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ABSTRACT
In this paper we examine the fundamental issues associated with the cycling of data assimilation and prediction in the
case where observations are received after a delay, but we seek to assimilate them immediately on receipt, or within a
short time of receipt. We obtain the optimal solution to this problem in the linear and non-linear cases, and explore its

relation to simplified strategies which are adaptations of contemporary methods for large-scale data assimilation. We
also discuss the challenges facing such cycling in large-scale numerical weather prediction.
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1. Introduction

In the traditional cycling of forecasts and data assimilation (DA)
for numerical weather prediction, the DA step for the global
model has occurred every 6 or 12 hours. This was appropriate
for an era when data was concentrated at the main synoptic
times, and the limited area models (LAMs) for which the global
model provides boundary conditions were cycled every 6 hours.
However, in recent years data has become dominated by sources
which are essentially continuous in time, and centres such as the
Met Office will soon cycle their highest resolution LAM every
hour.

By increasing the frequency of global analyses (e.g. to every
hour) global forecasts can be based on more recent data, which is
not only desirable in itself but provides timely lateral boundary
conditions (LBCs) for high resolution LAMs. In one study of the
Met Office’s 1.5 km LAM covering the British Isles (Tang et al.,
2013) it was found that replacing 3-hour and 6-hour old LBCs
by 3-hour and fresh LBCs improved the UK index (a basket of
scores measuring forecast skill) by 1.5% (Bruce Macpherson,
pers comm). Furthermore, by having more frequent analyses
the analysis increments will be smaller, which will improve
the validity of the linear approximations in DA schemes. More
frequent analyses may also improve the affordability of DA
methods as the computational load is distributed more evenly
in time.

We will see that, because of the delay in receiving some data, to
ensure that all the data which are received are also assimilated,
the assimilation windows will need to overlap. We obtain the
optimal solution to this problem, which involves manipulating
simultaneously all the states in the window and their joint errors.
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We explore the relation between the optimal solution and simpli-
fied methods which are closer to current methods for large-scale
DA.

We show that the current use of largely climatological prior
error covariances may pose a challenge for high frequency cy-
cling, and discuss how this may be overcome.

2. ‘Traditional’ vs. ‘Rapid Update’ cycling

An immediate issue is that observations are not received instan-
taneously. For example, by 09Z on 18 June 2015 the Met Office
had received over 80 million observations valid between 09Z on
15 June and 03Z on 18 June 2015, including around 0.8 million
surface, 2.1 million aircraft and sonde, 12.4 million satwind and
14 million ATOVS observations. The delay between validity
time and receipt for these observation types is recorded in Fig.
1. We see that to receive 95% of aircraft and sonde, surface,
ATOVS and satwind observation took respectively 0.6, 1.5, 3.4
and 4.1 hours.

This presents a quandary for traditional cycling which aims
to produce an analysis every 6 (at some centres every 12) hours.
For definiteness consider 4D-Var (e.g. Li and Navon, 2001) with
a 6-hour window [T-3,T+3], which generates an analysis at T-3
(in this discussion the units are hours).

One could perform the analysis at T+3 using all observations
available by T+3, which would minimise the time delay to pro-
duce the analysis, but observations received after T+3 would not
be assimilated. Alternatively, one could perform the analysis at
T+7, by which time (in view of Fig. 1) almost all the observations
valid in the window have been received, but the analysis is only
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Fig. 1. Delay inreceiving various observation types in the Met Office

observation processing system, for observations valid between 9Z on 15
June 2015 and 3Z on 18 June 2015.

available 4 hours after the end of the window and 10 hours after
its beginning. To generate an estimate of state at T+7 we could
run a 10-hour forecast from the analysis, but compared with the
estimate of state at T-3 this will be degraded by model error.

Centres such as the Met Office mitigate these issues by per-
forming each analysis twice, a ‘late cut-off” analysis currently at
about T + 6, and an ‘early cut-off” analysis at about T+3. This
is illustrated somewhat schematically in Fig. 2, which shows
two adjacent non-overlapping windows [3Z,9Z) and [9Z,15Z)
(where [T7,77) denotes the time interval 71 < ¢t < T3). For
example, at 8Z we receive observations valid between 4Z and
8Z. Considering the window [3Z,9Z), for the ‘early cut-off’ run
we perform the data assimilation at 9Z and use the observations
in the dark blue region, and for the ‘late cut-off” run perform it
at about 12Z and use virtually all observations ever valid in the
window (combined light and dark blue region).

In principle the late cut-off analysis could make use of the
early cut-off one to reduce its work load, as is done in the ‘quasi-
continuous’ approach of Jirvinen et al. (1996) and Veerse and
Thepaut (1998), but at the Met Office the late cut-off analyses
start again from scratch, making no use of the work done for the
early cut-off analysis.

Having both early and late cut-off analyses goes some way to
mitigating the shortcomings of 6-hourly cycling. However, the
analyses are still 6 hours apart, which makes them insufficiently
timely for some purposes, notably (considering the comments
in Section 1) the LBCs for hourly LAM analyses; the analysis
increment is much larger than would be the case with an hourly
update, so nonlinearity can be a significant problem, especially
for the linear model in 4D-Var; and the approach is inefficient
insofar as the early cut-off analyses are not used as part of a
cycle.

Observation validity time (Z)

33 4 5 6 7 8 9 10 11 12 13 14 15
4
5
6
7
Observation s
receipt ’
time (2) 10
11
12
13
14
15
16
17
18
Fig. 2. Cycling with non-overlapping windows as used at the Met

Office. Observations in the dark blue (dark green) region are assimilated
for an ‘early cut-off” run at 9Z (15Z). The extra observations in the
lightly shaded regions are assimilated for ‘late cut-off” runs at 12Z and
18Z.
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Fig.3. Rapidupdate cycling with overlapping windows. Observations

are assimilated within one hour of receipt.

In Fig. 3 we illustrate how we would like to deal with the
same case: each hour we assimilate all observations received in
the last hour, e.g. at 12Z we assimilate the observations received
between 117 and 12Z (green region); these are valid between 7Z
and 12Z. In principle we do not re-assimilate the observations
valid between 7Z and 12Z received at earlier times (blue, red
yellow and cyan regions in Fig. 3) as the information from
these observations has been transferred to previous analyses and
thereby to the background for this cycle.
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In the context of global NWP, which provides among other
outputs LBCs for hourly cycling of LAMs, an hourly update
cycle is natural, but in principle the updates could be as short
as one model time step. For the purposes of this paper we will
refer to any cycling where observations are assimilated as soon
as they are received, or as in Fig. 3 within some short time of
receipt, as rapid update cycling (RUC).

We should note that the term ‘Rapid Update Cycle’ has been
employed in the past to denote specific rapidly cycled NWP
systems, for example by the National Centres for Environmental
Prediction in the USA. In that case it referred to an operational re-
gional forecast-analysis system over North America, where data
was assimilated by 3D-Var (originally optimal interpolation)
using non-overlapping windows of length one hour (Benjamin
et al., 2004b; Benjamin et al., 2004a).

3. Optimal RUC

To examine the rapid update cycling problem further we will ide-
alise it slightly by supposing that observations are valid at exact
multiples of a time increment &z (as opposed to continuously in
time), and become available after delays of 0, &z, 25z, ..., Nét.
We will suppose that observations received at time kSt are

k k k k
vy vy 1)

Superscripts denote when the observations are received and sub-
scripts their validity time, the longest delay being N §z.

The first problem is to develop an optimal method for assimi-
lating observations as soon as they are available. At time k&t we
seek to estimate Xg, ..., X, , given observations (1) and our
previous estimate of Xg_ 1, ..., Xx_nN_1-

We will suppose that fori = k,k —1,...,k — N we have
observation operators h;k) such that

v =0 ) + v @
and for each i a model f;

Xjy1 =i (%)) + w; 3)

(k)

where the distributions of the errors v;””, w; are supposed known.

3.1. Notation and problem formulation

The optimal method is obtained by formulating the problem in
such a way that standard estimation theory can be applied.

We will use the convention that the underlined vector
X, denotes the concatenation of the N + 1
{xij, k—N <i <k}

vectors

X = 4)

and similarly the underlined matrix A is formed from matrices
{Ai’j, k — N <1, j <k} of compatible size:

Ak—Nk—N -+ Ak—Nk
Ay = . )

Ak k=N -+ Akk

For example, if {x;, k — N < i < k} are vectors of length n and

{A; j, k— N <1, j <k} are matrices of size n x n, then x;, Ay

are of size respectively n(N +1) x l and n(N + 1) x n(N + 1).
Define Y, to be the observations received at time k¢, so

(k)
Ye-n

w=| : )
k
o

We seek the conditional expectations of x; and x;, | given
observations received up to time k¢

12599 70 FRRRRES 0 N 21 . T ) /N0 SRRERRD £ B (O

Note that, given X, and assuming @y has zero mean, the best
estimate of x; , | before observations received at k3¢ are assim-
ilated is

Xk—N+1
£, (x) = : %)
X}
£ (x¢)
If we now define
k k
0 V]((_)N h](c_)N(Xk—N)
o= [u=| o | kGO=]
0 v b )
@k » b xp)

Then we may write (2) and (3) as respectively

Y, =h(xp) + v )
X1 = B (Xp) + @y 10

which are in the standard form for observation and signal map
equations in estimation theory (e.g. Jazwinski, 1970).
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3.2. Linear Gaussian case

It is illuminating to first work out the details in the simplest case,

where in (2) and (3) the observation operators h;k) and model
(k)

f; are linear and the errors v,

uncorrelated.

, ®; are zero-mean, Gaussian and

In this case

(k)

k k
yl( ) = Hi( )X,- +v;

Xi+1 = Mix; + o; (11)

where
v ~ N0, RY), w; ~ N, 0))

i
for some matrices Rl.(k), Q; (where ~ N(u, ¥) denotes nor-
mally distributed with mean g and variance ), and setting

(k)
HiZy ©
H
Hy = k—N-+1 7
(k)
Hy,
017
Me=| (12)
0 I
My,
and
(k)
RiZn © 0
R
k=N+1 .
R = * » 0, = :
. 0
Rlik) Ok
(13)
(9,10) become
Y, = Hix o
Xp1 = Mypxp + o (14)

with

and the problem of finding the conditional expectations (6) of x;,
and x; ;| given observations received up to time k, which may
be denoted X, X¢ 1 1x- is solved by a standard Kalman Filter,
as in Table 1.

The basic objects manipulated are whole windows of states
and observations and the covariances of the errors in these ob-
jects. The symbols in Table 1 are whole-window analogues of

Table 1.
Gaussian case.

Optimal filtering with overlapping windows in linear-

Given first guesses Xy With error covariance P yy_1
Fork=N,N+1,N+2,...

Assimilate:
_ T T\-1

K =Py Hy Ry+H Pry—1Hyp) 1s)
Xk = X1 FE @, —Hyp Ry 1) (16)
Py =U-KH )Py a7
Predict:

Rtk = MKy (18)

T
Pryye = My Py My +2Q, 19)

Endfork=N,N+1,N+2,...

their usual values, e.g. Py ;1 and Py, aren(N+1) xn(N +1)
prior and posterior error covariance matrices of the estimated x; .
In special circumstances simplification is possible. For example,
if new observations only occur in the final time slot, i.e. if the only
observations which become available at k are y]((k) and there are
no observations y,ik_)l, e y,(ck_) N it is straightforward to show
that (15)—(19) simplifies to a conventional Kalman smoother.
For linear M;, H" the algorithm (15)~(19) finds
E[ka)’zl’ - ”Xk]’ EX; 41 |X0’X1’ EE
v;"", w; are zero-mean, Gaussian and uncorrelated. As noted in

’Xk] if the errors

Anderson and Moore (1979), if we restrict attention to analysis-
prediction equations of form (16) and (18) then we may drop the
Gaussian assumption on vgk), ®;, merely requiring them to be
zero-mean and uncorrelated, and (15)—(19) still minimises the
expected error variance.

3.3. Variational equivalent of analysis step in linear
Gaussian case

For large-scale data assimilation variational methods are almost
universally used, so it is of interest to cast the optimal RUC
analysis step (16) in variational form. Define

Sk—nN
Sk—N+1
3= )
Sk
T
Sk—N SN
1 i
@ =5 A
Sk—1 k-1

(20)
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1
Jo® = 53, = Hy Gy + 8" Ry, — HyGygpy +9))
@1

1 _
Jg(®) = 5(5k - Mk715k71)TQk_]1(5k — Myp_168—1)
(22)

where A is the bottom right Nn x Nn submatrix of P k-1
Then the analysis step (16) is equivalent to

Xk =K1 +8 (23)
where § minimises
J(8) = Jp(®) + Jo(8) + Jq(8) (24)

This is proved in Appendix A. The Jj, term (20) constrains the N
states in the intersection between the old and new windows by
the inverse of the ‘background error covariance matrix’ A. This
‘big B’ of size Nn x Nn is formed by taking the analysis error
covariance from the previous stage and shearing off the oldest
row and column.

3.4. General (nonlinear, non-Gaussian) case

We saw in Section 3.1 how the problem of assimilating data
immediately it becomes available can be cast into a standard
signal model/observation model form (9) and (10), to which we
can then apply well-established theory, e.g. Jazwinski (1970). In
particular, given (9) and (10) we can compute (sequentially in k)
the conditional pdfs p(gklzo, R &{) and p(Xgy| |X0’ R Xk).
The novel feature for us is that f; and h; in (9) and (10) have
a special structure which leads to significant simplifications,
in particular enabling us to express these pdfs in terms of the
original (as opposed to block) variables.

In general, given the prior pdf p (KleO’ e > and the

Y
conditional pdf of the observations given the state p (XkBk ,

Bayes’ theorem tells us that the posterior pdf p (Kk |%, ceey Xk)
is

p<§k|X0"~"Xk) _ p(Xk|§k>P (gj,\{;yo,m,yk]) 25)

where the normalisation N is

N = [p (Xklxk)p@klz()"“’qu)] dx, (26)

x, el

RNFD2We will
suppose the basic process satisfies the Markov property

and the domain of integration U =

P(Xp|Xp—1sXg—2,...) = P (xk|xk_1) which implies the same

) = P (Xlx—1)-
,&{71) (the posterior pdf at k — 1) and

for underlined states p (Xg|X;_1,X;_o. .-
Given p(gk_llzo, ...
P (lk |§k—1)’ the Chapman-Kolmogorov equation then gives us

for the prior pdf p (§k|zo, Y

P(&IX0,~.~,X,(_1)

'/ik—leu

‘We could cycle (27) and (25) to obtain the posterior pdf for every

P (5el%m1) P (Rec1 g ¥,y ) 4y @)

k. However, as mentioned there are simplifications arising in this
case.

By virtue of the fact that in (8) the ith sub-vector of hy
depends only on X;_pn4i—1, P (&( |§k), the conditional pdf of
the observations given the state, factors into

k k
p (Xk|§k> =p (y,i )|Xk> XX p (y,ﬁ}N|xk,N) 28)
Additionally, the transition pdf p (lk |Xk—1) may be written

p (X /%_1)
=p (%%I%k—1) 8 (k-1 —%x—1) .- 8 (k—n —Kg—n) (29)

Combined with (27) this gives

p(xklzo,...,zkfl)

Xp—N—1
~ Xk—N ~
= / P (%% 1) P R 7SEEN R
X €U o
Xp—N—1
Xk—N
= / p (Xklxk—1) p Yor -+ Yy | 9%k—n—1
Xp-N_1€R" <
k—1
= p (XkIxk—1)
Xp—N—1
Xk—N
X / P : Yo Yy dXp N1
Xr—N-1€R" '
Xp—1
(30)

We may cycle (30) and (25), (28) to obtain the posterior pdf
for every k. For example, if the observation operators hfk) and
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model f; are linear, and the errors ,,l?k), w; are Gaussian, then

one may check that (30), (25) and (28) imply that the posterior

pdf

p <§k|X0’ .. Xk) o e~ UbtJg+Jo)

where Jp, Jg, Jo are given by (20)—(22).

4. Example

We illustrate some of the foregoing with a small example, in
which the model is the 40-dimensional chaotic model proposed
by Lorenz (1996):

dx; .
= = _x[i—2]x[i—l]+x[i—1]x[i+l]_xi‘l'F’ i=0,...,n—1

dr
(€2))

with F = 8, n = 40, where [i] denotes i, mod n. This system
is integrated using fourth order Runge—Kutta with a time step of
0.05/6 during which time errors grow at a rate corresponding to
order one hour in an atmospheric system. We therefore refer to
time step k as time k. The truth is obtained by integrating (31)
and to each component of x adding Gaussian model error every
time step with variance oqz.

We suppose that at time k eight observations have just become
available, at:

points X[k-+1]> X[k+11]> X[k+21] and X[k+31]> valid at time k— 1

point x[x46], valid at time k — 2

point x[16], valid at time k — 3

point x[x426], valid at time k — 4

point x[x36], valid at time k — 5

In this example we suppose there are no ‘instantaneously
available’ observations (i.e. available at time k& and also valid
at k). Each observation has Gaussian error with variance o2
where 0, = 0.546. Every grid point is observed every 5 time
steps and the observation network repeats itself exactly every
10 time steps. The system is well-observed and for the values of
00, 04 used here the departure from linearity small enough that
the foregoing linear theory can be well applied to the linearised
model.

4.1. Non-overlapping windows with different lags

Consider first traditional non-overlapping window strategies.
Suppose we have a 6-hour cycle with 6-hour windows. For the
window [k — 6, k) we wish to assimilate observations valid in
k—6 <t < k.Fornon-overlapping windows we use an optimall
smoother, i.e. 4D-Var (Li and Navon, 2001) with model error
correctly accounted for and correct cycling of background error
covariances. For the window [k — 6, k) this produces analyses
x{_g> > Xp_q )

As discussed in Section 2, the number of observations which
are valid in the window and available for the analysis increases
the longer the interval of time between the end of the window

Non-overlapping window, lag=0
Non-overlapping window, lag=2

541 Non-overlapping window, lag=4
52 4= RUC
5 4
4.8
_ 4.6+
o
5 4.4 4
(2] 4
S 42
X ]
3.8 1
3.6 =
3.4 _'Wl/l/l/l
3.2 T T T T T
k k+1 k+2 k+3 k+4 k+5
Fig. 4. RMS forecast error from most recent available analysis at

times 0-5 hours into the next window following an assimilation window
[k — 6, k), for lags O (black), 2 (blue) and 4 (green). Dashed lines denote
RMS error at times before the analysis is performed. Also shown in red
is the RMS error in the optimal RUC analysis using the data available
at each time. In this example o4 = 0.182.

and when the analysis is performed, which we term the lag. For
the present example the number of observations available at each
time in the window if the analysis is performed at k, k +2, k + 4
is shown in Table 2.

Taking for example the lag=2 case, at times k and k+1 the most
recently available analyses are those in the window [k—12, k—6)
with last analysis at k — 7, while at k + 2, ...,k 4+ 5 the most
recently available analysis is at k — 1. Table 3 shows the validity
time of the most recent analysis available at times k, ...,k + 5
for lags of 0, 2 and 4 hours.

Fig. 4 shows the RMS forecast error (using o4 = 0.182
and averaged over 2000 cycles) in forecasts valid at times ¢ =
k,k+1, ..., k+5 taken from the latest available analysis using
lag=0 (in black), lag=2 (in blue) and lag=4 (in green). Fig.
4 illustrates a point about non-overlapping windows made in
Section 2 above, that we choose between a short lag between
observations and when the analysis is performed, giving timely
analyses but not using all the observations, or a longer lag using
more observations, but which at any given time requires longer
forecasts which will be more degraded by model error.

For the lag=2 and lag=4 cases we also show (dashed lines)
the RMS forecast error for times between the end of the analysis
window and the time the analysis is performed.

4.2. Optimal RUC

Since in our example the longest delay in receipt of observations
is 5 h, for the optimal RUC method of Section 3 we have N = 5.
At time j this produces analyses {x?75, e X?}.
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Table 2. Number of observations valid at times k — 6, ..., k — 1, available for analyses performed at k, k + 2, k + 4.

No of obs available with validity
Analysis Lag time: Total no.
performed at (hours) k-6 k-5 k-4 k-3 k-2 k-1 of obs available
k 0 8 8 7 6 5 4 38
k+2 2 8 8 8 8 7 6 45
k+4 4 8 8 8 8 8 8 48
Table 3.  Validity time of the most recent analysis available at times k, ..., k + 5 for lags of 0, 2 and 4 hours.

Validity time of most recent

Lag analysis available at:
(hours) k k+1 k+2 k+3 k+4 k+5
0 k-1 k-1 k-1 k-1 k-1 k-1
2 k-7 k-7 k-1 k-1 k-1 k-1
4 k-7 k-7 k-7 k-7 k-1 k-1

A comparison of the observation usage of non-overlapping
windows and optimal RUC was illustrated in Figs. 2 and 3.
In optimal RUC all observations are used, as soon as they are

received.
The red curve in Fig. 4 shows the RMS error in the RUC
analysis at x4 for j = k, ...,k + 5. From the foregoing we

know this will always be less than the RMS error at j using any
available analysis using a non-overlapping window with any lag.
Note however that this error can be greater than that from the
lagged analyses run at a later time, eg, in this example for the
lag-2 and lag-4 analyses at time k. This is because the lagged
analyses are using observations not available at time k.

5. Suboptimal methods for RUC

In Section 3 above we derived the optimal solution to the problem
of assimilating data as soon as it becomes available, and saw
that if the maximum delay is N and the state is described by n
variables that this involved manipulating vectors of size n(N +1)
and their error covariances of size n(N + 1) x n(N + 1).

If observation and model errors are uncorrelated in time then
optimal data assimilation methods for non-overlapping windows
only involve vectors and matrices of size n and n x n.

For large-scale systems manipulating vectors of size n(N + 1)
and more particularly matrices of size n(N + 1) x n(N + 1)
may not be manageable. Furthermore, NWP centres already
have methods implemented for non-overlapping windows (we
will refer to these as ‘traditional methods’) and will naturally
seek ways of adapting these to the RUC problem. Hence a topic
of practical importance is the relationship between the optimal
solution to RUC and traditional methods applied to RUC.

For simplicity we restrict attention to the case of linear forecast
and observation operators whereas in Section 3.2 the errors
are Gaussian and uncorrelated. We will designate the optimal
solution for RUC in this case (i.e. Table 1) as Method 0. We
will develop suboptimal methods for RUC based on traditional
methods for non-overlapping windows, with Method 3 a ‘naive’
application of such a method to RUC, and Methods 2 and 1
adaptations of this which are progressively closer to the optimal
solution. We will then examine the relation between the four
methods.

5.1. ‘Traditional’ methods as suboptimal methods for
RUC

Suppose that at time k£ we have prior estimates
{x?,j:k—N,...,k} (32)
and we have just received observations

k) .
W i =k=N,. k)

A natural extension of the 4D-Var method (e.g. Li and Navon
(2001)) as used for non-overlapping windows is to form analyses
atj=k—N,...,k

x?:x’;+6j,j=k—N,.‘.,k (33)
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where
Sk—nN

Ios
I

S

minimises

1 _
J(® = E(ak—N)TB Yi_n

j=k—1
+% >0 (B —M;8))" 07 G — My )
j=k—N
1S w0 (b T
t5 2 (0 -1 (5 +8)))
k=N
R es)

B in (34) is the error covariance of x,}; - if this is known,
or some approximation otherwise; we return to this point be-
low. All our suboptimal methods 1-3 use (33) and (34) for the
analysis. There are many different ways of forming new priors
{le?, j=k—N+41,...,k+ 1}. Anon-exhaustive selection of
possibilities is:

Method 3: The most similar to traditional 4D-Var, in which the
only state saved from the above analyses is the first one xj _ N
(i.e. at the beginning of the window). Denoting the model evo-
lution from k — N to j by Mlﬁ—N =Mj_1... My_N+1Mi—N
this gives us priors

b=M_ Xy, j=k=N+1... k+1 (33

Method 2: Slightly better is to save and use the second analysed
state, i.e. at time k — N + 1, which will be at the beginning of
the next window, giving us priors

b _ ) P
Xj_Mk_N+le_N+l,j—k—N—i—l,....,k-l-l (36)

Method 1: Finally, we could follow the optimal solution and save
and use all the analysed states, giving us priors

b X i=keNEL Lk
P M X =k +1

(37
The number of prior states which are simply analysis states from
the previous cycle is therefore 0, 1 and N for Methods 3, 2 and
1, respectively. The four RUC methods (with the optimal one of
Section 3.2 labelled ‘Method 0’) are summarised in Table 4. The
formation of backgrounds is shown in more detail for N = 2 in
Table 5.

Table 4.  Summary of methods 0,1,2,3.

Method 0 1 2 3
Number of prior states

which are analysis states N N 1 0
from previous cycle

Formulation of Kf 37 37 (36) (35)
Formulation of x{ (16) (33), (34 (33,34 (33,39
Table 5.  The background states for the analysis at + = 3 given the

analysed states available from ¢t = 2, illustrated with N = 2 for Methods
0,1,2,3. After the analysis at r = 2 we have analyses XS, x‘f and xg. The
backgrounds X? , Xlz’ and Xg at t = 3 are formed from these analyses as
shown in the table.

Time 0 1 2 3
Analyses att =2
X5 x| X)
Backgrounds at 7 = 3

b b b

X X2 X3
Methods 0 & 1 x{ x§ Mg’ x§
Method 2 x{ M lzx‘l‘ M 13x‘l‘
1,a 2.4 3a
Method 3 Myxq Mgxq Myxg

5.2. Covariance of analysis and background errors in
methods 1-3

To compare the various methods we will need the covariance of
their errors. We may write (33) and (34) as

X{ =7 + Kiy, — Hyxp) (38)
where

. k k
Hy = diag(HP ..., H)

MENT for1<j<i<N+1

(J)L’i 0 for j>i (39)
BY = Uydiag (B, Ok, Q1) Uf (40)
Ky, =BYHI (HBYHI + R)~! 1)

where we use the notation (Uy); ; to denote the i, j n X n
submatrix of U . Denoting the truth by gf( and

xt, By = E[f ()T, €f =x¢ —xt
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Table 6.  Values of Ml(f)’ for N = 2, following Table 5.
Method ¢ = 1 Method ¢ = 2 Method ¢ =3
k—1
07 0 o I 0 M, 00
M 00 1 oMk 0 Mk, 00
00 Mt oMt o Mt oo

it follows that for all Methods 1-3 the analysis error covariance
Ay is, from (38)

A= Elef (€)1 = (I~ K H)B (I - K H)' + K RK],

(42)

We note this depends both on B; and (via K; and Qz) the
prescribed B.

The background error covariance By | depends on which

method is used. For method £ we may write
{4
X = M0x (43)

where M(l) M(O) M, as specified in (12) and M(z) M(3)
are 1llustrated for N = 2 in Table 6. Since the error in 52-1—1
using method ¢ is

b _ b t (8) a t () 1 t
€1 =Xk — X = My —Xp) + MU — Xy
£
=M el + €l (44
where €/ = (E) x, —x! . we can express B, | in terms of
& = X — Xyt PIess Dy

4
( ) s A, model error covariance and the cross-covariance of
analym error €4 % and model error g i

T T
sofa(a) o)

In order to cycle Methods 1-3 we need to specify B in (34).
For the rest of this section, for the purposes of comparing the
four methods, we will suppose that in Methods 1-3 we use B =
(Bj)1,1,> which can be obtained from (45) (as above, underlined
subscripts refer to submatrices, so (By ), is the top left n x n
submatrix of By). It can be shown that for methods 1 and 2 that

(Bi)1,1 = (A_1)2.2-

5.3. Relation between methods 0 and 1

An important comparison is between optimal Method 0 and
suboptimal Method 1. They share the same background step
(43) with the same M. In both cases the analysis step may be
written in the form (38), though whereas in Method 0 the gain
Ky

Ky = ByH{ (Hi By H[ + R~

uses true By, i.e. the covariance of the error in gi, for Method 1
the gain K is

Ky =B'HI (H;B'HI + Rp)™!

where QZ is defined in (40). Because of the similarity in the
structures of Methods O and 1 there is a simple and strong
relation between their errors. If the sequence of background error
covariances using Methods 0 and 1 are designated respectively
B and B By, and we start from the same prlor error covariance
By = By, thenforallk > N the difference By
semi-definite, usually written

— By, is positive

By < By

This is proved in Appendix B.

5.4. Relation between methods in limit Q) — 00

We have four RUC methods, the optimal and three suboptimal
ones. We can cycle each as described above, for the suboptimal
(By)1,1 (Section 5.2).

A limiting case which exhibits some of the differences be-
tween them, in particular how information is saved from previous
cycles, is obtained by letting model error covariance Q; — oo
for all &.

For simplicity suppose H = I and Ry and Qy, are independent

methods using B =

of k. If O = oo then after N cycles for method 0, one cycle for
Methods 1 and 2, and immediately for Method 3, all knowledge
of the initial background state xg and its error covariance is lost.
In Table 7 we show the analysed state g? N produced by the
four methods for any j > N if model error is infinite, and the
corresponding background error and analysis error covariances.

The optimal Method 0 retains all the observation information
ever received; at time j + N the estimate of state at any time
between j and j+ N is simply the average of all the observations
ever received valid at that time. At the other extreme, Method 3
‘forgets’ all the observation information from previous cycles: at
time j + N the estimate of state at any time between j and j + N
is just the value of the observation valid at that time and received
attime j + N. Methods 1 and 2 retain observation information
from the previous cycle only at the initial time. These different
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Table 7. 5_‘;+N’ E&]‘F.i and A;/]Jrj for different methods in limit Q — oo, for j > N.
Method 0 Methods 1 and 2 Method 3
1 () (+1) (j+N) i+N—1) j+N) i-+N
T (yj +yj +~-+yj %(yy +y§-’ ) y;j )
1 (GHD LGN G+N) (+N)
N ( J+l T Y ) Yit Vit
a . -
XN : : :
1 ( G+N=1) (+N) (J+N) (j+N)
2 \Yienv—1 tYjaN JHN—1 JtN=1
(J+N) (J+N) (J+N)
J+N J+N J+N
BYY diag (NR’I, (N — l)R’l,‘..,R’1,0> diag(R™L,...,R71,0) diag (0,...,0)
—_—
N times N+1 times
and diag (R—l,o,...,o)
N —
N times
-1 : —1 -1 —1 p—1 . —1 p—1 —1 . —1 —1
ANH’ diag((N+ 1R, NR™',...,2R™",R diag(2R™",R™",...,R diag(R™",...,R™ ")
N —
N times N+1 times

behaviours are reflected in the analysis error covariances shown
in Table 7.

Comparing Methods 1 and 2, while in the limit Q — oo
Method 1 analyses are no better than those of Method 2, we note
in Table 7 that it has better backgrounds than Method 2.

5.5. Relation between methods in the limit Qy — 0
Suppose that Oy = 0 for all k, and we are given an estimate Xg
of x( with error covariance Bg. Estimate the remaining states in

the window {0, ..., N} by
{x’]’. =Mix. j=1.....N}

If O = O for all £ then Methods 1-3 simplify to their ‘strong
constraint’ forms, in which (34) simplifies to

1 _
J@k—n) = 5(6/{7N>TB,{JN6M

j T
(k) (k) A rJ b
> (yj — H; Mk—N(kaN + sk—N))

j=k—N

— k k j
x R; 1<y;. ) _ H](. ‘Ml (x,’ij +5k_N>> (46)

+

| =

Crucially, in the limit Q — 0 Methods 0-3 coincide, so in
particular Methods 1-3 are now optimal. This is proved in
Appendix C. In the absence of model error the ‘suboptimal’
methods all coincide with each other, and in fact are in this case
optimal.

5.6. Comparison of methods 0-3 for the example of
Section 4

We may apply linearised versions of Methods 0-3 to our non-
linear chaotic example of Section 4. In an attempt to mitigate the
effects of linearisation error one can formulate outer loop-style
iterations for these strategies, which may be worth implementing
in more non-linear systems (for the examples here they made
negligible difference). Alternatively one could use the ‘best lin-
ear approximation’ (Payne, 2013).

In our example of Section 4, at time k observations have
just become available which are valid at k — 1,...,k — 5 so
N = 5. The optimal Method 0 and suboptimal Methods 1-3 all
provide analyses Xz, xl‘:_l, o Xi_s. (Since in our example no
observations are instantaneously available, XZ is here a forecast

from x;_)).
30 -
—— Method 0 /
25 |===== Method 1
Method 2
== Method 3
20 A
w153
» ;
=
"4
10
—
5 '________—-__———_q/—
0 T T T T T
k-5 k-4 k-3 k-2 k-1 k
Fig.5. RMSerrorinanalysisatk —35, ..., k, various RUC strategies

using all observations available at time k, o = 1.82 (upper set) and
og = 0.455 (lower set).
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Each strategy is cycled 10,000 times and the first hundred
cycles disregarded. Figure 5 shows the RMS error in the analyses
atk—>5, ..., k,for the optimal Method O (black), and suboptimal
Methods 1 (blue), 2 (green) and 3 (red), for oy = 1.82 and 0.455
(upper and lower set respectively).

As expected from the foregoing, the errors £ are ordered

£ (Method 0) < £(Method 1) < £(Method 2) < £(Method 3)

Furthermore, the analyses and therefore their errors converge as
og —> 0.

6. Impact of climatological background error co-
variances

A significant difference between the methods of the preceding
sections and those used for large scale systems is that in the latter
the prior error covariance (usually denoted B) is not cycled, but
is either constant or is a convex combination of a constant and
an estimate of cycled B (see (47) below).

It is important to note that insofar as B is fixed it is ad-
vantageous to assimilate data as far as possible simultaneously
in larger units rather than split it up into smaller volumes and
assimilate it in smaller units. Intuitively, by assimilating many
observations simultaneously the deficiencies of the fixed B are
reduced.

Ilustrating this point is complicated by the fact that increasing
observation batch size tends to involve making other changes
which themselves have an impact. If we compare cycling using
non-overlapping windows with RUC then at no instant in time
are the two methodologies assimilating the same observations
(see Section 2). If we use 4D-Var to compare cycling with win-
dows of length 1 (assimilating one observation every time step)
with windows of length 2 (two observations every two time
steps) then the latter has the advantage of covariances evolved
through the window, which is a different point to the one being
made.

If we compare assimilating two observations simultaneously
every time step with assimilating one after the other, in the
latter case we have to decide what B to use for the second
observation. In Appendix D we show that if in a scalar system
we assimilate two observations every cycle, and have a choice
between assimilating them

(a) simultaneously using a fixed background error covari-
ance B, or

(b) separately, the first with fixed background error covari-
ance B and the second with fixed background error
covariance Bj,

then it is possible to choose B so that no matter how well Bj and
Bj are chosen strategy (a) will always outperform strategy (b).

We may contrast this result concerning the use of fixed back-
ground covariances with the fact that, if B is chosen optimally

every cycle, and By and B; are chosen optimally every cycle,
the two strategies will produce identical (and optimal) results.

This means that if B is fixed then, in this respect, RUC is at a
disadvantage compared with conventional cycling as now there
are more cycles with fewer observations used every cycle. In
practice this effect may be dwarfed by the advantages of RUC
as discussed in Section 2. If not, the obvious remedy is to improve
the cycling of the background error covariances.

As noted above, the effect is due to using a fixed B, and is
removed if B is cycled properly. This is unattainable in current
large-scale NWP, but centres such as the Met Office already
employ a ‘hybrid’ B (Clayton et al., 2013)

B = B2Bc + B2Be “7)

where B, is fixed but B, is an estimate (from an ensemble) of
the true prior error covariance, with 82 4+ 82 = 1. For best
performance S, — 1 as ensemble size increases, with the fixed
part having no weight in the limit of an infinitely large ensemble.

There are other possible ways of introducing adaptivity into
B, such as the ‘ensemble-variation integrated localised’ method
(Auligné et al., 2016) and the so-called variational Kalman filters
(Auvinen et al., 2010). In the latter the limited-memory quasi-
Newton method is used to build a low-storage approximation
to the Hessian of the analysis cost function, which therefore
approximates the inverse of the analysis error covariance ma-
trix, and can also be used to evolve the covariance forward to
approximate B at the next analysis time.

7. Concluding remarks

Rapid update cycling (RUC) is the process by which we assimi-
late observations into a model as soon as they become available,
or more practically, within some (short) time interval ¢. We have
seen that if the greatest delay in receiving observations is Nt
then the optimal solution to RUC at time k involves manipulating
the (N + 1)n vectors x formed from x;_p,...,X; and the
moments of the errors in X, such as their (N + 1)n x (N + D)n
error covariances.

Compared with ‘traditional’ cycling RUC makes more timely
use of observations, which is particularly important for the pro-
vision of LBCs for LAMs. Another advantage of RUC is that the
increments are smaller and hence linearisation error is reduced.

We have purposely concentrated on fundamental topics and
avoided such practically important matters as efficiency and cost.
The fact that for each analysis observation volumes and incre-
ments are smaller, and we always have a recent one available,
suggest that it should be possible to reduce the cost per analy-
sis.2 On contemporary HPCs where the increased power comes
through higher numbers of processors rather than increased clock
speeds this is more important than the total cost per day.3
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We may adapt ‘traditional’ methods designed for non-
overlapping windows to RUC. These methods are suboptimal,
but in all cases considered in this paper (Methods 1,2 and 3 in
Section 4) they coincide with the optimal solution in the limit
where model error vanishes.

Assimilating observations in smaller batches can be disadvan-
tageous if climatological background error variances are used.
This potentially poses a challenge for RUC, which could perhaps
be met by improved cycling of error covariances.
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Notes

1. Optimal except that we ignore linearisation error, which is small for
our example.

2. Note also that there is scope for preconditioning using the work
already done for recent analyses. This preconditioning could be
based on Hessian eigenvectors (Fisher and Courtier, 1995), or on
the vectors approximating the Hessian in the limited memory quasi-
Newton method (Courtier et al., 1998).

3. We have also noted that the window length of RUC is determined by
the longest delay in receiving observations, which in the operational
example in Section 1 implies a window of 4 hours compared with
the current 6 hours.
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(i) By elementary algebra

(G)iem-Ge)l
(7)o (33)
@)

(iii) From the definition of M, in (12) we have

07
(i)

so by construction of A

Iy a T _ T
(f) A(I f ) =My Py Mj_, (A3)
It follows from (A1)—(A3) and (13) that

Jp(8) + Jg (&)

| 1
= EQT [(Mkflﬂﬁll/ﬁlMI{—l +Qk_1> ]§
(A4)

At a minimum of (24) we have J/(§) = 0 so
[(M P Ml +0, ) +HTR_1H:|
Lh—15k—11k—1228k—1 T X L B Lk

x 8= Hj R’ (v, — Hifp—) (A5)

and using this value of § in (23) is equivalent to (16).

Appendix B. Proof of theorem of Section 5.3

If the sequence of background error covariances using Meth-
ods 0 and 1 are designated, respectively, B; and B, , and we
start from the same prior error covariance B, = By, then for
all k > N

By < By

Proof. For simplicity we shall suppose that both R and B} are
non-singular and that H = I, so denoting Method 1 quantities
with tildes we have K = (B~! + R")7!R"! and K =
((BY)~! + R~ R~ Hence from (17) and (42) we have

A=@B1+rH!

A= @ +rH7 @) BB + R
x (@) +rH! (B1)

and therefore

Al iT o (B*l - ff])

-1

+[BT R = () R

< (@B R (B! +£“)]
(B2)

Now consider the matrix

v BR3B!
B '+ R BYBBY) T + R

(i ate w () )

(B3)

Since X is the sum of two positive semi-definite matrices it is
positive semi-definite. Note also that since R is positive definite
that (BY) ! B(BY)~! + R~ 1 isinvertible, so its Moore—Penrose
inverse is its usual matrix inverse.

The term in square brackets in (B2) is the Schur complement
of (BY) 1B(BY)~! + R~! in X so by Theorem 4.3 of Gallier
(2010) is positive semi-definite. Therefore if Ek_l > Bk_l then
Ak_l - A;l is the sum of two positive semi-definite matrices,
so is positive semi-definite. We conclude that if B; < B, then
A < Ak- Since both methods satisfy (43) with the same M,
both satisfy the same relation

T P : T
By =M AM; + Q. By =M AM +0

Therefore A, < A; implies By 41 = By +1 and the claim
follows. O

Appendix C. Proof of equivalence of methods 0-3
ifQ=0

Set V to be the first # columns of the n(N + 1) x n(N + 1)
matrix Uy, i.e.

Mk:N
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Because Q = 0 it follows from (40) that
T
B =V, BV] (&)

We suppose inductively that for some £ > N Method 0 and
Methods 1-3 have the same gz, By, and that

b b
X =ViXe—n
By =Bl =V Bi_nV] (€2)

This is true for k = N by construction. For all methods we
therefore have

Ki=VBi_nVIHT (H VB _nVIH] + R)™!
Using the ‘Kalman identity’

BY'HT(HVBYTHT + R)7! =
B '+ VvIHTR ' HY) VT HT R™!

it follows from (17), (42) that for all methods

A=V [y + v EI R BT V] (©3)
Ky =AHTRTY (€4

and therefore from (16), (38) that in all cases

x¢ = vy [+ By VT T R v

x VIH{R™\ (v, — Hix)) ] (€5)

Recall that the superscript £ in M ® in (43) denotes the method
used, with M,({l) = M}({O) = M, as defined for the optimal
solution in (12). Forall £ =0,1,2,3

k+1—N
M Ty
A= (V=D
©y _ k—N _ k+1-N
MV = . =ViaMy
k1
M N

Let XZ denote the vector in square brackets in (C5) and Ak the
matrix in square brackets in (C3). It follows from (18), (19) and
(43), (45) that both for Method 0 and for Methods ¢ = 1,2, 3
we have

1= MOxE = MOVIEE = Ve M
Xllerl—N = (§2+1)L = lefllv_NXZ
By = MO A )T
= Vi M N At NV

Bis1-n = By = MV N A it T (o)

(where (32 +1) 1 is the first n x 1 sub-vector of 32 +1)' Therefore
the inductive hypothesis holds for k£ + 1, and therefore for all k.

Appendix D. 4D-Var with a fixed background er-
ror covariance: impact of observation batch size

Suppose we have a linear system, observations in some time
interval [0, T'] and all errors are Gaussian. If we assimilate the
observations using an optimal method, such as 4D-Var with
correctly cycled prior and posterior error covariances, using m
assimilation windows

[0, 1], [t 0205 oo [t—1, T

then the estimate of state at time 7 is independent of m and of
how we choose

H<th < - <ty

However, if instead of properly cycling the error covariances the
background error covariances are fixed, it is often advantageous
to assimilate data in larger batches.

We illustrate this by considering a case where x is a scalar
quantity, which evolves in time according to

x(i +1) = pux(@)

for some constant p (which is supposed known, so there is no
model error) with || > 1. At each time i we wish to assimilate
an observation y; (i) with error variance r; and an observation
y2(i) with error variance s;. To make the problem analytically
tractable we will suppose that {(r;, s;),i = 1, ..., 0o} are drawn



Table D1.  Parameters for Equation (D1).

Parameter Simultaneous Sequential

5 1/b riSi
' 1/b+1/ri +1/s by +ri)(by +s1)
) 1/ri siby

pi b+ 1ri + 1/s; b1 +r)(bs +51)

1/si by
O

1b+ 1/r; + 1/s;

by + s

(independently of i) from {(R;, S;), j = l...,k}, where for
any i {r; = Rj,s; = §;} with probability p;, j = 1,..., k.
We compare two assimilation strategies using 4D-Var with a
non-cycled background:
Simultaneous (batch size of 2): at each time i we assimilate
y1 (@) and y;(i) simultaneously using fixed background error
covariance b, i.e. x4, = xp + § where § minimises

182 11 —-x—-82 1(2—x—95)?
J@) ==—+= -
() 2b+2 r,- +2 S,'

Sequential (batch size of 1): ateach time i we assimilate y; (i)
using fixed background error covariance b1 to give intermediate
analysis x,1(i), then assimilate observation y;(i) using fixed
background error variance b, to give final analysis x4 (i), i.e.
Xq1 = Xp + 81, Xq = x41 + 82, Where 81, 6o minimise

18 1 —xp— 812

J() = =-—
C0=35 12 r;
183 1 (32— xq1 — 82)°
J(8y) = 2 4 22" tal 7 92)
%2) 2b2+2 S

We will show the following: we can choose b so that, however
by and by are chosen, the mean square error using the simultane-
ous method is lower than that using the sequential method (and
strictly lower if k > 2 and R| # R»).

D.1. Proof (summary)
(1) Denoting E [(xl.” — xl.’ )2] by A; it is readily shown that

for both the simultaneous and sequential methods

Ai = BHP Ay + pPri + ofsi D)

where the parameters f;, p;, o; are as listed in Table D1.
(2) It follows from (D1) that for any i > 1

A=+ BiBiz1 ... P’ TH7 A
+BiBi-1--- /33Mi_2)2(p§r2 + 02252)
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+ BiBiz1 ... Bar' ) (p3r3 + 05s53)
+ (B> (7 yri1 + 0P ysic1)

+pPri +olsi (D2)

So A; isafunctionof (r1, s1), (r2, $2), ..., (rj, s;) which
we are considering as independent random variables, so

E [(ﬂiﬁifl . ﬂj+1)2 (p]zrj + o]?sj)]
=E[B|E[BL] - BB ] E o) +ols)]

Denote expectations over (71, s1), (2, 52), . . . by Efy 551

It ‘E{z~,,Sj}[(ﬁju)2]‘ < 1, and noting g; = 1 —0; — pj,
we have

2 2
E{’j’Sj}[pj’f +Ujsf]

hmi—)ooE{rj,sj}[Ai] =

1- E{r_/-,s_,-} [(ﬁ]#)2:|

Yhoipj [p(R,-, S)PR; +0(R;. S,-)ZS,-]

12X pj (= PR} S)) — 0 (R} S))?
(D3)

where in the simultaneous case p, o are the functions

(R, S.b) = I/R
im0 2 = 1 T R+ 18
1/8
osim(R S0y = —5 ___ (py

1/b+1/R+1/S

and in the sequential case p, o are the functions

Sby
R, S, b1,b)) = ————F—,
,Oseq( 1,b2) (b1 + R)(by + 5)
by
eq (R, S, b1, by) = D5
UAeq( 1,b2) by + S (D5)
(3) Lemma. If
Ri,Ry,...Rx >0
Sl,Sz,...Sk>0
pP1,p2,---Pk >0 (D6)

with 3" p; = 1 and i > 1, then
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i > pjlosim(Rj. Sj. bR} + osim(R;j. Sj. b)*S;]
b>0 |1 = u? Y. pj(1 — pgim(Rj. Sj, b) — o5im (R, Sj. b))?
subject to
2
12 " pj (1= psim (R, Sj.b) — 05 (R}, 5. b)) <1
(D7)

is less than or equal to

| X pjlpseq(Rj. Sj. b1.52)>Rj+ 05eq (R}, S;. by, b2)?S;]

min 3 )
£1>8 1= w2y pj(1—pseq(Rj, Sj, b1, b2)— aseq (R}, S}, b1, b2))
2>

subject to
12 pj (1= pseq(R}, S, b1, bo)
2
_Useq(Rj,Sjyblvbz)) <1 (D8)

where the inequality is strict if k > 2 and R # R».
This Lemma proves the claim, and is itself proved in (3a)—
(3d).

(3a) Given constants

{Rj>0,Sj>O,pj>O; j=1,...,k}
uw>0 (D9)

Define the function

L'(p1, 015 P> Ok)
Yok [02R; +02S;]
_ j=1PjlPjRj T 050
L= 125 pj(l = pj = o))

(D10)

on

D ={p1,01,s--.
WY pi—pj—ap* <1

,pk,O‘kZ,Oj>0, aj>0,

We may readily check that D is convex and that I" is con-
vex on D. At any local extremum of I" the 2k conditions
hold

O O \r—o i=1.... .k (D11)
—,—|=0,i=1,...,
dp; do;

(3b) Consider the 1-parameter family of functions

p1(), 01(b), ..., pr(b), o (b)

given by
1/R;
i (0) = psim(Ri, 8i, b) = ——
pi (b) = psim(Ri, Si. b) 1/b+1/R; +1/5;
b) (R, Si, b) gl
o = O: i Si, I
i sim (Ri 5i 1/b+1/R; +1/S;

(D12)

Define

k
g® =1-12Y pj(1—p;) —o;®)* DI3)
j=1
k
h(b) =Y pjlpj(B)*Rj +0;(b)*S;] (D14)
j=1

Then we may check thatif {0 (b), o j(b)} are of the form
(D12), if g(b) # 0 and b satisfies the single condition

f(b) =bg(b) — 1*h(b) =0 (D15)

then the 2k conditions (D11) hold.
(3c) We may also check that we have

f/(b) = g(b) for all b
g'(b) > 0ifb >0 (D16)

Noting that as b — 0 we have

fb) -0
I(b) =gb) > 1 —p? (D17)

it follows by elementary arguments that so long as
|p| > 1 there must exist by > by > 0 such that

f/(b*) =g(bs) =0
Sbsxx) =0 (D18)

and since for all b > 0 we have g’(b) > 0 we must have
(b)) =g®) >0, forall b> by
Furthermore, since g(b) > 0 if and only if

{pj),0;(b)}j=1,.k €D

.....
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it follows that

{0j(bss), 0 (bss)} j=1,..k €D

.....

(3d) We have found a value by such that

{psim(ij Sj, byx), osim(Rj, Sj, bw)}, j=1,...k
(D19)
is in D and such that at this point VI" = 0. Because I is
convex in the convex set D any point where VI" = 0 is
the global minimum of I" on D (Boyd and Vandenberghe
(2004)). Therefore the global minimum of I" over D is
achieved by (D19).

It remains to show that this minimum is not achievable by
Pseq Oseq, forany by > 0, by > 0,if Ry # Ry.

At any extremum of I' Equation (D11) must hold, and in
particular foreveryi =1, ...,k

ar _ar _ 2pi(piRj —0;S;) —0
opi  doi  1—p2YE_ pi(1—pj—0))?

The denominator is positive for all points in D, therefore at any
extremum in D

ijj:Uij, j=1,...,k

Inserting this requirement with j = 1, 2 into the expressions for
Pseq» Oseq in (D5) it follows we would need

Rib? = Ryb? (D20)

which for b; > 0 is only possible if Rj = R».
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