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ABSTRACT
In polar regions low-pressure systems drive sea ice divergence, which can accelerate summer sea ice melt through

energy absorption at resulting open water areas. This paper examines the mechanisms that cause the ice divergence

and its seasonal change with a Lagrangian ice model. We focus on the effects of initial ice concentration, ice strength

and ocean stratification. A series of idealized simulations (initially at 5 km resolution) are carried out with a Rankine
combined vortex as external wind forcing. We have found a characteristic length scale 7} in free drift, based on the
influence of the Coriolis term. The results show that ice concentration decreases most greatly within the range of 77. In

addition, ice divergence becomes small in the inner region for high concentrations (i.e. over 0.95), due to inward internal
force blocking divergent deformations. The effects of ocean stratification on ice-drift divergence are also examined.
Numerical results show that as the density stratification increases divergent Ekman flows beneath ice further promote

the ice-drift divergence and lead to more reduction in the ice concentration through thinning of surface Ekman layer.

1. Introduction

Various recent studies have indicated significant decrease in sea-
ice extent and area in the Arctic (e.g. Johannessen et al., 1995;
Maslanik et al., 1996; Cavalieri et al., 1997; Serreze et al., 2003;
Comiso, 2006; Nghiem et al., 2007; Stroeve et al., 2007). Serreze
et al. (2003) concluded that the ice area and extent in Septem-
ber 2002 were remarkably small and that this is a consequence
of persistent low pressure and high temperature over the Arctic
Ocean in the summer of 2002, which promoted ice drift diver-
gence due to cyclonic winds and caused a rapid melt. In general,
open water areas absorb much more solar radiation than the ice
covered surface, and this heat is then utilized for ice melting.
The ice melt generates more open water and further ice melt and
gives rise to a positive ice-albedo feedback (e.g. Maykut and Per-
ovich, 1987; Ohshima and Nihashi, 2005). Therefore, the open
water formation by a persistent low-pressure system can be con-
sidered as a trigger of the ice cover reduction over the Arctic
Ocean during summer.

The response of sea ice to surface winds varies greatly with
seasons. Thorndike and Colony (1982) demonstrated that the
sea ice speed and rotation angle from geostrophic winds are
generally larger in summer than those in fall, winter, and spring.
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They argued on the smaller winter values in terms of an atmo-
spheric boundary layer and larger internal stress than those of
summer. Furthermore, Serreze et al. (1989) examined in detail
the seasonality of the rotation angle of the ice motion from the
geostrophic winds, considering it as an index of ice divergence,
and diagnosed it under low-pressure systems successfully. They
found that ice divergence under low-pressure systems is greater
in summer than those of other seasons.

There are very few investigations dealing directly with dy-
namics of sea-ice drift under low pressure systems, and hence,
basic questions still remain. The following are a few examples.
In a free drift case, Thorndike and Colony (1982) suggested that
ice drift angle to geostrophic winds (and hence divergence) is
large where winds are sufficiently small. This implies that ice
divergence is large near the centre of the cyclone. When the sea
ice concentration (SIC) is large, however, Haapala et al. (2005)
demonstrated in a series of numerical experiments that the sea
ice does not diverge near the centre of the cyclone if the ice—
water and ice—air turning angles are the same. This suggests that
internal stress must be important for cases with large SIC. Al-
though this is intuitively reasonable, we do not yet know how
the internal stress works to prevent sea ice from divergence. An-
other question is how the near surface stratification affects the
ice—water stress turning angle. The ice divergence/convergence
depends greatly on the turning angle (e.g. Haapala et al., 2005).
However, what causes the changes in the turning angle is not
yet clear. In polar oceans, near-surface stratification varies with
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season greatly (e.g. Rudels et al., 1996, 1991; Steel and Boyd,
1998). This may affect the ice divergence through the changes
in ice—water turning angle, besides the ice interaction processes.

Considering the arguments above, there are three issues of
interest in this study. First, we revisit a free-drift case, paying
attention to ice divergence characteristics under a stationary cy-
clone. We specify non-dimensional parameters, which represent
relative importance of terms in the momentum equations. Sec-
ond, we investigate the effects of ice internal stress as to how
it modifies sea ice drift as SIC varies. For these two issues, we
conducted numerical experiments using a Lagrangian ice model,
and discuss the results in conjunction with analytical solutions.
We believe it is important to understand ice dynamics under a
stationary cyclone as a basis for exploring more realistic cases,
such as those with moving cyclones. Further, the persistent low
pressure during summer in the Arctic region promoted a recent
decrease of sea-ice extent (Serreze et al., 2003), which is also a
motivation to deal with stationary cyclones in this study.

We adopt the Smoothed Particle Hydrodynamics (hereafter
SPH) algorithm to perform experiments of ice response to winds.
SPH represents the characteristic ice behaviour, which retains
its properties for long periods of time, and reduces numerical
diffusion by distributing particles densely where the gradient
of a certain property is large (e.g. Gutfraind and Savage, 1997;
Lindsay and Stern, 2004). Recently, Lindsay and Stern (2004)
applied a Lagrangian model with the SPH method to a simulation
of the Arctic Ocean, and successfully reproduced observed buoy
motions.

Our third interest concerns the effects of stratification in the
ocean surface layer on the ice divergence. In order to pursue
this issue, the Lagrangian ice model is coupled to the Princeton
Ocean Model (POM) that incorporates a turbulent closure model
for the surface layer. Hence, the surface Ekman layer is calculated
directly, and so no turning angle is presumed for the formulation
of ice—water stresses.

This paper is organized as follows. In Section 2, the
Lagrangian ice model and the ice—ocean coupled model are de-
scribed. In Section 3, sensitivity of the ice-drift divergence to
wind forcing, initial SIC and ice strength is numerically exam-
ined by using the Lagrangian ice model. Additionally, analytic
solutions are obtained to understand the role of each term in the
momentum balance. The role of the oceanic stratification on ice
motion is discussed in Section 4. The results are then summarized
in Section 5.

2. Model

2.1. Lagrangian sea ice model

2.1.1. Governing equations. In the model, all equations are
integrated in a Lagrangian manner. That is, each ice parcel can
individually move by maintaining its own properties, such as SIC
and ice thickness. The model is based on a momentum equation

with ice interaction and conservation equations, which include
equations of mean ice thickness, ice concentration and area of a
particle.

The momentum equation can be expressed as

d
phd—l:+phkau=ra+rw+v-o—phgvn, (1

where u = (u,v) is the ice velocity vector, p the ice density, 4 the
mean thickness of ice, f the Coriolis parameter, g gravity, n the
surface elevation and o is the internal stress tensor of sea ice. Sea
ice motion is determined by five forces, namely air—ice stress,
water-ice stress, Coriolis force, internal force, and sea surface
tilting. In this study, the response of ice to winds is considered
only on a short time scale, in which effects of thermodynamic
processes can be ignored. In the Lagrangian point of view, the
equations are solved at the position of each arbitrarily moving
particle, and advective terms need not be evaluated separately.
The air—ice and water—ice stresses are determined by the bulk

formulae
Ty = PaCalUyl(cos 6, + sin 6,k x)U,, )
Ty = —pwCy|u|(cos b, + sin b, kx)u, 3)

where U, is geostrophic wind, p, and p,, are the air and water
density, C, and C,, are the air and water drag coefficients, and
6, and 6, are turning angles for air stress and water stress, re-
spectively. In t,,, the effect of geostrophic current is neglected
for the ice-only model. This formula will be used in Section 3.

The geostrophic wind has the form of a stationary Rankine
combined vortex (Fig. 1), of which magnitude is given by

wr r<R

U, = (€]
oR*/r r >R,

(km)

distance

distance (km)

Fig. 1. Model domain and geostrophic wind for the standard case. The
model ice configuration has a circular shape with a diameter of 600 km
and consists of 16 000 particles uniformly distributed initially by 5 km.
The geostrophic wind is a Rankine combined vortex with an inner
region of radius 100 km.
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where r = (¥ + y?)'/? is radial position and w is angular ve-
locity in the inner region. R is the radius of the vortex core set
at R = 100 km in this study. We note that this type of wind
forcing has an interior with a constant vorticity of 2w (solid
rotation) that generates divergent Ekman transport and strong
Ekman pumping, while it has an exterior with zero wind stress
curl (irrotational flow). In the inner region (r < R), the wind
velocity linearly increases with r from the centre and has a max-
imum at the boundary (» = R). In the outer region (r > R), the
wind velocity inversely decreases with distance and approaches
to zero assymptotically.

The Rankine vortex with R=100 km may be a relevant ap-
proximation of the velocity field in a polar low. Shapiro et al.
(1987) captured the detailed structure of the polar low from me-
teorological measurements via aircraft. According to them, the
centre core was roughly 100 km in radius. Furthermore, it had a
remarkably large relative vorticity in the centre core, with a small
vorticity on the outside, which is well modeled by the Rankine
vortex. The Rankine vortex has also been regarded as a typical
of atmospheric vortex, which provides a good fit to a number
of cyclones. James (1950) estimated R to be 200—500 km as the
radius of the maximum pressure gradient (or geostrophic veloc-
ity). He also pointed out its difficulty in practical application to
some meteorological analyses, because the Rankine vortex has
infinite kinetic energy when integrated for » — oco. However,
since we provide non-dimensional analyses in Sections 3.2 and
3.3, the results are still agreeable even for large-scale cyclones.

In this study, the viscous-plastic rtheology of Hibler (1979) is
adopted. The internal stress is hence written as (see Leppéranta,
2005)

P il e P 3 ©)
o0=—|——m——  —
2 | max(A, Ag) 2e¢2 max(A, Ag)

where ¢ denotes a strain rate tensor and &' = & — %trél and A =
(62 + &2,e71)12. &, and &;; are the strain rate invariants equal to
the sum and difference of the principal strain rate components,
respectively. A is the maximum linear viscous creep rate. e is
the ratio of compressive strength to shear strength, or aspect ratio
of the yield ellipse of Hibler’s rheology (Fig. 2). P is ice strength
such that

P = Pyhexp[—C(1 — A)], (6)

in which C is a strength constant for SIC, / is mean ice thickness,
Py is an ice strength constant and A is SIC. According to (6), P,
and consequently o, is highly sensitive to SIC through C. The
e-folding scale for ice strength corresponds to A = 0.95 when
C = 20. A summary of the parameters for a standard case is
shown in Table 1. indent In this study, conservation equations
for h, A and area of particle S are mainly based on divergence
of sea ice motion, and include no thermodynamical processes,
such as decay or growth of ice. Thus, they are written in the
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Fig. 2. Normalized principal stress computed in the model along with
the elliptic yield curve.

Table 1. Model parameters for the standard case for the ice-only
model in Section 3

Parameter Symbol Value
Ice density P 910 kg m—3
Air density Pa 13kgm™3
Water density Pw 1000 kg m—3
Wind drag coefficient Ca 0.0012
Current drag coefficient Cw 0.0055
Wind stress turning angle Oa 30°
Water stress turning angle 6w 30°

Ice strength constant Py 5000 Pa
Yield ellipse aspect ratio e 2
Strength constant for compactness C 20
Maximum creep rate Ao 2.0x 1079571
Coriolis parameter f 1.46 x 1074571
Radius of Rankine vortex R 100 km
Angular velocity of geostrophic wind 3} 1.0 x 1074571
Initial ice thickness ho 1.0m
Lagrangian form as

NI e

" =1 - ‘. @)

S S

The initial values of 4 and S are /iy = 1 m and Sy = 25 km?,
respectively.

2.1.2. SPH formalism. The SPH formalism determines a local
smoothed average field quantity f(r) as a weighted summation of
the property at locations of neighbouring particles. The weighted
average at position r is derived from an area integral with a kernel
function W, and then

(f(r) = / FEOW(r —r'[, 0)ds’ ®)
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where f(r) is a two-dimensional scalar field. W is a kernel func-
tion, and ¢ is a smoothing length that determines the accuracy of
estimates. This indicates that the intergral representation of the
function f(r) is approximated by summing up the values of the
nearest neighbouring particles. The SPH integral approximation
is, in general, of second order accuracy for £. The continuous
SPH representation for f(r) can be rewritten in the following
discretized form

N
(FaD) =) fiSWillri = ril, ), ©)
k=1

where S is the area of particle k, and |r; — ry| is the distance
to the kth particle. N is the number of adjacent particles used to
compute the integral. The kernel W must be a radially symmetric
function with unit area

/W(|r—r’|,z)dr’= L. (10)
In this study, the Gaussian kernel
W(r —r], 0 ! Ir— v (11
—r|,{)=—exp|— ,
ne P B

is utilized, which is sufficiently stable and accurate even for the
disorderd particles.

The particle location changes every time step and the particles
are distributed irregurarly in the Lagrangian manner. Therefore,
the derivative cannot be determined simply by differencing the
properties of adjacent grids. However, we can solve this problem
through the key aspect of SPH approximation (e.g. Lindsay and
Stern, 2004)

(V) = / FEYTW (I — ], )ds’ (12)
N

~ 3 SUFW) — FOIW A — 1l 0. (13)
k=1

This means that the SPH integral representation gives an approx-
imated derivative estimate, which does not include the function
derivative, but the derivative of the smoothing kernel W.

2.1.3. Neighbouring particles. In principle, the summations
in (9) and (13) should include all of the particles in the model
because the support domain of the Gaussian function is spatially
infinite. In practice, however, the particles more than one or two
length scales away from the point of interest have little impact.
In order to improve numerical efficiency, the summations are
performed only on the nearest 30 particles, which are searched
every half day. If an ice field consisting of uniformly distributed
particles within a space of smoothing length ¢, the summation
of the Gaussian kernel over a square area of 4¢ x 4¢ would be

2 3\ Sk Iri — g
D WiSi=) —exp(———7— | =0999928.  (14)
k k

1234 22

This shows that the condition of (10) can be sufficiently satisfied
if the £ is roughly /Sy and 30 particles are used.

Figure 2 shows normalized principal components of the inter-
nal stress, that is, oy and o, computed in the model. As it can
be seen, the SPH representation provides sufficient accuracy,
showing that the relationship between o; and o, corresponds
well with the elliptic yield curve.

2.1.4. Predicting scheme. To update velocities, the third-order
Runge—Kutta scheme is used as follows:

u,,+1_u,,+Af du* n+4 du* rl+1/2+ du* n+1
e | Lde ), dr ), a ), |’

15)

where u! is the velocity of particle i at step n. At is a time step,
which is set to be 10 s. % is computed every half time step
based on (1), and the weighted sum is utilized to predict the next
time velocity.

The position, mean thickness and ice concentration of each
particle are evaluated with the leap-frog scheme every time step

as

v =1 2Am, (16)

At = AT —2A1V . (17

Typical thickness / and area S of each particle are also evaluated
in a similar manner to (17).

2.2. Ice—ocean coupled model

In Section 4, we present results from experiments with an ice—
ocean coupled model in order to investigate effects of density
stratification of the ocean surface layer on the ice divergence.

The oceanic part of the model is represented by POM, which
is a primitive equation ocean model with o coordinates in the
vertical grid (Blumberg and Mellor, 1983). The model has a
square domain with a length of 500 km and a flat bottom with
1000 m depth. The horizontal grid spacing is 10 km for both
x and y directions. There are 25 vertical grid cells of which 9
are concentrated within the upper 30 m in order to resolve the
velocity structure of the surface boundary layer.

In the model, vertical viscosity K, is computed by the level
2% turbulent closure model (Mellor and Yamada, 1982), defined
by

Ky =qlSu, (18)

where / and ¢ are turbulent length scale and turbulent kinetic
energy, respectively. The turbulent exchange coefficient Sy, is a
function of the Richardson number, in which S;, decreases as
stratification increases (Galperin et al., 1988).

As for the sea-ice component, all equations are the same as
those in Section 2.1, except that the ice—water stress is modified
so that ice—ocean coupling is expressed as

Tw = PwCiwlu — uy|(uy, — u), (19)
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where u,, is current velocity of the first level (1.4 m) calculated
from the ocean model. We do not include the ice—water turning
angle in (19) because the surface boundary layer is represented
well by the ocean model. This formula is to be used in Sec-
tion 4. u,, at the position of the particle is interpolated from that
of neighbouring grids of the ocean model by using (9). We use
Cuy = 5.4 x 1073 for numerical experiments, referring to Shi-
rasawa and Ingram (1997), who obtained C, = 5.4 x 1073 and
0, = 0° at a reference depth of 1 m in the Barrow Strait.

The gravity force due to ocean surface tilt Vi in (1) is calcu-
lated using the geostrophic balance. In this study, we considered
ocean currents at a depth of 30 m as the geostrophic current.

3. Sea ice dynamics driven by cyclonic winds

3.1. Numerical results

We carried out numerical experiments with the Lagrangian ice
model described in Section 2.1 in order to clarify the mechanisms
that generate sea ice divergence and variations in SIC under a
low pressure system. In this section, the ocean is assumed to be
at rest, and hence the gravity force due to ocean surface tilt will
not be considered in (1). Since the ocean model is not coupled
here, we use 7, of (3) in this section, assuming 6, = 6, = % as
in Table 1.

First, we present results of the experiment to examine the
sensitivity of SIC reduction to initial SIC (hereafter, Ay), where
the radius of inner vortex R is 100 km. On the basis of the ice
strength (6), we discuss results of cases with Ag = 80 and 100%
referred to as ‘Case A’ and ‘Case B’, respectively. The SIC
distributions after 2 d are shown in Fig. 3. For ‘Case A’, SIC
decreases intensively from the centre to r = 60 km and reduces
to less than 90% of Ay (Fig. 3a). This is consistent with the result
of Thorndike and Colony (1982), in which the ice drift angle to
the geostrophic wind is large if the ice drift velocity is sufficiently
small. On the other hand, the SIC reduction near the centre of

(a) Inner Region (b) Outer Region
velocity . velocity
air air
internal Coriolis internal Coriolis
water water

Fig. 4. Typical force balances among air drag, water drag, Coriolis
force, internal forces and ice-drift vectors for ‘Case A’ (A9 = 80%).
The forces and velocities are obtained at » = 60 and 120 km for (a)
inner region and (b) outer region, respectively.

the cyclone for ‘Case B’ (Fig. 3b) is much smaller than that for
‘Case A’. Figure 3b also shows another SIC minimum around
r = R (=100 km) for ‘Case B’.

The mean thickness / varies in a similar manner to A based
on (7), that is, sea ice becomes thinner for ‘Case A’ than for
‘Case B’ (Figures are not shown).

Figure 4 displays typical force balance among air stress, wa-
ter stress, Coriolis force and internal force for ‘Case A’. In both
regions, the air stress, which is only external forcing, drives
counter-clockwise and causes inward ice motions, while the wa-
ter stress acts clockwise with outward motions. The Coriolis
force accelerates the outward motion much like the water drag,
although the magnitude is much smaller than that of the water
drag. For ‘Case A’, the internal force does not act significantly.
As aresult, the radial velocity is in the outward direction in both
regions.

When Ay is 100% (‘Case B’), the internal force is at least as
strong as the Coriolis force, despite that the rest are similar to
those of ‘Case A’ (Fig. 5). The internal force acts inward and

(@) Ag=80% (b) Ayg=100%
L L
200 - |
3
8
%
—200 - |
Fig. 3. SIC distributions after 2 d, 20 0 200 -200 oo 200
normalized by initial SIC. (a) ‘Case A’, distance (km) distance (km)
where Ag = 80%, and (b) ‘Case B’, where SN A4, I AA,
AO = 100%. 0.80 0.84 0.88 0.92 0.96 1.00 0.80 0.84 0.88 0.92 0.96 1.00

Tellus 60A (2008), 4



794

(a) Inner Region (b) Outer Region

velocity velocity

internal Coriolis internal Coriolis

water water

Fig. 5. Same as Fig. 4, except for the results of ‘Case B’ (Ao = 100%).

(a)Radial velocity (b)Azimuthal velocity

! ! ! !
40 -

20 N -

ug (cm/s)

analytic

analytic

numeric ------ numeric ------

o T T o T T
0 100 200 0 100 200
distance (km) distance (km)

Fig. 6. (a) Radial velocities and (b) azimuthal velocities, averaged in
the azimuthal direction. Solid and dashed lines denote numerical

results for ‘Case A’ (A9 = 80%), and the analytical solutions for free
drift, as in (23) and(24), respectively. The radius of the inner region is

100 km, and the wind angular velocity w is 2.0 x 104 s~

clockwise in the inner region. As a result, u, & 0 and trajectories
of the particles are almost on a circular orbit without divergence
for ‘Case B’, especially in the inner region, rather than drifting
outward.

Figure 6 displays both velocity components for ‘Case A’ in
terms of r, where they are averaged in the azimuthal direction.
We note again that the sea ice motion is in free drift for ‘Case A’.
The azimuthal velocity increases linearly with distance from the
centre in the inner region, but decreases inversely in the outer re-
gion (Fig. 6b); this shape is analogous to that of the geostrophic

(a)Ice Concentration

(b)Radial velocity

Y. KAWAGUCHI AND H. MITSUDERA

winds, that is, the Rankine vortex (Fig. 1). However, the ra-
dial velocity in the inner region increases steeply up to around
r = 20 km, and thereafter increases gently reaching 1.9 cms™!
at r = R. In the outer region, the radial velocity monotonously
decreases with distance (Fig. 6a).

Figure 7 shows sea ice responses for ‘Case A’ driven by var-
ious angular velocities such as w = 2.0 x 107, 1.0 x 10™* and
0.5 x 10~*s~!, The azimuthal velocity has maximum values of
33,17 and 8.5 cm s~ for respective w at r = R (Fig. 7c). In con-
trast, the radial velocity is less sensitive to the variation in w than
azimuthal velocity, except in the vicinity of the centre where u,
increases with distance more rapidly as w increases (Fig. 7b).

Figure 7a shows that intensive SIC reduction occurs near
the centre, corresponding to the sharp increase of u, as seen
in Fig. 7b. Magnitude of the near-centre SIC reduction increases
with w, which has maximum values of 5.7, 4.0 and 2.1% for w =
2.1 x 107*,1.0 x 10™* and 0.5 x 10™* s™!, respectively. Away
from the centre, however, it tends to be independent of w. We
will discuss in more detail the characteristic distributions of SIC
and its relationship with u, in the next section.

Next, we carried out experiments with five initial SICs
(A =50, 80, 95, 98 and 100%) in order to investigate effects of
internal force on the SIC reduction. Figure 8 shows azimuthally
averaged A/Ay, u, and uy after 24 h for these five cases. The
azimuthal velocities coincide with each other even though Ag
varies, and are approximately 2% of geostrophic winds in mag-
nitude. On the other hand, there are large differences in radial
velocity in terms of initial Ay, except for those of Ay =50 and
80%; u, becomes small for large Ay, especially in the inner re-
gion. The SIC reduction decreases markedly near the centre as
Ay increases (Fig. 8a).

Figure 9 shows numerical results for Py =25 kPa, correspond-
ing to five times the results in the standard case; this ice strength
is frequently used for the ice drift simulations in the Arctic Ocean
(e.g. Leppédranta, 2005). It is seen from Fig. 9c that the differ-
ences in ug among different values of Ay become greater than
those with Py = 5000 Pa, and u, decreases more drastically. In
particular, #, becomes almost zero in the inner region for the
cases with Ay > 0.95.

(c)Azimuthal velocity

1.00

0.98 4,

A/A,

0.96 4"

®=2.0x10*

40

N
o
%

&
o

(cm/s)

Ug

" ®=1.0x10% ------ -
! ®=0.5x10" ————
0.94 T T
0 100 200 0 100 200 0 100 200
distance (km) distance (km) distance (km)

Fig. 7. (a) SICs normalized by Ao, (b) radial velocities, and (c) azimuthal velocities after 24 h for v = 2.0 x 10~* s~ ! (thin line), 1.0 x 10~4s~!

(dotted line), and 0.5 x 10~*s~! (dashed line). Ay = 80% for all cases.
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(a)Ice Concentration

(b)Radial velocity

(c)Azimuthal velocity

20 L L

1 !
1.00 _ |
»
! ~
& 0.98 - £
= 2
<
2,=95% &
By=98% --------
0.96 - Ry=100% —-—-——- n
! T

0 100 200 0
distance (km)

100
distance (km)

200 0 100 200
distance (km)

Fig. 8. (a) SICs normalized by Ao, (b) radial velocities, and (c) azimuthal velocities after 24 h for different Ag. Po = 5 kPa.

(a) Ice Concentration (b)

Radial velocity

(c) Azimuthal velocity

distance (km)

Fig. 9. Same as Fig. 8, except for Po = 25 kPa.

3.2. Analytical solutions for free drift

In this section, we describe analytical solutions for free ice drift
in order to discuss the numerical results above. Assuming that
the SIC tendency depends only on the divergence of ice drift,
without considering thermodynamical processes, we can rewrite
(7) in polar coordinates as

94 V-(A L9 Au,r 20
Frinis - ( U)——’fa( u.r), (20)
where the condition of no azimuthal variation (% =0) is ap-
plied. (20) indicates that the radial velocity u, determines the
evolution of SIC. Thus, we will consider characteristics of u, by
constructing the analytical solutions.

In this subsection, the steady free-drift momentum equations
are considered. As seen in the numerical solutions (e.g. Fig. 6),
this assumption is valid for SIC less than 80%. It is useful to
choose polar coordinates to deal with the momentum equations.
Hence, we have, in non-dimensional form (cf. Leppidranta, 2005),

U:z cos 6, — (uj cos Oy, + u: sinby)|u*| — R,h*u; =0, (21)

—U**sinb, — (u? cos O, — ul sin6,)|u*| + R,h*ul =0, (22)

where the non-dimensional variables are denoted by asterisks,

Hf - . . . g

and R, = p" Cf 7 1s a non-dimensional Coriolis parameter. Sub-
wC

scripts 8 and r express radial and azimuthal components, re-

spectively. Summary of non-dimensional numbers and scaling

factors of variables is described in Appendix A.
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distance (km)

distance (km)

Since the magnitude of dimensional ice speed |u| scales with
N,U,, where N, = (Z;—g‘:v)'/z, we let [u*| = U here, so that |u*|
can be treated as a known parameter. This approximation is valid
where uj > u*, although, as shown later (see Fig. 6), this gives a
very good representation of the numerical solutions as a whole.
These equations can then be seen as first-order linear algebraic
relations of u;; and . Thus, we obtain free-drift solutions of ice
motion as (cf. Thorndike and Colony, 1982)

cos(By — 6,) + (R,h*/U;) sin 6,

JUF = : 23
UolUs = "R U7 + sinfy Y + cos® Oy 23)

in(6y — 6,) + (R h*/U*) cos 6,
up g = SO —0) & (R /U008 (24)
(Roh* /Uy + sin6,,)? + cos? B,

‘We now substitute the non-dimensionalized Rankine vortex

o'rt r* <1

w*r*

Ur =
! r*>1

to (23) and (24). Figure 6 displays uj; and u;” for0, =0, = /6
and w = 2.0x 10~* s~!. It is seen that the analytical solution is in
good agreement with the numerical results in both components,
although the radial component of the solution is slightly smaller
than the numerical one. Figure 10a displays the solution of u*
for various w*. From the figure, u increases near the centre

with increasing w*, whereas it assymptotically approaches to
R, cos 0,h* far away from the centre regardless of w*.
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Fig. 10. Free drift solutions of (a) radial
velocity and (b) ice-drift divergence,
described in non-dimensional form. In the
left panel, solutions for R* = 1 are drawn by

thick lines, and those for R* = 5 by thin

Defining A = RU—‘;*, (24) is rewritten as

sin(@y, — 6,) + A~ cos 6,

ul/U; = A ,
()f' + sin Qw) + cos? 6,

(25)

which indicates that only A, 6, and 6,, are responsible for the
free-drift solution of u}. We should note that A indicates the
strength of the water drag to the Coriolis term in the momen-
tum balance [i.e. A = % = 0(#)]. We may then define
characteristic length scale r{ = R,h*/w* and 1} = ﬁ;* for the
inner and outer regions, respectively, where the Coriolis force
becomes comparable with the ice—water stress (i.e. A = 1). This
means that in the inner region, for example, the Coriolis term
becomes dominant compared to the water drag (i.e. A < 1) for
r* <rf, while it is negligible (A > 1) for 7* > r}. u is expressed
to the lowest order as

. w* cos@a§ rrrf (ord K 1), 26)
ut =
R,h*cos®, r*>rf (oraA™! < 1).

This means that u, increases quadratically with distance as far
as r* < r7, as depicted in Fig. 10a. (26) also indicates a gradual
approach of u* to the assymptotical value R, cosf,h* where
r* > ry, which is also consistent with the numerical results in
Section 3.1 (e.g. Fig. 6).

Similarly, in the outer region, the Coriolis term has dominant
effects (A < 1) where r* > r5 and much less dominant (A > 1)
where 1 < r3. Thus, the radial velocity can be written as

Roh*cosf, r*<Lrj
ur =1 - 27
7 wr*c:):zﬁa 7* > i‘; ( )
2

In the outer region, u* remains constant for r* < r3, while it
decreases quadratically and approaches to zero where r* >> rj.
The analytical solution of ice-drift divergence, equivalent to
the SIC time tendency, can be derived from (24). The solutions
for various angular velocities are displayed in Fig. 10b. On the
basis of A, the ice-drift divergence can be separated again, based

1.0 lines. Arrows indicate the position of 7}
when o* = 1.0.

3w* cosOur*/ri r* L rf,
V*out = (28)
R,cos0,h*/r*  r* > r{,

in the inner region. (28) captures the characteristics of
V* . u* shown in Fig. 10b; it increases linearly with distance
where r* < r7, while it assymptotically approaches zero where
r* > ry. Figure 10b and (28) show that the divergence is great-
est at around 7* = rj for any w*, although its magnitude varies
depending on w*. As a consequence, SIC decreases most rapidly
around r* = ry, rather than at the centre, and the reduction of
SIC becomes large as w* increases. Furthermore, the fact that
the divergence depends on the angular velocity, equivalent to
relative vorticity of the geostrophic wind, is in agreement with
Serreze et al. (1989).

In conclusion, the ice drift divergence is characterized by A,
and a characteristic length scale r} can be defined for cyclones.
This implies that although we adopted R = 100 km in this nu-
merical experiments, the results are also relevant for larger scale
cyclones.

3.3. Steady state solution with the effect
of ice interaction

The numerical results in Figs. 8 and 9 show an interesting feature,
namely the radial speed gets closer to zero in the inner region
when the A of initial SIC increases. In this section, we clarify
the momentum balance when the internal stresses are important
and their role for the ice divergence. To do so, we derive a steady
state solution for u} = 0.

Assuming u = 0, the steady momentum balance with respect
to azimuthal and radial components is given by

3
(r*o7y) + cos O (US? — uy?) = 0, (29)

r* or*

9
(r*or) —sinf (U} —

o us®) + Roh*uy =0, (30)
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where 0 = 60, = 0. In (29) and (30), we replaced |u*| with
uy, because u = 0. (29) indicates that in azimuthal momentum
balance, internal shear stress yields a decrease of uj relative to
free drift velocity U In the radial component (30), the Coriolis
force is balanced by compressive internal stress force due to ice
strength. The difference between air stress and water stress, with
turning angle 0, also contributes to the radial momentum balance.
Balance of forces in the numerical experiments (Fig. 5a) agrees
with those described by (29) and (30).

We should note that in the experiments, sea ice behaviour
follows a plastic rheology rather than a linear viscous rheol-
ogy, because the strain rate whose magnitude is O(1076)s™!
is substantially larger than maximum creep rate (Ag = 2 X

107%s™"). Therefore, we have o = —P*/2 and o, =
* . . . N uy up oy -
£-sgn(é,) (see Appendix B). Since &%, = 52 — =2, &7, is zero

for asolidrotation in the inner region of the Rankine vortex, while
it is — =2 for an irrotational flow in the outer region. Therefore,

P

&, tends to be negative when uj is modified by friction. For
example, since % = 0 at the position of maximum velocity (at
about/* =1),wehave &’y ~ — 5‘_;3 < Oaround there. Considering
the arguments above, we finally obtain o), = — ’2’—:. Eliminating
the internal stress terms from (29) and (30), this leads to

1 1
U= |1 — .
uy/Us \/ +4)ﬂ(ecos€—|—sin9) 2)(ecos 6 + sin6)
(€29)

In the region where 7* > r% (or A~! « 1), (31) may be reduced
to

1

NP~ — —m8 —
uy/Ua 2)(e cosf + sin )

(32)
Therefore, a steady state with u* = 0 can be achieved if the
azimuthal velocity is decelerated by O(1~") relative to U? due
to the shear stress. Since A~! [ = O(R,)] is about 0.1 for the
parameters in Table 1 and U = 0.2 ms™!, the steady solution
predicts that the azimuthal velocity is decreased by 1-2 cms™!,
consistent with the numerical results in Fig. 9. At the same time,
the ice rheology yields ;% (r*0%) = e5% (r*oy;) <0, and hence
the compressive stress can balance with the Coriolis force in (30)
and prevent sea ice from drifting outward. This is also consistent
with the balance of forces in Fig. 5.

We may also interpret the numerical results as follows. First,
u’ ~ 0 occurs around 7* = 1 because u; is decelerated substan-
tially due to the above process, where u} is the maximum. Once
u’ = 0 is achieved around 7* = 1, u for r* < 1 is also blocked
and converges to zero, opposing to the sea-ice tendency to drift
outward under cyclonic forcing. Outside r* = 1, however, there
are no locations where u* is forced to be zero, and therefore, sea
ice drifts outward even though SIC is large.

If we scale the magnitude of internal stress X and R, (see Ap-
pendix A) with the parameter values in Table 1, as well as with
U=02ms"",L =R =100km and P, = 25000 Pa, then we
have X ~ 1 and R, ~ 0.1. Since P* = O(107!) for A = 0.9 (see
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eq. 6), the internal stress and Coriolis force are able to balance
with each other up to the value of A. If A becomes smaller than
0.9, P* also decreases quickly, thus the internal stress terms no
longer contribute to the momentum balance; ©* must be con-
sidered to be balanced with the Coriolis force in this case, and
therefore the free-drift solution should become relevant. This is
consistent with the numerical results shown in Fig. 10b, in which
u’ ~ 0 occurs for A > 0.95, while u* exhibits the free-drift so-
lution for A < 0.8.

4. Effects of oceanic stratification on ice
divergence

In this section, we will examine how the Ekman flow near the
surface, whose structure varies depending on the oceanic stratifi-
cation, affects the ice divergence responding to cyclonic winds.
This subject is associated with how 0, in (24) is determined
through ice—ocean interaction processes. To do so, we used the
ice—ocean coupled model with vertically fine resolution, which
can reproduce the Ekman flow within the surface layer. In this
section the water stress t,, is in the form of (19).

The upper part of the Arctic Ocean is frequently characterized
by a well-mixed surface layer, of which thickness varies sensi-
tively with season and location. For example, in winter, the strong
convection by freezing penetrates the halocline formed during
summer and makes the mixed layer quite deeper; it reaches 30—
50 m in strongly stratified seas by large fresh water input due
to river runoff (e.g. Canada Basin or Siberian Shelf), while it
could exceed 100 m in relatively weakly stratified regions such
as Nansen Basin (Rudels et al., 1996). In summer, ice melting
and high river runoff can generate strong stratification immedi-
ately beneath the surface and reduce the mixed layer depth to
less than 10 m (Rudels et al., 1996).

To date, mostice models, as well as ice—ocean coupled models,
have assumed temporally and spatially constant 6,,. However,
the Ekman flow structure may vary significantly as stratification
changes. Here, we performed numerical experiments without
assuming 6, a priori to provide insights into the SIC reduction
in the presence of a stratified surface layer.

In this experiments, we set stratification to depend on salinity
only (Fig. 11). Two kinds of salinity profiles were used. One has
a profile that increases with depth linearly from the surface to a
depth of 82 m, and retains its value at deeper depths. Seven cases
were considered, where the salinity difference within the surface
layer, AS, varies from 0 to 2.5 psu, which is equivalent to a
density difference of 0-2.0 kg m~>. The other profile is expressed
by a hyperbolic function (dashed line in Fig. 11), which models
a well-mixed surface layer and a halocline at 30-60 m depth.
Temperature is fixed to 0 °C at any level and SIC is initially 80%
for all cases.

Figure 12 shows SIC distributions for AS = 0.1 and 2.5 psu
after 2 d. When AS = 0.1 psu, a weakly stratified case, the SIC
reduction is 7-8% at most mainly in the inner region, while for
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Salinity Potential Density

° L L L L L

(m)

depth

75 : -

31 SI2 ‘ 33 IBIZE 10‘26 10‘27
S (psu) Oy (kgm® )
Fig. 11. Model vertical profiles of salinity (left-hand side) and
potential density (right-hand side) in the ocean upper layer. Potential
temperature is 0 °C at any depth. Solid colour lines denote the
continuously stratified cases (seven cases). Dashed line denotes the
well-mixed surface layer case.

AS = 2.5 psu, SIC reduces by more than 20% near the cen-
tre. Figure 13 shows the relationship between the Brunt—Viisalid
frequency N? and mean A/A, in the inner region after 24 h, in
which A/A, has an inverse relationship to N2, meaning that the
reduction in SIC becomes large as the near-surface stratification
is strengthened (see also Fig. 12).

Figure 13 also shows that the near-surface divergence in-
creases with N2. Therefore, when the density gradient is sharp
within the surface layer, the strengthened divergent Ekman flow
promotes the ice divergence, resulting in the SIC reduction.

Top panels of Fig. 14 show the water surface divergence for
AS = 2.5 and 0.1 psu. Clearly, the surface divergence in the

AV.U, @a/A,
® A A A
0.98 1.5 7
1
WMSL:> o A @
hi
< =
= X
< ) WMSL =
0.96 = 1.0 .=
C =
. >
°
N °
0.94 0.5
0 1 2

NZ x107* (s72)
Fig. 13. SICs (filled circle) normalized by Ag after 24 h, and ocean
surface divergence at a depth of 1.4 m (triangle). Each value represents
the average over the inner region (r < 100 km). Arrows indicate each
value for the well-mixed surface layer (WMSL) (dashed line in
Fig. 11). N is the Brunt-Viisild frequency.

inner region (i.e. r< 100 km) is much greater for AS = 2.5 psu
than that for AS = 0.1 psu. Vertical profiles of water divergence
averaged in the inner region are depicted in Fig. 15. Except for
the case of AS = 0 psu, the divergent flow is limited to a thin
layer near the surface, whose thickness decreases as AS becomes
large.

Figure 14 also displays vertical structures of upwelling in the
surface layer for both cases of AS. It can be seen that strong
upwelling occurs beneath a depth of 20 m irrespective of AS.
The upwelling reaches its maximum at around 30 and 15 m
in depth for AS = 0.1 and 2.5 psu, respectively, where the di-
vergence is zero in Fig. 15. The upwelling gradually decreases
from the depth of maximum upwelling to the surface. Since the
depth of maximum upwelling may be considered to be the base
of the Ekman layer, the Ekman-layer thicknesses D, are esti-
mated to be 30 and 15 m for the cases of AS = 0.1 and 2.5 psu,
respectively.

200 Fig. 12. SIC distributions after 2 d,
normalized by Ag, for (a) AS = 2.5 psu and
(b) AS = 0.1 psu within 82 m in the surface

(a) AS=2.5 psu (b) AS=0.1 psu
L L L L L L
200
B
=
o]
2
o
200
T T T T T T
—200 0 200 —200 0
distance (km) distance (km)
F::_A/Ao F::_A/Ao
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1.00 layer. The initial SIC is 80% for both cases.
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AS = 2.5 psu and (b) AS = 0.1 psu.

The thickness of the Ekman layer can also be estimated by

2K
3. = _M’
f

where K, and f denote the vertical viscosity and Coriolis param-

(33)

eter, respectively. In this model, K, is evaluated based on the
Richardson number, as in (18). The estimates of §, from (33) and
Ky for various values of AS are shown in Table 2. As expected,
K, and hence §,, tend to be smaller as stratification becomes
stronger (Mellor and Yamada, 1982; Galperin et al., 1988). Since
8, 1s an e-folding scale of the Ekman layer thickness, if we take
D, ~2§,, both thickness estimations correspond with each other.

Since the total horizontal transport within the surface Ekman
layer must be the same regardless of §,, the divergent flows im-
mediately beneath the surface should become larger as the Ek-
man layer becomes thinner. Thus, as the stratification becomes
stronger in the surface layer, the enhanced divergent flows drive
sea ice further outward, and consequently promote the sea ice
divergence. Therefore, it is concluded that the stronger oceanic
stratification generates larger ice divergence and SIC reduction,
accompanied by the Ekman layer thinning.

In the second experiment, in which a well-mixed surface layer
is situated above a halocline below 30 m, SIC reduction and
Ekman divergence are quite similar to those of the case with
AS =0.1psu (Fig. 13). The vertical structure of water divergence
coincides with that of AS = 0.1 psu as well (Fig. 15). It is
interesting to see that D, for AS = 0.1 psu is 30 m, which is
the same as the thickness of the well-mixed surface layer in the
halocline experiment. Therefore, if a well-mixed surface layer
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is present, the effects of stratification may be evaluated in terms
of the depth of the halocline.

Next, we estimate the ice—water turning angle 8, based on the
numerical results. In order to calculate this, we first estimated the
angles of sea ice drift and surface water flow from the geostrophic
currents, that is, ¢; and ¢,,, respectively (Fig. 16). Since V - u =
(,1, + a%)u, andV x u = (11, + %)ue in polar coordinates, ¢; and
¢ may be calculated, respectively, from
tang ~ V-u/V x u. 34)
We then evaluated 6,, geometrically using ¢; and ¢, as in
Fig. 16.

Figure 17 shows that 8, varies sensitively with N> from 12° to
34°. Since || is approximately 20 cm s~! regardless of N? (fig-
ure not shown), the variation in 6, is caused mainly by changes
in |uy|; it varies from 5.5 t0 9.3 cm s~ (Fig. 17) associated with
the increase of Ekman divergence as stratification increases. The
increase of ¢,, for N> < 0.5 also contributes to the sensitivity of
0, to stratification.

Most studies on Arctic sea ice have used 6, = 25° as a typical
angle (Leppéranta, 2005), which is aresult of AIDJEX field stud-
ies in the Beaufort Sea (McPhee, 1982). However, as seen from
the numerical results, the ice—water turning angle with respect to
geostrophic currents depends greatly on the stratification. There-
fore, 6, needs to be chosen appropriately for numerical models
and data analysis. In summer, the fresh water input from melt-
ing ice or river runoff often creates strong salinity stratification
of AS = 1.0 psu within a 30 m-deep surface layer, giving N> =
2.5 x 10~*s72 (Rudels et al., 1991). In this case, 0, is as large as
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20

depth (m)
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divergence (x 10° s7")
Fig. 15. Vertical profiles of horizontal divergence in the surface layer,
which are averaged in the inner region at each depth. Dashed line is
that for the halocline model in Fig. 11.

Table 2. The relation between Brunt-Viisili frequency N2 and
Ekman layer thickness §,. The vertical viscosity K); is evaluated by the
turbulent closure model at every time step and averaged over 24 h

AS N? Ku 8,
Case (psu) x1073 (s72) x1073 (m2s~ 1) (m)
1 2.5 23.6 6.0 10.9
2 2.0 18.8 6.4 11.3
3 1.5 14.0 6.6 11.5
4 1.0 94 6.8 11.7
5 0.5 4.7 7.2 12.0
6 0.1 0.9 9.7 14.0
7 0.0 0.0 22.5 21.2

30°-35°. In winter, when the upper layer is more homogeneous,
0., is likely to be 20° at most. Therefore, the difference in the
surface stratification between winter and summer can be large
enough to change the ice divergence by a factor of two.

5. Concluding remarks

The main goal of this study was to understand dynamics of ice
divergence under a low pressure system, and yield insight on
seasonal changes of SIC variation. We performed analytical and

% Ui-Uws(oTw)

Fig. 16. Schematic figure for the estimate of water turning angle 6,. ¢;
and ¢, are direction angles of ice and surface water velocities from
geostrophic currents, respectively, and they are evaluated from ¢ =
tan~! (V - u/V X u). Uys, Uyg and u; indicate the ocean surface
current, the geostrophic currents and the ice drift vector, respectively.
[uyg| = uws| is assumed for the estimate of O.

(°)

(cms™1)

angle
1
speed

w |

|u

0 T T T T T T
0 1 2 0 1 2

N? x107* (s 7?) N? x107* (s 73)
Fig. 17. (Left-hand panel) Mean values for water turning angle 6, ice
drift angle ¢;, and surface current angle ¢,, from the geostrophic
currents. (Right-hand panel) Magnitudes of surface current at a depth
of 1.4 m. All variables are averaged over r <100 km.

numerical experiments of sea-ice motion in a circle ice region,
driven by geostrophic winds of the Rankine combined vortex.
The numerical experiments were performed by using the SPH
method. The results are summarized as follows.

First, we discussed characteristics of SIC reduction due to
cyclonic winds in free drift cases (A9 < 80% in the model).
We have found a characteristic length scale, r}, based on the
influence of the Coriolis term. Near the centre where 1* < 7,
the outward radial velocity, which causes the divergence and
SIC reduction, quadratically increases with distance. In contrast,
where i > 17}, the increase of u* gradually becomes gentle, and
consequently, ice-drift divergence assymptotically approaches
a constant value. As a result, SIC reduction is largest at about
r*=rj.

Second, the influences of internal stress on ice motion are
also examined. According to the numerical results, SIC reduc-
tion decreases drastically with increasing A, especially in the
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inner region. We have obtained a steady state solution with a zero
radial velocity, where the radial and azimuthal momentum equa-
tions are coupled through the Hibler’s plastic rheology. We con-
cluded that the blocking of outward velocity, and consequently
the decrease of ice divergence, is due to a balance between the
compressive stress and the Coriolis force within the inner region,
which is coupled with deceleration of the azimuthal velocity due
to shear stress.

Finally, we numerically examined the effects of ocean surface
stratification on the ice divergence under a low pressure system.
We found that the ice divergence increases as the ocean strati-
fication is strengthened. The estimated ice—water turning angle
varies from 6,, = 12° to 34°. The enhanced divergence for the
strongly stratified layer is explained by thinning of the Ekman
layer as the vertical viscosity decreases. The difference in strat-
ification between summer and winter can be large enough to
change ice divergence by a factor of 2.

The ice divergence leads to enhanced heat absorption and ice
melting in the resultant open water in summer, which strengthens
the surface stratification and reduces ice concentrations. These
processes promote ice divergence further and therefore generate
broader open water areas as studied in this paper. In addition, the
upward heat flux from the open water fraction makes the atmo-
sphere unstable and 6, tends to be smaller (e.g. Thorndike and
Colony, 1982; Leppiranta, 2005), also accerelating the ice di-
vergence. These interactions among atmosphere—ice—ocean are
likely to give rise to positive feedback effects for the decay of
ice, and should contribute to the summer regression of the Arctic
ice associated with persistent low pressure systems (e.g. Serreze
etal., 2003). The complicated interaction processes merit further
studies in the future.
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7. Appendix A: Derivation of non-dimensional
momentum equations

For a quantitative consideration, the momentum equation can be
rewritten by using the following dimensionless quantities:

t* =

Qe
=
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(ug, uy) = (ug, u;)/U,

. [u]
[u*| = —,
U
N,
Uy = —U,
U
=
IR
. N.L
w* = w,
U
. o
of = ——,
PyH
where N, (= ;’:—g:) is a Nansen number. By scaling each term

based on the magnitude of water drag p,,C,, U 2 the azimuthal
component of the momentum equation is given by

pH i uy pH

* ok * ook *2
h*u* - Vuy, = U cos 6,

prwL ar* )OWCWL
H
— (uy cos by + u sinOy,)|[u*| — pHf h*u:
PwCylU
PoH .
.o, Al
+ G UL o (A1)

where subscripts 6 and r show radial and azimuthal compo-
nents, respectively. Further, introducing an inertial time scale

T, = 5 /’CH - and non-dimensional parameters such as ice Rossby
number R, = pv‘:gvfb =T, f and friction number X = s ?Zuz
(cf. Leppéranta, 2005), (A.1) can be written as
T L ouy
?1 (h a—t:j +h*u” - Vu;) = U} cosb,

— (uy cos Oy + uy sinOy)|[u*| — R,h*u;

+X(V* 0%, (A2)

where an advective time scale is defined to be T = U/L. The
radial component can also be derived in the same way.

Note that T; is short enough to be ignored in comparison
with advective time scale T = O(10°)s. For example, when U =
0.1ms~! and H = 1 m, the magnitude of inertial time scale 7} is
0(10%) 5. Hence, we can simply consider the momentum balance
only by the terms on the right-hand side of (A.2).

8. Appendix B: Internal stress tensor in polar
coordinates

The internal stress needs to be expressed by a strain rate explicitly

for an analytical discussion. Assuming 0-invariant motions (i.e.
9

55 = 0) and the polar coordinate system, internal stress is

P (& D1+ P,
o=—|—— — ¢,
2 \A 2e¢2A
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where
up 1 (dug _ ug
&= or 2(37‘ r)
- l(aﬂ_"_ﬁ) wo |’
2 ar r r
’

1
& =& — —trel,
2

. En
A=+ —
e
& ] = tré ,
é‘][ = A/tré — 4deté.
If the radial strain rate is small enough to be neglected (u, — 0),
o, and 0,4 result in

Opp = —P/2,
P ( ) P 3149 Up
0,0 = —sgn(&,9) = —sgn — .
¢ 2e Blllere 2e & or r
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