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ABSTRACT
Dynamical aspects of flows forced by either convective heating or a mountain have been extensively studied,
but those forced by both convective heating and a mountain have been less studied. Here, we theoretically
examine orographic–convective flows, gravity-wave reflection, and gravity-wave momentum fluxes in a stably
stratified two-layer hydrostatic atmosphere. The upper layer (stratosphere) has a larger static stability than
the lower layer (troposphere), and the basic-state wind has a constant shear in the troposphere and is
uniform in the stratosphere. The equations governing small-amplitude perturbations in a two-dimensional,
steady-state, inviscid, non-rotating system in the presence of orographic forcing and convective forcing are
analytically solved. Then, the analytic solutions are analysed to understand how orographically and
convectively forced flows vary with changes in basic-state wind speed, stratospheric static stability, and the
location of the convection relative to the mountain. Over the upslope of the mountain, the convectively
forced deep upward motion is positively combined with the orographic uplift, thus giving rise to enhanced
upward motion there. The ratio of the convectively forced vertical velocity to the orographically forced
vertical velocity at the cloud base height over an upslope location of the mountain is analysed to further
understand the linear interaction between orographically and convectively forced flows. The gravity-wave
reflection at the tropopause plays an important role in orographic–convective flows. The gravity-wave
reflection at the tropopause amplifies the symmetric (anti-symmetric) structure of orographically
(convectively) forced waves. The vertical fluxes of the horizontal momentum are analytically obtained. The
total momentum flux contains the component resulting from the non-linear interaction between
orographically and convectively forced waves. It is found that the non-linear interaction component can be
as important as each of the orographic and convective components in the total momentum flux depending
on the location of the convection relative to the mountain.

Keywords: Stably stratified atmosphere, orographic–convective flows, internal gravity waves, gravity-wave
reflection, gravity-wave momentum fluxes

1. Introduction

Forcings, such as mountains, convection, and fronts, in a
stably stratified atmosphere generate mesoscale flows and
internal gravity waves. Orographic forcing is a mechan-
ical forcing of a mountain, while convective forcing is a
thermal forcing which represents latent heat released by
condensation in convective clouds. In many cases, con-
vective clouds are located in/near a mountainous area.
Lin (1986) showed that orographically forced updrafts
generate clouds and that the latent heat released from the
induced clouds disturbs the stably stratified atmosphere.

Jiang (2003) emphasised that latent heat release near a
mountain affects upslope winds and the generation and
development of orographic precipitation.

Theoretical aspects of orographically forced flows in
a stably stratified atmosphere have long been studied
(Queney, 1948; Smith, 1980; Durran, 1992). In linear
dynamics, flows forced by an isolated mountain in a
hydrostatic system are characterised by vertically propa-
gating mountain waves. The structure and strength of
orographic gravity waves depend on environmental fac-
tors such as basic-state static stability and wind speed.
Having examined the effects of tropospheric wind shear
and static stability jump at the tropopause in hydrostatic/�Corresponding author. e-mail: jjbaik@snu.ac.kr
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non-hydrostatic atmospheres, Wurtele et al. (1987) and
Keller (1994) demonstrated that wave reflection at and
wave transmission through the tropopause affect oro-
graphic flows and momentum fluxes.

In theoretical studies of convectively forced flows, the
diabetic forcing in the thermodynamic energy equation
represents latent heat release. Lin and Smith (1986) exam-
ined the transient response of a stably stratified airflow
forced by a local heat source. They found that in a steady
state, the vertical displacement of the airflow is negative
near the heating centre and positive downstream given a
large thermal Froude number (Lin, 2007). The deep con-
vective forcing, which represents latent heat release from
deep convection, induces a deep updraft area accompa-
nied by a low-level compensating downward motion
upstream of the convective forcing (Lin, 1987; Lin and
Li, 1988; Han and Baik, 2009). Lin and Li (1988) and
Han and Baik (2010) examined the effects of basic-state
wind shear on convectively forced flows in a single-layer
atmosphere. Chun (1995) examined the response of a sta-
bly stratified two-layer atmosphere to low-level heating.
In Chun (1995), the amplification of the flows/waves due
to the wave reflection caused by the static stability jump
is emphasised.

To theoretically analyse mesoscale flows related to oro-
graphic precipitation, the perturbative motion resulting
from the addition of a heat source in a mountainous area
in a stably stratified atmosphere has been considered. In
a single-layer atmospheric setting, Smith and Lin (1982)
and Lin and Smith (1986) showed that the linear combin-
ation of orographically and convectively forced flows
determine total flows in the region where orographic pre-
cipitation occurs. Davies and Sch�ar (1986) considered dia-
batic heat released from non-precipitating clouds
accompanied by mountain lee waves in a single-layer
atmosphere. To better understand combined flows due to
both orographic and convective forcings in a more realis-
tic atmospheric setting, the tropospheric wind shear and
stability jump at the tropopause need to be considered.

It is noteworthy that some theoretical studies have
examined the interactions of orographically forced flows
with flows forced by terrain or boundary layer heating
(Raymond, 1972; Reisner and Smolarkiewicz, 1994;
Crook and Tucker, 2005; Kirshbaum, 2013). These inter-
actions dynamically resemble the interactions of oro-
graphically forced flows with convectively forced flows.
Raymond (1972) showed that the boundary layer heating
over the mountain grossly acts to weaken the perturb-
ation in the airflow. Crook and Tucker (2005) proposed
non-dimensional parameters that measure the relative
importance of orographic forcing and thermal forcing.
Using a dynamical model together with scaling analysis,
Tian and Parker (2003) examined orographic effects on

boundary layer shallow convection. These studies are
helpful in further understanding the linear dynamics of
interactions between orographically and convectively
forced flows.

Internal gravity waves transport wave energy and hori-
zontal momentum in the horizontal and vertical (Eliassen
and Palm, 1960; Bretherton, 1969; Bretherton, 1988).
Internal gravity waves deposit their energy in the upper
atmosphere through wave breaking/drag (Lindzen, 1981;
Holton, 1982). Many researchers have developed the
parameterizations of orographic gravity-wave drag
(Palmer et al., 1986; Pierrehumbert, 1986) and have
shown that the parameterizations can be applied to
improve weather prediction or climate simulations
(McFarlane, 1987; Iwasaki et al., 1989). The reduction of
the westerly bias of the Northern Hemispheric mean flow
in winter is one example (Palmer et al., 1986). The dom-
inant portion of stationary gravity waves originates from
mountains. However, the significant magnitude of
momentum fluxes of gravity waves with high frequencies
has been observed and convectively forced gravity waves
have been regarded as a main source, especially in sum-
mer. Many investigators have proposed convective grav-
ity wave drag parameterizations (Chun and Baik, 1998,
2002; Beres, 2004; Song and Chun, 2005, 2008) and
applied them to large-scale numerical models to better
simulate climate (Song et al., 2007). An overview of grav-
ity-wave drag parameterizations is given in Kim et al.,
(2003). Smith and Lin (1982) presented an analytic
expression for the vertical flux of the horizontal momen-
tum in the case of uniform basic-state wind speed and
static stability. Their expression contains a momentum
flux cross term which results from the non-linear inter-
action between orographically and convectively forced
flows. Considering the importance of gravity-wave drag
parameterizations in large-scale numerical models, further
formulation and analysis of gravity-wave momentum flux
cross term in a more realistic atmospheric setting
are needed.

In this study, orographic–convective flows, gravity-
wave reflection, and gravity-wave momentum fluxes in a
two-layer hydrostatic atmosphere are examined.
Specifically, we will delve into (1) how the gravity-wave
reflection at the tropopause influences orographically
and convectively forced flows and (2) the comparative
importance of the gravity-wave momentum flux compo-
nent arising from the non-linear interaction between oro-
graphically and convectively forced flows relative to each
individual component. In Section 2, the analytic solutions
of the governing equations are obtained. In Section 3.1,
the orographic–convective flows are described using the
analytic solutions. In Section 3.2, the gravity-wave reflec-
tion at the tropopause is analysed to thoroughly
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understand its effects on orographic–convective flows. In
Section 3.3, the analytic expressions of gravity-wave
momentum fluxes forced by orographic forcing, convect-
ive forcing, and both orographic and convective forcings
are provided and are analysed. In Section 4, a summary
and conclusions are given.

2. Governing equations and solutions

A two-dimensional (x–z plane), linear, steady-state, invis-
cid, non-rotating equation system that satisfies hydro-
static and Boussinesq approximations is considered. The
governing equations of perturbation variables are

Uux þ wUz ¼ �px; (1)

pz ¼ b; (2)

Ubx þN2w ¼ g
cpT0

q; (3)

ux þ wz ¼ 0; (4)

where u and w are the perturbation horizontal and verti-
cal velocities, respectively, p is the perturbation kinematic
pressure, b is the perturbation buoyancy, U is the basic-
state wind speed in the horizontal direction, N is the
buoyancy frequency, g is the gravitational acceleration, cp
is the specific heat of air at constant pressure, T0 is the
reference temperature, and q is the convective forcing.
The subscripts x and z in Eqs. (1)–(4) mean partial
derivatives.

Figure 1 shows the schematic of a two-layer atmos-
phere considered in this study. The lower and upper
layers represent the troposphere and stratosphere, respect-
ively. The tropopause height is H. The stratospheric static
stability NS is larger than the tropospheric static stability
NT. The basic-state wind has a constant wind shear in the
troposphere (U¼U0þ sz, where U0 is the basic-state
wind speed at the surface and s is the basic-state wind
shear) and is constant in the stratosphere (U¼UH). Only
positive U0 and s are considered in this study. The

convective forcing q represents the latent heat release
from convective clouds and is specified as

q x; zð Þ ¼ q0
a2c

x�ccð Þ2 þ a2c
� acbc

x�ccð Þ2 þ b2c

( )
; (5)

where q0 is the magnitude of the convective forcing, ac is
the half-width of the bell-shaped heating function, bc is a
constant (bc> ac), and cc is the centre of the convective
forcing in the x-direction. The convective forcing is pre-
sent from z¼ h1 to z¼ h2, where h1 and h2 are the bottom
and top heights of the convective forcing, respectively
(Fig. 1). The mountain is specified by

h xð Þ ¼ hm
a2m

x�cmð Þ2 þ a2m
; (6)

where hm is the maximum height of the mountain, am is
the half-width of the bell-shaped mountain function, and
cm is the centre of the mountain in the x-direction.

Equations (1)–(4) can be combined into a single equa-
tion in the perturbation vertical velocity, which is
Fourier-transformed (x ! k) to obtain

U2ŵzz þN2ŵ ¼ F̂ ; (7a)

where

F̂ k; zð Þ ¼ gq0ac
cpT0N2

T

e�ack�e�bckð Þe�ikcc : (7b)

The general solutions of Eq. (7a) for 0� z�H and z>H
are given, respectively, by

ŵT k; zð Þ ¼ AU
1
2þil þ BU

1
2�il þ F̂ ; (8a)

ŵS k; zð Þ ¼ Ceimz þDe�imz: (8b)

Here, l¼ (Ri – 0.25)1/2, where Ri (¼ NT
2/s2) is the tropo-

spheric Richardson number, and m (¼ NS/UH) is the ver-
tical wavenumber of the internal gravity wave in the
stratosphere. By imposing bottom boundary condition
[ŵ¼ ikU0ĥ � Ĝ; ĥ¼ hmamexp{–k(amþ ikcm)}], upper radi-
ation condition (D¼ 0 with UH> 0), and interfacial
boundary conditions (ŵ and oŵ/oz are continuous at
z¼ h1, h2, and H), the analytic solutions in Fourier-trans-
formed space for 0� z � h1, h1< z � h2, h2< z�H, and
z>H are obtained as, respectively,

ŵ1 k;zð Þ¼Ĝ
1�RZ�2il

0

1�R

� �
Z

1
2þil
0

�F̂
1�Z�2il

0

1�R

� �
PR Z

1
2þil
1 �Z

1
2þil
2

� �
þQZ2il

0 Z
1
2�il
1 �Z

1
2�il
2

� �n o
;

(9a)

ŵ2 k;zð Þ¼ŵ1�F̂ PZ
1
2þil
1 þQZ

1
2�il
1 �1

� �
; (9b)

ŵ3 k;zð Þ¼ŵ1�F̂ P Z
1
2þil
1 �Z

1
2þil
2

� �
þQ Z

1
2�il
1 �Z

1
2�il
2

� �n o
;

(9c)
Fig. 1. Structure of a two-layer atmosphere in the presence of
convective forcing and a mountain considered in this study.
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ŵ4 k;zð Þ¼ 1�RZ�2il
H0

1�R

� �

ĜZ
1
2þil
H0 �F̂ P Z

1
2þil
H1 �Z

1
2þil
H2

� �
þQZ2il

H0 Z
1
2�il
H1 �Z

1
2�il
H2

� �n oh i
eimDz;

(9d)

where

Zi¼ U
Ui

; (9e)

ZHi¼UH

Ui
; (9f)

P¼1
2
þi

1
4l

(9g)

Q¼1
2
�i

1
4l

(9h)

R¼
1
2�i NS

NT

ffiffiffiffiffiffi
Ri

p �l
� �

1
2�i NS

NT

ffiffiffiffiffiffi
Ri

p þl
� �Z2il

H0 (9i)

Dz¼ z–H: (9j)

In Eqs. (9e) and (9f), i¼ 0, 1, and 2 are for z¼ 0, h1, and
h2, respectively.

Note that Eqs. (9a)–(9d) are linear combinations of
orographically and convectively induced components.
P(Q) represents the complex amplitude of upward (down-
ward) propagating convectively forced internal gravity
wave component generated at z¼ h1 and h2 (note that P
and Q are a complex conjugate pair and PþQ¼ 1). R
represents the complex reflection coefficient of the oro-
graphically/convectively forced internal gravity wave at
the tropopause.

To get analytic solutions in physical space, we take the
inverse Fourier transform (k ! x) of Eqs. (9a)–(9d) and
select the real parts of the transformed solutions. The
orographically forced components of the solutions for
0� z�H (j¼ 1, 2, and 3) and z>H are given, respect-
ively, by

wjm x; zð Þ ¼ Z
1
2
0 GR R1 cos h1 þ hz0ð Þ � R2 cos h2 � hz0ð Þ� �	

�GI R1 sin h1 þ hz0ð Þ � R2 sin h2 � hz0ð Þ� ��; (10a)

w4m x; zð Þ ¼ Z
1
2
H0 GR R1 cos h1 þ hH0 þmDzð Þ�	

�R2 cos h2 � hH0 þmDzð Þg�GI R1 sin h1 þ hH0 þmDzð Þ�
�R2 sin h2 � hH0 þmDzð Þg�: (10b)

The convectively forced components of the solutions for
0� z � h1, h1< z � h2, h2< z�H, and z>H are given,
respectively, by

w1c x;zð Þ¼�NT

2sl
FRhR1 Z

1
2
1 cos h1þHþ

z1


 �� cos h1�H�
z1ð Þ

� �hh

�Z
1
2
2 cos h1þHþ

z2


 �� cos h1�H�
z2ð Þ

� �i

þR2 Z
1
2
1 cos h2þH�

z1ð Þ� cos h2�Hþ
z1


 �� �h

�Z
1
2
2 cos h2þH�

z2ð Þ� cos h2�Hþ
z2


 �� �ii
�FIhR1 Z

1
2
1 sin h1þHþ

z1


 �� sin h1�H�
z1ð Þ

� �h

�Z
1
2
2 sin h1þHþ

z2


 �� sin h1�H�
z2ð Þ

� �i

þR2 Z
1
2
1 sin h2þH�

z1ð Þ� sin h2�Hþ
z1


 �� �h

�Z
1
2
2 sin h2þH�

z2ð Þ� sin h2�Hþ
z2


 �� �iii; (11a)

w2c x;zð Þ¼w1c� NTFR

sl
Z

1
2
1 cosH

�
z1�FR

� �
; (11b)

w3c x;zð Þ¼w1c�NTFR

sl
Z

1
2
1 cosH

�
z1�Z

1
2
2 cosH

�
z2

� �
; (11c)

w4c x;zð Þ¼�NT

sl
FR R1 cos h1þhH0þmDzð Þ�	

�R2 cos h2�hH0þmDzð Þg�FI R1 sin h1þhH0þmDzð Þ�
�R2 sin h2�hH0þmDzð Þg��

Z
1
2
H1 cos h10� tan�1 1

2l

� �
�Z

1
2
H2 cos h20� tan�1 1

2l

� �� 

:

(11d)

In Eqs. (10) and (11),

GR þ iGI ¼ �hmamU0

2am x�cmð Þ þ i x�cmð Þ2�a2m
n o

x�cmð Þ2 þ a2m
(12a)

FR þ iFI ¼ q0gac
cpT0N2

T

ac þ i x�ccð Þ
x�ccð Þ2 þ a2c

� bc þ x�ccð Þ
x�ccð Þ2 þ b2c

( )

(12b)
1

1� R
� R1eih1 ; (12c)

R
1� R

� R2eih2 ; (12d)

hzl ¼ l ln
U
Ul

; (12e)

hpq ¼ l ln
Up

Uq
; (12f)

H6
zj ¼ hz06 hj0 � tan �1 1

2l

� �
(12g)

In Eq. (12e), l¼ 0, 1, and 2 are for z¼ 0, h1, and h2,
respectively. In Eq. (12f), p and q¼ 0, 1, 2, and H are for
z¼ 0, h1, h2, and H, respectively. In Eq. (12g), j¼ 1 and 2
are for z¼ h1 and h2, respectively.

We consider the finite-depth convective forcing which
extends from z¼ h1¼ 1 km to z¼ h2¼ 11 km vertically
and has the half-width of heating ac¼ 10 km and bc¼ 5ac.
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The centre of the bell-shaped mountain is cm¼ 0 km with
am¼ 10 km. The tropospheric buoyancy frequency is
specified as NT¼ 0.01 s�1, the basic-state wind speed at
the surface as U0¼ 10m s�1, and the tropopause height
as H¼ 12 km. The stratospheric buoyancy frequency NS,
the basic-state wind speed in the stratosphere UH, and
the centre of the convective forcing cc are different
in each case. We name each case NxUyy in which
NS¼ 0.0x s�1 and UH¼ yy m s�1 are used. The basic-
state wind shear s is determined by U0, UH, and H, and
the tropospheric Richardson number Ri by NT, U0, UH,
and H. The reference temperature is specified as
T0¼ 273.15K. The maximum height of the mountain
hm¼ 500m and the magnitude of the convective forcing
q0¼ 1 J kg�1 s�1 are adapted from Smith and Lin (1982)
and Chun and Baik (1998, 2002), respectively, in which
orographically and convectively forced mesoscale flows
and momentum fluxes are discussed.

3. Results and discussion

3.1. Orographic–convective flows

The flows forced by each forcing are first presented
before examining the linear interaction between oro-
graphic and convective flows. In reality, wind shear exists
in the troposphere and the static stability in the tropo-
sphere is different from that in the stratosphere. In this
study, however, the cases without wind shear or stability
jump are also considered to isolate wind shear or stability
jump effects. The flows computed for such cases exhibit
well-known features of orographically or convectively
forced flows. Fig. 2 shows orographically and convec-
tively forced perturbation vertical velocity fields in the
cases of N1U10, N1U20, and N2U10 with cm¼ 0 km and
cc¼ 0 km. The effects of tropospheric wind shear on oro-
graphically/convectively forced flow can be examined by
comparing the N1U10 and N1U20 cases. The effects of
static stability difference between the troposphere and the
stratosphere on orographically/convectively forced flow
can be examined by comparing the N1U10 and N2U10
cases. Under the no-slip boundary condition at the sur-
face, upward and downward flows are orographically
generated on the upslope and downslope of the moun-
tain, respectively (Fig. 2a–c). Internal gravity waves are
generated in the stably stratified atmosphere, and the per-
turbation vertical velocity fields exhibit a wavy structure
in the vertical direction (Queney, 1948; Durran, 1992).
The alternating pattern of the perturbation vertical vel-
ocity according to internal gravity waves generated at the
surface is clearly seen in the entire atmosphere. The con-
vection forces a deep upward motion near the convective
forcing centre given a small thermal Froude number (Lin,

2007) and a low-level compensating downward motion
upstream of the convection (Fig. 2d–f). These are well-
known characteristics of convectively forced flows (Lin
and Smith, 1986; Han and Baik, 2009). Above the con-
vection top, the alternating pattern of the perturbation
vertical velocity according to internal gravity waves
clearly appears. Without the basic-state wind shear, the
vertical wavelength of the internal gravity wave in the
troposphere is 2pU0/NT¼ 6.28 km (the cases N1U10 and
N2U10) as reported in many previous studies (Han and
Baik, 2009).

In the case with wind shear, the increase of the basic-
state wind speed with height strengthens the orographi-
cally forced perturbation vertical velocity (Fig. 2b). The
vertical wavelength of the internal gravity wave is longer
in the case with wind shear than in the cases without
wind shear due to the vertically increasing basic-state
wind speed. The wavy structure of the convectively forced
vertical velocity field in the troposphere is less prominent
in the case with wind shear (Fig. 2e). The main updraft is
more concentrated and has a single-cell structure in the
region of concentrated convective forcing. However, the
compensating downward motion is weaker in the case
with wind shear (Fig. 2e) compared to the cases without
wind shear (Fig. 2d and f). See the contour line in the
region of compensating downward motion and the con-
tour line information at the bottom of each panel (Fig.
2d–f). Compared to the cases without wind shear, the
compensating downward motion is located closer to the
convection centre. In the cases without wind shear, on
the upstream side, orographically forced waves are out of
phase with convectively forced waves by �180	 (compare
Fig. 2a and d and also compare Fig. 2c and f). For this
reason, flows forced by convection over the mountain
peak would be negatively combined with orographically
forced flows on the upstream side. In the case with wind
shear, the convectively forced single-cell shaped main
upward motion would be positively (negatively) combined
with the updraft (downdraft) near the convection centre
above the mountain peak (Fig. 2b and e).

In the case with stability jump (N2U10), the vertical
wavelength of the internal gravity wave in the strato-
sphere is shorter than that in the case without stability
jump (N1U10) due to the higher stratospheric buoyancy
frequency (Fig. 2c and f). The main structure of the per-
turbation vertical velocity field in the troposphere is simi-
lar to that in the case without stability jump. However,
the induced flows are stronger in the case of N2U10 than
in the case of N1U10. The wave reflection at the tropo-
pause plays a role in strengthening the flows. The analysis
of the wave reflection is provided in Section 3.2.

This study considers a linear, hydrostatic system.
Therefore, we need to choose the values of the basic-state
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wind speed and static stability, the maximum height and
half-width of the mountain, and the magnitude and half-
width of the convective forcing so that the linear, hydro-
static approximations are valid (Fig. 2). The Froude
number, defined as Fr¼U0/(NThm), is a measure of non-
linearity of orographically forced internal gravity waves
(the larger the more linear). Non-linearity of thermally
forced internal gravity waves can be measured by
lNL¼ (gq0ac)/(cpT0NTU0

2) (Lin and Chun, 1991; Chun
and Baik, 1994) (the smaller the more linear). For the
uniform basic-state flow, the calculated values of Fr and
lNL are 2 and 0.36, respectively. For the shear flow, if
the vertically averaged basic-state wind speed in the
troposphere is used, Fr ¼3 and lNL¼ 0.16. These values
of Fr and lNL indicate that the flow system becomes lin-
ear (Lin, 2007). Non-hydrostaticity of thermally forced
internal gravity waves can be measured by b¼U0/(NTac)

(Woo et al., 2013) (the smaller the more hydrostatic). The
calculated value of b is 0.1 for the uniform basic-sate
flow. For the shear flow, if the basic-state wind speed
averaged over the troposphere is used, the calculated
value of b is 0.15. These values of b imply that the flow
system becomes hydrostatic (Woo et al., 2013). The par-
ameter U0/(NTam) is a measure of non-hydrostaticity of
orographically forced internal gravity waves (Lin, 2007).
A similar analysis shows that the flow system becomes
hydrostatic.

For the linear and hydrostatic approximations to be
valid, lNL 
 1, Fr� 1, and b 
 �0.3 [non-hydrostatic
feature appears when b¼ 0.3 in Woo et al. (2013)] should
be satisfied. If Fr 
 1 (large hm and NT or small U0),
lNL� 1 (large q0 or small NT and U0), or b��0.3 (large
U0 or small NT and ac/m), the linear assumption for the
orographically forced flows, the linear assumption for the

(a) (d)

(b) (e)

(c) (f)

Fig. 2. (a)–(c) Orographically and (d)–(f) convectively forced perturbation vertical velocity fields in the cases of N1U10 for (a) and (d),
N1U20 for (b) and (e), and N2U10 for (c) and (f) with cm¼ 0 km and cc¼ 0 km. The rectangle in (d)–(f) represents the concentrated
convective forcing region. The contour line information (unit: m s�1) is given at the bottom of each panel.
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convectively forced flows, or the hydrostatic assumption
for both the orographically and convectively forced flows,
respectively, is not valid. Typical characteristics of oro-
graphically and convectively forced mesoscale flows and
gravity waves in non-linear or non-hydrostatic systems
can be found in Lin (2007).

The convectively forced vertical flows are examined. In
all cases (N1U10, N1U20, N2U10, and N2U20), the con-
vectively forced main upward motion is located over the
upslope of the mountain. See Fig. 2d–f that shows the
convectively forced perturbation vertical velocity fields in
the cases of N1U10, N1U20, and N2U10. Note that the
case of N2U20 is not shown in Fig. 2. The convectively
forced main upward motion is positively combined with
orographically forced updrafts in the convection layer.
Fig. 3 shows perturbation vertical velocity fields with the
centre of the convective forcing on the upstream of the
mountain (cc¼ –10 km), where the orographically forced
upward/downward motion over the upslope of the moun-
tain is significant. As a result, a deep layer of strong
updraft appears aloft upstream of the mountain (Fig. 3a
and c). The main internal gravity wave bands generated
by both forcings are concentrated slightly downstream of
the mountain centre (Fig. 3a and c). In the cases with
wind shear, the convectively forced upward motion cre-
ates an even deeper layer of strong updraft upslope of the
mountain compared to the cases without wind shear

(compare Fig. 3a and b and also Fig. 3c and d). With the
low-level upslope wind, however, the positive combin-
ation of the convectively forced upward motion is weaker
in the cases with wind shear than in the cases without
wind shear. The mountain waves are stronger and more
concentrated over the mountain centre in the cases with
wind shear than in the cases without wind shear. The
strong downdraft area of the mountain waves in the
lower convection layer is broader in the cases with wind
shear than in the cases without wind shear. As in Fig. 2,
the flows forced by both forcings are stronger in the cases
with stability jump due to the wave reflection at the
tropopause than in the cases with uniform stability in the
entire atmosphere (compare Fig. 3a and c and also Fig.
3b and d).

Observations indicate that orographic uplift in the
upslope region of a mountain can produce precipitating
deep convective clouds when the atmosphere is condition-
ally unstable (Houze, 2014). The convective clouds pro-
duced by the orographic uplift can be further enhanced
by the low-level updraft forced by the mountain in the
upslope region. This is dynamically implied in Fig. 3.

The cases with the convective forcing on the lee side of
the mountain, where the orographically forced upward/
downward motion of the downslope of the mountain is
significant, are considered. In this situation, it may be
supposed that the convective forcing results from some

(a) (b)

(c) (d)

Fig. 3. Perturbation vertical velocity fields in the cases of (a) N1U10, (b) N1U20, (c) N2U10, and (d) N2U20 with cc¼ –10km. The
rectangle in the troposphere represents the concentrated convective forcing region. The contour line information (unit: m s�1) is given at
the bottom of each panel.
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forcing other than the mountain. In the convection layer
over the downslope of the mountain, the convectively
forced upward motion positively interacts with the
updrafts of mountain waves. In the cases without stability
jump, the maximum amplitude of resultant waves appears
above the downslope of the mountain as a result of the
positive combination of orographically forced flows with
convectively forced flows there (Fig. 4a and b). In the
cases with stability jump, the maximum amplitude of the
strengthened resultant waves over the mountain is located
over the mountain peak (Fig. 4c and d).

Forced uplift of a moist air over the upslope of a
mountain occasionally produces orographic clouds and
precipitation. The horizontal and vertical motion forced
by various factors, such as latent heat and local circula-
tion, enhances or suppresses orographically forced uplift.
To examine the effects of convectively forced vertical
motion on orographically forced vertical motion on the
upslope of the mountain, we calculate the ratio of the
convectively forced perturbation vertical velocity to
the orographically forced perturbation vertical velocity at
(x, z)¼ (cm – am, h1). Note that cm – am¼ –10 km and
h1¼ 1 km. The results are in Fig. 5. The ratio is calcu-
lated as a function of cc and UH (Fig. 5a and b) and as a
function of cc and NS (Fig. 5c and d). In Fig. 5 (and also
in Figs. 6, 7, and 9), U0¼ 10m s�1, UH¼ 10–50m s�1,
NT¼ 0.01 s�1, and NS¼ 0.01–0.025 s�1 are considered.
These ranges sufficiently cover the typical wind speed in
the troposphere [see Holton and Hakim (2012)] and the

static stability in the stratosphere [see Fueglistaler
et al. (2011)].

When the convection centre is located at cc � –10 km,
the convectively forced upward motion is positively com-
bined with the orographic uplift. For weak wind shear
(s � 8.3� 10�4 s�1; UH � 20m s�1), the positive combin-
ation is stronger as wind shear becomes weaker (Fig. 5a
and b). For strong wind shear, the convectively forced
flows tend to be positively (negatively) combined with the
orographic uplift when the convection centre is located
upstream (downstream) of the mountain, and how strong
the combination is depends on the wind shear. When the
convection centre is located at cc � 0 km, the convectively
forced compensating downward motion is generally nega-
tively combined with the orographic uplift. Depending on
the location of the boundary between the convectively
forced upward motion and the compensating downward
motion, the ratio has different signs. For this reason,
there is a range of wind shear in which the ratio is posi-
tive (negative), although the convective forcing is located
above the lee (upstream) side of the mountain.

The positive (negative) combination of the convectively
forced upward motion (compensating downward motion)
with the orographic uplift is strong in the case with large
stability jump except when there is weak or no wind
shear with cc � –10 km (Fig. 5). Without wind shear, the
convection forces upward motion at (x, z)¼ (cm – am, h1)
in a wide range of cc and NS because the compensating
downward motion is located far upstream of the

(a) (b)

(c) (d)

Fig. 4. The same as Fig. 3 except for cc¼ 10km.
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convection centre. The positive interaction is strongest
when the convection centre is located at x� –9 km (Fig.
5c). When wind shear exists, however, the main upward
motion (compensating downward motion) is positively
(negatively) combined with the orographic uplift and the
level of the interaction is stronger with larger stability
jump (Fig. 5d).

3.2. Gravity-wave reflection

As mentioned in Section 3.1, the stability jump at the
tropopause causes the reflection of the orographically/
convectively forced internal gravity waves, and the
reflected waves affect flows in both the troposphere and
the stratosphere. The complex reflection coefficient R at
the tropopause is given in Eq. (9i). The complex reflec-
tion coefficient R [� R0exp(ih0), where R0 is the reflectiv-
ity at the tropopause and h0 is the phase shift angle] can
be rewritten as

R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4 þ NS

NT

ffiffiffiffiffiffi
Ri

p � l
� �2

1
4 þ NS

NT

ffiffiffiffiffiffi
Ri

p þ l
� �2

vuuuut exp i tan �1 l 1þ 2 lnZH0ð Þ
1
4 þ NS

NT

ffiffiffiffiffiffi
Ri

p � l2
� �

8<
:

9=
;:

(13)

The orographically forced internal gravity waves propa-
gate upward from the surface. At the tropopause, the

waves are partially reflected due to the discontinuity of
the static stability between the troposphere and the
stratosphere. The partially reflected waves at the tropo-
pause are totally reflected at the surface and propagate
upward again. To account for infinite reflections in this
way, the upward propagating wave component is multi-
plied by 1/(1–R) and the downward propagating wave
component is multiplied by R/(1–R) [see Eqs. (9i), (12c),
and (12d)]. The convectively forced internal gravity waves
that originate from z¼ h1 and h2 propagate upward and
downward with fractions of P and Q, respectively.
Depending on the convection bottom/top heights and
tropopause height, upward and downward propagating
wave components are multiplied by 1/(1–R) and R/(1–R),
respectively, so that

1
1�R

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�R0cosh0ð Þ2þR2

0sin
2h0

q exp itan�1 R0sinh0
1�R0cosh0

� 

;

(14a)

R
1�R

¼ R0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh0�R0ð Þ2þsin2h0

q exp itan�1 sinh0
cosh0�R0

� 

:

(14b)

Fig. 6 shows R0, R1, R2, h0, h1, and h2 as functions of
the stratospheric buoyancy frequency and the Richardson
number. For a given NS, the reflectivity R0 decreases as
Ri increases. For a given NS, R0 is very sensitive to Ri

(a) (b)

(c) (d)

Fig. 5. Fields of the ratio of the convectively forced perturbation vertical velocity to the orographically forced perturbation vertical
velocity at (x, z)¼ (cm – am, h1) as a function of cc and UH in the cases of (a) N1Uyy and (b) N2Uyy and as a function of cc and NS in
the cases of (c) NxU10 and (d) NxU20.
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when Ri is very small. For a given Ri, R0 increases with
increasing NS. When Ri is large, R0 tends to be independ-
ent of Ri for a given NS and converges to

R0� NS�NT

NS þNT
: (15)

Note that R0 in Eqs. (13) and (15) are always less than 1.
The phase shift angle h0 (–p/2 � h0 � p/2) is negative for
large Ri. For very small Ri, the sign of h0 is changed to
positive. This sudden phase reversal occurs when
Ri¼ [{NSþ (NS

2þ 2NT
2)1/2}/2NT]

2. R1 and R2 are small
when NS and Ri are close to the boundary where the
phase reversal of h0 occurs. For large Ri, both R1 and R2

increase with increasing NS. For this reason, as stated
above, the resultant wave strengths are stronger in the
presence of stability jump. The phase shift angles h1 and
h2 are negative for large Ri. The magnitudes of both
phase shift angles are smaller for larger Ri (weaker wind
shear) and are increased with increasing NS for a given
large Ri. Both phase shift angles change the sign in a
manner similar to h0. The phase shift angle h2 has an
additional sudden phase reversal when R0¼ cosh0. For a
given NS, the dependency of h2 on Ri is stronger than
that of h1.

The analytic solutions for the orographically forced
perturbation vertical velocity for 0� z�H [Eq. (10a)] at
the mountain centre and the convectively forced perturb-
ation vertical velocity for 0� z � h1 [Eq. (11a)] at the
convection centre can be written as, respectively,

wm zð Þ ¼ �GI x¼0ð ÞZ
1
2
0 cos hz0 R1 sin h1 � R2 sin h2ð Þ�

þ sin hz0 R1 cos h1 þ R2 cos h2ð Þg; (16a)

wc zð Þ ¼ �FR x¼0ð Þ
NT

sl
sin hz0 Z

1
2
1 � Z

1
2
2

� �

cos hz0 � tan �1 1
2l

� �
R1 sin h1 � R2 sin h2ð Þ

�

þ sin hz0 � tan �1 1
2l

� �
R1 cos h1�R2 cos h2ð Þ

o
: (16b)

Because the second terms on the right hand sides of Eqs.
(11b) and (11c) do not depend on the stratospheric buoy-
ancy frequency, the terms in braces in Eqs. (16a) and
(16b) determine the characteristics of the waves in the
troposphere affected by the wave reflection at
the tropopause.

The surface vertical velocity at the centre of each forc-
ing is zero and the vertically varying pattern of the verti-
cal velocity at the centre of each forcing is like a sine
function rather than a cosine function (Fig. 2), and our
calculation indicates that R1sinh1 – R2sinh2 is almost
zero. Accordingly, among the two terms in braces in Eq.
(16a) [also in Eq. (16b)], the second term which is related
to sinhz0 is dominant. The horizontally symmetric

structures of the orographically and convectively forced
flows are mainly proportional to R1cosh1þR2cosh2 and
R1cosh1 – R2cosh2, respectively.

The dependency of both R1cosh1 and R2cosh2 on NS

and Ri is similar to that of R1 (Figs. 6b and 7). Because
R1cosh1 and R2cosh2 share a very similar pattern, R1cosh1
– R2cosh2 is almost unity except for the range of NS and
Ri near the phase reversal occurrence. For this reason,
the amplification of the flow at the centre of each
forcing by the infinite reflections is effective only for the
orographically forced flows. Differences in orographi-
cally, convectively, and both orographically and convec-
tively forced perturbation vertical velocity fields
between the cases with and without stability jump at
the tropopause are in Fig. 8. Due to the wave reflection
at the tropopause, the symmetric structure of the oro-
graphically forced flows in the troposphere is strength-
ened, and the pattern of the differences is not exactly
symmetric for the case with tropospheric wind shear
(Fig. 8a and b).

From an analysis similar to that about the horizontally
symmetric structures of the orographically and convec-
tively forced flows, it is revealed that the relations of the
horizontally anti-symmetric structure of the orographi-
cally and convectively forced flows are mainly propor-
tional to R1cosh1 –R2cosh2 and R1cosh1þR2cosh2,
respectively. This can also be seen in Fig. 8c and d. For
this reason, the mountain waves tend to maintain the
horizontally symmetric structure (Fig. 2a and c), and the
convectively forced compensating downward motion is
strengthened and the maximal vertical velocity moves
downstream in the case with stability jump (Fig. 2d
and f). The wave reflection at the tropopause has little
effect on the positively combined strong updraft in the
deep layer upstream of the mountain (from x� –20 km
to� –10 km in Fig. 8e and f).

3.3. Gravity-wave momentum fluxes

In a stably stratified atmosphere, orographically/convec-
tively forced internal gravity waves transport momentum
vertically. The vertical flux of horizontal momentum can
be obtained analytically by using the solutions of u and
w, which is defined as

M � q0

ð1
�1

uwdx: (17)

Here, q0 is the reference air density. In this study, we con-
sider the flows forced by the two forcings, and the result-
ant flows are obtained by the linear superposition of the
flows forced by individual forcings. The total momentum
flux can thus be divided into three components,
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(a) (d)

(b) (e)

(c) (f)

Fig. 6. (a) R0, (b) R1, (c) R2, (d) h0, (e) h1, and (f) h2 as a function of the stratospheric buoyancy frequency and the Richardson
number. The values of h0, h1, and h2 are in radian.
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q0

ð1
�1

um þ ucð Þ wm þ wcð Þdx ¼ Mm þMc þMmc; (18a)

where

Mm ¼ q0

ð1
�1

umwmdx; (18b)

Mc ¼ q0

ð1
�1

ucwcdx; (18c)

Mmc ¼ q0

ð1
�1

umwc þ ucwmð Þdx: (18d)

The total momentum flux has orographically forced com-
ponent Mm, convectively forced component Mc, and com-
ponent due to the non-linear interaction between
orographically and convectively forced components Mmc.
The momentum flux components Mm, Mc, and Mmc in
the stratosphere (z>H) are

Mm ¼ � q0U
3
0

4NT

hmNT

U0

� �2 NS

NT

� �

R2
1 þ R2

2 � 2R1R2 cos h1 � h2 þ 2hH0ð Þ� �
; (19)

Mc ¼ � q0U
3
0

NT

gq0ac
cpT0NTU2

0

� �2
ln

ac þ bcð Þ2
4acbc

( )

N2
TZ

�1
H0

s2l2
Z

1
2
H1 cos h10 � tan �1 1

2l

� ��

�Z
1
2
H2 cos h20 � tan �1 1

2l

� �
g2

NS

NT

� �
R2

1 þ R2
2 � 2R1R2 cos h1 � h2 þ 2hH0ð Þ� �

; (20)

Mmc¼�q0U
3
0

NT

gq0ac
cpT0NTU2

0

� � hmNT

U0

� �

2am cc�cmð Þ 1

acþamð Þ2þ cc�cmð Þ2
� 1

bcþamð Þ2þ cc�cmð Þ2
( )

NTZ
�1

2
H0

sl
Z

1
2
H1cos h10�tan�1 1

2l

� �
�Z1

2
H2cos h20�tan�1 1

2l

� �� 

NS

NT

� �
R2

1þR2
2�2R1R2cos h1�h2þ2hH0ð Þ� �

:

(21)

The orographically forced momentum flux component
can be written as

Mm ¼ � q0U
3
0

4NT
Fr�2c3: (22)

Recall that Fr¼U0/(NThm) is the Froude number. The par-
ameter c3¼ (NS/NT){R1

2þR2
2–2R1R2cos(h1–h2þ 2hH0)} is

related to the wave transmission through the tropopause.

When NT¼NS and s¼ 0, Mm is equal to the momentum

flux given in Smith and Lin (1982) in which uniform basic-

state wind speed and static stability are considered.
The convectively forced momentum flux component

can be written as

Mc ¼ � q0U
3
0

NT
l2NLc1c

2
2c3: (23)

Recall that lNL¼ (gq0ac)/(cpT0NTU0
2) is the non-linearity

factor of thermally forced internal gravity waves.
The parameter c1¼ ln{(acþ bc)

2/4acbc} is related to the

horizontal structure of the convective forcing. The param-

eter c2
2 is related to the basic-state wind speed, tropo-

spheric static stability, and the bottom and top heights of

the convective forcing. The transmission related param-

eter c3 is also multiplied. When NT¼NS and s¼ 0, Mc is

equal to the momentum flux given in Chun and Baik

(1998) in which uniform basic-state wind speed and static

stability are considered.

(a)

(b)

Fig. 7. (a) R1cosh1 and (b) R2cosh2 as a function of the
stratospheric buoyancy frequency and the Richardson number.
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The component caused by the non-linear interaction
between orographically and convectively forced internal
gravity waves can be written as

Mmc ¼ �q0U
3
0

NT
lNLFr

�1

� 2 bc � acð Þ ac þ bc þ 2amð Þ cc � cmð Þ
ac þ amð Þ2 þ cc � cmð Þ2

n o
bc þ amð Þ2 þ cc � cmð Þ2

n o c2c3:

(24)

Equation (24) is the geometric average of Eqs. (22) and
(23) except for the parameter related to the horizontal
structure, which depends on the location of the convec-
tion relative to the mountain and on the horizontal scales
of the mountain and convection. The term in the second
line of Eq. (21) related to the horizontal structures of the

mountain and convection is exactly the same as the
“cross terms proportional to hQ” in Eq. (65) of Smith
and Lin (1982). The sign of the non-linear interaction
component depends on the location of the convection
relative to the mountain. When the convection centre is
equal to the mountain centre (cc¼ cm), Mmc becomes
zero. The non-linear interaction component in the case
with the convection centre being located upslope (down-
slope) of the mountain has a positive (negative) value. As
a function of the location of the convection relative to
the mountain (cc – cm), Mmc has an anti-symmetric struc-
ture for given parameter values. In the case of cc – cm< 0
(cc – cm> 0), the positive maximum (negative minimum)
of Mmc occurs when 6(cc – cm)

2¼ ac
2{(r4þ 14r2 þ1)1/2 –

(r2þ 1)}, where r¼ bc/ac. In this study (r¼ 5), (cc –

cm)max/min¼±0.93ac¼±9.3 km.

(a) (b)

(c) (d)

(e) (f)

Fig. 8. Differences in (a, b) orographically, (c, d) convectively, and (e, f) both orographically and convectively forced perturbation
vertical velocity fields between the cases of N2U10 and N1U10 for the left column and between the cases of N2U20 and N1U20 for the
right column. The centre of the convective forcing is located at x¼ 0 km in (c, d) and x¼ –10km in (e, f). The contour line information
(unit: m s�1) is given at the bottom of each panel.
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Depending on the location of the convection relative
to the mountain, the total momentum flux can be
increased or decreased due to the orographic–convective
interaction. Fig. 9 shows the momentum fluxes forced by
the mountain, convection, and orographic–convective
interaction as a function of the stratospheric buoyancy
frequency and the Richardson number. In this calcula-
tion, q0¼ 0.7 kg m�3 and cc – cm¼ –10 km are used. In
an inviscid atmosphere without a critical level, the
momentum flux above a forcing does not vary with
height and internal gravity waves that transport energy
upward have a negative momentum flux (Eliassen and
Palm, 1960; Chun and Baik, 1998). At/Near the boundary
where the phase angle reversal occurs, the discontinuity
of the momentum flux exists. For a given NS, the magni-
tude of Mm (Mc) decreases (increases) as Ri increases
(Figs. 9a and b). Mc is more sensitive to Ri (also to s)
compared to Mm. For a given Ri, both components Mm

and Mc increase in magnitude as the stratospheric buoy-
ancy frequency increases. The dependency of the magni-
tude of Mmc on NS and Ri is similar to that of Mc (Fig.
9c). As discussed in Section 3.2, the wave reflection at the
tropopause strengthens the symmetric (anti-symmetric)
structure of the orographically (convectively) forced
flows. For this reason, the dependency of each momen-
tum flux component on NS and Ri is similar to that of
R1cosh1þR2cosh2 on NS and Ri (Fig. 7). Note that the
non-linear interaction component has the same order of
magnitude as each of the orographically and convectively
forced components.

4. Summary and conclusions

In this study, we theoretically examined orographic–con-
vective flows, gravity-wave reflection, and gravity-wave
momentum fluxes in a two-layer atmosphere representing
the troposphere and stratosphere. The resultant flows are
the linear superposition of orographically forced flows
and convectively forced flows. The stability jump between
the troposphere and the stratosphere plays an important
role in orographic–convective flows. It was found that
the gravity-wave reflection at the tropopause strengthens
the symmetric structure of the orographically forced
internal gravity waves and the anti-symmetric structure of
the convectively forced internal gravity waves in the
troposphere. The vertical fluxes of horizontal momentum
in the stratosphere were analytically obtained. The total
momentum flux contains a component related to the
non-linear interaction between convectively and oro-
graphically forced waves. It was found that the non-linear
interaction component has an order of magnitude com-
parable to each of the orographically and convectively
forced components, which can increase or decrease the

(a)

(b)

(c)

Fig. 9. Momentum fluxes forced by the (a) mountain, (b)
convection, and (c) orographic–convective interaction as a
function of the stratospheric buoyancy frequency and the
Richardson number. Here, cc – cm¼ –10km is used.
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total momentum flux depending on the location of
the convection relative to the mountain. The parameter-
izations of orographic and convective gravity wave drags
have considered both wave components separately. In
some situations, however, the interaction component
between orographic and convective forcings is not negli-
gible compared to either the orographically forced com-
ponent or the convectively forced component. The
parameterization of the interaction generated gravity
wave drag deserves an in-depth investigation.

In this study, we considered orographic–convective
flows in a hydrostatic system. In a non-hydrostatic sys-
tem, orographically and convectively forced internal grav-
ity waves propagate horizontally or slantwise as well as
vertically. Some dynamics associated with non-hydro-
static effects on orographically forced flows have been
theoretically examined (Wurtele et al., 1987; Keller,
1994). Woo et al. (2013) described non-hydrostatic effects
on convectively forced flows using a non-linear dynamical
model. Further studies are needed to examine non-hydro-
static effects on orographically and convectively
forced flows.
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