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ABSTRACT
A statistical approach for the sedimentation of prognostic precipitating species inside a microphysical scheme is pro-

posed. The unique fall speed of precipitation used by a typical advective scheme is replaced by three probabilities of
transfer associated with the following three types of precipitation: (i) precipitation present in the layer at the beginning
of the time step; (ii) precipitation coming from the layer above which crosses the layer under consideration and (iii)

precipitation locally produced (or destroyed) during the time step. The use of a decreasing exponential Probability
Distribution Function (PDF) as basis for these probabilities ensures that the normalized probabilities do not depend on
the origin of the precipitation. The main advantage of this characteristic is that the sedimentation process can now be

computed in a single vertical loop. Other functions can also be used as basis for the probabilities and the case with a step
function is discussed. The performance of the proposed PDF-based sedimentation scheme is validated in an academic

single column model and in a full 3-D framework.

1. Introduction

A never-ending increase in computer power allows many Numer-
ical Weather Prediction (NWP) communities to develop more
realistic and consequently more complex schemes that describe
physical processes occurring in the earth-atmosphere system. A
microphysical scheme that describes the complete evolution of
moisture in all its forms and phases is perhaps one of the most
complex ones.

Not so long ago only water vapour, liquid suspended water
and solid suspended water were treated as prognostic quantities
inside a microphysical scheme, whereas rain and snow were
computed diagnostically from their respective budget quantities.
The recent arrival of new schemes at an intermediate complexity
level (e.g. Schultz 1995; Reisner et al., 1998; Wilson and Ballard,
1999; Lopez, 2002; Dare, 2004; Seifert and Beheng, 2006, to
name only a few) marked an increase of the number of prognostic
water species in the direction of falling precipitations. Many
NWP-type models nowadays treat (even in operational setups)
the five traditional water species (water vapour, suspended liquid
water, suspended ice, rain-water and snow) in a prognostic way
and in the future this will most likely be extended with the arrival
of other ice-phase species like graupel and hail.
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Apart from the thermodynamic consequences related to such
an extended set of prognostic variables (see e.g. Catry et al.,
2007), the upgrade of rain and snow to prognostic variables also
requires a sound physical and numerical description of the evo-
lution of these species. One of the main aspects in this evolution
is the interaction of the falling species (rain and snow) with
the environment along their trajectory. Processes such as collec-
tion, evaporation of precipitation, their melting-freezing, etc. will
have a significant impact on the final rain and snow fluxes leav-
ing a model layer. The vertical sedimentation of falling species
should therefore be treated very carefully. In most (if not all)
microphysical schemes sedimentation is treated by an advective
transport scheme which uses a unique (mean) fall speed for each
kind of precipitation, even though suppressing the dispersive
properties of falling precipitations surely puts one away from re-
ality. Indeed, the variety in raindrop sizes (resulting from many
processes like collection, growth, evaporation, splitting, etc.) and
the equilibrium between gravity and friction results in a variety
of observed fall speeds in nature.

Inside the Action de Recherche Petite Echelle Grande
Echelle/Aire Limitée Adaptation dynamique Développement In-
ternational (ARPEGE/ALADIN) community, the upgrade of
rain and snow to prognostic species created an opportunity to
revisit the problem of sedimentation of precipitation inside the
microphysical scheme. The previous diagnostic type microphys-
ical scheme however did have one big advantage: it used a
single vertical loop for computing all processes acting on the
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precipitation fluxes. When upgrading the scheme to a prognos-
tic version, it was sought to preserve this cost-efficient single
vertical loop construction if feasible. Clearly, a typical advective
scheme of the Lagrangian type (which requires a double vertical
loop) immediately falls out of this scope. On the other hand, an
advective scheme of the Eulerian type (which uses a single loop)
needs a lot of iterations within the time step in order to cope with
the vertical Courant—Friedrichs—Lewy (CFL) limitation, which
makes this method quite expensive by forcing the time step to be
sufficiently short so that its product by the advection speed does
not exceed the layer’s thickness anywhere along the vertical.

In this paper, we will propose a statistical approach for sedi-
mentation of precipitation and we will show that this approach
is more flexible than a pure advective scheme. What is more, we
shall demonstrate that the statistical approach can also mimic
an advective sedimentation scheme under some specific con-
straints. The physical basis of the method is presented in Section
2, whereas its mathematical counterpart is developed in detail in
Section 3. The performance of the scheme is validated in Sec-
tions 4 and 5 by using, respectively, an academic single column
model and the full 3-D so-called ALARO-0 framework. Finally,
some conclusions are drawn in Section 6.

2. The statistical approach

The upgrade of a pure diagnostic microphysical scheme towards
a prognostic one starts evidently with the introduction of prog-
nostic precipitating species. This paper shall be restricted to the
introduction of rain. The extension for other precipitating species
such as snow, graupel and/or hail, is completely similar and is
left to the reader. The quantity of rain will be represented by its
mass ratio ¢, with respect to the total mass of the parcel of air.

When trying to find an alternative for the unique fall speed
in an advective sedimentation scheme, it seems only natural to
look for a more statistical treatment of the fall speed. This can be
achieved by replacing the single fall speed by a spectrum of fall
speeds going from zero to infinity, while the above mentioned
unique fall speed is the mass-weighted average of this spectrum,
that is, the first moment of the associated Probability Density
Function (PDF). For a given time interval (typically the model’s
time step) the PDF of velocities can easily be converted in one of
‘reachable distances along the vertical” which falling species can
travel during this time interval. With an infinity of trajectories to
handle one seems to be in an even worse situation than previously
(regarding the interaction between sedimentation and other mi-
crophysical processes). But let us assume that this PDF is forced
to always be a decreasing exponential Py = exp[—4&z/(wdt)],
with 8§z the crossed distance, w the mean fall speed and 6¢ the
time interval. Then one can use the fundamental property (simi-
lar to the one of constant life expectancy of a radioactive isotope
during its disintegration) that the normalized probabilities are
identical whatever the origin of the drops leaving a model layer
through its bottom.

In the sedimentation scheme which will be presented below,
three ‘sources’ of precipitation with each an associated special
probability of contributing to the precipitation flux at the bottom
of the layer will be taken into account: (i) precipitation already
present in the layer at the beginning of the time step (probability
Py); (ii) precipitation coming from the layer above (probability
P,) and (iii) precipitation locally produced (or destroyed) by
processes such as autoconversion, collection and evaporation
plus melting-freezing (probability P3).

One can combine the weighted probabilities of these three
sources to get a unique flux-type output at the bottom of the layer
and thus at the top of the next one below, this allowing to repeat
the same computations everywhere within a single vertical loop.
Indeed, in the layer below, one will not need any information
on the origin of the precipitation which comes through the top
of that layer. The precipitation travelling across the layer can
of course still undergo local processes such as phase changes,
accretion, coalescence, etc. In short, the cumbersome advective
treatment of sedimentation has been replaced by an elementary
statistical one.

Note that if one assumes an infinite average fall speed, the
method above immediately degenerates in the one used in the
previous diagnostic version of the microphysical scheme where
the precipitation was removed in one time step (see Geleyn et al.,
1994). This helps explaining why this choice, apart from other
advantages, was for us the best one for the upgrade towards a
prognostic version of the scheme.

Since there is now little risk to get advection-related numerical
problems with such an enhancement, one may also introduce an
observed-like dependency of the average fall speed upon the
intensity of the precipitation flux. Strictly speaking this is not
compatible with the additivity rule central to the proposal, but
since one shall have to deal with rather small variations of the
parameter across each model layer, it is numerically acceptable
(and more realistic of course).

3. The probabilities

3.1. Expressions using a decreasing exponential

As mentioned above, one assumes that the PDF P, is a function
of the average fall speed w, of the model layer thickness 6z and
of the time step §¢. Defining Py(z, t) = exp[—z/(wt)] one can
compute the three above-mentioned probabilities of ‘escape’ as
described below.

(1) First case: Raindrops present inside the layer at the be-
ginning of the time step. It is realistic to assume that the drops
are homogeneously distributed in space. Hence

1 8z
P(6z,6t) = 5_2/ Py(z, §t)dz
0
. 8z
= W_(Sl 1—e wWét
8z
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Introducing Z = §z/(wét) (i.e. the inverse of the Courant num-

ber) one can write

1— Py(2)
Z .

(2) Second case: Raindrops coming from the layer above.

P(Z) = (¢))

A homogeneous arrival in time (of the drops) at the top is a
reasonable assumption, hence

1 8t 1 8t —
P8z, 6t) = E_/ Py(8z,t)dt = 5/ e widt = Ey)2),
0 0

with E,(Z) the second exponential integral which can be approx-

imated such that
P)(Z) = Ex(Z) ~ P& 2
Z+1+X

with

VA +2Z2+4Z2 -1+ 2)

2

The link between P, and the final P, will be explained below,
after the derivation of the related P; function.

X =

(3) Third case: During the time step raindrops are created (or
destroyed) inside the layer. One can now assume a homogeneous
production in both space and time resulting in the convolution
of the two previous integrals:

1 8z 8t
— Py(z,t)drd
82&_/0 /0 olz, ydrdz
8z

R S R P e
2(@) Z_E[E_ 3( )j|,

8z Jo
with E;5 the third exponential integral. The expression above can

P;(8z, 6t)

be approximated by

11 1
Py(Z) = 7 [5 - E3(Z)} = E[EZ(Z) + P1(2)] 3
1
= E[Pé(Z) + P1(2)], @

where one used the exact recurrence relationship between E3 and
E; [2E5(Z) + ZEy(Z) = exp(— 2)].

In the remainder of the paper, a more intuitive notation will be
used to represent the various probabilities, whenever this does
not interact with algebraic expressions and/or figure captions.
We have the following identifications:

(i) Py = Pioca (because this function acts on the falling
species locally present in the layer at the beginning of the time
step)

(ii) P} = Pians (because this function corresponds to the sim-
plest way to compute the transmission of the precipitation flux
across the layer)

(iii)) Py = Pyans_sta (because the transmission-like function is
modified to obey a stationarity constraint (cf. Section 3.2))
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(iv) P3 = Pcrejaes (because this function corresponds to the
export (or non-export) of species created (or destroyed) within
the layer during the time step).

These notations will be extended to the Q-functions defined in
Section 3.3.

One has to realize here that the introduction of the time in-
tegral in the derivation of eq. (3) [alike for the derivation of
eq. (2)], is meant to ensure a consistent treatment between all
kinds of possible sources for the flux resulting from the contin-
uous transfer of falling species from the considered model layer
into the one below. Since the processes leading to the creation or
disappearance of falling species’ particles are highly complex,
it will not be possible to use the idealized tools of Section 4 to
study the validity of this approach. But it will be shown below
that one method of comparison with Lagrangian-type sedimen-
tation schemes can be designed (with a PDF Q, differing from
the above P, one). In such a case, with quasi-equivalent sedimen-
tation computations, the verified agreement between the precip-
itation amounts in a full 3-D framework (not shown) indirectly
validates the way we elected to derive the P./qes probability
function.

In fact, this method for deriving P c/qcs is equivalent to say that
the separately computed processes for autoconversion or collec-
tion or evaporation of falling species (etc.) are assumed evenly
distributed in space and time and that this assumption is directly
reflected in the (implicit) choice of the particle trajectories that
are added or suppressed within the statistical computation of
sedimentation. These additions and suppression are in fact part
of the mechanism maintaining the shape of the PDF P, but we
do not need to explicit this link in the proposed mathematical
framework.

Coming back to the choice of the basic Py PDF, it must be
stressed that its aim is double: physically, one wishes to get
away from the non-dispersive character of the advective sedi-
mentation methods, which require to assume a single fall speed
for all particles; mathematically, one wants to ensure that the
implied shape of the three resulting practical probability func-
tions will be the same, something that automatically leads to
the decreasing exponential shape. Like in all other cases (ana-
lytical fit to observed distributions, single fall-speed) the preser-
vation of this shape requires a ‘deus ex machina’ mechanism
having to do with the creation and destruction processes that
will ultimately be handled under the P /q.s probability. In that
sense the chosen basic mathematical constraint is a priori nei-
ther more physically realistic than those of competing choices,
nor less. But the introduction of dispersive properties directly
in the sedimentation computation ought to be a positive feature
when it comes to fit spectrally detailed reference computations.
These issues will be further addressed in Section 3.5 and in
Section 4.
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3.2. Corrected expressions (for the decreasing
exponential case)

The initial academic single column tests (see Section 4) with
the three functions above did not meet expectations. There are
at least three reasons for these first poor results (which seemed
linked with the expression of P,,s) and how to counter them will
be demonstrated below. The search for a consistent expression
for Pyans_sta Starts with the assumption that the expressions of P
and P|y.q are correct.

First, the above derivation of Py,ns and P qes does not take
into account what kind of redistribution happens between the
various terms within the layer along the time step. Processes
like evaporation and melting or freezing of precipitation need to
be taken into account in order to be compatible with the flux-
driven balance equations which will ultimately be used to com-
pute the evolution of falling species (see again Catry et al., 2007).
One must therefore look further at the problem under a double
angle: the stationary solution (g, is constant) and the full evolu-
tion equation of ¢, when no stationarity is warranted.

In the stationary case one can write
dq

—]EOI> Pbol_PmP:
a9t 1 !

dp

gat (AqaCO _ Aqevap) (5)

with P,lop and PP, respectively, the liquid precipitation fluxes
through the top and bottom of the layer, p the air pressure, g the
gravitational acceleration, Ag*® the increase in rain-water due to
autoconversion and Ag®* the loss of rain-water due to evapora-
tion of precipitation (both being generic names and expressions
for a class of processes). By definition one also has

8 8
PP =g, 2L Py PP+ —D(AG* = AGTIPs(6)
got got
Combining both expressions yields
bot top 5])
P(1—-P3) =P (PZ_P3)+qI'EP1‘ @)

A sound physical solution for the stationary case can only be
obtained when P, > P3, since otherwise an increase of the flux
at the top would lead to a decrease of the flux at the bottom, all
other things unchanged.

Let us now consider the case when using a full evolution
equation for g,.. The Pjocy and Pre/qes parts in the derivation in
the previous subsection can be seen as intangible values resulting
from the computation of

1 8z 1 8t
— / Po(z,8t) q, + — / Po(z, t)(AG™® — Ag®*)dt | dz
oz 0 St 0

1 r%ri1 re i
:5_2 0 |:57/.5 PO(Z’t)qr(I)dl:| dz, ®)

with g, (¢) a time dependent rain-water ratio which takes the ef-
fects of evaporation of precipitation and autoconversion inside
the layer into account. The true evolution equation of g, however

will also contain a term coming from the vertical divergence of
the precipitation flux which is consequently related to Pyans_gta-
One may start by saying that the part of the flux at the top of
the layer which will not be subject to the Py, ‘direct’ transfer
will create a source term inside the layer which will then be sub-
ject to Perejqes (after some necessary ‘deus ex machina’ vertical
homogenization inside the layer). One can thus write

P, =P} + (1 — P)Ps. )

Since the corresponding outgoing part will create a sink which
will lower the part of the effect proportional to (1 — P}), this is
a biased answer. The multiplier will then be, in first approxima-
tion, P; — P%. But then there is again a source term so that the
multiplier becomes P; — P + P3. And so on. One finally finds
(with the compact expression for an infinite series)

,, (L= PP P+ P
Py = P2 + 1+ ;)3 OF Prans_sta = P2 = —12+ P . (10)

This expression warrants P, > P53 only when Z < 0.96 (see up-
per panel of Fig. 1). For bigger values of Z the difference between

Pirans_sta and Perejges is however always very small (maximum

Probability

Probability

Fig. 1. Upper panel: The initial and corrected probabilities associated
with the PDF Py (decreasing exponential) as functions of Z (inverse of
the Courant number). Lower panel: The probabilities related to the
PDF Qy (step function) as functions of the same Z.
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deviation of 0.015 for Z ~ 2.4). Anyhow, for the stationary path
to work, one needs the mean Courant number C (inverse of Z) to
be big enough for making the vertical redistribution hypothesis
plausible (which is required when using a budget equation for
an assumed homogeneous ¢, ). Below a certain value (C ~ 1.04)
this is not the case any more. This may of course be considered as
an intrinsic weakness of the statistical sedimentation proposal,
but any advective method will suffer from a similar drawback
(the advected species may still be at the top of the layer and will
have to be redistributed at the end of the time step). Here we can
quantify this drawback and say for which values of Z or C it starts
to be present and how small the difference between Pns_sa and
P re/des anyhow remains.

Second, the derivation of the expression for Py,,s assumes a
homogeneous arrival in time of raindrops at the top of a layer.
This assumption might be a bit too far from the truth. Indeed,
comparison of the figures shown in Section 4, tells us that when
using a spectrum of fall speeds (which is closer to observations
than a single fall speed for all raindrop sizes) the accumulation
of rain-water through a surface grows faster than when using
a constant fall speed. So, apart from the rain-water which by
definition contributes to Py, there is an additional source of
water which is subject to Pg/aes. In fact this brings us back
to the case described above, that is, the change from Py,,s to
P, trans_sta

Finally, it appeared that the choice of Z is not so straightfor-
ward. Indeed, P, is associated with precipitation which has the
characteristics (i.e. Z) of the layer under consideration. On the
other hand, P, is associated with precipitation coming from
the layers above and is consequently characterized by a differ-
ent value of Z. The difference between these two values can be
caused by a different layer thickness 4z but also, and more impor-
tantly, by a different mean fall speed. Indeed, smaller raindrops
with lower fall speeds will not contribute to the mean fall speed
of the total amount of water that crosses the bottom of the layer.
The latter is consequently higher than the mean fall speed of all
the water available in the layer.

A good guess for this alternative fall speed can be found as
follows: Pjo, determines the fraction of the total water content
which will pass the layer’s bottom. When imaginary putting the
water content of the layer at the top of this layer, then P, deter-
mines the fraction that will cross the layer’s bottom. From these
two expressions, one can compute the mean fall speed which the
water at the top should have such that an equal amount of water
will cross the layer’s bottom than when the water was homo-
geneously distributed inside the layer. Mathematically this can
be expressed as Py(Z*) = P{(Z) with Z* = §z*/(W*§t) deter-
mined by the layer thickness §z* and mean fall speed w* of the
layer above. Py, inside a layer should then be computed using
Z' = 8z/(w*3t) instead of Z.

One now has two solutions for the probability associated with
precipitation coming from the layers above. Argumentation for
which solution becomes our choice is given in Section 3.4.
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3.3. Expressions using a step function

The final expressions of the probabilities associated with the
different types of precipitation are constrained by the chosen ex-
pression for the PDF P. One can of course search for alternative
expressions and an example is shortly developed below.

The basis is the following step function:

1 ifZ<1
Z)= - 11
Qu(Z) {0 ifZ > 1 (1
The three probabilities are then obtained as
1
0.(2)= min(l, E) (12)
05(Z) = max(0, 1 — Z) (13)
1-£ ifz=<1
— 2 =
0:(2) = { L 7 1 14)
One easily finds back
1 ’ Q/Z + Q3
=5 d rans_sta — = 7 4 - 15
Q3= 5(Q>+ Q1) and Quanssa = 02 110, s)

The step function scheme, using QOiocais Qirans AN Ocre/des 18
constructed to reproduce advective sedimentation. This approach
has been proposed at Météo-France to mimic the former opera-
tional Lagrangian scheme with a reduced numerical cost. As will
be shown later in single column idealized tests, the results are
very close to those of a purely advective sedimentation scheme.
Qo is defined using the hypothesis that all the droplets have the
same fall speed, and that is why it has the shape of a step function,
all the droplets coming together out of the layer (or not). This hy-
pothesis of a single fall speed is implicitly made in all numerical
advective schemes for sedimentation. Qiocai, Qurans aNd Ocre/des
are then constructed by integration over space and/or time of the
basic PDF Q, (same equations as (1), (2) and (3) of Section 3).
To compute Oy, by integration over the time step (like for Py
in the other formulation) it is necessary to make the additional
assumption that the incoming flux at the top is constant during
the time step. This is the only thing that will make the results
differ from the Lagrangian sedimentation scheme. The impact
is a slight dispersion of the droplets along the vertical, linked
to Z: the smaller Z, the bigger the dispersion. This can be inter-
preted as a kind of CFL criterion, but for accuracy rather than
for stability. The PDF scheme using the step function has been
implemented in the operational global model ARPEGE and also
in the limited area model (LAM) ALADIN-France, in replace-
ment of the original Lagrangian scheme. The results concerning
the precipitation fields are quasi-identical.

From the lower panel of Fig. 1 (see the next subsection for
more explanations about the figure), one sees that the associated
set of probability profiles does not obey the constraint Q, > Q5.
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On the other hand, these probabilities are directly designed to
mimic a well-defined pure advective sedimentation scheme, as
explained above and as will be verified in Section 4. Hence there
seems to exist some paradox, which we shall try to explain now.

Generally speaking, the absence of a correct stationary solu-
tion has to do with the limitation of the model’s ‘time step to time
step memory’ to the average properties of the prognostic falling
species inside each layer. For the mass variable, this amounts to a
systematic (and implicit) redistribution at each time step, which
has nothing to do with the true sedimentation process. There
are however two distinct causes for the need for redistribution.
As already mentioned in Section 3.2, a too short time step will
lead to an ‘acceleration’ of the apparent fall of the species, what-
ever method is used. In the present case of a unique fall speed,
the redistribution process is also needed because the translation
from each layer’s content at the beginning of the time step only
partly fills other layers (or itself) at the end of the time step.
Even more, this happens in a repetitive way. Hence we get a
kind of noise-generating effect that prevents the establishment
of a stationary solution even at high Courant numbers. Of course,
this second syndrome disappears when using a PDF that implies
a spectrum of fall speeds, since the arrival locations are then
implicitly more or less randomly distributed across the layers.
The fact that the Q-type computations are nevertheless yield-
ing reasonable results in transient mode (see below), even in the
Quans Version, probably indicates that the generated ‘noise’ is
kept within acceptable limits, at unbiased average impacts for
high enough Courant numbers.

It should also be noted here that, while the use of the step func-
tion does not fundamentally change the numerical behaviour of
the proposed scheme, it leads to the loss of the property of self-
preservation of the PDF shape along the fall-paths (linked to the
specific choice of the decreasing exponential). As will be shown
below, this does not seem to have any practical negative con-
sequence. Nevertheless, in order to mark the difference in the
conceptual choices, we shall from now on reserve the expres-
sion ‘statistical scheme’ exclusively for the decreasing expo-
nential case and use the ‘PDF-based scheme’ expression for the
wider method of applying three probabilities of ‘escape’, inde-
pendently on the way they were analytically obtained. Hence the
second denomination encompasses the first one, which initially
triggered this enlarged study.

3.4. Illustrations of the various expressions

The different probabilities derived in this Section are plotted
in Fig. 1. Apart from the initial three probability functions
[P1(Z),P5(Z) and P3(Z)] and the basic PDF P((Z), the top panel
of Fig. 1 also shows P,(Z) and P,(Z’) (with Z’ in the case of
constant layer thickness throughout the vertical). It is clear that
P,(Z) obeys the condition P, > P5 far better than P}(Z) and also
better than P,(Z’). It therefore becomes our choice by default
when trying to simulate the sedimentation properties of precipi-

tations having non-uniform fall-speeds. The lower panel of Fig. 1
shows the alternative PDF Q, and the Q-probabilities associated
with the step function.

3.5. Drop-size distributions

While an advective method will use the fall speed to determine
the travelled distance of precipitation, the PDF-based method
will use this fall speed to compute the fraction of the precipitation
that will cross the bottom of the layer under consideration. Both
methods use a single fall speed but the latter approach is prob-
ably a bit more realistic. A comparison between the drop-size
distributions implicitly used by both methods and the Marshall—
Palmer law of drop-size distribution (see Marshall and Palmer,
1948) should illustrate this. Below is a guide on how to find
these drop-size distributions. Since some arbitrary assumptions
are to be made (e.g. the fall speed dependency on the raindrop
diameter, etc.), the final comparison will only be a qualitative
one.

The distribution associated with the statistical scheme can
be found by identifying the PDF Py(5z, 6¢) and the fraction of
the total rain-water which will cross the layer. The latter can
be expressed as the ratio of the integral of the rain-water flux
[which implies the ‘to be found’ distribution X(D)] over a limited
spectrum in raindrop diameters D (drops with a diameter smaller
than a certain value D, will not cross the layer) and the integral
over the full diameter spectrum. This writes:

j;j D3t X(D)dD . 8z JoS D*X(D)dD 16)
Jo° D3 X(D)dD i Joo D3*eX(D)dD |’

where we assume that the diameter dependence of the fall speed
can be expressed as V = aD* (« and a can be determined from
observations). Assuming that X(D) takes an exponential form,
or X(D) = exp(— bD), one can write

jgj D3+ exp(—bD)dD
Js° D3+ exp(—bD)dD

8z [ D?exp(—=bD)dD
_ exp| — 22y Dexp(=bD)AD | (17)
adt fo D3t* exp(—=bD)dD
which can be rewritten as
T4+ o, bDy) b* sz T'(4)
— —exp| — — . (18)
réd+ow adt TG+ a)

Keeping o and « fixed, a given value for §z/5¢ yields (a bit arbi-
trarily) a value for Dy. From the expression above one can then
compute b. The final expression for X(D) has of course some
scaling factor so that X(D) = X, exp(— bD). X, can be found
by integrating both the Marshall-Palmer distribution [N(D) =
Ny exp(—AD)], with Ny a scaling factor and A a measure of the
rainfall intensity) and the one associated with the statistical sed-
imentation over the full spectrum of rain drop sizes. Assuming

Tellus 60A (2008), 4



A STATISTICAL SEDIMENTATION APPROACH 655

that both integrals should have the same value, one can write

/oc JTD3 /ao 7TD3
N(D) dD = X(D)——dD. (19)
0 6 0 6
This yields
H\*
X (D) = Xpexp(—=bD) = Ny (X) exp(—bD). (20)

Because of the A-dependency of X, different rain intensities will
create different intersections of the X-distributions with D = 0.

The advective points, which are a Dirac-type distribution,
follow from the identification of the total water mass in the
Marshall-Palmer case and in the advective case. Assuming a
constant fall speed and keeping o fixed, one can find a value for
the single diameter D, . The identification can be written as
nD3 r4) ~

dD = Ng—2 =,
6 54 6

ITD3 [}
Nogy— = / Noexp(—AD)
0

5 21
from which one can compute N 4y .

Figure 2 gives a qualitative comparison between the three
types of raindrop size distribution (once again, the methods for
drawing each part of the diagram differ too much for speaking of
a quantitative comparison): (i) the classical (but close to obser-
vations) Marshall-Palmer distribution for three different rainfall
rates 25 mmh~!, 5mmh~! and 1 mm h~1); (ii) the distributions
associated with the statistical sedimentation scheme for the same
rainfall rates and (iii) the Dirac-type distribution associated with
a single fall speed of 5 m s~! for the advective case (again for the
three rainfall rates). The figure shows that the statistical approach
corresponds to a raindrop size distribution which is nearer to ob-
servations than the Dirac-type distribution corresponding to an
advective scheme, even if being by far less spectrally selective
than the Marshall-Palmer one.

1o M-P (at 25 mm b)) —— |
N M-P (at 5mmh l) """""
M-P(at I mmh™ ) =
stat (at 25 mmh’ ) ——
stat (at 5 mm h'l) """"" |
stat (at | mmh7}) e
advec (at 25 mmh’))
advec (at 5 mm h'l) .
advec (at I mmh™)

Np (m'3 mm'l)

D (mm)
Fig. 2. A (qualitative) comparison between the Marshall-Palmer
drop-size distributions (M—P) for three rainfall rates, the drop-size
distributions associated with the statistical sedimentation scheme (stat)
and the drop-size distributions associated with an advective
sedimentation scheme (advec). Indications on how to reproduce these
examples of distributions are given in the text.
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4. Academic single column tests

4.1. Description and setup

The purpose of an academic test environment is twofold: (1) to
have a tool in which the sedimentation process is isolated from all
other microphysical processes and (2) to be able to compare the
behaviour of the proposed PDF-based schemes with a reference
scheme relying on the Marshall-Palmer distribution and with a
pure advective scheme. Unfortunately, the envisaged isolation of
the sedimentation process implies that the behaviour of Pere/qes
or Qcre/des cannot be tested in this environment. The 3-D tests
reported in Section 5 however suggest (not shown) that these
probabilities do what they are designed for.
The basic setup of the single column model is as follows.

(1) The model evidently allows only vertical movement of
rain.

(2) The profiles for pressure and temperature are the ones
of the standard atmosphere: Ty = 20°C, py = 1013.25 hPa,
temperature lapse rate: 6.5 °Ckm~! (up to 12 km).

(3) The length of the time step can be chosen as desired.

(4) The layers are equally spaced in height.

(5) Since the height of the vertical column is fixed, the num-
ber of layers (which can be chosen as desired) will determine
the vertical resolution.

(6) The vertical resolution and the time step length together
give a measure of the inverse Courant number Z.

(7) On the first time step rain-water is inserted between 6000
and 8000 m: each layer in this interval has a rain-water mass ratio
g- = 0.0002.

(8) At the beginning of each time step the rain-water is as-
sumed to obey the Marshall-Palmer drop-size distribution at all
heights.

The model has a choice between two types of schemes.

(i) The PDF-based ones, based on the different expressions
for the probabilities. They can use either a variable fall speed
(depending on the rain intensity) or a fixed fall speed. Concerning
the choice of the P/Qjoca and P/ Qirans (OF P / O rans_sta) fUNctions,
no hybrid combination is allowed, even in the cases reported in
Section 4.5.

(i) The reference one. It can use either a spectrum of fall
speeds (according to the observed fall speed dependency on the
raindrop diameter) or a single fixed fall speed (like a typical
advective scheme).

A short description of the followed strategy for these two types
of schemes is given below.

The first step in the PDF-based schemes is the computation of
the average fall speed (at least if it is not taken to be a constant of
5 m s~!) of the rain-water inside a layer. A derivation similar to
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the one in Liu and Orville (1969) gives the following expression:

0 0.77
W= 1857.7 (—0) , (22)
Ap

with p the air density, po the air density at the surface and A
the rain intensity parameter of the Marshall-Palmer law. Next,
the scheme computes the probabilities Pocy and Pans_sta/(Pirans)
[or QOiocal and Qyrans/( O rans_sta) @S an alternative] which will then
determine the fraction of the total water content that will cross
the bottom of the layer. Finally, after the transport of the rain-
water, each model layer is forced to obey the Marshall-Palmer
distribution again.

Instead of using a mean fall speed, the reference schemes
will divide the range of drop sizes (between 0 and 1 cm) in 100
intervals and for each interval a fall speed is computed (with a
spectrum of fall speeds as result). For this a relation between the
diameter D of a raindrop and the associated fall speed is derived
(again similar to Liu and Orville, 1969):

D 0.77
w = 654.5 (p°—> , 23)
0

Drops with diameters bigger than 1 cm are assumed to have an
infinite vertical velocity. For each drop-size interval the scheme
computes the associated mass of rain-water and from both the
mass and fall speed it computes the total rain-water flux through
the bottom of each layer. Finally, as in the PDF-based schemes,
at the end of the time step each model layer is forced to obey the
Marshall-Palmer distribution.

The reference scheme with a single constant fall speed is sim-
ilar to the one above except that the same fall speed of 5 m s™!
is associated with each drop-size interval.

Both reference schemes (with either a variable or constant fall
speed) are Lagrangian advective schemes (with a double loop
to determine how far the rain-water falls and using a box-type
method for redistribution). Comparison of the two nearly over-
lapping curves in the upper panel of Fig. 4 (more about this figure
in Section 4.3) seems to indicate that this advection method is
hardly affected by numerical diffusion. The PDF-based schemes
on the other hand obviously cannot be categorized as advective
schemes. The tendency of the rainwater mass ratio in a layer
is computed in all schemes as the (discrete) divergence of the
precipitation flux.

None of the schemes described above keeps track of the num-
ber of drops during the sedimentation process, a property which
makes them all equivalent to single-moment schemes. The per-
formance of PDF-based sedimentation in something equivalent
to a double-moment scheme is given in Section 4.5.

Equations (1) and (2) [or (10)] show that P, and Pyans_sia
depend entirely on Z. Although the freedom in the academic
framework allows a wide range of Z, tests will be restricted
to three characteristic values: Z ~ 0.2,2 and 20 (by using a
vertical resolution of respectively, 1, 10 and 100 m and a 1 s
time step). Those three Z-values were chosen for the following

reasons. The bigger one corresponds to cases where one does not
expect any divergence between various methods, something still
to be verified for the algorithm proposed here. The medium one
corresponds to the practical CFL condition limit (0.5 rather than
the theoretical 1.0 value) for advective sedimentation schemes.
The smaller one corresponds to the type of Courant number
which one may encounter in the lower levels of an ALADIN
run at kilometric horizontal mesh-size (time step of the order of
40 s) with about 50 vertical levels (lower model level 40 m thick)
and with an average fall speed for rain of 5 m s~!.

A distinction will also be made between cases where a spec-
trum of fall speeds is used and cases where a single constant
fall speed is used. The former is considered to be closer to re-
ality while the latter corresponds to the idea behind most ad-
vective sedimentation schemes used nowadays inside numerical
models.

4.2. Experiments using a spectrum of fall speeds

As already mentioned in Section 3, the initial tests did not give
very satisfying results for Py, in particular for low values of
Z. This is illustrated in the upper panel of Fig. 3 which is valid
for Z ~ 0.2. In this panel the surface precipitation flux is plotted
as a function of time for 5 cases: the reference scheme and the
PDF-based scheme using either P5(Z), P»(Z), P5(Z') or Q»(Z).
The centre and lower panel show similar curves but for Z ~ 2
and Z ~ 20, respectively.

From the upper panel it is immediately clear that for this value
of Z a scheme which uses Q ans_sta 1S NOt able to simulate the sed-
imentation process in a satisfying way (i.e. the corresponding
curve is far from the reference one, in terms of both timing and
maximum intensity, with the Dirac-like shape peaking at about
200 g m~2 s~!). This is not surprising since for Z < 1 Q; = 1
and Q, is close to 1, which results in a very fast sedimentation
process. Remember also that the Q-probabilities were designed
to mimic an advective sedimentation process with a constant fall
speed which is quite different from one with a variable fall speed.
The bad results of the initial probability Py,,s are significantly
reduced by using either Pyans_sa OF P5(Z'). Even if the results
are then far from perfect, one should not forget that gaining a
substantial factor in numerical efficiency and/or streamlining a
basically complex code allows to dedicate more efforts to the ac-
curate description of the creation and disappearance processes
for the falling species. As already said, the simulation of those
complex processes is out of the scope of the idealized experi-
ments reported in this Section. But one knows that their influence
on the complete precipitation processes is stronger than the one
of sedimentation. This will be indirectly verified in the full 3-D
example reported in Section 5 where, with a horizontal mesh size
of 9 km, Courant numbers even up to 50 will be used near the
surface, without any apparent degradation of the forecast surface
precipitation fields’ quality.
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Fig. 3. The surface precipitation flux as a function of time for five
cases with a variable fall speed (see text). The value of Z (inverse of the
Courant number) is different for each panel and is around 0.2, 2 and 20
for, respectively, the upper, centre and lower panel. Note that in the
lower panel the curves of the reference, Pyans and P’2 (Z’) cases are
superimposed as well as the curves of the P, and Q» cases.

When increasing Z (centre and lower panel) all PDF-based
cases move gradually towards the reference case. The slightly
slower fall corresponding to P5(Z") (wWhen compared to Pyans_sta)
is sometimes a handicap and sometimes an advantage during this
convergence.
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Fig. 4. The surface precipitation flux as a function of time for five
cases with a constant fall speed (see again text). The value of Z (inverse
of the Courant number) is different for each panel and is around 0.2, 2
and 20 for, respectively, the upper, centre and lower panel. Note that in
the lower panel the curves of the reference, P’2 and Q’2 cases are
superimposed as well as the curves of the P, and Q5 cases. In the
middle panel, the curves of the reference and of the Q’2 case are also
superimposed.

4.3. Experiments using a single constant fall speed

In Fig. 4 similar curves as in Fig. 3 are drawn but now a fixed

fall speed of 5 m s~! is used in all schemes. In the upper panel
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the surface precipitation flux is plotted as a function of time for
the following 5 cases (still at Z ~ 0.2): the reference scheme
and the PDF-based scheme using either P}, P,, Q) or Q. The
centre and lower panel show similar curves but for Z ~ 2 and
Z ~ 20, respectively. Immediately, one notices the almost perfect
behaviour of the Qy.,s case for all values of Z (the small devia-
tions at the edges of the shape in the upper panel are in fact due
to the redistribution after each time step). Qans_sta ON the other
hand gives poor results. This difference with the results shown
in Fig. 3 can be attributed to the fact that the definition of Qs is
based on a homogeneous arrival in time of raindrops at the top of
a layer. This is of course valid when using a constant fall speed
and therefore an extension towards Qans_sa 1S NOt needed here.
For Pyans, Which was initially designed for sedimentation with a
spectrum of fall speeds, and contrary to the ‘Q-case’, the change
towards Pans_sia 18 still necessary for getting better results at low
values of Z.

Comparison of the reference cases in Figs. 3 and 4 also il-
lustrates the big difference of the to be simulated sedimentation
process when using either a spectrum of fall speeds or a single
constant fall speed.

4.4. Discussion

The two subsections above suggest that PDF-based sedimenta-
tion schemes are able to qualitatively simulate the sedimentation
process inside a microphysical scheme. What is more, from four
possible sets of probabilities, only two make sense. Indeed, the
sedimentation process when using a spectrum of fall speeds can
be mimicked rather well with the Py,,s_q Solution. In the case
of a constant fall speed Qs is the best solution.

An additional illustration of the performance of the statistical
approach is given in Fig. 5 where ‘cloud shapes’ for different
cases are plotted when Z ~ 2. These cloud shapes are in fact the

8000 1

6000

reference (variable speed) ——
4000 reference (constant speed)
statistical with Py(Z) -
statistical with P,'(Z') -

initial cloud

height (m)

2000

0 0.0002
9y

Fig. 5. Cloud shapes, that is, the amount of water inside the vertical
column still present after 20 min, for the different schemes using Z ~
2. The initial cloud shape is also presented.

amount of water (represented by ¢,) inside the vertical column
still present after 20 minutes. In order not to overload the figure,
we only consider the following cases: the reference case, the
Pians_sia case and the P5(Z) case (all using a spectrum of fall
speeds) and the reference case when using a single constant
fall speed (the constant being the mass averaged fall speed). The
statistical cases are very similar to the curve of the reference case
(when using a spectrum of fall speeds) which confirms the ability
of the statistical approach to treat dispersive sedimentation in
a close to reality way, despite the differences in spectral slope
illustrated by Fig. 2. The reference case with a constant fall speed
was added to the figure to illustrate once again the difference in
the to be simulated process between the close to reality dispersive
curves (associated to a spectrum of fall speeds) and the bulk-
transport curve associated with a typical advective sedimentation
scheme (associated to a unique constant fall speed). Adding the
QO\rans Tesult to the diagram would not have brought any additional
information, so close is its result with its non-dispersive target.

4.5. Double-moment sedimentation schemes

As already mentioned, the different sedimentation schemes de-
scribed in the subsections above are so-called single-moment
schemes. Indeed, only the rainwater content is considered as a
prognostic quantity and after each time step a renormalization of
the raindrop distribution occurs (explicitly in the academic tool
for the reference computations and implicitly in the proposed
versions of the statistical method). Double-moment sedimenta-
tion schemes which describe the sedimentation of precipitation
by two prognostic quantities have proven to better reproduce
the processes leading in nature to the equivalent of this renor-
malization, see for example, Wacker and Seifert (2001), WS01
hereafter. But they also encounter additional numerical hurdles
when the sedimentation process is considered in isolation, alike
in the single column tests reported just above (see again WSO01).
Now that we demonstrated the performance of PDF-based sed-
imentation in a single-moment single column framework, we
may turn our attention towards double-moment schemes.

Of course, the PDF-based sedimentation computation itself
cannot be catalogued as a single or more moment scheme. It only
tries to replace the advective character of existing sedimentation
schemes (which require either a double vertical loop or a specific
fractional time stepping) by a probability approach (which can be
done in a single space—time computational loop). This subsection
will explore what happens when replacing the advective steps
inside a double-moment sedimentation scheme with elements of
a PDF-based approach, without reconsidering here the latter’s
basic characteristics.

For this, the single column model previously described is ex-
tended with a second moment of sedimentation, that is, the num-
ber of raindrops present in a model layer. A second change in
the test tool is that there is no longer a redistribution towards
the Marshall-Palmer drop-size distribution at the end of each
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time step. With these two changes, the single column model is
able to simulate or mimic a double-moment scheme. The previ-
ous (single-moment) reference scheme is now becoming a kind
of double-moment bin model and will be called henceforth the
double-moment reference scheme.

A first type of experiment is performed by replacing the advec-
tive approach in this new reference scheme by the PDF approach.
Since the PDFs based on the step function (eqs. 12—13) are very
good in reproducing advective-type sedimentation, they will be
used in this experiment.

A second type of experiment is performed by replacing the
advective approach in an existing double-moment parametriza-
tion by the PDF approach. The double-moment scheme which
will be used is the one described in Section 4 of WSO01. Here
also, the probability functions directly based on the step func-
tion will be used. What is more, WS01 reported a ‘shock-wave’
effect when using their parametrization. In order to check this
effect with our PDF approach, the experimental setup was made
as close as possible to the setup described in their Section 4. This
means a vertical grid spacing of 30 m and a minimal number of
drops Npin = 1072 cm 3.

The resulting cloud profiles after 300 s for these two types of
experiments are shown in Fig. 6. More precisely, the following
cases are shown: the double-moment reference scheme when us-
ing advective sedimentation; the double-moment-type reference
scheme when using PDF-based sedimentation with Qs (bin
model like experiment); the WS01 scheme when using advective
sedimentation; the WS01 scheme when using PDF-based sedi-
mentation with Qy.,; and finally the WSO01 scheme when using
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Fig. 6. Cloud shapes, or the amount of water inside the vertical
column, after 300 s for the following cases: the double-moment
reference scheme with advective and PDF-based sedimentation, the
WSO01 double-moment scheme with advective sedimentation and the
WSO01 double-moment scheme with PDF-based sedimentation when
using either Q) or P),. Note that the curves for the WS01
double-moment scheme with advective sedimentation and with
PDF-based sedimentation when using Q) are superimposed. The initial
cloud profile is also shown.
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PDF-based sedimentation with Py,,s. This figure proves that the
PDF-based sedimentation with Q.. is able to exactly mimic
advective-type sedimentation in double-moment schemes. Note
indeed that the curves for the WS01 double-moment scheme
with advective sedimentation and with PDF-based sedimenta-
tion when using Qy.ns are superimposed. This of course illus-
trates the not too surprising fact that the use of the PDF-based
method also produces the shock-wave, inherent to the setup of
the WSO01 parametrization. However, when using the probability
functions directly based on the decreasing exponential instead
of the ones based on the step function we are able to reduce the
shock-wave a bit, but certainly not sufficiently to claim propos-
ing a new solution when simply extrapolating our single-moment
oriented first solutions towards this new problematic.

Coming back now to Section 3, we may present its two
main findings (and their separate mathematical and physical
justifications) in the following way. While searching to replace
advective-type sedimentation computations by something sim-
pler and cheaper at equal or better accuracy, we heuristically
discovered two degrees of freedom potentially leading to a fam-
ily of schemes. The first one is the choice of the basic PDF
(Py/Qy in the reported examples) while the second one is the
way to choose the ‘transmission’ probability through the layer,
once the basic PDF is known. In the present study, we considered
only a 2 x 2 matrix among a far bigger set of possibilities and
only two of the four combinations made sense (with opposite
choices for each degree of freedom). It is likely, but this surely
goes beyond the scope of what we wish to report here, that other
yet unexplored combinations would also make sense and maybe
even more sense than what was studied here in detail. And it
might well be, given the last result of the previous paragraph,
that the search for a solution fully avoiding the shock-wave syn-
drome in the equivalent to a double-moment advective scheme
would become an excellent guideline for the search of such bet-
ter results. Of course, one cannot be too affirmative about the
chances of success of such a further study.

S. 3-D ALARO-0 tests

In the previous Section a number of academic-type experiments
showed the accuracy and flexibility of the PDF-based method
for sedimentation of precipitation. In this Section the perfor-
mance of such a sedimentation scheme will be demonstrated
in a complete NWP context. The basic application will be the
ALADIN forecasting system at the Czech Hydrometeorologi-
cal Institute (CHMI), based on an intermediate version of the
ALARO-0 physical package, operational at CHMI since the end
of January 2007. The horizontal mesh-size is 9 km, the time
step 360 s and the number of vertical levels 43. The diagrams
will only display a small part of the model integration domain, a
zoom effect being here the best way to compare various setups
for the sedimentation process (the larger scale patterns are hardly
affected by the choice of tested options).
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ALARO-0 has an acronym resulting from the contraction of
the ALADIN and Application de la Recherche a I’Opérationnel
a Moyenne Echelle (AROME) ones with the adjunction of the
base-line-version-characterizing zero. This package attempts at
combining ascending compatibility with previous more classical
ALADIN versions, orientation towards a maximum of prognos-
tic variables, modularity- and multiscale character as well as
numerical- and algorithmic efficiency. The level of complexity
of the basic parametrized physical processes is chosen as inter-
mediate, in accordance with a primary aim of the said package
at horizontal mesh-sizes of about 5 km.

The cloud and precipitation microphysical scheme reflects all
these characteristics. The sedimentation is of course treated in
the cost-efficient and structuring PDF-based way. The evapo-
ration and melting-freezing of falling rain and snow use simi-
lar setups as for the previous diagnostic-only ALADIN scheme
(Geleyn et al., 1994). The collection part is identical to that
of Lopez (2002) but for a differing dependency upon density
and with slightly simplified temperature dependencies. The au-
toconversion part also uses temperature dependencies simpli-
fied from those of Lopez (2002), its basic formulation is the
one of Sundquist (1978) and it is extended to encompass the
Wegener—Bergeron—Findeisen process in a manner similar to
Gerard (2007) on the basis of van der Hage’s (1995) interpreta-
tion.

o1 20°00

One shall deal here primarily with the sedimentation part of
this new microphysical scheme, since details of the other features
do not matter for the demonstration at the heart of the present
paper. The test case is that of a large-scale precipitating area
which crossed Central Europe on the 5th of November 2006
and which produced locally some intense rainfall (especially
over mountain ridges). The domain of display is centred over
the Czech Republic and the tests are performed using the now
operational CHMI framework on this interesting pre-operational
(at the time) situation.

Figure 7 shows the 6 h accumulated surface precipitation after
18 h of integration for four different setups of the sedimentation
process:

(1) Reference scheme: uses the P-type PDF-based sedimen-
tation, with variable fall speed. This corresponds in fact to the
‘statistical’ sedimentation using the Py,ns_sa function.

(ii) Lagrangian-like scheme: uses the Q-type PDF-based
sedimentation, with fixed fall speeds of 4.5 and 0.9 m s~! for,
respectively, rain and snow. This corresponds to the ‘advective’
sedimentation (remember the good resemblance between advec-
tive sedimentation and the Qy.,s function sedimentation).

(i) High speed scheme: the setup is like in ‘reference’ but
one uses quasi-infinite fall speeds. This mimics the removal of
precipitation within a single time step.

10°00 15°00"

Fig. 7. ALADIN-CE 18 h forecasts starting from 5 November 2006 00UTC: 6 h cumulated surface precipitation amounts (in mm) over the territory
of the Czech Republic for four different setups of the sedimentation process (top left-hand side = reference scheme; top right-hand side =
Lagrangian-like scheme; bottom left-hand side = high speed scheme and bottom right-hand side = old scheme).
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Fig. 8. Observed surface precipitation amounts from rain gauge data
for a similar area and for the same 6 h period as in Fig. 7 (5 November
2006 12UTC-5 November 2006 18UTC). The colour scale (for
precipitation rates in mm per 6 h) is identical to the one of Fig. 7. For
the positioning with respect to the latter, the upper left-hand corner of
Fig. 8 is at 10°07'"E-51°43'N and its lower right-hand corner at
20°05'E-47°13'N.

(iv) Old scheme: uses the former diagnostic precipitation
scheme. Besides the sedimentation process the prognostic mi-
crophysical scheme also upgraded other parts (only the auto-
conversion one having here a marked impact, of course), which
explains the somewhat differing results from those of the ‘high
speed’ case.

For an objective comparison, the observed precipitation from
rain gauge data is shown in Fig. 8. Comparison of the four sim-
ulations reveals two groups of two experiments: the reference
scheme together with the Lagrangian-like one (top row of the
figure) and the high speed scheme together with the old one
(bottom row of the figure). The first group proves the stability
of the proposed PDF-based sedimentation scheme: whether one
uses the P-type probabilities or the Q-type ones (or very likely
any other set of well designed probabilities), the sedimentation
process and consequently the resulting precipitation distribution
are very similar. Furthermore this common result is far more
realistic than the ‘old’ one, since for instance the precipitation
maxima are displaced towards the mountain ridges and do not
stay erroneously on the windward slopes. The general shape of
the precipitation pattern is also far better for the top row results
than for the bottom row ones, when compared to observations.
The progress in positioning the maxima over the ridges is more
apparent with the ‘Lagrangian-like’ choice, but this result must
be taken with caution since it may depend on the choice of the
fixed fall speeds, which were taken in the reported test as the
averaged ones of what the ‘reference’ scheme would have com-
puted.

The second group of experiments displays the link between
the PDF-based sedimentation (used this time with quasi infi-
nite fall speeds) and the diagnostic scheme where precipitation
was transported to the surface in a single time step. Both re-
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sults indeed show the same (bad) localization of the precipitation
maxima. More interestingly, comparing all four results, one sees
that the former spurious scattered distribution of surface precip-
itation disappears in two steps: with the introduction of cloud
water latency (between both results of the second group) and
with the full introduction of the PDF-based sedimentation vari-
ants, alike it would be of course for any scheme having falling
condensates as prognostic variables. As hinted at in the previous
paragraph, the precipitation fields of the first group are indeed
realistically much smoother than the ones of the second group,
especially when considering the very scattered patterns of the
‘old’ scheme.

6. Conclusions

A PDF-based method for sedimentation of prognostic precip-
itating species inside a microphysical scheme of intermediate
complexity (i.e. fully prognostic but without spectral decompo-
sition of hydrometeor sizes) was developed and tested. Provided
the other cloud and precipitation processes (autoconversion, col-
lection, evaporation and melting-freezing of falling species, etc.)
can be treated locally, as should in principle always be the case
at the said intermediate level of complexity, it can be applied
to any cloud and precipitation scheme. The basic formulation is
simple (it relies on three analytical formulations for probabilities
of ‘escape’ of all falling species from a given model layer) and its
application is straightforward. Indeed, unlike for advective-type
sedimentation methods, there is no more need for iterations in
space or in time. The proposed scheme is thus absolutely stable
and rather cost-effective.

The performance of this new method was demonstrated by
experiments in both an academic and a full 3-D environment.
The present study mainly focused on the performance with re-
spect to single-moment schemes which are indeed the least com-
plex environments for comparison, since they describe only one
sedimentation process. Double-moment schemes on the other
hand describe two different sedimentation processes at the same
time (mass and number concentration) which makes the test-
environment more complex. Nonetheless, it was shown that the
PDF-approach, when compared with double-moment schemes,
gives results that are neither degraded nor clearly enhanced with
respect to the ones obtained in the basic single-moment frame-
work.

It can be concluded from these experiments that the PDF-
based approach is very flexible and delivers as realistic results as
the advective methods it aims to replace. Indeed, different sets
of probabilities are possible and give similar results. It was also
shown that what was named P-type probabilities can mimic a
sedimentation process with a full spectrum of fall speeds quite
well. Furthermore, what was named Q-type probabilities can re-
produce a sedimentation process with a fixed fall speed nearly
perfectly. However, both results are obtained with different
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options for the way to determine the probability of ‘transpar-
ent’ transfer of falling species through any given model layer.
The choice is then between a somewhat more realistic scheme
that simulates the observed dispersive properties of sedimenta-
tion and the accurate and cheaper simulation of any well-tuned
existing advective scheme. Of course other basic PDFs and/or
ways to determine the best associated ‘X,’ function could be
proposed and might even combine the advantages of the two
solutions described here, but this goes beyond the scope of this
study.

Some upward compatibility with diagnostic-type schemes is
also present in the proposal. When arbitrarily using infinite fall
speeds, the PDF-based sedimentation scheme resembles the case
where precipitation is transported towards the surface in a single
time step without any prognostic treatment of the microphysical
falling species. This property could be useful for validating the
direct transformation of a diagnostic to a prognostic microphys-
ical scheme, the latter being directly written in the formalism
proposed here.

Finally, the PDF-based sedimentation scheme can be used
in full 3-D NWP operational applications. Indeed this formula-
tion has been in operational use (yet for stratiform precipitations
only) at CHMI since 30 January 2007, with the basic ‘statistical’
Pians_sta choice. Later on, as already indicated, Météo-France
similarly went to the ‘Lagrangian-like’ Qy.,s choice for its ver-
sions of global and LAM applications.
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