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Absteact © The main theorem proved iu this paper gives conditions nevessicy and  satficient
in order that, for some real Cp (mv0, 1, - ¢ 1)

=1
L (x) g (x) — 2 Cux'7H ™ o (xPHay N whenever
w0
k-1 .
Tof (1) = 2, Copxk—tiom & o (.'\.'M"").n where Iif (x) derotes the k-th iterated integral
™m0

af £ (x) under suirahle restrictions on she function g, and under the assumptions

rokeNy 2k =0, poge Randp+qé {-1- 2o -k

1 Iotroduction

otk keN, fet 1 £ (x) = f, (x) denote th k- the iterated integral of { (x).

We assume in this paper that v, k e N, r > k, p, g ¢ R and that (a) if r== k =0

then f, g € ¥ {The space of all real functions defined on [ 1, co)).

(b fk—=0,r2 L thenfel ,gel  (5pace of functionsin I bounded and
measurable locally),

(c) ifr>k > 1, thenfe Lo #8570 € AT, {Space of functions in ' absolutely
continuous locally),

g™ denoting the m - th derivative of g, g” denoting g.

We prove the following theorems; omitting the trivial case v == k= 0.

Theorem 1. Letp+g> -1

()l k= 0, r = Lanecessary and sufficient condition that I{ (x) ¢ (x) =0 (o bupr)

=

(i)o ¢ j‘{t‘“ql g (t)‘i de = {x) a8 x o0,
(b) If r> k > 1, then necessary and sufficient conditions that I (xy ¢ (x) =
] {X‘Wg"qi‘}r) whenever [k{ {X) = {XF"Q"‘(} are :

(i) g {x)=0(x%) as x —* oo,

Gi) [yt gb(O)dt=0(x) as x ~* 0.

o,



18 C. Yogachandran

We find that the conditions in Theorem 1 are necessary even in the case
pitag-~1. Wealsofindthatifp 4 <<~ 1,ptad {-1,-2,--+- - r}and the
conditions of Theotem [ hold, then there exist constants C |, m =0, 1, - -.r - 1

e ' Y O et bt
such that LE) g (x)-=3 C w7 ™4 0 (xrtato),
w -0

We combine these results to give :
Theorem 2

(2 r> kx>0 r2l, prad{-1,-2,-- =1}, ¢, {m- 0 (- k-1
!

are real, [ (x) — :}‘T;icmx“““m + 0 (xF), and the conditions of Theorem 1
hold, then tlxer'rl‘e;ti;ist constants C (m =0, 1, -+ ¢ = 1) such tha
Lf(x)eg(x)= ‘5, ‘cmx‘“‘“‘“ A (metetry,
{(by r>k>0 vz, and ’r.hcnﬁcmexist constants C_ (m =0, I, -~ r - 1) such
that IE(x) g (x)— glcmx‘-w ] (P
m—2

k—1
whenever 1 £ {(x) =X ¢ x*" ™ 40 (x"%), where ¢ (m =0, i, i - 1)
N0

are real, then the conditions of Theorem 1 are necessary.  An empiy sum
denotes zero.

Theorem 2 is the analogue for continuous variables of the scquence
sequence problem considered in {11,

2. Awxiliary Results

Lemma 1. Letk e N, ge B and gt " e AC, . Then, cach of the following

sets of conditions :
(@ O, g®]de=0(x) G, fyeema | gf (e} ] dt = 0 (%),
(by (O frr9g (ryde = 0(x) (idy, freomegk (0 de = 0(x).
(c} () g(x)=0(x% (i), &' (x) = 0 (xaH=1),

implies that ¢(x) =0 for j- 0,1 - k- L

Pr@f. Clearly, it is enough to prove that (i}, and (i), imply that

gi (*) =0 (.quj),

Case x. Let g > k—1.
Since gh!(x) = g (1) 4 fieo-k pek-agh () de, partial integration and
(ii), give gkt (x) = 0 {x %) and furrher integration gives the result.
Case 2. q= k-1, Integration (if), n«1 times where I < n < k, we get

I [xe(0)] =0 ’ (2-0
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Now, (d/ds) {xg~ " ()] = xg" (x) -+ ngv~!' (x) p. p., and integrating this
0 times we have

xg M (x) - nl [got () = 0 (2™, (2-2)
by (4-1).
Now, (i}, and partial integration give [ {g(x)] = 0 (x¥). (2.3)

Putting n = k in (2-2) and using (2:3), we get
g () = 0 (xF ) AN
Putting n = k-~ 1 in (2:2) and using (2:4) we get gl (x) = 0 (F 2}
and procecding similarly we establish the result,
Cuase 3. q- k- 1. Partial intcgration and (ii}b give, in this case,

gt (x) = ¢ & 0 (xo%H)y = ¢ 0 (1).

vy ey
. B CX
Hence g (1) dt = T+ O (xkTY),

, = (k—q) (k—1)! .

and thus, (i}, can hold only if « = 0, and (7.5 gives

g (%) = 0 (xR Y which is the condlusion if k= 1.

Mok 2 2, since [y mapk ey de 2 0 (), incthe case 0 k-2, we can
use cases T and 2 with k replaced by k- 1 70 ger

g (x) = 00 for =0, 1, -~ k7. ¥ g« k-2 by repetition of the
above argument, we get 7 (x) = 0 (x ' and thus

Jio e gl de = 0(x). We now establish the resali by an inductive
argument.

H

v =i
Lemma 2. If d,=(-1) (1;1)(’:"@“1[#*}_)-!, i=0 0, s ke N

and D is the cofactor of d in the determinant D — det (d;}) of order
(k 4+ D) x(k 4+ D), then D, = K, uk=01-1 where K, is independent of
R
« (- 1)‘“/@ jm!

o, D= Pudan D p ooy ,_f@g__f A0,
) we—o (t—L4m)!

This result is proved easily by induction with respect 1o k.
Lemama 3. I p ks 1 k' k and gh(x) = 0 (x*1"), then
gi; (x) = o (x¥¥K1) o’ may be replaced by ‘0" here
This result is well known.

Lemma 4. If p-+k>—1, p+ag>-1and g, ()= o(x") thea
Loxdg (x) = o (x®+4F) ‘9" may be replaced by ‘0" here.
of {21 (Lemma 1) and [3] (Lemama 4).
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Lemoma 5. Let ne N and let S§ be the subset of F such that cvery
s € 5} satisfies s" e AC, | and s(t) =0 (1) ast-»o00. Suppose
alx ) =0 for t > %, a{x,t)el [l x]for every fixed x = 1, and

1

a{x, t) ‘ dt =0 (1) as x->o00 forevery T » 1. Then, in order thar
vix) = Talx s () de = o(ly as x— oo whenever s ¢ 8,
s{1)y=s'"{1)=...=3s" (1) = o iris necessary that
ﬁ| alx, t) | de = 0 (1) as x . oo,

See {41 (Lemma 8).

Lemma 6. Suppose a(x, t) iz bounded and measur able on |1, x] for every
% = 1 and a(x,t) =0 for t - x Then in order that
v (x) = [fa(x, si{t)de=0o(l) as x oo whenevers ¢ L and s{¢)= o (1)

as t => oc,it is necessary that [¥la(x, Qfde =0 (1) as x — oo
3. Proofs of Theorems
Proof of Theorem 1. MNecessity,

By repeated partinl integration, when v > k> 1, we have
V I 1 > H E z

g C3alolin
f(r~—1)

LEG) g () = | (0 g (0 dt

=( =D (0 (D, )“G {x, ) dt 4+ 86 (x) g(x), (3.1)
whete D E)O G.(x,t) = g(t), and §, is the Krinecker delta.
p :

When k=0 v>1, the fo't"mnla still holds.
Define alx, )= (-~ }.)k kg =p=a=r (DG (x, t), s(t) = 7P (¢)
and v(x) = ffa(x, t) s(t) dt.
Then, (3.1) gives

Er LG R0 V(D B (g (. (342)
Since conditions (i), (i) and (i) are independent of r, v » max (1, k), it is

enough, by Lemma 3, to consider the case v = k -+ 1 here, and then (3.7} gives :
v(x) = o(1) as x->o0co whenever s ¢ Sk when k> I, and
v(x) = o(1) whenever s € L and s(t) = o(1), when k = 0, where Sk

is defined in Lemma 5.

Clearly, a(x, t) satisfies the conditions of Lemma 5 and 6, and

hence we get the necessary condition [¥|a(x, t) i dt =0 (1),

which gives J’”"}k | \D)I‘Q {x, t)] dt = O(\r Tatry ko> 0, and by

Lemma3, 1 may be replaced by ¢+ 1, i=0,1,...in tius equation.

Thus, JsH DG (x, ©) | de = 0 (xobatartiy, (3.3)
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\

1)’ { ) {x — ¢)rHii—t

0 (1: 'Jri”‘)' ---- D!
and solving these equations and using Lemma 2, we ger

Now (D)*G, , (x, 1) = g ), i = 0,01, -k,

. L I3 .
P (x )00 ghoi() = XD DGy, (x, ©)
-0

ke
=Y K (xR DHEDORG L (x, 1), forj - 0,1, .k, where K,

.
is irm‘ép.gnden‘t of » and P 0.
Hence, since k(r—1) +i-iz 0, we have
(F)0HDG=D P2 gt | ghmi (£) 1 dr
¢ [T ()N G=D | gk (1) | di
ke (- )UFDE=D | gk ()] d

kR
i K1 R N |
N If}l % Ve SE I 4k I (Dﬁ) br-a-i (x, ) 5 de
i =0

= (xADG—Dtedbati by for j o o, 1, «-.k, by (3.3), (4-4)
Now, (3-4) gives
[ edi (e de = 0(xrHitiH), j = 0, 1, -+ -k, and by Lemma 4,
this gives Prekma=iggk=i(t) i de = 0 (%), (3.5).
I ki, caking j=0 and j=k in (3.5 and applying Lemma [, we get
the necessary conditions (i) and (ii).
Itk =0, we get the single condition (1), from (3-5).

Sufficiency. By expanding (x — ) ' and applying Leibniz's theorem,
r—1 |5

we get (=D¥MD)G (%, )= A x 717 % Beoigh~i(¢) when k 2
m-0 i=={)
g1
and {(—1)k (D( “Ur( x, t) = A xsiom e (t) when k== 0, where
m =0

!')mﬁ"-k f]'_ 1\
y I . .
et B, = (1;} mm-1) - (m-i+ 1) for iz 1, B,=0.

Substituting in (3-1), we get, when k> 1, 1{(x)g(x)

r—1
== A 7\‘“'“‘“\'3" B xee—if (e (e de +0 £ (x) g(x), (3:6)
m =0 =0

and  1EGOg(G) = 5 A, w1 e (1) g (0 de when k = 0. (3-7)

m=0
If k=0 and (i), holds, Lemma 4 gives

fremte g (o l dt = O (xpFHatody for g =0, 1, -« r— 1, and since () = o ("),

3

fremf (6 g (1) de = fo (8 | g () | de = O (ebebmh), and |

ence
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(3.7) gives LH(x) g(x) = o(x"¥7) the required result.
1t k21, (i) and (ii) hold, by Lemma | we get

[y gptkeme ] gk =i {¢) [ de = 0 (rFaFodl) fand sinee £ (%) o (xV 19,
et () g& (0 dt = o (x0Tt for § 00, L -k, and
substituting in (3-6) we get
ltf (O g (x) == o (xrFab) o o (gphatk) oo (o bad ),

Proof of Theorem 2.

() We may take, without loss of generality, ¢, =0 for m =01, -k i
k~-1
since t(x) may be replaced by h(x)=f(x) - 5! e i
- u m==- 0
_ ki ‘
so that by () = f, (x)— = ¢ xk7I7m = o (x"H), (the constants cl,

oni=0
being chosen suitably), while the torm of the conclusion is unchanged.
Tt is alsa cnough 0 take p+ g1, p q {1, -2, 1.
It k=0 and (i), holds, as in the sufficiency part of Theorem |,
we get [rem () g (o) dt = o(xrtate )y g for m =0, 1, - v 1, and
substituting in (3-7) we get

S—
-

[ f(x)g(x) = }f Cox ™o () where C = Aa

A mSne
If de =1 and (1) »nd (i) hold, as before we have

Jrem i (g @ de s oottty g =001 koand

mi)

with. €~ A, = Ba

m S m Timis
i

Cleatly, cvery C =0 when p i-q0 1

(b) Wemay take every ¢, = 0,p - g< -1 Letn bea positive integer such
that p4+ g btn> -1,

By (a) above, with f(x), g(x), p, q, k replaced by f(x)g(x), x", p +q, n, r

i .
respectively, we see that 1) g(x) = ¥ C x='=™ 4 o (x"Hah)
m =0

implies Ix"f () g (%) = o (xGF+nt)  since (p+qg)tn > 1

e 1EG0) . x0g (%) = o (xFHat ) whenever f, (x) = o (x"H), and hence by

Theorem 1, with g(x), q replaced by x°g(x), g+ n, we get the necessary

conditions : fyo tE g (¢ }dt =0 {x) when k =0 (3-8)

and kAT yng (k) = 0 (1), (3-9)
JrefrtE i ididor [tog (1)) J di = 0{x) when k=1 (3-10)
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(3-8) and (3-9) are the same as (i), and (i) respectively
By Lemma [, (3.9) and (3. 10) imply, tor j =0, 1,- .k,
fruma=e [(dfde) (g (0] | de = 0(x).
K

But, o (2) = (dpdo)* reL g (0] E d, ek (dyde) feog (0]
RN

wheie d, = (1;) (-~ (—a—-D - (-n-k+j+1.
x ) 3 :_( X . | " d i N
Hence [ dea] g o) [de € = [ 4 lf - a—wH—.-! (d) (e (6]
J 170 1 at

s O{X), by (3 11)

This complctes the proof
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