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ABSTRACT
The “Sandstrom theorem” as interpreted by Jeftreys is that in a flow maintained by a temperature difference, the pathline
from the cold region to the warm region must lie below the return path. A formal demonstration of the argument for a
rotating fluid requires three assumptions about the relative circulation around a closed material line: (1) the flow is steady,
(2) the closed material line is a closed streamline and (3) the work done by friction along the streamline is negative.
The argument extends to unsteady flows, thereby relaxing (1-2), if the absolute circulation along the material line is a
bounded function of time—a condition that is met for flows with small Rossby number. Its validity for time-periodic
two-dimensional flows of horizontal convection is verified numerically. Poincaré sections reveal the presence of chaotic
particle transport in these flows, even though the Eulerian velocity fields have a simple time dependence. In spite of
chaotic advection, particle motion is in general downwards in the cold region and upwards in the warm region of the
fluid, which is consistent with the flow shape envisioned by Jeffreys. This paper gives support to the validity of his
argument for the unsteady case and enhances its relevance for the dynamical interpretation of the basic structure of
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geophysical flows.

1. Introduction

Horizontal convection denotes a flow forced by uneven heating
imposed at the surface of the fluid (Stern, 1975). An outstanding
question concerns the form of horizontal convection in the ocean
forced by the differential heating with latitude by the sun. An
early assertion is the “Sandstrom theorem”, which was stated as
follows by Defant (1961; p. 491): A closed steady circulation
can only be maintained in the ocean if the heat source is situ-
ated at a lower level than the cold source. The statement as it
stands suggests that surface heating and cooling alone cannot
maintain a circulation in the ocean as both occur at the same
level. This interpretation has inspired numerous recent studies
on the energetics of the ocean general circulation (e.g. Munk and
Waunsch, 1998; Huang, 1999; Paparella and Young, 2002; Gade
and Gustafsson, 2004; Siggers et al., 2004; Wunsch and Ferrari,
2004; Wunsch, 2005).

Jeffreys (1925), however, proposed that the proper inference
to draw from the Sandstrom theorem is that the pathline from
the cold region to the warm one in a flow forced by a temperature
contrast must lie below the return path. This inference is here
referred to as the “Jeffreys argument” in order to avoid confu-
sion with other statements of the theorem (e.g. Sandstrom, 1916,
p- 39; Godske et al., 1957, p. 262; Defant, 1961, p. 491; Dutton,
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1986, p. 380). This is done in spite of the possibility that the
inference of Jeffreys (1925) and other statements of the theo-
rem are essentially the same result; for example, if “heat source”
“cold source” designates a region in the fluid where the moving
fluid is heated (cooled), then his argument and the statement of
Defant (1961) would be similar assertions (see the short discus-
sion between Godske, 1936 and Jeftreys, 1936).

In this paper we undertake an analysis of the Jeffreys argu-
ment. Jeffreys (1925) remarked that his argument is “an impor-
tant proposition, and one worth definite proof”. Experimental
evidence for his argument is suggested in laboratory experi-
ments of a fluid differentially heated from above or below (e.g.
Wang and Huang, 2005). However, whereas the paper of Jeffreys
(1925) is often quoted as a criticism to an earlier statement of the
Sandstrom theorem (by not considering the effect of heat con-
duction), we have not been able to find a detailed discussion of
his reinterpretation of it in the literature.

The present paper is organized as follows. Section 2 reviews
the theoretical basis of the Sandstrom theorem as originally for-
mulated. First, the case of steady rotating flows is considered.
Further development shows how the argument can be simply
extended to the unsteady case, thereby enhancing its relevance
for geophysical flows. In Section 3, the argument is tested nu-
merically for the simple case of time-periodic two-dimensional
(2-D) horizontal convection. The transport of fluid particles
is characterized in flows obtained from the numerical inte-
gration of the equations of motion. A summary follows in
Section 4.
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2. Theory

In this section we review the original theoretical foundation of
the Sandstrom theorem (e.g. Defant, 1961; Dutton, 1986). The
foundation is provided by the governing equation for the circu-
lation as perceived in a reference frame that is rotating with the
planet. The circulation is the integral of the vector velocity u
around an arbitrary closed contour ¢ in the fluid:

Fzygu-dr. (€))

Here dr is a line element of ¢ and u is the relative velocity, that
is, the velocity as described in the non-inertial (rotating) frame.
The governing equation for I" is an expression for the rate of
change of I" for the case where the contour c is a closed material

line m:

dr Du d +¢‘ d(d ) )
— = — - dr u- —(dr).

dt w Dt o dr

Here Du/Dt = du/dt 4+ u - Vu is the material derivative. For a
material line, d/dt(dr) = du so that the integrand of the second
term on the right-hand side of eq. (2) is u - du = d|u|*/2. This
term is an integral around a closed contour of an exact differ-
ential and, therefore, vanishes. The rate of change dI'/dt is thus
directly obtained by integrating the momentum equation around
the material line m:

dT d
—:—%(ZQXU)‘dr—f—p—i—%F-dl‘, 3)
dt m m P m

where €2 is the angular velocity of Earth rotation, p is the pres-
sure, p is the density, and F is the non-conservative (friction)
force per unit mass. Thus, the rate of change of the circulation
around m is equal to the sum of the line integrals of the Coriolis,
pressure and friction forces along m. A physical interpretation
of each term of the right-hand side of eq. (3) can be found, for
example, in Pedlosky (1987).

2.1. Steady flow

A formal expression of the Sandstrom theorem and of its inter-
pretation by Jeffreys (1925) arises as an approximation to the
complete circulation equation (3). Whereas most of the material
here can be found in earlier work (e.g. Dutton, 1986), the present
discussion emphasizes the various assumptions (three) underly-
ing the derivation of this expression. In doing so the limitations
of this expression for the interpretation of geophysical flows are
clarified. Consider the rate of change

dr. _ f Pu . dr. 4)
dt ' Dt

A first assumption is that the flow is steady (du/d¢ = 0). Under
this assumption, the material derivative Du/Dt = u - Vu. A
vector identity allows us to express the advective acceleration
asu - Vu=Vul?/2 + w x u, where w = V x u is the rela-
tive vorticity. Thus, for a steady flow, the rate of change of the

circulation around m is

dr 2
= o) s frowa

= @ (w xu)-dr. o)

A second assumption is that the closed material line m is a closed
streamline s, that is, dr = Au, where A is a coefficient of pro-
portionality, say positive, for each element of the material line.
Note that this assumption has a restricted validity: whereas fluid
particles follow closed trajectories in a steady incompressible
2-D flow, they do not generally do so in a steady 3-D flow (e.g.
Lichtenberg and Lieberman, 1983). A first consequence of this
assumption is that the rate of change of the circulation around
m = s vanishes, that is,

f}g(w xu)-Au=0. 6)

A second consequence is that the line integral of the Coriolis
force around m = s is also zero,

— 7{(29 xu)-iu=0. @)

In physical terms, the Coriolis force does not work along a
streamline, as this force always acts in a direction normal to
dr = Au. With the two assumptions above, the equation for the
circulation around m = s is

0:—%d—p+y§F~dr. ®)
Sp N

Thus, the work done by the pressure force must balance the work
done by the friction force along a closed streamline in a steady
flow. A balance identical to eq. (8) can be found, for example,
in Defant (1961) and Dutton (1986).

The final assumption involves the frictional work § F - dr.
Previous authors took for granted that 55 s F - dr is necessar-
ily negative. To investigate this consider the important case of a
Newtonian fluid with constant kinematic viscosity v. The friction
force per unit mass for such a fluidis F = vV?u + (v/3)V(V - u)
(e.g. Batchelor, 1967). Using the vector identity Vu =
V(V - u) — V x w, this force can be written as F = (4v/3)
V(V -u) — v(V x w). The integral around a closed contour of
the first term on the right-hand side vanishes, so that the frictional
work around a closed streamline is

ygF~dr=—7§v(V><w)-dr. ©)]

s

The physical mechanism involved in this work is best illustrated
for arectangular coordinate system, such that w = X, + yw, +
Zw,, with the line element dr locally parallel to one of the axes
of the system, say & (Fig. 1). Then, the work done by friction
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(a)

(b)

S

Fig. 1. The two contributions to the work done locally by the friction
force along a streamline s, as identified when the unit vector £ of a
rectangular coordinate system is parallel to s (at point P in the figure).
These contributions arise (a) from a gradient of the z-component of
vorticity along the direction $ and (b) from a gradient of the
y-component of vorticity along the direction 2.

along s is given by

do. dw,
%F-dr:_fv 990 _ I gy (10)
B s ay 0z

The work done by friction along a streamline s corresponds phys-

ically to a diffusion of relative vorticity across s, as for a material
line (e.g. Batchelor, 1967). There are separate contributions from
diffusion of w, down the gradient in the direction y (Fig. 1a) and
from diffusion of w, down the gradient in the direction Z (Fig. 1b),
with due regard for the signs of these contributions to the strength
of the circulation around s. Importantly, at the level of the cir-
culation equation, the signs of these contributions and hence the
sign of the frictional work 9§ s F - dr cannot be determined. Under
an appropriate assumption about the vorticity gradients across
s, §5 F - dr is negative, so that —¢; dp/p must be positive: the
moving fluid must expand at high pressures and contract at low
pressures.

In summary, the Jeffreys argument can be formalized from
three assumptions about the circulation around a material line
relative to the rotating Earth: (1) the flow is steady, (2) the closed
material line is a closed streamline, and (3) the work done by
friction along the streamline is negative. Under these assump-
tions, the fluid elements moving towards the warm region of the
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fluid must be at higher pressures than the fluid elements moving
towards the cold region.

Note that the formal expression of the Jeffreys argument (eq. 8)
is different in the Boussinesq approximation (Colin de Verdiere,
1993). Under this approximation the work done by the pressure
force along a streamline s is nil, that is, — fv 1/poVp -dr =
—1/po f% dp = 0, where pg is a constant density and p = p —
Po is the pressure difference with respect to the reference state
of rest. Work is done instead by the buoyancy force, that is 9§s b-
dr = 553 P/ pog - dr, where b = p/pog is the buoyancy and p =
p — po. Expressing gravity as the gradient of a geopotential, g =
—V¢ where ¢ = gz, the balance (8) becomes

oz—iygﬁd¢+?§F-dr. (11)
Lo Js s

In the Boussinesq approximation the Jeffreys argument is that
the path towards the warm region of the fluid occurs at lower
levels than the return path.

2.2. Unsteady flow

‘We now explore the possible validity of the Jeffreys argument for
unsteady flows. Again the circulation eq. (3) is used to provide
a theoretical framework. Consider an equivalent expression for
the Coriolis term in eq. (3):

dA,

dt”’ a2

—f(Zqu)mlr:—ZQ
m

where A, is the equatorial projection of the surface area encircled
by the material line. Note that the quantity A, is considered
positive if the sense of integration is counter-clockwise when
projected on the equatorial plane (e.g. Godske et al., 1957). The
circulation eq. (3) becomes:

d d
—(F+2QA,,)=—?§—p+y§F.dr. (13)
dt m P m

The sum I + 2QA,, is the circulation of the absolute velocity
u + € x r around m, that is, the circulation as perceived in an
inertial reference frame. Averaging eq. (13) in time leads to

A2 () (f o) (14
At m P m

where (-) denotes an average over the time period Az. The work
done by pressure along a moving material line m is balanced by
the frictional work and the circulation change along m. For a
barotropic inviscid fluid eq. (14) is a formal expression of the
Kelvin theorem.

Further progress can be made if the absolute circulation I" +
2QA,, is taken as a bounded function of time. In the geophysical
situation boundedness of 2QA, arises as —2QA,, < 2QA, <
2QA.,,
intersected by the planet. In a flow with small Rossby number,
Ro = O(w/29Q) < 1, the absolute circulation is dominated by
the circulation of the Coriolis force, so that I" + 2QA, ~ 2QA,

where A,, > 0 is the surface area of the equatorial plane
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is trivially bounded. In any case, if the absolute circulation is a
bounded function of time, the limit of the left-hand side of (14)
for At — oo vanishes, so that

o~ {f2)- ()

Time averaging for unsteady flow leads, therefore, to a balance
that is formally similar to the one derived for steady flow (eq. 8).
Provided that a sufficiently long period of time is considered, the
work done by pressure and the work done by friction must be
equal along a moving material line. Assuming that (§ ,, F - dr)
< 0, the Jeffreys argument would then apply in unsteady flows
as well.

3. Numerical study

In this section we verify that the Jeffreys argument is valid in
unsteady flows for the simple case of time-periodic 2-D horizon-
tal convection. Our motivation is twofold. First, the argument
in time-dependent flows assumes that the work done by friction
along a moving material line is negative. As for steady flows, that
(f » F - dr) is negative cannot be demonstrated at the level of
the circulation equation. The argument requires for its evaluation
knowledge about the vorticity field, which can only be obtained
from the solution of the full equations of motion with appropriate
boundary conditions. Second, that the Jeffreys argument applies
also to unsteady flows is not evident given the complex char-
acter of Lagrangian transport in such flows. Material lines can
be stretched and folded in time-dependent flows (for a review
see, e.g. Ottino, 1990). The trajectory of fluid elements in such
flows can be chaotic, in the sense of a sensitivity to their initial
position in the fluid. Chaotic particle transport can occur even
if the Eulerian velocity field has a simple time dependence—a
situation called “chaotic advection” (Aref, 1984). For example,
particle transport has been shown to become chaotic in a simple
(laminar) time-dependent 2-D model of Rayleigh—Bénard (RB)
convection (Solomon and Gollub, 1988). This section examines
whether the Jeffreys argument applies to time-dependent 2-D
horizontal convection when chaotic advection is present.

3.1. Model description

Our approach is based on the characterization of particle trans-
port in flows generated by numerical integration of the equations
of motion. A brief description of the numerical model used to
generate the flows is given (for details see Appendix A). In this
model, motion is confined in the vertical plane, rotation is absent,
and the fluid is incompressible and Boussinesq. At the top bound-
ary a condition of no stress and a distribution of temperature are
imposed. Unless stipulated otherwise a time-periodic tempera-
ture distribution is used. The other boundaries are assumed to
be no slip and thermally insulating. Thus, our study extends ear-
lier work with a similar model (e.g. Beardsley and Festa, 1972;

Rossby, 1998) by the consideration of time-dependent thermal
forcing. This forcing leads to time dependence of the flow in our
numerical experiments.

The equations of motion are solved in their dimensionless
form, the flow being governed by three dimensionless parame-
ters: the Rayleigh number (Ra), the Prandtl number (Pr), and the
aspect ratio of the container. In this paper we consider flows with
Ra = 10°, Pr = 10, and an aspect ratio of one; the robustness
of our results against the value assumed for Ra is touched in
Section 4. In spite of its various limitations, the model is thought
to capture some of the physics of geophysical flows such as the
meridional overturning circulations in the ocean (e.g. Rossby,
1998).

3.2. Steady and unsteady flows

We first consider briefly a numerical experiment with steady
horizontal convection. The temperature distribution imposed at
the top of the fluid is given by

Tx,z=1)=1—x, (16)

where x is the horizontal coordinate (0 < x < 1) and z is the
vertical coordinate (0 < z < 1). The simulated flow exhibits a
deep-reaching asymmetric overturning circulation (solid lines
in Fig. 2), and the temperature field includes a region of stable
(unstable) stratification near the top boundary where maximum
(minimum) heating is imposed (dashed lines in Fig. 2). Similar
results have been obtained with the same model and discussed in
detail in earlier studies (e.g. Beardsley and Festa, 1972; Rossby,
1998). In particular, the asymmetric circulation as simulated by
the model has been taken as a numerical illustration of the small-
ness of the sinking regions in the ocean (e.g. Rossby, 1998).
Note for future reference a simple dynamical interpretation of
the simulated circulation that is provided by a balance equivalent
to eq. (11). Let u = Xu + Zw be the 2-D flow, where u (w) is
the horizontal (vertical) component of velocity. From the Stokes
theorem the circulation around a material line in the flow is

r = // wdA. a”n
A

Here A is the surface area encircled by the material line and
w =9 - (V x u)is the vorticity of the flow, y being a unit vector
normal to the plane of motion (subscript “2” for I" reminds one
that eq. 17 refers to a 2-D flow). The governing equation for ',
is

a2 _ prr %Td +P~¢ 00 13y, (18)
dt = rna : zZ Vi : 32 X ax zZ .

For a streamline s in the steady flow,

9 9
ozRaygszJrf 90y — 224z, (19)
B s\ 0z ox

The overturning circulation (Fig. 2) can be interpreted as a bal-
ance between the baroclinic production of vorticity generated

Tellus 59A (2007), 1
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Fig. 2. Fields of the stream function (solid lines) and of the
temperature (dashed) in a steady flow of horizontal convection
simulated with Ra = 10 and Pr = 10. The aspect ratio of the
container is 1. The contour interval is constant in both fields. The
accuracy of the finite-difference method used to calculate particle
transport is assessed by placing a particle along a streamline (“+” in
the figure) and by comparing its pathline with the streamline. The final
position of the particle after approximately one revolution in the flow is
shown by the solid circle. The pathline and the streamline can hardly be
distinguished in the figure.

ultimately by uneven heating at the surface and the diffusion of
vorticity across the streamlines.

We now consider a series of numerical experiments of time-
dependent horizontal convection. The temperature distribution
at the top of the fluid is given by

T(x,z=1,1) = (1 — x)(1 + AT cos(wyt)), (20)

where AT and oy are, respectively, the amplitude and the angu-
lar frequency of the thermal forcing. For all numerical experi-
ments AT = 0.5. Thus, the imposed temperature at the left end
of the container (at x = 0) varies from 0.5 to 1.5 with a pe-
riod T = 2 /w s, whereas the imposed temperature at the right
end (x = 1) is fixed to 0. A set of numerical experiments illus-
trates the sensitivity of the flow strength to the forcing frequency
over a wy-range spanning two orders of magnitude (Fig. 3). For
all experiments the flow response is a periodic oscillation (for
an example see solid line in Fig. 4a). Interestingly, both high-
and low-frequency forcings generate relatively small oscillation
amplitudes; maximum amplitude occurs for some intermediate
value of wy (Fig. 3). Thus, there appears to be a “resonance”, over
the investigated wy-range, of the overturning circulation with re-
spect to the time-periodic thermal forcing that is imposed at the
surface.
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Fig. 3. Sensitivity of the amplitude of the oscillation in flow strength to
the frequency of surface thermal forcing in the numerical model of
horizontal convection. The flow strength is defined as the maximum
stream function in the container (¥ y). The amplitude of the flow
strength oscillation is defined as (1/1;51"”) - w&m"))/(wM), where w&"ax)
(w&"i")) is the maximum (minimum) of ¥ during one periodic
oscillation of the circulation and (¥ \) is the mean value of ¥y during
the oscillation. Note that the small sensitivity at high frequency
suggested by the right tail of the curve does not persist at frequencies
>15, as shown by results from one numerical experiment where the
frequency (period) of the thermal driving is 100 (0.01).

We examine in more detail the numerical experiment (“refer-
ence experiment” hereafter) showing the largest variation in flow
strength (38%) in response to the time-varying thermal forcing
(with = 0.3; Fig. 3). The relation between flow strength and
thermal driving (respectively, solid and dashed lines in Fig. 4a)
also presents analogies with a weakly damped oscillator subject
to a sinusoidal excitation: the periodicity of the flow strength is
similar to the periodicity of the thermal driving (in contrast to
the oscillator, the time evolution of the flow strength is not sinu-
soidal) and the flow strength is out of phase with the thermal driv-
ing, with maximum strength occurring when the driving is near a
minimum and minimum strength preceding maximum driving.
The flow structure exhibits also important changes. When the
flow strength is maximum the overturning cell occupies approx-
imately the whole container and is centered at a relatively deep
level near the middle of the container (Fig. 4b). When the flow
strength is minimum, the cell is confined in the upper half of the
container and is more asymmetric (Fig. 4c).

‘We make three comments regarding the circulation responses
to the variable thermal forcing (Fig. 3). First, the phase displace-
ment between the thermal forcing and the circulation varies with
the forcing frequency (in the case of the oscillator the phase
displacement depends on the forcing frequency and on the nat-
ural frequency and damping time scale of the oscillator). For
example, with the forcing period of 5 (largest period among
the experiments reported in Fig. 3), the phase displacement is
reduced to ca. 0.6 (12% of the period), that is, the maximum
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Fig. 4. Results from the numerical
( C ) experiment showing the largest circulation
1.0 1.0 variability in response to the time-varying
L L | thermal forcing at the surface (reference
08l L @ dos experiment, with 7 = 0.3). (a) Time-series of
L L | the surface forcing temperature at the left
06 L dos end of the container (dashed) and time-series
N L K | < of the maximum stream function in the
041 L 0.4 container (1 v, solid). (b) Field of the stream
L L ] function when ¥y is near its maximum. (c)
02k L doz Field of the stream function when ¥y is
L L ] near its minimum. In panels (b—c) the thick
ool 111 [N I DR L dgp isoline is for the same value of the stream
00 o0z 04 06 08 10 00 02 04 06 08 1.0 function for comparison and the contour
X X interval is constant.
(minimum) flow strength occurs shortly after the maximum dz 9y 22)
(minimum) forcing (not shown). Second, the response curve of dr— ax’

the circulation (Fig. 3) does not exhibit the qualitative structure
of the response curve of the oscillator throughout the frequency
range. For example, the flow strength simulated with the rel-
atively small forcing period of 0.01 exhibits a relatively small
amplitude (11%) compared to the amplitudes simulated for larger
periods (Fig. 3). Whereas we do not have an explanation for the
small amplitude for this particular experiment, the comparison
illustrates that the analogy with the oscillator has limitations. Fi-
nally, the degree of asymmetry in the evolution of flow strength
(e.g. Fig. 4a) varies also with the forcing frequency (not shown).
Moreover, in an experiment similar to the reference experiment
but with the non-linear terms removed from the equations of
motion, the evolution of flow strength is apparently symmet-
ric. Thus, the advection of vorticity and/or heat—in addition to
the forcing frequency—seems to contribute to the asymmetric
evolution. Albeit of interest in their own right, a detailed dynam-
ical interpretation of the time-dependent flows (Figs. 3 and 4) is
beyond the scope of this paper.

3.3. Particle transport

Particle transport is calculated in the time-dependent velocity
fields u = fu 4+ Zw generated by the numerical model. The
equations of particle transport in the isochoric 2-D flow are

dx _  ay

ax _ , 21
dt +8z @

Here r = Xx + Zz is the position of the particle in the container
and v is the stream function of the flow, definedbyu = y x V.
The finite-difference method used to solve egs. 21 and 22 from
the velocity fields generated by the numerical model is described
in Appendix B.

Note the well-known analogy between the system (21-22)
and Hamiltonian dynamics, with the stream function playing
the role of the Hamiltonian H (Aref, 1984). The connection with
Hamilton theory permits the following considerations about par-
ticle motion in the flow (e.g. Lichtenberg and Lieberman, 1983).
First, the motion of a system with a time-dependent H is equiva-
lent to that with a time-independent / with an additional degree
of freedom. Thus, particle motion in a time-dependent 2-D flow
is equivalent to that in a time-independent 3-D flow, that is, the
mathematical properties of Lagrangian transport are expected
to be similar in both types of flow. Second, a system with an
autonomous H is ‘integrable’, whereas a system with H as an
explicit function of time is not (integrability in the present con-
text means that the Hamilton—Jacobi equation is separable into
N independent equations, where ' is the number of degrees of
freedom). Thus, a regular motion of fluid particles is expected
in a steady 2-D flow (where ¥ is time-independent), whereas
complicated particle motion may occur in an unsteady 2-D flow
(where v is time-dependent).

We examine some characteristics of Lagrangian transport in
the time-periodic flow of the reference experiment (Fig. 4). Two
approaches are used to characterize the motion of particles in the

Tellus 59A (2007), 1
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Fig.5. Deformation of a line of particles in
the reference experiment of time-periodic 04
horizontal convection. The particles are

initially positioned along a streamline (upper 02
left panel). The line of particles is then

continuously stretched and folded by the 0.9
time-dependent flow (three other panels).

flow. Consider first the evolution of a line of a finite number of
fluid particles, which approximates a material line as envisioned
in theory (e.g. eq. 15). The particles composing the line are ini-
tially located along the same streamline (Fig. 5). This type of ini-
tial condition is guided by the fact that fluid particles move along
streamlines in a steady flow. The separation of the computed par-
ticle trajectories from the streamline can thus be ascribed unam-
biguously to unsteadiness of the flow (within the accuracy of the
finite-difference method used to compute particle transport; see
Appendix B). It is found that the particle line becomes stretched
and folded, tending to wrap the spatially variable vortex eye of
the overturning cell (Fig. 5). The resulting structures are reminis-
cent of those observed in the laboratory for other time-dependent
flows, such as time-periodic cavity flow (e.g. Ottino, 1989) and
RB convection (e.g. Solomon et al., 1998). More generally, the
stretching and folding of material lines (in 2-D flows) or mate-
rial surfaces (in 3-D flows) may signify the presence of chaos
(Ottino, 1989). Thus, chaotic particle transport may occur in the
numerical flow.

To assess the presence of chaotic trajectories in the flow a
Poincaré section is produced (e.g. Lichtenberg and Lieberman,
1983). A set of 10 particle trajectories is calculated. The posi-
tion of each particle is strobed with a periodicity equal to the
periodicity of the flow strength, or equivalently of the forc-
ing (7); the successive positions are then plotted on the same
figure—the Poincaré section. A regular particle trajectory with
a period T would always be characterized by the same position
in the Poincaré section, whereas a regular trajectory with a pe-
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riod 2t would be identified by two different positions. More

generally a regular trajectory with a period nt, where n =
1, 2, ..., would be characterized by n different positions. In
contrast, an irregular trajectory would generally exhibit differ-
ent positions, so that the Poincaré section for such trajectories
would ultimately display a “chaotic sea”. For reference a sec-
tion obtained by sampling the particle positions in the steady
flow with the same periodicity as for the time-dependent flow
is also calculated (Fig. 6a). It is found from the Poincaré sec-
tion for the time-periodic flow that the trajectories are irregu-
lar, the chaotic region occupying apparently the whole container
(Fig. 6b).

Note that a chaotic sea does not characterize particle trans-
port in all the time-dependent flows that we have generated. An
example is provided by the flow simulated with the relatively
low forcing period v = 0.01, for which the flow strength os-
cillates by only 11% (Fig. 3). The Poincaré map for this flow
reveals drastic differences in particle transport between different
regions of the fluid (Fig. 7). Conspicuous features in the map
are closed curves that together form chains of “islands” (Fig. 7),
which are characteristics of small perturbations of integrable sys-
tems (e.g. Lichtenberg and Lieberman, 1983). The presence of
differences in mixing behaviour between different regions of the
fluid suggests the presence of barriers to particle transport in the
flow. The equivalent barriers in Hamiltonian systems are “KAM
tori”, which correspond to invariant curves on the Poincaré
section. The existence of KAM tori is proven by the KAM
theorem, provided that certain conditions are met. Nycander
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Fig. 6. Particle transport in numerical flows of horizontal convection.
(a) Section computed by sampling the particle positions with a
periodicity of 0.3 in the steady flow. (b) Poincaré section computed by
strobing the particle positions with the same periodicity in a
time-periodic flow with a forcing period T = 0.3 (reference
experiment). For both flows the section is computed from the trajectory
of 10 particles that initially are equally spaced along x = 0.5 (open
circles).

et al. (2002) gave a useful interpretation of two conditions that
are essential for the KAM theorem to hold. First, the mapping
should be area preserving, that is, any closed curve should be
mapped onto a closed curve with equal enclosed area. This con-
dition is trivially met for the 2-D flow of an incompressible fluid.
Second, the mapping should be continuously differentiable a
sufficient number of time, for example, a smooth closed curve
should be mapped onto another smooth closed curve. It is unclear
whether this condition is met in our case: whereas the velocity
field used to compute particle transport does not exhibit discon-
tinuities, the spatial derivatives of this field does (Appendix B).
Thus, the KAM tori in our case may not be perfect barriers to

:?3?}7" i .
L L, o J

T g
TN ot vy o o e ST

0.0 1 1 1 1 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

X

Fig. 7. Poincaré section computed by strobing particle positions with a

periodicity of 0.01 in a time-periodic flow with a forcing period t =
0.01. The section is produced from the trajectory of 10 particles that
initially are equally spaced along x = 0.5 (open circles).

particle transport. Nycander et al. (2002) ascribed to this nu-
merical artefact the “fuzziness” that is apparent in the Poincaré
section for particles transport in an ocean general circulation
model.

3.4. Flow structure

A question of pre-eminent interest to us concerns whether, de-
spite chaotic particle transport, the path from the cold region to
the warm region is below the return path (Jeffreys, 1925), as in
the steady flow (Fig. 2). The balance equivalent to eq. (15) for
the 2-D flow is

0:Ra<y§sz>+<?§ <a—wdx—a—wdz>>. (23)
m m az 0x

The Jeffreys argument would be valid in unsteady flows if upward
motion occurs in general in a warmer region of the container than
downward motion, that is, if the term Ra { 95 n Tdz) is positive.
This term can be expressed in another form by recognizing that
the line integral of Tdz at some instant is the limit, as € — 0, of
the sum of contributions from a large number p of infinitesimal
line elements of integration, each of length € (e.g. Batchelor,
1967):

N
Ra <7€ sz> = Ra At™! Jim Z(}g sz)
m —® k=1 m k

N

Ra At™' 1i li T,Az,

k

= Ar! lim > W, (24)
p
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where
N
W,(N) = Ra ; lim(T, Az, 25)

is the work done by buoyancy along the trajectory of the pth par-
ticle. If Ra(fdez) > 0, then Zp W, (N) must become positive.
The time evolution of ) » Wp(N), or equivalently of the aver-
age of W,(N), for all the particles composing the material line
m, relates therefore to the flow structure of the unsteady flows.
Below, the function W,(N) is computed for 100 particles that
are initially positioned at random in the container and the time
evolution of the average of W,(IV) for the particle sample is ex-
amined (for details about the calculation of W, (V) see Appendix
B).

For reference, consider first W,(N) and its average in the
steady flow (thin lines in Fig. 8). In this flow, the function W,(N)
is characterized by the superposition of an oscillation and a sec-
ular increase (Figs. 8a to c). The oscillation reflects the suc-
cessive “revolutions” of the particles in the flow, whereas the
secular increase indicates that the net work done by buoyancy
on the particles over each revolution is positive; this work is
balanced exactly by friction so that the circulation around each
streamline is constant in time (eq. 19). The average of W,(N)
for all particles increases almost linearly with time, the oscil-
latory components tending to cancel each other in the average
(Fig. 8d). Perfect linearity would imply that the rate of work done
by buoyancy on the particle sample, that is, the power developed
by buoyancy forcing on the sample, is a constant of the flow.

Consider then W,(N) for particles positioned initially at the
same locations but in the time-periodic flow of the reference
experiment (thick lines in Fig. 8). As for the steady flow, the
work done by buoyancy on individual particles increases gen-
erally with time (Figs. 8a to c). The average of W,(V) for all
particles exhibits again a quasi linear increase (Fig. 8d): the bulk
of particles moves up in the warm region and down in the cold
region, and the rate of work done on the particle sample is about
constant. Note that the average of W,(N) increases faster in the
unsteady flow than in the steady flow, implying that buoyancy
forcing is more effective at moving particles vertically in the
unsteady flow.

It is thus concluded that, in spite of chaotic particle transport,
the Jeffreys argument is valid for time-periodic 2-D flows of
horizontal convection. The argument does not apply in this case
to individual fluid elements but should be taken in the statistical
sense only. It may apply to time-independent 3-D flows as well,
given the similarity of the number of degrees of freedom for both
types of flow (Section 3.3).

4. Summary

Jeffreys (1925) argued that the proper inference to draw from the
Sandstrom theorem is that the path from the cold region to the
warm region in a flow driven by a temperature contrast must lie
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Fig. 8. Time-series of the work done by buoyancy (normalized to Ra)
on fluid particles in the steady flow (thin lines) and in the time-periodic
flow (thick lines). The work done on three individual particles from a
sample of 100 particles that are initially positioned at random in the
container is shown in panels (a—c). The work done on the whole
particle sample (mean value) is shown in panel (d).

below the return path. The argument can be formalized for a ro-
tating fluid from three assumptions about the relative circulation
around a closed material line: (1) the flow is steady; (2) the closed
material line is a closed streamline and (3) the frictional work
along the streamline is negative. It is valid for unsteady flows,
that is, (1-2) can be relaxed, if the absolute circulation along
the material line is a bounded function of time (eq. 15). Bound-
edness of the absolute circulation can easily be demonstrated
for geophysical flows characterized by small Rossby number.
By not relying on the assumptions of steadiness and streamline
closedness, the relevance of the argument for the dynamical in-
terpretation of geophysical flows is largely enhanced.

A further comment on the simple result (15) is in order. Tak-
ing eq. (15) as a support of the Jeffreys argument relies on the
assumption that the frictional work along the moving material
line is negative as At — oo. Note that it may be possible to find
material lines along which the friction force at a given instant
accelerates the fluid, because the velocities along these lines are
less than in the neighbouring fluid (the same possibility exists
for streamlines; see Dutton, 1986; p. 379). An ergodic argument,
however, suggests that the time average of ﬁ m F - dr should be



150 O. MARCHAL

negative if At — oo in horizontal convection. Consider again
a Newtonian incompressible fluid, for which F = vV?u, with
u = (u, v, w). The frictional work done on a fluid element over
its displacement dr =udt has two distinct contributions, i.e.,
F.-dr=F - -wdt = (V- @wVu|?>/2) — v|Vu|?)dt. The first
contribution arises from the divergence of the kinetic energy flux
and the second contribution arises from the viscous dissipation
of kinetic energy, where |Vu|?> = Vu - Vu + Vv - Vv + Vuw -
Vw is the deformation (positive definite). During the infinites-
imal time interval df, the work done by friction over the whole
fluid is, by virtue of the divergence theorem,

2
/pOF-drdV = dt/ (povV%) -ndS

—dt/p0v|Vu|2dV, (26)

where dV is a volume element and dS is a surface element at the
fluid boundary with outward unit vector /1. A constant density pg
is inserted in eq. (26) so that each term has units of energy. The
integrand of the first term on the right-hand side is povV|u|?/2 -
il = pov|u|d|u|/dn, where d/dn = i - V. If a condition of no
slip and/or no stress applies at the fluid boundaries, this term
vanishes, so that the volume integral (or average) of poF - dr
(or F - dr) is negative once the fluid is in motion. Now suppose
that the trajectories of the particles are “space filling”, so that an
arbitrary line of particles tends to sample the whole volume of
the fluid. In this case, the time average of 9§ wF - dr when At —
oo should be negative as the volume average of F - dr is negative
at all instants.

Our numerical study verifies this ergodic argument for time-
periodic 2-D horizontal convection. When the flow variability is
sufficiently large, the Poincaré section suggests the presence of a
chaotic sea, that is, fluid particles tend to sample the whole con-
tainer. In this regime, the ergodic argument suggests that ( 99 mF
- dr) < 0 for At — oo. It was shown that, in spite of chaotic-
ness, fluid particles experience in general a secular increase in
buoyancy forcing (section 3.4): in general, the particles exhibit
upward motion in the warm region and downward motion in the
cold region of the fluid. Thus, Ra(gE «T dz) should be positive
for At — oo, which supports the Jeffreys argument. Combin-
ing this result with the circulation balance eq. (15) implies that
(55 »F - dr) should be negative for At — oo, which supports
the ergodic argument. Because a time-dependent 2-D flow and
a time-independent 3-D flow have the same number of degrees
of freedom, the Jeffreys argument may be valid in the latter flow
type as well.

There are interesting apparent similarities in the qualitative
properties of particle transport for time-dependent horizontal
convection as determined in this work and for other simple time-
dependent flows that have been more extensively studied. A time-
periodic flow that has received particular attention from the view-
point of particle motion is the even oscillatory instability of RB
convection, where the roll boundaries undergo a collective oscil-

lation in the direction perpendicular to the roll axes. Computer
simulations for the 2-D case suggest that the basic mechanism of
particle transport is chaotic advection in the vicinity of the roll
boundaries (Solomon and Gollub, 1988). Thus, chaotic particle
motion can occur in laminar time-dependent 2-D convection,
whenever the flow is forced by a horizontal temperature contrast
(this study) or a vertical temperature contrast. The structures
that develop during the evolution of a line of particles (Fig. 5)
are reminiscent of the “lobes” that form at the roll boundaries in
laboratory experiments of RB convection (e.g. Solomon et al.,
1996, 1998). These lobes become stretched and folded, as for
the particle line (Fig. 5). Camassa and Wiggins (1991) proposed
a transport theory for 2-D RB convection in the regime of even
oscillatory instability. In this theory the stretching and folding
of lobes is a primary mechanism by which fluid is exchanged
from roll to roll—a prediction that is consistent with experimen-
tal results (e.g. Solomon et al., 1996). From the theory analytical
estimates of different quantities of physical interest have been
derived, such as the size and location of islands and KAM tori
for the Poincaré map (Camassa and Wiggins, 1991). Experimen-
tal evidence for the existence of KAM barriers in RB convec-
tion has been reported (e.g. Solomon et al., 1996, 1998). It is
hoped that the present investigation will stimulate future work
on these and other elements of particle transport in horizontal
convection.

It is perhaps worth being explicit about some of the limitations
of this paper. First, it is limited to one specific inference from the
Sandstrom theorem (Jeffreys, 1925). Lines of research prompted
by other interpretations of the theorem, such as the overall ques-
tion of how much circulation results from a given thermal forcing
(e.g. Paparella and Young, 2002; Siggers et al., 2004), are out-
side the scope of this paper which deals with the shape—not
the intensity—of horizontal convection. Second, the effects on
particle transport of a stress applied at the fluid boundaries have
not been investigated in the present study focused on purely
buoyancy-forced flows. It is unclear whether taking eq. (15) as a
foundation to the Jeffreys argument is valid for the general case
where the fluid is both thermodynamically and mechanically
forced. When a stress is imposed to the fluid, the volume inte-
gral of the frictional power F - u may be positive if the net flux of
kinetic energy supplied to the fluid at its boundaries exceeds the
viscous dissipation. Current uncertainties in the energy budget
of the global ocean (e.g. Wunsch and Ferrari, 2004) suggest that
attempting to determine whether this is the case for the oceanic
fluid is premature. Finally, our numerical study of particle trans-
port (Section 3) suffers from several limitations with regard to its
implications for geophysical flows. The greatest drawbacks are
probably the assumption of two-dimensionality, the absence of
rotation, and the lack of dynamical similarity between the flows
simulated by the numerical model and the large-scale meridional
flows that are inferred to occur in the ocean. It is unclear how
our numerical results could be extrapolated to time-dependent
3-D flows or to flows where the velocity field itself is chaotic
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(turbulent). Eddying flows have been shown to arise sponta-
neously in horizontal convection in experimental studies (e.g.
Miller, 1968; Mullarney et al., 2004) and in numerical simula-
tions (e.g. Paparella and Young, 2002). The flow regimes ac-
cessed in laboratory and numerical studies of horizontal convec-
tion are well removed from the oceanic conditions. Most notably,
the Rayleigh number characterizing the planetary-scale uneven
heating at the sea surface is huge: a buoyancy contrast ~1072
m s~2 imposed on a water layer with a thickness ~103 m cor-
responds to a Rayleigh number on order of 10%°. Approaching
a thermal driving of this magnitude represents a challenge in
experiments of horizontal convection.
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6. Appendix A. Numerical model of horizontal
convection

This appendix describes the numerical model of horizontal con-
vection used in this work. Whereas the model is identical to that
used in earlier studies (e.g. Beardsley and Festa, 1972; Rossby,
1998), our method of solution is slightly different. We consider
the flow in a vertical plane of a Boussinesq fluid forced only by a
temperature contrast imposed at the top. The velocity vector has
only two components, u = Xu + Zw, and the fluid is taken as
incompressible, V, - u = 0, and Newtonian, F = vV% u, where
V, =1%0/0x + £20/0z. A stream function v is thus introduced,
u = ¥ x V. Rotation is omitted. The equations of motion are:

9o T,
5 =J(1/f,w)—gaa+vv2w, (Al)
oT ,

o = JLT) +kVIT. (A2)

Here w = § - (V, x u) is the vorticity, T is the temperature, ¢
is time, J(a, b) = da/dx db/dz — da/dz db/dx is the Jacobian
operator, g is the acceleration due to gravity, « is the coefficient
of thermal expansion, v is the kinematic viscosity, and « is the
thermal diffusivity. The stream function and the vorticity are
related through a Poisson equation:

VY = w. (A3)
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The equations are non-dimensionalized by introducing the fol-
lowing relations:

2
ey, (A4)

K
(x,z) = L (x4, z4), (AS)
o= %a)*, (A6)
T = AT T,, (A7)
Y = ki, (A8)

where L is the dimension of the container and AT is proportional
to the temperature difference imposed at the surface. The vertical
and horizontal dimensions of the container are the same, that is,
the aspect ratio is equal to one. Quantities with subscript * are
dimensionless.

The dimensionless equations of motion are (omitting subscript
* for clarity):

dw aT 5

— =JW, o)+ Pr|—Ra— + Vio), (A9)
at ax

aT 5

o = J (W, T)+ V2T, (A10)

where Ra = ga ATL? /(vi) is the Rayleigh number and Pr = v /k
is the Prandt]l number. The relation between the stream function
and the vorticity is identical in form to (A3). The governing eqs.
(A9-A10) and the Poisson equation V%W = w are solved with
an isothermal fluid at rest as initial conditions (w = ¢ =T = 0)
and with the following boundary conditions: (1) no normal flow
at all boundaries, (2) no slip at the bottom and side boundaries,
(3) no stress at the top boundary, (4) no heat flux at the bottom
and side boundaries, and (5) a temperature distribution along the
top boundary.

Our method of solution assumes a square grid where the grid
nodes carry the values of w, T and ¢ (Fig. 9). All boundaries
coincide with grid nodes. Thus, the following indexing scheme

is used:

Xi = iAx, i=0,1,...,1, (A1)
zj = Az, j=0,1,...,J, (A12)
fy = nAt, n=0,1,..., (A13)

where Ax =1~ (Az =J~!)isthe distance between two adjacent
nodes along the coordinate x (z) and At is the time step. Here
Ax = Az = A. The grid size A = 507!; in the numerical flows
for which particle transport is computed A = 100!, The indexes
0, I and J denote variables on the boundaries.

The equations of motion are solved numerically as fol-
lows. The buoyancy term in (A9) is approximated by a central
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Fig. 9. Grid of the numerical model of horizontal convection. The
dynamical variables (w, ¥, T) are defined at the grid nodes (open
circles). The partial derivatives dv/dz and —d/dx which are evaluated
to compute particle transport are defined at the intermediate points
(crosses). The figure shows the grid nodes that are considered in the
evaluation of 91//0z at the intermediate points i, j £ % and

i+1,j+ % (Appendix B). The quantities § and §, are distances used
to compute the transport of the particle (solid circle). The size of the
grid cells is A.

difference scheme, whereas the diffusion terms in (A9-A10) are
discretized by the usual five-point formula. A Dufort—Frankel
scheme is used for the temporal derivatives and the diffusion
terms. The finite difference analogues of the differential eqs.
(A9-A10) are thus:

n+1 n—1
o' — ol
ij ij
T = d(l//",wn)ij
_w( nL=T)
A i+1j i—1j
Pr
n n n n n—1 n+1
+ A2 (wi+1j to_ ;o oy - 2w — 20 ) )

(Al4)

1 n—1
T T
)

L Ty,
AL d(w )j

(T T+ T 4 T =21 =21 ),
(A15)
For the Jacobian for vorticity, J,(¥", »");;, we use the finite
difference form (J 1+ + J 1« + J «+)/3 of Arakawa (1966). This
form satisfies the mathematical property J(a, b) = —J (b, a) and
ensures that the mean kinetic energy and mean square vorticity
over the computational domain are conserved in the appropri-
ate limits. For the Jacobian for temperature, J,(y", T");;, the
finite difference form J ., is employed (Arakawa, 1966), which
guarantees that the mean temperature and mean square tempera-
ture are conserved in the appropriate limits. Note that the finite-
difference forms (A14—A15) require knowledge of w;; and T';
at the two previous time levels, whereas initial conditions are
provided at only one time. Here a simple forward step is used to
initialize the three-level eqs. (A14—A15). The value of At used
for numerical integration is checked at each time level for nu-
merical stability (CFL criterion). Finally the elliptic problem for
¥, VY = w, is solved from the five-point formula:

Winﬂj + wz'n—lj + Wi’}ﬂ + winj—l - 4‘”} =N wzn,

The discrete values v;; are obtained using a Fourier transform
method (Press et al., 1992; p. 850). A variant of the fast Fourier
transform algorithm is used.

(A16)

The numerical implementation of the boundary conditions is
as follows. The condition of no normal flow at the boundaries
is satisfied by prescribing a constant value (namely, zero) to the
stream function at the boundaries. The condition of no slip at
the bottom and side boundaries is expressed as a condition on
the vorticity (e.g. Roache, 1982; p. 141). Consider the vorticity
condition at the left boundary. A Taylor expansion of the stream
function at a distance Ax from this boundary gives:

2 -\2
Yij = o) + (ﬂ) Ax+ (ﬂ) BY 4 owaxy. a1

ox 0x2 2

0j 0j

Now, (3 /0x)p; = —wy,; = 0 from the condition of no slip
at the boundary and (3y2/9x?); = —(dw/dx)o;. The vorticity
at the boundary wg; = (du/09z)g; —(dw/0x)g; = —(dw/dx);
from the condition of no normal flow. Thus, the vorticity at the
left boundary is given by

1/’lj
(Ax)*

which is accurate to first order. A similar expression is used at

wyj =2 (A18)

the bottom and right boundaries. The condition of no stress at the
top boundary is also expressed as a condition on the vorticity:

<3u) <8w> (314)
Wi =\ —\ =\ =0.
9z ),y ax / 9z /),y

The second equality follows from the condition of no nor-

(A19)

mal flow. The condition of no heat flux at the side and bottom
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boundaries is satisfied by equating the temperature at the bound-
ary to the temperature at the first inner grid node in the direction
normal to the boundary. Finally, different temperature distribu-
tions are imposed at the top boundary, as described in the main
text.

The accuracy and convergence of the method of solution are
assessed as follows. To assess the method accuracy we compare
(1) the quasi steady-state field of temperature simulated by the
numerical model in the linear limit (J(a, b) = 0) with (2) the
temperature field obtained from the analytical solution of the
Laplace equation V3T = 0 with the same thermal boundary
conditions, that is,

[e's) 2
T(x,z)= % + Z (%) M cos(nmwx).

A20
frd cosh(n) ( )

The mean absolute difference between the field simulated with
the grid spacing A = 507! (A = 100~") and the analytical field
averages 2.0 x 1073 (1.0 x 1073), which is small compared to the
temperature range between 0 and 1. To assess the convergence
we compare visually the quasi steady-state fields of vorticity,
temperature, and stream function simulated with A = 50~! and
A = 100", Differences between the two simulations are gener-
ally very small (not shown).

7. Appendix B. Computation of particle
transport

This appendix describes (1) the method of solution of the ordi-
nary differential equations for particle transport (eqs. 21-22 in
the text) and (2) the calculation of the work done by buoyancy
on individual particles along their trajectories (eq. 25). Egs. (21—
22) are solved numerically using a fourth-order Runge—Kutta
scheme for time integration (with a value for the time step At
similar to the one used to integrate the equations of fluid motion;
see Appendix A). The partial derivatives dv/dz and —dy/dx
are estimated as follows. Consider the estimation of d1//dz for a
particle located in a grid cell whose nodes carry the values v,
Viir1s Virij+1, and ¥y (Fig. 9). A fourth-order central differ-
ence scheme is used to provide an approximation of 0 yr/0z at the
intermediate points (i, j & %) and (i + 1, + %). For example,
oy/ozat(i, j — %) is approximated by

—Vij+1 + 2T — 27421 + Yij—
24A '
An estimate of d1//dz at the particle position is then given by

B

linearly interpolating the estimates of d//dz at the intermediate
points. For example, the contribution of 9v/dz at point (i, j — %)
to 9y/dz at the particle position is (A — §,)(A — §.)/A% - (B1),
where §, (8.) is a horizontal (vertical) distance (Fig. 9). A similar
approach is used to estimate —d1//dx at the particle position.
Note that the four-point formula (B 1) cannot be used if the par-
ticle is near a boundary. If the particle is positioned at a distance
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< 3A/2 from a boundary, dvr/dz and —d/dx at the intermediate
positions are approximated by a second-order central difference
scheme and the partial derivatives at the particle location are
again obtained by linear interpolation. For example, if j = 0,
dy /9dz at location (i, %) is approximated by

1pil - wi()

X (B2)

The partial derivative d1//dz at the particle position is then given
by linearly interpolating between this value and dy//0z at (i +
1, %). The contribution from the intermediate point (i, %) is then
given by (A — §,)/A-(B2), where §, is the distance of the particle
from the left boundary of the grid cell.

The accuracy of the finite-difference method for particle trans-
port is tested in two ways. First, a particle is positioned initially
on an arbitrary streamline in the steady flow (“4” in Fig. 2).
Because the flow is steady, the advected particle should remain
exactly on the streamline if the finite-difference method were
perfectly accurate. The particle remains almost exactly on the
streamline and comes back very close to its initial position after
about one revolution in the flow (compare “+” and large dot in
Fig. 2). A more stringent test is provided by strobing at relatively
small frequency the position of a set of particles placed in the
steady flow (Fig. 6a). After a large number of revolutions in the
flow, the individual particles remain very close to the streamlines
on which they were initially positioned. Although departures be-
tween a given pathline and the corresponding streamline do ex-
ist, these are relatively small. Thus, the finite-difference method
used to calculate particle transport is deemed to give sufficiently
accurate results for our purpose.

The work done by the buoyancy force on a given fluid particle
along its trajectory (eq. 25) is computed from the mean temper-
ature of the grid cells occupied by the particle and the changes
in the vertical coordinate of the particle:

N

To+T,

W,(N)=Ray (%
k

(zv — Zo)) . (B3)
k

Here To(Ty) is the mean temperature of the grid cell that har-

bours the particle before (after) the kth displacement from the old

vertical position z, to the new vertical position zy. For example,

for a particle that is initially located in the grid cell shown in

Fig. 9,

T+ Tyt + Tiprj + Tigy

T, .

(B4)
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