq. (7) as a function of ne. It shows that the necessary condi-
tion (7) for the CALECO LETKF to be more efficient than the
regular LETKF is satisfied 3 ≤ ne ≤ 8.

Figure 1 is based on the assumption that a = 3. The ap-
propriate value for a is unknown but could be determined for
specific systems by tuning CALECO performance for various
ensemble sizes. Calculations using (7) show that it is satis-
fied for an even larger range of ne values for a < 3; how-
ever, for a > 3 it isn’t satisfied for any ne values. Might the
CALECO LETKF outperform the standard LETKF at a lower
cost?

5. Illustration of CALECO LETKF in an
atmospheric model

5.1. NOGAPS, the ET ensemble, and the size of
observation volumes

Determining whether the CALECO LETKF can or cannot out-
perform the standard LETKF in a sophisticated model and at
what cost is beyond the scope of this paper. Here, we illustrate
the 4-D mobility and adaptivity of ECO-RAP localization func-
tions, CALECO covariance functions and test their ability to
reduce analysis error. The experiments performed are qualita-
tively similar to those described in Bishop and Hodyss (2007)
except here, due to the computational efficiency of ECO-RAP,
we are able to assimilate a higher number of observations per
observation volume (7350 versus 1666). This higher observation
density is more in line with the numbers of observations currently
being assimilated in operational numerical weather prediction.
Apart from the computational superiority of ECO-RAP, we were
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Fig. 3. As in figure 2, but for a horizontal cross-section on σ -level = 20. The abscissa gives degrees longitude, the ordinate gives degrees latitude.

unable to detect any significant performance difference between
the SENCORP approach used in Bishop and Hodyss (2007) and
ECO-RAP.

The forecast model used is the Navy Operational Global At-
mospheric Prediction System (NOGAPS) (Hogan and Rosmond,
1991). NOGAPS is run at horizontal spectral resolution T119
with 30 vertical levels. To simplify our calculations (that were
all performed on a single processor computer running Matlab),
we degrade the horizontal resolution of the ensemble output to a
3◦ × 3◦ latitude–longitude grid. This resolution is comparable to
that used by Szunyogh et al. (2005, 2008). The ensemble is gen-
erated using the ensemble system developed at our laboratory
and described in McLay et al. (2007, 2008). Initial perturba-
tions are based on the Ensemble Transform (ET) technique of
Bishop and Toth (1999). All results pertain to 27 ensemble mem-
bers taken from 17 July 2005. Each 4-D CALECO observation
volume considered in this section spans a 6 h assimilation win-
dow with output every 3 hrs, covers all 30 vertical levels of the
model and a 21 × 21 degree area (7 × 7 grid point box) in the
horizontal.

To generate synthetic observations for our experiment, we de-
fine “truth” to be the state of a forecast initialized at 6 UTC on 16
July 2005 at 3, 6 and 9 UTC on the 17 July 2005. In other words,

we let the truth over our 6 h window be given by the last 6 h of a
27 h forecast. The 4-D first guess for our DA experiment is the 3,
6 and 9 h forecast initialized at 0 UTC on the 17 July 2005. The
difference between the first guess and the truth is the combined
effect of Naval research laboratory Atmospheric Variational DA
System (NAVDAS) (Daley and Barker, 2001) analysis correc-
tions at 6, 12, 18 and 24 UTC on the 16 July 2005. The approach
yields a difference that is global and informed by real observa-
tions. Where needed, pseudo-observations are created by adding
normally distributed noise to ‘truth’ with variances equal to
1 m2s−2 and 2 K2 for wind and temperature observations,
respectively.

5.2. Parameter settings for ECO-RAP

As mentioned in subsection 2d of Part 1, the extent to which
ECO-RAP localization preserves ensemble correlations through
time can sometimes be increased by spatially smoothing the en-
semble perturbations upon which ECO-RAP is based. Experi-
mentation showed that this was the case for NOGAPS ensemble
perturbations. We smoothed θ e ensemble perturbations using
the smoother E�sET where the orthonormal matrix E was a
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Fig. 4. As in figure 2, but for a temperature-increment from a single meridional wind observation at 3Z and (60S, 177E, σ = 25).

half-cosine basis such that the element on the kth row and jth
column is

ekj = aj cos

(
πj

2N
[2k + 1]

)
, (8)

where N is the number of variables, k = 0,1, . . . N−1, and
a1 = 1/.

√
N , aj = √

2/.N for j �= 1 and the elements of the
diagonal matrix �s were made proportional to exp[−( j

dh/v
)2]

This smoothing was accomplished using the parameters of
dh = 2.2 and dv = 3.2 in the horizontal and vertical directions,
respectively. This same spatial smoothing was performed on θ e

perturbations at 3, 6 and 9 UTC. The half-cosine basis we em-
ploy is suitable for non-periodic phenomena. We denote the 4-D
correlation matrix obtained from the smoothed perturbations Cs

and its separable approximation with Ĉs .
Experimentation showed that setting the Hadamard power

q = 6 produced an effective reduction in spurious ensemble
correlations. The operation ST Ĉ�q

s that transforms the func-
tions f q

τ (ix),gq
τ

(
iy

)
andhq

τ (iz) defining the columns of Ĉ�q
s into

Fτ (νk),Gτ (νl) andHτ (νm) was achieved using the half cosine
transform. The operation ST Ĉ�q

s requires that the spectral coef-
ficients Fτ (νk), Gτ (νl) andHτ (νm) be multiplied by wavenum-
ber dependent coefficients such that small scale modes are sup-
pressed. This high wavenumber suppression was again achieved

using coefficients proportional to exp[−( j

dh/v
)2] where j denotes

the relevant wavenumber. For this operation, we employed the
parameters of dh = 4.5 and dv = 3.2 in the horizontal and
vertical directions, respectively. Inspection of the filtered coeffi-
cients showed that many of them were of negligible amplitude.
This led us to perform a triangular truncation2 of the smoothed
spectral representation ST Ĉ�q

s to at most 5 horizontal modes in
each horizontal direction and at most seven vertical modes. The
triangular truncation reduced the number of rows in ST Ĉ�q

s to
L = 126. The normalized matrix WT = ˜ST Ĉ�q

s was obtained
from ST Ĉ�q

s by dividing each column by its magnitude. Since
CECORAP = WWT = ˜Ĉ�6

s SST Ĉ�6
s , (2) implies that the square

root Z of the CALECO matrix is given by Z = [ZK�W], where
Pf

CALECO = ZZT . Equation (2) shows that ZKW is a matrix whose
LK columns list the LK possible element-wise products of the
K columns of ZK and the L columns of W. Since we have K =
27 raw ensemble members, 26 of which are likely to be linearly
independent and since we have L = 126 potentially linearly inde-
pendent columns in W, this means that the rank of the CALECO

2Triangular truncation involves the systematic removal of products of
high wavenumber coefficients. “Triangular truncation” is obtained if the
sum of the coefficients contributing to some coefficient-product exceeds
some critical value.
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Fig. 5. As in figure 2, but for a meridional wind increment given a single meridional wind observation at 3Z in the tropics (20N, 260E, σ = 24).
Bars give the relation between‘shade’ and ‘value’. For (a)–(c) and (g)–(i) values have units of ms−1.

forecast error covariance matrix is no greater than 26×126 =
3276. The number of columns defining Z as defined by (2) is
27×126 = 3402. While we could have reduced this number to
3276 by first performing singular vector decompositions of ZK

and then discarding the singular vectors associated with zero
eigenvalues, we did not bother with this here.

As noted in Bishop et al. (2001) and Hunt et al. (2007), when
the number of columns defining the square root of the forecast
error covariance matrix (3402 in our case) is less than the number
of observations then there is a computational advantage in using
the ETKF form of the minimum-error variance estimation equa-
tions. The advent of hyper-spectral satellite data has increased
the number of data available for assimilation. Most operational
centres plan to assimilate between 106 and 108 observations each
assimilation cycle in the very near future. This number of global
observations translates into order 104 − 106 observations for
each of our 21 × 21 degree observation volumes. Hence, one
expects the number of observations in each observation volume
to exceed the 3402 columns of Z defining the CALECO ma-
trix in each volume. (Our assimilation experiment in section 5d
features 7350 observations per volume). Under these circum-
stances, projecting the estimation equations onto the ensemble

perturbation subspace as in the ETKF is faster than solving the
equations in observation space.

5.3. Examples of 4-D covariance functions of ECO-RAP
and CALECO

Figure 2 illustrates the key fields defining the CALECO analysis
increment (or correction) at 3, 6 and 9 UTC of the meridional
wind from a single observation of temperature at 128E, 56S,
σ -level 20 at 3 UTC. σ -level 20 corresponds to about 700 hPa.
Figures 2a–c gives the vertical cross-section of the 4-D single
observation increment that would be obtained if the ensemble
covariances were not localized. It shows how the raw 27 member
increment propagates East across the observation volume during
the six hour DA window and that it tilts westward with height in
a manner somewhat reminiscent of a growing baroclinic wave
(Holton, 2004). Note the existence of apparently spurious correc-
tions in the stratosphere. Figures 2d–f shows how the ECO-RAP
localization function corresponding to this grid point also prop-
agates East across the LETKF volume during the same 6 h DA
window. The analysis increment obtained from the CALECO
forecast error covariance model is shown in Figures 2g–i. It is
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Fig. 6. As in Fig. 5, but for a horizontal cross-section on σ = 24.

simply the product of the function depicted in the middle pan-
els (d–f) with the corresponding upper panels (a–c). Note that
the CALECO increment is more focused around the observation
location than the unlocalized increment but nevertheless moves
Eastward in a very similar way to the unlocalized increment. The
stratosphere is largely unaffected by the CALECO increment.

Figure 3 illustrates the horizontal structure of the increments
shown in Fig. 1 on the σ = 20 surface. It focuses the analysis
correction around the observation while moving the analysis
correction downstream over the assimilation window.

While the unlocalized analysis correction shown in Figs. 2
and 3 is fairly broad scale and looks qualitatively similar to
the CALECO correction, this is not always the case. Figure
4 compares CALECO localized and unlocalized temperature
corrections associated with a meridional wind observation at
77E, 60S, σ -level 25 at 3 UTC. σ -level 25 is at about 850 hPa.
Here, the unlocalized increment is extremely noisy while the
CALECO increment is focused but nevertheless moving with
the unlocalized increment.

Figures 5 and 6 give an example of ECO-RAP localiza-
tion closer to the tropics. The figures show the meridional
wind increment associated with a meridional wind observa-
tion at (3Z, 20N, 260E, σ -level 25). In this case, the maxi-

mum value of the ECO-RAP localization function drops from a
value of 1 at 3 UTC to a value of about 0.3 at 9 UTC. Part
1 suggested that such drops in the magnitude of the ECO-
RAP localization function can be due to dispersion or to pro-
cesses that have little correlation through time. We found that
this property of ECO-RAP localization increased as the loca-
tion of single observation increments was moved closer to the
equator.

5.4. Global assimilation experiment

Here, we compare the performance of the LETKF with and
without ECORAP localization. Assimilation is performed in
153 distinct observation volumes that are equally distributed
across the globe at 20◦ intervals from 20E to 340E in longitude
and 80S to 80N in latitude. The zonal and meridional winds
are observed at every grid point at 3 UTC and 9 UTC (5880
observations). Temperature is observed at every grid point at
6 UTC (1470 observations). These 7350 observations are then
used to estimate the 6Z state of u,v and T at the 30 vertical levels
at the centre of the observation volume.

To the extent that each observation volume is sufficiently sep-
arated from its neighbours to ensure statistical independence, the
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Fig. 7. Globally averaged RMS error (abscissa) as a function of
model-level (ordinate). In each panel is the rms forecast error (thin
black line), rms analysis error from the LETKF (thick grey line), and
the rms analysis error from the CALECO LETKF (thick black line).
Units are m s−1 for u and v and Kelvin for T.

153 observation volumes provide 153 statistically independent
events. These 153 distinct observation volumes are ordered into
9 groups of 17. Each group lies on 1 of 9 latitude bands. We
compute the average analysis and forecast error in each of the
9 bands for the LETKF with and without ECO-RAP localiza-
tion. If there were no underlying differences in DA performance
with or without ECO-RAP, and the forecast errors within each
band were independent, then the distribution of wins and losses
would be the same as the distribution of outcomes associated
with 9 flips of a coin. If, for example, we found that ECO-RAP
localization produced smaller analysis errors in all 9 bands then
the odds of this happening by chance would be 1/29 and the null
hypothesis could be rejected with a confidence of 99.8%.

Figure 7 shows the globally averaged RMS error as a function
of σ -level at 6Z. ECO-RAP localization produces much smaller
analysis estimates for both the zonal and meridional winds and
slightly better estimates for temperature. Since there are no wind
observations at 6 UTC, the improvements in wind estimates at
6 UTC are attributable to CALECO’s covariances turning wind
observations at 3 and 9 UTC into wind analysis improvements at
6 UTC and/or CALECO’s covariances turning the temperature
observations at 6 UTC into wind analysis improvements at 6
UTC.

The globally vertically averaged results for root mean square
analysis and forecast errors are given in Fig. 8a. The LETKF
with ECO-RAP localization achieves approximately double the
improvement in the RMS analysis error as the LETKF without
localization for all variables. It was found that CALECO LETKF
beat LETKF in 8 out of the 9 latitude bands for the meridional
wind and for the zonal wind. Hence, for these fields, the null
hypothesis ‘that CALECO LETKF analyses were no better than
LETKF analyses’ could be rejected with a confidence of 98%.
For temperature, CALECO LETKF beat LETKF in 7 out of the
9 bands and hence the null hypothesis for temperature improve-
ments could be rejected with 93% confidence.

Figures 8b–d show that the largest forecast errors and the
greatest improvements due to DA occurred at mid-latitudes in
both hemispheres. They also show that the smallest difference
between the raw LETKF and the ECO-RAP enhanced LETKF
occurred for temperature in the southern hemisphere. Figure 8c
shows that both schemes gave relatively small improvements in
the tropics. While CALECO LETKF improved temperature in
the tropics, standard LETKF did not.

6. Conclusions

A cost effective method for incorporating the CALECO adap-
tively localized ensemble covariance model in a LETKF type DA
scheme has been presented. Without the cost saving procedures
introduced in this paper, the cost of preparing the CALECO
forecast error covariance matrix for use in the LETKF would
likely exceed the cost of the LETKF itself. With the cost sav-
ing procedures, the preparation cost is trivial in comparison to
the LETKF cost. The key cost saving is associated with a fac-
torization property of the CALECO matrix that allows a large
ensemble, whose covariance is the CALECO matrix, to be inex-
pensively generated from element-wise products between raw
ensemble members and columns of the square root of the ECO-
RAP localization matrix.

In the standard LETKF, observation volumes and distance
dependent inflation of observation error variances are used to
prevent spurious ensemble correlations degrading the quality
of the analysis. In the CALECO LETKF, spurious ensemble
correlations are suppressed using ECO-RAP. Hence, CALECO
LETKF observation volumes can be much larger than those of
the standard LETKF.
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Fig. 8. Averaged rms error binned according
to region. Black, grey and light-grey bars
give the vertically averaged rms of the
forecast error, LETKF analysis error, and
CALECO LETKF analysis error,
respectively. Units are m s−1 for u and v and
Kelvin for T.

The large observation volumes enabled by the CALECO
LETKF mean that each CALECO observation volume can be
used to update many grid points simultaneously. The potential
cost savings associated with this feature were analysed using the
concept of error dimension density. The analysis indicated that
when the number of CALECO ensemble members required to
accurately analyse Miyoshi and Yamane’s (2007) standard ob-
servation volume was less than three times the size of Miyoshi
and Yamane’s ensemble, then a range of configurations existed
in which the CALECO LETKF would be able to update the state
more efficiently than the standard LETKF (Fig. 1). However, for
higher error dimension densities, the CALECO LETKF would
always be more expensive than the standard LETKF.

This two part paper does not settle the question of whether, for
sophisticated weather models, CALECO LETKF DA with large
observation volumes is more accurate than standard LETKF DA
but it does provide a basis for experiments that could. Part 1
showed that adaptive localization is better than non-adaptive lo-
calization for simple error systems where either the scale of error
changes in space–time and/or the error propagates a significant
distance compared with the scale of localization. Part 2 shows
that such error propagation occurs in the atmosphere and that
ECO-RAP localization functions adapt to it (Figs. 2–6). The
localization functions associated with these figures looked rea-
sonable and they reduced analysis error relative to a LETKF that
did not use localization but used the same observation volume
as the CALECO LETKF (Figs. 7 and 8). Another potential per-
formance advantage of the CALECO LETKF over the standard
LETKF is that it is better suited for non-local satellite obser-
vations because (1) its observation volumes are not confined

in the vertical and (2) it does not require distance dependent
observation error variance inflation.
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Appendix A: Conjugate gradient approach
(Supporting Information)

For the Monte-Carlo form, note that the update equation for the
ith ensemble member satisfies the following relations

xa
ui = xf

ui + ZuC (� + I)−1 CT ZT
u HT R−1/2(yi − Hxf

i )

= xf

ui + Zu(C�CT + I)−1ZT
u HT R−1/2(yi − Hxf

i ),

by orthonormality of C

= xf

ui + Zu(ZT HT R−1HZ + I)−1ZT
u HT R−1/2

(yi − Hxf

i ), because ZT HT R−1HZ = C�CT . (A1)

Hence, if the J-vector w satisfies

(ZT HT R−1HZ + I)w = ZT
u HT R−1/2(yi − Hxf

i ) (A2)

then

xa
ui = xf

ui + Zuw. (A3)
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Thus, if one defines a cost function F such that

F = 1

2
wT

(
ZT HT R−1HZ + I

)
w − wT ZT

u HT R−1/2
(

yi − Hxf

i

)
(A4)

then because

∂F

∂w
= (

ZT HT R−1HZ + I
)

w − ZT
u HT R−1/2

(
yi − Hxf

i

)
(A5)

it follows that F is minimized when (A2) is satisfied. Thus,
(A3) can be used to update the ensemble members, provided
that w minimizes F. Assuming that a descent algorithm such
as the conjugate gradient method could minimize F in 10–100
iterations, the cost of finding the w value that minimizes F would
be between 10 and 100 times the cost of performing the operation
(ZT HT R−1HZ + I)w.

The cost of this operation depends on how the term HZ is
handled. If handled in the manner described in Section 2, HZ
would be turned into a p × J matrix using only the non-linear
observation operator at a cost of about 10nznvpJ operations.
Having formed HZ in this way, the cost of (ZT HT R−1HZ +
I)w would be between 10Jp and 100Jp operations. In this case,
the HZ once formed can be used for all ensemble members
and hence, the total cost of this approach to update the entire
ensemble is 10nznvpJ + K 100 J2.
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