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Abstr:lct : ?'tie srwin theorem proved. it1 ?his  paper give!; ccnd i t ions  l~cr.ess:\ry nlld r;lrificierkr 
i l l  cwcler rh : l t ,  tor ::(>me r e n l  C,, (m ..--0, 1,. . . . ~ - - . l )  

r - l  

l , r  ( x )  g ( x )  - S: C , , , X ~ * ~ ~ - ' . " '  + o (xpC"*') Wilc.a~evi:r 
iri..-C 

k-1 
I L ~  (x! -. C c,sk--l. m + (:?IiQ-')> where Il,:f (s) Jel.iotes t h e  k.-.th icer:\tetl intejirnl 

m -0 

c;f I (x) ILII:!CT s~.~irab:e r t : s t r i tL i0~1"~  on rhe  Aurrctit,:~ f, g, ;~iitl ttntlltr the nsstimptinns 

1f f c I,,(,,, k c N, lee 1, $ (x) -l I, (x4 denote ah k -  the iraxratcd integtal of 6 (x), 
We dsslrwnc la1 this p3pc.i that x, k E N,, r 2 b, p, q e It and that (a) if r 5 k G O  
rtlerl f, g t (The spac-c of all real fumcttaras defined on I 1, m)j 

(b) if k -- 0, r 2 1, t h n  4: +. L,&,,., g c I$oc (jpace of ftancticrrns in It: boundel4 and 
rneasur:tble l ~ c s l ~ ~ ) ,  

( c )  ii r 35 k > 1, then 5 ( I Rk--' 6 (Space sf liiirwtions rn I: ~k~sc~Jrnraiy 
continuous irnca?lp), 

We prove tihe fa1 ln~ri~ing theorems; o~rritting the r~ev in l  wsc r -- k -= 0. 

Ttlcorrenl I ,  Lct p-k q -; - I. 

(a)li k == 0, r 2 i:,a necessary :usd sufficient r ~:jnditirt~> t h i t  11, f (w) fm fx) - - $  (x,+!~.+:~) 

w8aex1ever 1: t' 4x1 -= O ( X V + ~ )  ic  that 

(I), I? J;t'-"j g fi) j dt -- O (x), as n - -~OC>. 

(b) If 1 3 k 2 I ,  theu raeccssary an3  sufficient conditions that I f f  (n) p (x) -; 

0 (xr*-'!+l') whenever X k  d (x) 7 .  ( ~ c * ~ $  : 



WY- find that rhc conditlons in Theorcrrl I are neceesai-g evcn in the case 

p J- 5: - 1 .  W e  alscl CincI that i l  r, + q < - I, p 1- cl$ : - 1, 2 ,  . . - r )  anil . ~ h c  
cunditaons of Theorem 1 holdp then r h e r t  exrse constantc C,,,, rn = 0, 1, . . . I  1 

% r 

s.ilch t h a t  I* f R (') - = 2: crnXr-! --!>I . j 0 ( X ~ - + - ~ - ! - c j .  

in - 0  
We combine ~IICSLS resuIrs t o  give : 

k-- 1 

are real, lk f. =; y, c m x k . - ~ - m  .!- 0 ( x i3+k 1, and t he  conclitions of the or en^ I 
n ? ~  (1 

hold, thcn there exist constants C ,  ( m  : O? I ,  - - - t. - 1 ) such that 

n, 

b.b) f f  r > k 23 0, r ;I, %, and there ex is t  c o n s t i ~ ~ l t s  Cm (m :-:- 0, I, . . - i- - 11) scrch 
5 -  1 

that $' CI fp)- , -, x, ,n,x * - - I  ." - 1  0 qXl?+ii'fl.) 

I,,--<. 

h -  l 

whcnevcr l k  f (x) - >: c,,,.xk.- I '  In -I-, 0 (ytl'*(i), yvhej-e c,,, (m --.. $1, 1, . . ir 
111-(1 

'? 
are real, thcn the conditions ot Theorern I nra: necessary, An etnqty 
derlotes zero. 

'Theorem 7, is fhc analogue Bnr continrao~ir; variables (>f rht- scq,.lc%rlce 
~equence prol~lcu-1 considered in  I l l ,  

Lemma 1 .  Let c N, cl c T,t ailti F ACloc. Then, ~ : a c l ~  of the fof!owing 

sets of cnnditiorls : 

(a) ti), J'; t-." 1 g (9 I dt -- O ( 7 0  (ii);, Jr tkdq I pi' (t:) / d t  =- 0 (XI, 

(h] (i) , J" t..,'1 1 ((; dt 2- 0 (M) $ 1  L >  (ii),, J?; iIc-<l gL ( t )  dt  -: 0 (x). 

(3 (if, r: (x> .- O (x") (iijr gk.-l (x) 0 (:xc~+-I.-k), 

implies ihat g"x) - 0 (xQ-') for i : . 0, 1 . k - - l . 
o f .  CiczrZy, i e  is c n o ~ g h  to prove that  (i& arrd ( i i )b  inzpEv t.hat 

g~ (.;.) - 0 ( x ~ - - - ~ )  , - 
Case r ,  Let q > k-1. 

Since gk-' (x) gk-I (1) +- J; tcl--'~ [tk.-4 gk(t) ]  dt, partial integration and 
. , 

(iiIh give gk--I (x) -- 0 i:e-.""r-l)., and furthr; integration. gives the resrllt. 

GLW 2. q = Pc. - 1, Xritegrarion (ii)-, n.- 1 times whtrre I < n $ k, we gee 

is,, [ ; q ;k (x ) j  = (> ( , c ) ~  ( 2 "  ?)  



I :otl;,l:~cori-e Fncicj~..s i;.~ (in Integral hipan I 9 

~JOLV,  ( d / d ~ ) ' '  [xgk-" (s ) f  -- xgk (x) -4- ngk-' (x) p, p., ixrld iritegtatickg t h i s  

r-1 times we have  

xpk-  a 0 (x) - nl [gk-" (x)] = O (xn), 1, .% ;) 
u.y ( 2  ' 1). 

]\low, (i),, WILJ pa.rtial integration give L Lg (x) l  - 0 (x."), ( 2 . 3 )  

i'irtting r-i =. k in ( 2 .  2) a1ic.l usirlg (2.31,  u r e  gei  

g (Y.) - 0 (xl<-'). , 2 - ' 
" ~ i ~ t i o g  n -= k - i il-I (2.2) and using (2.4) we get 5:' isb --= 0 ( i l s  ') 

ani i  proceccting similarly w e  eat:tblish tho result. 

I ;. il -.. k - 1. partial integration and (ii),, give, i l l  thi:; c a w ,  

g"-' - (: .+ 0 ('c~-k+-I 1 = C -1- 0 (1)~ 

and thus, (i),, car1 hold only i f  ! - 0, a n d  (7. 5' givrs 

f 4 ~ < - ~  ('1 = 0 c;<<l~--k+i  ), whic-11 is thi- conclc~sicxi if k - I . 
1 k 2, s J I '  ' ( 1  1 0 (l.)v the. casc ( 1  . k. . .  2 ,  \ve. <.:In 

use. c:~scs I and '2 wi,th k ri,placed t)v k -  j r j  qer 

g' (x) -- O(xc'-I) For j - 0, I ,  . - . k - 3. I f  i, -- k. 2,  by ~~etitiorl ( i f  t h t :  
a " 3  

: ~ t ~ o v e  tlrgclment, wc Ref gk-2 (x) = i) o ( ' 1  ".:.'), ;in({ t h t ~ s  
j,; I<. .z-U g~(- -  L 6 f  1 c i t  O ( x ) .  We now est.ablish the 1.esr11~ !.ry :kn ir>~lircrivr 

argc~rr lcnt .  

and Dii is the cofactor oE d i j  in the determinant D - ciet (d,,'I of oi.Jt.c 

( k  -!-- 1) x (I<, -b L), then Dil = Kii  U ~ ( ~ - - ~ I . ' ~ ~ - ~ - ~  whcrc Ki!  is indeper~cIe t r t  of 

'This ~esnlt:  is proved casily by indtnctiorl w i th  respect -i.e jc . 

Len1rx.r;~ 3. I!: 13 -/-k,. 1; k' 1 k and q ' L ( x )  -- OQxl'.tk), then 

g,, c X )  -- (Xv-hk~ , ). k"' m a y  be  replaced by "0' here 

'This result i s  well kn.own. - 

Lexnma 4. If p -l  k > - 1, p + r? - 1 a l ~ l i  g k  (x) O ( X P + ~ ) ~  t i l ~ , ~  

1,x~~g (x) = o ( ~ ' + ' l + ~ ) .  '0'  rnny te repl;accd by 9' hcrr. 
uf / 2 j  (Lernrna I I and [ 3 ]  (Lemma  4). 



Lajnnma 5. Let n E N and Iet S",e the subset or F such that  ~ v c r y  

s e S",atisf~es s" E and s (r) = 0 ( 2 )  as t cm. Suppose 

a (x, t) 17 for t > x, a (x, t) .E L [ I ,  x ]  for every fixed x 2 I ,  arlt3 

j"f 1 six, t )  / clt = o ( I )  a:, u --+ oo for every 7' > 1. Tllcn, irx ordcr t h a t  

v (x) - 5'; a (x, c) a: (t) d t  - o ( I )  as x+  o :~  urlwi-lisvcr 1: F S:, 

(1) - s l  (1) - .  . - s" (1) - it is I.tci:cssary t i l a t  

Jq 3(x, t ) I d t  y z  O ( l )  ?IS x->?a.,. 

See 141 (Lcmnla 83. 

B,erra"113a 6.  Sarppose n(x, t )  is bo~lrldcd 31111 mcasur nhlv u~n I I ,  Yl fo r  c.\:cr-y 

x > I and 3 (x ,  t )  - O for c- > x. Then  in order that 

(x) J; a (x, r.1 s (t) dt = cr (L) as x .->.- oo ~vhentver s F 1. n11i1 s (I) =-: (3 ( i 1 
:Is t -+- cc,it i? ~jecessi7ry that 1': / a (I(, t.)j dl: =: C) ( I) :IS x --:,. i..?. 

3 .  Proofs 09' B'"xmeort>ms 

F$y repeateed p:lrri;kl iutcgration, wheri r : k > i, \tr(s hnve 

yx -- t:)r-- 1 

I f  ( x )  f< ( x )  -- j t i t ?  f; ( t b  c i t  
j , (r-- ,i) ! 

CY: -. .<)'.-'. 1 
( Y  '"9 t) = - g ( t) ,  and S t k  is t l>i: KT;;I.LCC~CI. deleil. 

(r--1) ! 

When k - 0,  r g 1,  he fornaula still I I O ~ C ~ S .  
oC~iPir a (x. t )  :-= [ .- j , ~ k  t~ : ' ,+ . l<x -~- -~~- r  Gr(x ,  t ' ) ,  s ( t)  = -  t-p--!< f ,  ( f b  
::n d v f x )  - f ' : n  (x, t >  s i r )  d t .  
- 1 1-en, (1. 'I ) gives 

x..-~:"- '&.-~ J,f ( x i  g (2i)  = v 4x2 -i- x - - ~ - - ~ - ~  fk (x) g (XI. ( 3 . 2 )  
Sir icc conditioras. (i&, (ij arncl (ii? are itxilppendcnt of r, r 2 -?:lax (1, k), i t  i s  

~ ~ l i > t l g h ,  by I,ernrna 3, to corrside:. the case 4. > 1c -C 1 Ilcse, and then ( 3 . 2 )  gi\rcs : 

v (x) : o ( I 35 x ---> tx) ~h t l ~ ~ 7 i ~  :j (1 S$.-I \v lien k 3 j , aIld 
v , i ' t ' ~ )  ̂ --T 0 ( 3 )  wr l~ene~ l :~~ .  s < 1, anti s i t )  -7 0 (1  ); when k. - 0, \v[lrre s:- 

i s  defirlcci i n  I,cn:.rna 5. 

Clearly, a(x,  t:) satisfies th:: conditions of I.,ernrna. 5 and 6 ,  arrd 
klence w e  get thc necessary condition J; I a (x, t )  1 dt = O  (11, 
wliich gives 1;: .["-k 1 (!J 11~ G iX, P) / d-c .- 8 (;<"!-"+.r), k 3 0, a?-ld '-: I (  c r . . 

Lemma 3, r m a y  be replaced 'C.>y s -4- !, i - 0, I , .  * . in tlais ecylration. 

Thus, J; t1;'f.k I nt)k G~~~ (x, t )  I d t  -. 0 (Xr-i-!id I 4 (3.31 



k, 
I S t k  , t = 77"" I-. (t), i 7 0, 1, . , . I < ,  

i -  0 (r + i - -2 j - - - l ) !  
and , i ~ I v i n p  rhcsc ecprations and using 1,cmma 2, we tle? 

:. >; ( x -  - . t ) k ( r .  I ) * ~ J - ~  (Dt)I< G,+i (x, t), for j - 0, 1 ,  . . k ,  wl-?ere Kii  
i - - 0  

i s  independent of *,: and .t, l J#  0. 

, 0 (x( l<+l) (r- -  lI~$-!'-k~1-5l-bi) fol. j _ 0,  1, , . . k, by ( 3 .  31, (4 =%.) 
Now, (3.4) gives 

1; t'i+;'/ R ' C - J  it> j dr: - O(x!~+.;.,l I+]), j = 0, i l  . . - k, ;IUJ by X,ernma 4, 

tllis 1:ivcs j; t k - - r ~ , - ~  1 ! I-. .I<-; j dt , 0 iX). (3.5). 
1 

If li :: :, taking j = 0 and j - ic in (3.5) and applying Lculniz I ,  wit get 

the  necessary conditioxrs (i) and (ii). 

If I< -; 0, wc gct t i l e  single corsdition (i)!, f r o i i ~  ( 3  51, 
Sufficiency. By expandills (s - t)! -- I  and nppiying iIAeibniz's theorern, 

Subs~ir.util>g in (3 I), we get, wl-icri k> 1, 1,C (x) I: (x) 

r- I k 

=- 2 fiAl,, I - I - 111 2 B, I; ::m--l f k  (t) gk- , (t) dt + S  rk  f k  (XI (: (XI, ( 3 . 6 )  
"I=-0 i z o  

r---1 
and IT 6. (x) g ( x )  = A, xr--.'"-'" JT tm f (%) g (t) d t  when k - 0. ( 3 . 7 )  

", .= 0 

I f  k - 13 and (',lo holds, Ler;~ma 4 gives 

J; 6-',+-'>" 1 g (r)  I d: - i3 (x"+" irn+!)  fox r l z  = 9, 1, . . r - 1, and sinye {(,I.) - o ( t ~ ) ,  

J; t:"f (t) g (t) dd: = f; o ( t r - t m )  / g (t) da = 0 ($+"+"*-'), and hence 



(3.73 g i ~ . e s  I,+ (XI g (x) - o ( ~ l ' + " i - ~ ) ,  the r ecluired ~ c s ~ l l t  

'if k ,, 1, (ij znd {ii) hold,  by Idernma I w c  gc: 

,1'; l ~ + k i ~ m - - )  1 p,l,. -i (') at -- 0 ( X ~ + ; l - k m i - l ) ,  and f,< (x) cjic i !.), 

J; t~n-i f, (t.) gk-i (t) at - (X"jq-51n-l-l), for j 0, i e k ,  a i d  

sulxtita~ting in (3  e6) w e  get 

ref ( X )  E: tX)  = : O;P-I-(I+~ ) "-1- c) ( x 1 7 - ~ - 5 ~ - i - ~ < )  . = () ( ,' I I -: ). 

Proof of TI~corcm 2.  

( a )  'Wle may taltcc, witholut loss of gcncraljty, c,,, = O for. n~ -=- 0 ,  1 ) .  . 1,. i.? 
I, --1 

since f (x)  may be replaced I-,], h (n)-f  4x1 - 22 c;,, ~ - - ( ~ l l - i - ~ *  

, > I - -  - @ 

k-! 

$8 that, 1-1,~ (s) 7y f A \  (x) - -' d C,,, x',-'*~"' - o (XI'+'<), ( thc  corr?itnl.l~.s c,:, 
0, =[I 

Tc i s  also cn.)ugh c * ,  cake p-I-~1.:: I ,  p-k-c t{{-  1, -2,. . - - I - ; .  

if k C) and ( i ) , ,  holcls, as in rhc sufticinrpcy pa1.t: of Thcol.em 1 ,  

Mr(: g ~ : t  l; tan f (h) g ( t - )  d t  -. ( , r ~ + . ~ ~ + . ~ ~ i - i - l )  -;. , ,,, for m -. 0, 1 )  . .  r .  ! ;  :711d 

sr~l)stitut-ing in (3 .  '7) we get 
r... ! 

-.I - 1  - r > ,  - 1 .  o ( X l - t - , , - l ,  i r f ( ~ ) g ( % )  - 2 (;,:,A ), ~11c1.c C,,, -- /1,,,(1 ,,,. 
nl-O 

If k ;.: I ar-ld (i) ~ n d  (ii) hold, as kcfore we li:~vc: 

(b) Wc may take every c,,, - 0, p -I q < I. Let n be a yrrositivc intcgi:r s u c h  

that I-, -1.q 1 -  1 1  ;- - I .  

By (a) above, wlt11 f ( x ) ,  g (x), p,  (1, k replatect h y  f (x)  g (x), x", p $- q ,  11, r 

I --i 

r-rspcc~ivsly, wc see t ha t  l r f  (x) g (,x) = ?;C,,,XL.-'- -\- 0 (XI.-I-0-J-i 

m ll.0 

imp l i es  IVxnJ (x)  g (x) = 0 ( ~ ( r - i - ~ ) + ~ l + r ) ,  s i n c e  (P - +  q )  - 1 .  11 ;,. I., 

I.  e. ~, i  . yl: (.):) = ix~i:w; n)+r ) whenever f ,  (x) - i? (xw-t-"), and hcbncc by 

*rl-reorcul~ 1. -\vit1-1 g (x ) ,  q replace-d by xng (x), q + n, MIC get t h e  nrc:i"ssarv 

corldjtjo71s : J;L , ( c l - r ~ )  I fi ($1 1 d t  = 0 (x) whcn k - 0 (3.8) 
arld *-(q-; a) xiig (x) = 0 (I), ('3.9) 

J ;  tk, j (d/dt)h / t1)g (t)] dt  '= O (x) when k > ! ( 3  . l o )  



( 3  -8) alld (3.9) are the same as (i), and (i) rcspcctively 

Ry Lex~rrra 1, ( 3 . 9 )  arid ( 3 .  I G i  imply, ro i  j - 19, I , .  .k ,  
J? t j - -q -~ l  I (d idt)j I . L " Z  (t)] ] dt  - 0 (x ) .  
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