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Abstract : Gauss-Laguerre formulae for the computation of integrals of f~~nctions of a, givcn 
class are widely used in modern computer progranlmes. These rorniulac are restricted 
to thc single weight funclion exp(--ax). However, in calculations involving vibrations 
of many modes in transients, as well as in atomic and molecular physics, several cxponcntiai 
fi~nctions, eg. exp(-ax), exp(-bx), etc., are needed to economically describe thc spccti-urn 
of characteristic functions of thc physical  stem. The standard Gauss-Lagua-I-e approach, 
bas& on the theory of orthogonal polynomials cannot bc easily ge~~eraliscd to yield 3 thcory 
of quadrature for the multi-exponent casc. Using a morc direct approach to fhe problcrn, 
this study prescnts a general mcthod for obtaining quadrature formulac for multi-exponen- 
tial systems. N~lmerical results are givcil For a number of cases. 

The well known quadrature f ~ r r n u l a e ~ . ~  of Gauss, Hermile, Legendrc and Laguerre 
treat the case 

b n 

wl~ere (a,b) is ally finite or infinite segment of the real linc, and f(x) is an arbitrary 
function o f a  certain c!ass. T k  weight fullctioll p(x) is fixed, measurable 011 (a,b) and 
is not theidentically zero f~~iict ioi~.  Furth.er, p(x) f(x) is su~x~~nable olz (a,b). The r.h.s. 
of cquatioil (1) contains 211fl parameters, viz., tl3.e n nodes xk, the 11 coefficients 
(weights) AlC and the number ' n '. Let us assume that f(x) belongs to the class of 
functions F, lor which Q,, (x), m = 1,2,. . . form a basis set. TI-?en, for any linear 

form L,, 

we define 

Then, for each feF and any E > 0, there exists an Ln such that 



it is clear that p f  dx can be calculated to as high a degree of accuracy as f a 

desired if f(x) is replaced by the appropriate linear combination. 

If the nodes x, and the coefficients A, in equation ( I )  give good precision in inte- 
grating functions of the basis set, then the formulae ~-r?ust also give good precision for 
all i' E F. The < o r ~ ~ . t ~ l a  (1) is said to have a degree of precision m with respect to 
tlle set (/,, if it is exact wlzen f (x) = 9, (x) for k =- 1,2.. .,m. For~nulae of tl7.e 
higilest precision for a give11 n, and for the ccase p(x) = 1 were first given by Gauss. 
'rlx 11 nodes are found to be the roots ci' the T2egendre polynomial of degree !I, viz., 
the roots of t1i.e equation : 

where P, is -the orthogonal Legendrc polynomial oT degree 11. The Her~n-ite and  
Laguerre polynomials give the integration foi-mulae for the weigl1.t ft.inctions 
exp (-&xZ) and exp (-x), i1-t the ranges - co to -/-- m a i ~ !  0 to co respectively. 

Numericr;l integration oT atoinlc 2nd moleci~li:r wave-f~it~::tions usaally involve 
lineal- combinetion.s of S,P,D, and higher f~~nct ic~ns  wl~ich i~tvolve di1Terc11t Slater 
exponents.6 Similarly, even in classical systems, vibl-atiorr.al prccesscs iiwolvifig a 
~~r!rr,bcr of modes, or processes involving several diiTe1-ent trar~sients worlld rcqr.tii-e 
severni exponential functions For their adequate desri-iption. A.tte!?ipt~ to interpslate 
such functions wit11 a set or Laguerre C~~nctiotzs (polyi~gr~.ials multiplied by a si:?zlc 
expoi.lential hnctioil) bcc~lne ~~ii lpi! t~ ' r i~nal i j r l  L I I > ~ c o I ~ ~ I ~ ~ ~ c ~ ~  owing to "Lhe iarge 
ru~mber of basis I'unciions ileecieri to zcbieve good accuracy. ,417 econui~ic;!l biisis 
set will always consist oT a number 01 exponct:ltial f~rn.-ti,~~s. TE a sct of Integr:..tion 
points aild wcigIlts silitablc fcr mu!ti-expoi..en';iaI bc?.sis cculd be fi.>~!!ld, numerical 
inlegratifin oi' atomic and ~;;.oleculzr wavei;v~jctions co~rld be can-icd out. to good 
accuracy with a single integration grid. T i i s  avoids the ixessy chau~se-overs of the 
integration grid for ciiKerent regions, etc. during the process or integration, aild adds 
to the accuracy as well as to the e f  ciency and tidiness of the coinp~~ter programme. 

However, a hrmula  f ~ r  a ? ~ u l t ~ - e x p ~ n e ~ - l t  basis set canngt be cl~rectly For~nulated 
111 terms of the vsual Gauss-Legendre approach via ortllogonal poly!~omtals. We 
shall fcllcw an aliernatlve procedure. 
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2. Alternative formulation 

Let 7,k(x) be a function of the sort encountered in atomic and molecular wave-function 
calculations. @ (x) can thus be regarded as being 1110st eco~lorn.ically expandable 
in terms of S!ater f u n c t i o n s . ~ e  may consider, as an example, the set $,(x), 
given by 

exp(-x), x.exp(-x), x? exp(-x), . . . 
ex.p(-ax), x.exp(-ax), x2. exp (-ax) ,... (3 a) 
exp(--bx), x.exp (-bx), x2. cxp(--bx), ... 

t o  form a multi-exponential ge!lei-zlisaticn of :he Zaguerre set. T~ldeecl, sucl~ a set 
has a characteristic of being c-ver-complete but ilris is oi' no practical col-~seyuer?.ce 
as only finite sets of functiol~s are corrsidercd. I n  tllc tollowi71~ we sh-all, Tor simpli- 
city, limit ourselves to the bi-expo~e~ential case ( I ,  a) wh.ere the cxponcntial para- 
meters are 1 and o: . We are i-1-rterestecl irz a p poi!it jr~tegl-ation fornrula in El, 
sucl-r that the nren7.bers of th.e set (1, o: j with a iota1 of n. ftn~.ctions is exactly inter- 
grated, TI being equal to 2p. 

3. The method of Rocalised frrnctions 

Let (/,, (x) be a set of basis functions which. swan the space 01' i'c!nctiolls to be 
- 

intergratecl. We clefil-re linear combi~~aGorls gi (x), gi (x) such thatZ 

where x, is a given set oi 'poi~~ts  in (a,b). In. equations (4) aiid (5) the derivative with 
respect to x is indicated by a prime on g. A discrete set of points x, , s -- 1,2 . . .p 
is used to define the properties of the g and functions indicated in equations (4) 
and (5). This discrete set will play the role of the trial set of integration poiixts once 
the theory is developed. Frcln equations (4) and (5): it is seen that g, is zer.3 at all 
x, except at xi< where it is unity. Farther, g, is stationary at all x, . The set El; is  
zero a t  every point x, but the gradient becomes urlitv at xk, whilst remaining zero a t  
a.11 other- points In the set x,. 



The functions gi (x), gi (x) exist only if the determinants associated with the solution 
of the sets of equations (4) and (5) given above do not become identically zero. 
Using the standard theory of orthogonal polynomials and re-expanding g ,  (x) and 
gi (x), it can be shown that aij and a,j exist for the one dimensional case as long 
as no two points coincide. In higher dimensions, no general results on existence 
are known. However, the case of two points in two dimensions can he trivially shown 
to lead to a determinant which is identically zero. Some other singular cases invol- 
ving I~igller numbers of points in two-dimensions are discussed by S s l ~ s r . ~  In this 
publication we shall be concerned with the one-dimensional casc only ; in this case 
the equations are nm-s~ngular and a,j, ZIj can be obtained by standard matrix 
inversion methods used for the solution of simultaneous linear equations.' 

Any functior! f expandable in the set Q, can also be expanded in terrns of the set 
g. Thus, 

using equations (4) and (5), 
- 

.f (x,) = bs, ff CX~) = bs 

Hence, 

f c.1 = 2 ( f (xi) gi + f ' (xi) gi 
- 1 

and 

b P b 0 

1 /(XI d x  = ( f ( ~ 3  g, d x i- ff(x1) ;. d x ] a 
" 
a i = l  a a 

Let 
b i' - 

I =  j gldx, = i' g , d x .  (7) 

a a a 
Then 

Equation (8) appearing above can be written as 
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and hence, if &/lzi is small, using the Taylor theorem, we have 

Tltus if (xi) is a moderately good integration grid for f (x), then {x, -1- hi/hi  ) 
is an improved grid to the extent that the correction 1Qlz; is small enough for a 
Taylor expansion of f(x) up to only the linear term being valid. Thus we have an 
algorithm for determining the nodes x, and the weights 11, of the p- point quad- 
rature formula of the highest precision in the set $,. The computational steps 
involved are as follows :- 

I .  Choose the set of n expansion functions $,. 
2. Choose an initial set of integration points xi, i = 1,2, ...p, wltcre n = 2 p. 

3. Constnict the sets g and jj by solving the sets of linear equations (4) and (5). 

4. Evaluate x,/lzl using the analytically known values of the integrals of thc 
basis functions. 

5. Calculate x/h,. 

6.  Hence calculate the new set of points x, possibly using a scale factor to 

dampen the adjustments h;/h,. 
- 

'7. The process is iterated till < E where E is a given refinement criterion. I 1zi 

The above method rapidly converged to the standard Gauss-Liiguerrc roots when 
it was used with a single exponential basis set. Similarly, the Gauss-Legendre and 
Hermite sets could be reproduced very rapidly using the appropriate basis sets. With 
the rn~ilti-exponent case, convergence was slower. Since the integration weights h, 
are known to be positive, the use of hJlh,l instead of l{/lz,, together with a 
damping factor of about 0.5 led to better convergence. Further, the selection of the 
trial set of points b e c a ~ e  an important factor in regard to convergence for formulae 
with p 2 4. TEIe following m e t h ~ d  wss used to determice a trial set of points to 
initiate the programme. Let xi be the Laguerre set of points (p-point formula) in 
the Gauss-Laguerre formula. We base our formula for the trial set X I  on the 
previously obtaioed p l  point formula whose first and last points are y, and y,. 

Let U = y1/L1 and V = y,/L, wltere L, and L, are the first and last values of the 
pl point Laguerre form~lla. Then the trial set is taken to be 



'IJsing equation (10) we \.:ere able to obtain integrzticn fcrmulae for exponent pairs 
(1,2), (1,3), (1,4), (1,5) etc., without much difficuity. The resulting integration. grids 
and weizhts up to a six-point rormula are given in TzMes 1 to 4: thcy yield percentage 
errors of about 10-lo  ir! the basis integrals. This errcr was of the same order of 
magnitude as the rounding off errors in the cornpullng machine used. 

TABTX 1; Exponents (1, 2) 

pt.3 WiS 

Mcan error in basis integrals : I^-10 per cciit. 
* at the end of each number indicates a power of tcn 
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TABLE 2. Exponents (1,3) 

5.62795699898 
-- - 
~ v ~ e a n  percentage error in 

Mean percentage error in 
5.71 531620205 

basis integrals : 2"-I 0 



TABLE 4. Exponents (I ,  5)  

Pts WtS 

Mcan percentage error in basis integrals: 2'-10. 

The generalisation of the Gauss-Laguerre quadrature formulae to cases which 
include multi-exp~nential basis sets will be found useful in a variety of e~gineering 
and scientific calculaticns. The formulae given, (up to 6 points) would be adequate 
for accuracies demanded by most problems, though much higher accuracies 1 1 2 . a ~ ~ g  

needed in correlation energy calculations of at0rn.s and molecules. :However, 
a t t e ~ p t s  to go to higher sets of points in widely differing exponentials are bound to be 
more difficult. Jn any case, it is very rarely that two wiSely different exponentials 

appear with close coupling in. a realistic physical problem. 

The present method can be used for obtaining generalised Gauss-Hermite quadra- 
ture formulae as well and would be of interest in treating multi-Gaussian basis sets 
which are currently in vogue in nuclear, atomic and molecular calculations5 as well 
as in the theory of stochastic processes. 
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