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TEMPORAL CENTRAL LIMIT THEOREM
FOR A MULTIDIMENSIONAL ADDING MACHINE

MORDECHAY B. LEVIN

Bar-Ilan University, Ramat-Gan, ISRAEL

ABSTRACT. Let p1,...,ps+1 be distinct primes and let T, be the von Neumann-
-Kakutani adding machine (1 <i < s), Tp(x) = (Tp, (21), ..., Tp, (@s)). Let y; €
(0,1) be a psyi-rational (1 < i < s), 1jgy) the indicator function of the box
[0,y1) x -+ x [0,ys). In this paper, we prove the following central limit theorem:

Trt 110,y (TE(X)) - 2ny1y2 - - ys
H (x) logg/Q N

when n is sampled uniformly from {1,..., N}, Hy(x)€[v1,v2] with some vq,v2>
0, for almost all x € [0,1)®. The main tool in the proof is the S-unit theorem and
the theorem on linear forms in the logarithm.
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1. Introduction

Let Py = (8n)' be an N-element point set in the s-dimensional unit cube
[0,1)%. The local discrepancy function of Py is defined as

D(X,PN):Z,]::Jl 1p, (Bn) — Ny xs, (1)

where 15 (y) =1, if y € By, and 15, (y) =0, if y ¢ Bx with Byx = [0,21) x -
x[0,z,), x = (@1, ...,25). We define the L, discrepancy of Py as

Dsoo(Pn) = sup  [D(x,Pn)l,  Dsg(Pn)=[D(xPn)l, 4

0<zq,...,xs<1
. 1/q
= d .
176N = o 76 )

A sequence (Bk)ks0 is of low discrepancy (abbr. 1.d.s.) if Ds’w((ﬁk)g:z)l) =
O(log® N) for N — oco0. An ergodic transformation T of s-dimensional torus is
of low discrepancy in the orbit of x if (T"” (x))k>0 is a l.d.s.

Let p1,...,ps be distinct primes
k=Y eji(k)pl!, eji(k) € {0,1,...,p; =1}, and ¢i(k) = e;i(k)p;”.

j=1 j=1

Van der Corput proved that (gi)l (k)) 4o 18 @ 1-dimensional 1.d.s. The first example
of multidimensional 1.d.s. was proposed by Halton :

Hs(k):(¢1(k)7a¢s(k))7 k:031727"'
For other examples of 1.d.s., see, e.g., [6], [22].

Let ¢ > 2 be an integer, and let v = .vjva... v+ = Z;‘;l vj/qj be the g¢-
-expansion of v. We define von Neumann-Kakutani’s ¢-adic adding machine:
Ty(v) = (o + D"+ 30 014 Ty (v) =T, (T (),  (2)

n:2,3,...,Tg(U) = v, where k =min{j | v; # ¢ - 1}.
Let P = (p1,...,ps) and let Tp(x) = (Tpl(xl),...,Tps(xS)). As is known,

the sequence (Tzfi (x)) ., coincides for x = 0 with the van der Corput sequence

in base p; (1 <14 < s) (seé, e.g., [10,§ 2.5]). Hence TE(0) = Hy(k).
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It is easy to show that (T7’§ (x))k> , 1s the low discrepancy ergodic transformation
for all x. Let
Alg-1 w-1 v 4
T(0) =0, T) = T Bl S U ) = T (77 (), (3)
j=1 4 q jek+1 4
n= 2,3,...,7;0(7)) = v, where k =min{j | v; # 0}.
It is easy to see that E”(T;(v)) = T;(’E]"(v)) = for #{i > 1jv; # 0} = 0o and
#{i>1v; # -1} = 00, n € Z. Let T;*(v) := T4(v). Then
T,"(T;(v))=v forall neZ  with #{i>1|v;#0} =00 (4)
and #{i>1|v; #q—-1} = oo.
We will consider the probability space P, = ([0, 1)%, B([0,1)%), )\s), where A
is the s-dimensional Lebesgue measure on [0,1)°.
Let T:[0,1)*—[0,1)® be a map, f:[0,1)°*—>R is a function, and xq € [0,1)*
is a fixed initial condition. We say that the ergodic sums Sg(f,x0) = f(x0) +

f(T(xo)) ot f(Tk_l(xo)) satisfy a temporal central limit theorem (TCLT)
on the orbit of xg, if there exists constants Ay and By such that

(Sk - AN)/By > N(0,1),
when £ is sampled uniformly from {1,...,N}.

The ergodic sum S (f,x) is said to satisfy an almost sure TCLT on Py, if
for As-a.e. x, Sk (f,x) satisfy the TCLT. In [12], Dolgopyat and Sarig considered
a more general notion of the temporal distributional limit theorem (see also [2],
7, @1, [13], (4], [, [23]).

The first example of the TCLT was discovered by Beck (see [3H5]). Beck consid-
ered the transformation z — z + 2 mod 1 and the indicator function of an in-

terval [0,y). According to [4, p. 41], the generalizations of this results to the
multidimensional case for a Kronecker’s lattice

{(n,nay +mq,...,nas_1 + ms_1) | (nyma,...,ms_1) € Z°}
is very difficult because of the problems connected to Littlewood’s conjecture:

liminf n|nal |nB| =0

for all reals «, 3, where |z| = min({z},1 - {z}).

In [20], we proved an s+ l-parametric spatio-temporal CLT (see definition
in [12 p. 12]) for an s-dimensional ergodic adding machine (Halton’s sequence)
with indicator functions. Similar results for another low discrepancy ergodic
transformations were obtained in [19] (see also [21]). For another generalization
of TCLT from [21] for an ergodic adding machine, see article [I] by Ya. Sinai et al.
Note that we have proven spatio-temporal CLT for the one-dimensional case

180



MORDECHAY B. LEVIN

in [2I] by direct computation. While for the s-dimensional case, we were forced
to apply a very deep results of number theory, namely the S-unit theorem and
the theorem on linear forms in the logarithm (see [19], [20] and this paper).
The advantage of this paper is that we obtain only a 1-parameter TCLT for an
s-dimensional ergodic adding machine instead of an s+1-parameter one as in [20].

Let yi = X1 yi,j/pg be the p;-expansion of y; (i =1,...,s). We consider the
following condition: there are k1 > 0, k3 > 0 such that

li]{fllinfllllin #{je[1,N]|1<y;; and {y;p’} <1-k1}/N=k2>0. (5)
—oo 1<i<s

For example, (B is true for ¢g-rational reels y; > 0, where (¢,p;) =1 (1 <i < s).
It is easy to see that (H) is also true for a.e. y = (y1,...,ys) € [0,1)%. Let

Dy x(L) = D(y, (Th(x)),, ).

Fin(x) = f[m] Py ([ON1)do, 7:[N(x):( f[o o % [QNDdQ)l/z (6)

In this paper, we prove the existence of an almost sure one-parameter TCLT for
the discrepancy function in the multidimensional case:

THEOREM 1.1. Let s> 1, 0 be a uniformly distributed random variable in [0,1],
y satisfy [{B). Then

N —o0

Py x([ON])/Hn(x) — N(0,1), H(x)/Hy(x) =0,

where (logy N)*I?Hy(x) € [v1,vs] with some vy > vy > 0 and for N > No(x)
with some No(x) for a.s. x € [0,1)°.

Now, we describe the structure of the paper. In Lemma we get a simple

estimate of Fourier series of the discrepancy function %y x(L). In Lemma
and Lemma we minimise the number of terms in the expression of %y «(L).
The main tool of the proof is the S-unit theorem and the theorem on linear forms
in logarithm (see Section 3). In Section 4 and Section 5, we compute the upper
and the lower bounds of the variance of %y «(L). In Section 6, we calculate the
four moment, and Lévy’s conditional variance of %y (L) In order to prove the
Theorem we use the martingale CLT (see Theorem . We construct a mar-
tingale approximation to %y x(L) in Section 7. In order to apply Theorem
in Lemma we compute the sum of four moment of parts of %y (L) and

in Lemma we find Lévy’s conditional variance of Zy «(L). On the whole,
the proof of the Theorem follows the lines of [19].
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2. Discrepancy estimates

2.1. Preliminary

First of all, we need Fourier’s series decomposition of the discrepancy function.
The argument is pretty standard (see, e.g., [22 pp. 29-35]). We closely follow
[20, pp. 4-7].

We will use the notation A « B equal to A = O(B). Let

1

0, otherwise,

if ¥ is true, 1, ifa=0mod M,

0, otherwise.

)

A(%) ={ dn(a) ={

Let [y] be the integer part of y,
Ing = [-[(M -1)/2],[M/2]] nZ, I = Iy~ {0} (7)

Note that the integers of the interval I); are a complete set of residues mod M,
M >1. By [18, Lemma 2, p. 2], we have

on(a) = % k;ﬂj e (%) , where e(x) = exp(2mix). (8)
By [18, Lemma 1, p. 1], we get
1 M-1 ) 1 )
i ;;) e(ka)| < min (1, m) ,  where (a)=min({a},1-{a}). (9)

Let m be an integer, m = max(1,|m|) < M/2. From [I8, p.2], we obtain for
R<M:

R-1
% Z e(mﬁk)‘ Smin(l,
k=0

Let €T; = 0..%'1'71.’1,'1'72 el = ijl .’L’iﬂ‘pi—j, with Zi,j € {0, 1, ey Di — 1}, 1= 1, ..., S.
We define the truncation

EEED) xi,jp;j with r>1.

1
<=
m m

. (10)

e(mR/M) -1 ) B |sin(mmR/M)|
M(e(m/M)-1)|] "~

1<j<r
If x = (z1,...,25) € [0,1)°, then the truncation [x], is defined coordinatewise,
that is, [x]r = ([z1]ry, -+ [@s]r. ), where v = (r1,...,75).
Let
Xir(x;) = Z xm»pz_l €[0,p;"). (11)
1<j<r

It is easy to see that

[wilr = [2i]r < Xir(uw;) =X (2) modp; for w,, z €[0,1). (12)
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By (@), we have
XL,«(Tpi(xi)) = X, (z;) + 1 mod pj.
Hence

Xir (TS (2:)) = X; 1 (2;) + k mod p, k=0,1,... (13)

In view of (3], we have that leik(T;fi (wz)) = T;’fi (Tp‘ik(:pi)) =x; for all k € Z
for a.e. x; € [0,1). Therefore,
X7;7.,«($i) = Xi7T(TZZ (Tp_lk(.’I}Z))) = Xz,T(Tp_lk(xl)) + k mod p:,

and
Xio(ToF(24)) = Xiw(2:) — k mod pj, k=0,1,...

We have that (I3) is also true for & = -1,-2,... for a.e. z; € [0,1).
According to ([I2)), we get

[T (2)]r = [yilr = Xiw(Ty (2:)) = Xi(yi)  (mod pf).
In view of (I3]), we obtain
[T5 (2)]r = [yilr < k=X, (y;) - Xip(z:) (modp)), 1<i<s  (14)

for all k € Z for a.e. z; € [0,1).

Let po = pip2---ps, Pr = 1 p5?---py° and let M; » be the unique integer satisfying
the two conditions

M, = (Pr/p:")_1 (mod p;*), M;,€[0,p;"), 1<i<s.  (15)
We define X, x € [0, P;) as follows

Xy = Z M, Pep;" Xy (21) = Z M Pop;™ Y @i jp) " mod P (16)

=1 =1 1<j<r;
Applying ([I4) and the Chinese Remainder Theorem, we get
[T;;(X)]r = [y]r — [Tpk; (xl)]h = [yi]?"w

1<i<s <= kE-Xi,r(yi)_-Xi,r(xi) (modp:),
1<i<s <= k=X, y - X x (mod P;) (17)

for all k € Z for a.e. x € [0, 1)%.
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Let
=[logoa N]+1, 6#€[0,1), L=[6N].
From [22, pp. 29,30] and (@), we get

D(L) = Dy, x(L) = (.@yx(L)) +es, |el<1. (18)
Let .
Xr,y,b = Z Mi,rPrpi_riyi,m,bi mod Pra Xr,y,b € [07 Pr))
=1
with
Yi,rib; Z yz,jpz zpz s 1<ig<s. (19)
1<g<r;

By (I7), we derive
[T ()] = Yy bys- s Ysruibs) = k=Xeyb— Xex (mod Py).

Similarly to [22, pp. 37-39], we obtain from (), (@), (T'0) and (I3

Y=l Ys,rg -

pLy- 5 3 ) (= Koy + Xon) 251 o [0 (20)

k=—L7T1,....,rs=1 b1=0
Let
Yi,r—1  ysrs—1 L-1

Der= > = > (Op(k-Xeyp+Xex)-1/P:). (21)

b1=0 b,=0 k=—L

It is easy to see that |Dy 1| < y1 - Ys,r. <Ppo and

D(L) = i Dy.r. )
Let Wy = 50pos® log, n, o=l
U={(r1,...,rs)€[1,n]"] leax(ri) W)
and

D(L) =) Dy . (23)
reU

From (20) — ([23]),we derive
D(L) -DI)| < pol¥g = 57 (5052)° login << login.
Using (I8)), we obtain
Dy« (L) =D(L) + O(logsn). (24)

184



MORDECHAY B. LEVIN

2.2. Truncated Fourier’s series of the discrepancy D ;.
For the sake of completeness, we repeat here [20, Lemma 1].

LeMMA 2.1. With the notations as above, we have

m
Dr,L = Z Pr,L,m wl‘(may) € (F(XP,X - Xl‘ay)) ’

mell‘;r r
2isin(2rmL/Py)

QOI‘,L,m = })
P.(e(m/P,)-1)
|sin(2rmL/P,)| 1

L] s P
|r,2,ml = m

Ue(m,y) = li[zZ?(i, {=mM; /i }Dis Yiri)s
=1
q/}(iam,ayi,m): > €(m,(b_yi,m)/pi)a

0Sb<yi,”

v Vi 1_6(_m,y2 T/pl)
LM, Yi ) = — 25
/l/)( k) 7y 3 7,) e(m,/pl) _1 ( )

fOT‘ {m,/pl} * 07 lb(lv 07yi,7'i) =Yirss ¢(i7m,70) = 07 |¢(i7m,7yi,’ri)

< p;.

Proof. Using (@), (8) and (2I]), we obtain

Y11 Ysr,-1 L-1 1

Dri= 3 8T o B e kst )

b1=0 bo=0 k=L 1 mely

L s oty ()
= S (Aex —Aryb
20 b20 mers,  Lx(e(m/Pr)-1) by Y

Y1,rq -1 ys,'r's_1
= > €(g(Xr,x_Xr,y))§0r,L,m ooy €(g()(r,y_xr,y,b))'
r b1:O

meII’;!r bs=0 r

According to ([I0) and ([I9), we get

Xr,y,b = Xr,y + Z Mi,rPr(bi - yiﬂ"i)/pi mod Pr.
=1
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Therefore
m
Dr,L = Z € F(Xr,x - Xr,y)) @Pr,L,m W,
meI}’;!r r

with
Y1,rq -1 ys,rs_l

w= ) ) e(_miMi,r(bi_yi,m)/pi)-

b1=0 be=0
Taking into account that

Z 6(m,(b_yi77“i)/pi) = ¢(i7mlvyi,7'i)7 (26)
0<b<yi,r,
we have
@ = [ {-mMi/pi}pisyir,) = e(m,y).
i=1
Hence

= ¥ erm Ve (m,y) (B (Fox = Xey)).

meI*

In view of (20]), we get |1/}(z m' yir )| < piy [Pe(m/ ,y)| < po. If yir, =0, then
1[1(2 m',yir,) = 0. Let y; ., # 0. If {m'/p;} = 0, then 1[1(2 m' Yir,) = Yir, 2 1.
Bearing in mind that sin(7wz/2) > z for z € [0, 1], we obtain from (I0) and (25)
that

| |- 2sin(2rmL/P;) | |sin(2nmL/P; )| |sin(27rmL/P;)| < 1
Prlml =\ (e(m/Py) "\ Besin(rm/Po)| 2m > om
Hence Lemma 211 is proved. O
LEMMA 2.2. Let o= (ay,...,q4) € Z%,

. mkP,

DT,L = Z Z Pr,L,mPg djr(mPa,Y) 6( 2 ( r,x — ,y))

a;€[0,10slogy n] mPyel}, r
1<i<s (m,po)= 1 ) .
D(L):=> Dpr. (27)
reU

Then

D, = DT,L +0(n™%), Dpp<n and D(L) =D(L) + O(n™%),

Proof. Let m =m'P,, with (m’,py) = 1. Using Lemma 2.1}, we get

m' P,
Dr,L = Z Z QDr,L,m’Pa wr(m,POHY)e ( ( rX ,y))

;20 m/Peelp, Py
1<z<s
(m',po)=1
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Hence

|]D)r,L - H.])1‘,L| < Z Z |80r,L,m’Pa 77Z]r'("nlf)ouy)|

max; a;>10slogyn m/' Py eIP
a;>0,1<i<s

(m’,po)=1
—/ -1 -9s
< po > Y (m'Pa) < n 3 P <n™,
max; a;>10slogyn m' P, e[P max; a;>10slogy, n
«;>0,1<i<s (m’ ,po)=1 a;20,1<i<s

It is easy to see that D, j < ZIM\SZJS 1/m <« n. Bearing in mind that #U < n®
we obtain from (23)) and (27) the assertion of Lemma O

We consider expectations in probability spaces P; and P:
Bofi=Eo(f1) = [ /@0, Bup=Bop) = [ p(xdx  (28)

It is easy to see that
1 N-1

Eof([0N]) = < Z f(k). (29)

In the following Lemma [2.3] we calculate the expectation of the essential part
of the discrepancy function (see (21)).

2.3. First moment estimates

LEMMA 2.3. Let pe[2,8] be integer, |m;| <n'%, 0<a;,; <10slogyn, rj; >0,
HlaXiTj’i > WQ, T()’i = maxlgjgu(rj,i), g = (T()’l, e ,T()’s), 7= 1, o, S, j = 1, ceey Uy

Iz Iz
wi = Y mi(Xe, x = X, y)[Pe;, and o =Y, m;Po, (X, x = X, y)/Pr,.
j=1 j=1
Then

“ w
Eze(wl) = 5Pr0 (Z Pry- I‘J) ) Exe(d&a) =A (Z ij"‘j*""j = 0)
— j=1

and
|mj/Pj_a].| <1/32, 1<j<p. (30)

Proof. By ), (1), (I3, (Iﬂil)and [28)), we obtain

T p S 70,4
Xex/Pr = ZM'LI‘Z L EZ szup Z‘erol(lﬁ) ;r dl
v=1 pi =1 pz v=1 z
and s r; s
E.e(m&X; x/P:) = Eze (m Z M; » Z x,-,,,pé’_l/p?) = H 6p1n (mM;y) = 0p,(m).
i1 V=1 i=1 7
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Hence

mj(-er,x - XI‘J‘Q’)/PI‘J Z m; Z M; r]( 1,750 (xz) Xi,?’j,i (yz))/p:”

<
Il
—

&
I
M=

il zr,( 70, L(‘rz) erol(yz))/ 5

KMCA I Mt

<
Il
=

(Xi,ro,i('rz) Xz T()l(yz ) 0 ij i,r; P r(”_” ‘ mod 1.

Let
Wo =€ (— Z Xiﬂ"o,i (yz)/p:()L Z ijiij:O,i—Tj,i) )

1<i<s 1<j<p
We have
xe(wl) W2H5’"07 (ij zrp:(”_rjl)'
Bearing in mind that wy=1for ¥, m;M;r,p;>" """ =0mod p;*(i=1,...,s),
we obtain

5 # I
Eav(f(tdl) = H (Sp’_“o,i (Z 1 ) :0 17_7]»1)
=1 " =1

s
To, 7‘0 T
=110, | I1 2t ~zmj

1<v<s
v#L

From(TH), we get
M;r,;= [ py" modp,”

1<v<s,v#i
and
70,i=Tj,4 70, _ TO.u—T5. 0,
p; H by v M ;T = H p,r rnodpi
1<v<s, v+t 1<v<s
Therefore,
X T '
0,i=Tj,i ro.
Ege(wi) = H(S”” om0t [T P Mg,
j=1 1<v<s,v#i

1<v<s

s w
= H 6p:01 (Z m; H ’pg%”_r.?}'/) - (Z m; I_I pro Ty, u)
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Let us consider &q. By (B0), we get

m
E.e(wy) = 0P, (Z ijrO_er,a) .

J=1

It is easy to see that

n I
> M Pryr;+a =0mod Pry < > m;jPy 1o =0mod 1
j=1 ‘:

j=1
o
< M Pio-r;+a = 0mod Py,
Jj=1
where rg = (T(_)J,...,TO’S), To,i = maxlgjgu(o, T —Oéid‘), 1 = 1,...,8.

Hence,

Jj=1

o
E e(wa) = 0Py, (Z ijiaO_er,a) .

We have that the expression for E e(dq ) in(B0) follows from the estimate
|m]‘Pf-D_r].+aj| <P‘,:O/32, 1Sj§,LLS8.

1

Now we consider the last estimate for |m;| < n'%, 0 < a;,; < 10slogyn,

maxirjyizwo,izl,...,s,jzl,...,u.

Z mj/P J

1<5<p

S S

—TjitQ 10s1 -W,

< 8ntos max| |pi it ¢ @108 | |pi §208219=Wo
i=1 i=1

< 871108])[10510;_3;2 n]+1P—[5032 log, n]+1 < 1/32

Hence Lemma [2.3] is proved. (Il

We can apply our main tools, Theorem [B.I]and Theorem B.3] only if m is small
enough. The purpose of Lemma 24l is to show that the part of the discrepancy
for large m is negligible. This will allow us to apply Theorem [BIland Theorem 33|
in the future.

LEMMA 2.4. Let

mP,
Dr,L = Z Z @r,L,mPJ/’r(meY) € ( P = (Xr’x - Xr’y)) )
a;€[0,10slogy n] 0<|m|<nto® i
1<i<s (m,po)=1

D(L)= Y Dyr. (31)
relU

Then there exists N1(x) such that )
Eo((Zyx([0N]) - D([ON])) <log3™ .
with N > N1(x) for a.s. x € [0, 1)%.
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Proof. By ([24) and Lemma 22 we get
Py x([ON]) = D([ON]) + O(logs n),  D([ON]) = D([ON]) + O(n"™").

It is easy to see that

Eo(Zy x([6N]) - D([IN]))” < 2Bo(Zy x([6N]) - D([IN]))
+2Eq(D([0N]) - D([ON]))”
< 2Eq(D([ON]) - D([ON]))” +log2’ n
Therefore, in order to prove Lemma [2.4] it is enough to verify that
Eo|D([ON]) -D([ON]> «1  fora.s.x€[0,1)°. (32)
Applying the Borel-Cantelli lemma, we get that ([B2) results from the following

inequality

Prob(x € [0,1)* | Bo(D([0N]) - D([ON]))” > 1) < 1/n?
By Chebyshev’s inequality, it is enough to prove that
E,Eo[D([0N]) - D([ON])[* « 1/n’. (33)

Let us consider 23), @17) and @BI). We have max; r; > Wy = 50s%pg log, n and

2 2 ; . 10s1
25Opos logyn _ n50p05 205(1+log2p0)> 4n105p0 s oggn.

P, > maxp;’ > >n
K3

We obtain that, if [m| < n'% then mPy € Ip, for all a with «; € [0, 10slog, n].
Hence

E,.Eq|D([ON]) - D([6N]) | > Zryras
with rir2el

Drirg = Z

«;,:€[0,10slog, n]
1<i<s,1<j<2

x Z EO(@rl,[ON],mlPal Pra,[ON],m2Pay, )7/%1 (mlPamy)wh (m2P0t2ay)
|m.7'|>n1057 mjeI}*D,.
(mj,po)=1,j=1,2
m2Pa
P,

Py
XEJU (ml 1(‘)(1‘ X Xl‘l,}’)_

L (Yo - sz,y>) - (34)
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Using Lemma [2.1] and Lemma 23] we obtain

Zryes = > > Ee(%«l,[tﬂ)z\r],mlpm1 sOrz,[eN],m2Pa2)
oc_,',ie[Q,lOs log, n]|m,[>n'0%, mjelp.
1<, 172 (my,po)=1,5=1,2

X 7#1'1 (m1Pa17Y)77Z]r1 (m2Pa27Y)5PrO (Pro—r1+a1 miy — Pro—r2+a2m2)

_ -1
< Z Z (m1m2Pa1Pa2)
O‘J}’ie[QJOS 19g2 n] pgz\mjbnlos
1<i<s,1<5<2 (m;,po)=1,j=1,2

x (SP,‘O (Prg—r1+a1 mi = Prg—r2+a2m2)) (35)
with )
ro=(r01,---,70,s), 7To0s=max(ri;,re;), i=1,...,s.
By (4) and (35]), we get that (B3] go after the following inequality

= = = -1
Wry,rp = Z Z (mlmgPalPaz)
O‘J}’ie[QJOS 19%2 n] pgz\mjbnlos
1<i<s,1<9<2 (my,po)=1,5=1,2

% 0P,y (Pro-ry+0aM1 = Prgorgranma) < n” 272, (36)

From 23] we have that there exists ig € [1,s] such that 7, > Wy =

50s?pg x logon. Let p; = 71j — @i, pjy = Mmaxj-12p; with ji e {1,2}.
Bearing in mind that mq, mo satisfy the congruence

Pry—rivarm1 — Pry—ryra,m2 =0mod P, and that maxa;; < 10slog,n,
i

we get

pj, 2 40s%logyn and  my, = my,p;t 2 Agmod pit, with s € {1,2}\ {j1}
for some integer Ay with (Ao, p;,) = 1. Therefore,

. . o Pi1TPi2
0 [4032 logg n] (mjl - m]gpio AO)
i

1

Wry,rs S E —m
10 ) j 10 .
nl0s<my, [<pf 17792 niOs<|my, |<py

g,

1 1
< —

n10s<m, |<pn 1Mz 0<b<pr nlo0s + Ip

4052 logy n
10

«n™%,

Hence , and Lemma are proved. O
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3. Diophantine inequalities

We consider the following simple variant of the S-unit theorem (see [10,
Theorem 1.1, p. 808]): Let f1,...,84€Q, 5; #0, i = 1,...,d. We consider the
equation

BlPrl + -+ def‘d = ]., Pr_,v = Hp:j’i, T cZ. (37)
i=1

A solution (ry,...,rs) of (B7) is called non-degenerateif Y, ; 3; Py, # 0 for ev-

ery nonempty subset J of {1,...,d}.

THEOREM 3.1. The number A(fB1,...,B4) of non-degenerate solutions of equa-
tion (37) satisfies the estimate

A(Br, .- -, Ba) < exp((6d)*?s).
COROLLARY 3.2. Let a; € Z°, mj| >0, 1<j<2d, d=2,4. Then
SA[ Y miPyjia, =0 ) < #U%
r;eU 1<j<2d
1<j<2d

Linear forms in logarithms (see [8, Theorem 2.15, p. 42]).
Write A for the linear form in logarithms,

A=bylnay +--+b;Inay,

where by,...,b; are integers, |b;| < B (i = 1,...,k), B > e. We shall assume
that o, ..., aj are non-zero algebraic numbers with heights at most A,,..., A;
(all > e), respectively.

THEOREM 3.3. If A #0, then
|A| > exp(—(161~cd)2(’~°+2) In Ay In A; In B),
where d denote the degrees of Q(az,...,aj).
COROLLARY 3.4. Let |r;| <2n, 0 <|m;| < n'®% |my/mo|Pe > 1. Then
Im1/maPe —1|> exp(~CiIn?n), with C; = 20s(16(s+ 1))+ In® py.
Proof. Taking into account that exp(x) —1 >z for z >0, we get
|lm1/ma| Py = 1] > In(|mq/ma|Py) = r11n(py) + -+ + 75 In(ps) + In(|my/ma]).
Using Theorem B.3] with

k=s+1, b =14, a; = A; = pi,
(izla"'as)) bs+1:17 g1 =1,
Agyr =nt0s, B =2n, d=1,
we get the assertion of the Corollary B.2 d
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Taking into account Theorem [[.2, we get that to prove the Theorem [Tl it
suffices to get the upper bound of the variance of Zy x([0N]) (see section 4),
the lower bound of the variance of %y ([N ]) (see section 5), the four moment
and Lévy’s conditional variance of Zy x([0N]) (see section 6).

4. Upper bound of the variance of the discrepancy D([AN])

By @3), Wy = 50s®pglogan and U = {(r1,...,75) € [1,n]* | max;r; > Wy}
In order to apply the martingale CLT (see below Theorem [[2]) we divide
the summation area U into the essential area U; and into the negligible
areas Us —Us. Minor areas include the initial area Us, the intermediate area Us
and the last areas Us and Uy. We will apply Theorem only to the domain Uj.

Let

Wy =[n/Wa]-2, W= [loggos n], Ws= [logéos n],
Ak:n—(k+1)W2, BkZAk+W2—2W3,
h(r) =11 logy(p1) + -+ + 75 1ogy (ps),

U1: U Uk, UkZ{I‘EU“l(I‘)E[Ak,Bk)},
1<k<W;
Uy = U U;w ;c:{r€U|h(r)€[Bk+laAk)}a
1<k<W;
Us = {I‘ eU | h(I‘) € [Bl,n+W2]}, Uy = {I‘G U | h(I‘) > n+W2},

Us={reU|h(r) < Bw,s1}, D;(L):= Dz, Dp(L)= > Dyr. (38)

I‘GU]' I‘GUk
According to Lemma [2.1] and (3I]) we have
Dr(L) «n*t, Le[l,N]. (39)
We see that
U= U U, UinUj=9, i+j, 1<ij<b.
1<j<5

By (1) and (38]), we get that

D(L)= > D;(L) and Di(L)= > Di(L). (40)

1<5<5 1<k<Wy

Let
UcZ®, Ura={reZ’|r+aci}, U*=Un(U-a),
UN* =N (U-ar), U™ = (U-a) N 4. (41)
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We need these notations to describe the expression
(U1~a1)n (U1-a2) (see Lemma [5.T).
It is easy to verify that
=Y uUr* YUY =g, YUra=U"TuU ) YUY =g

and
(HUar) N (Uran) = (UM U U™ ) A (UM u )

= (W gy g ) O (s ey uue)
= ("Uud) i

with some . .
N, N, O (a2 AN [0} AN
[ A N UE Y AL IR Wl L RN UR T ot
and

#U + #4 < 2max (U + HUT). (42)

In the following Lemma (1] we obtain estimates for the measures of the
essential domain Uy = Uy<r<w, Ur and measures of negligible domains. We need
the above partition because the discrepancy functions on (Ug)1<x<w, (see D (L)
in ([@Q)) form a sequence of martingale differences (see Lemma [T]]).

LEMMA 4.1. Let o = (aq,...,q5), a; € [-10slogyn,10slogyn], i = 1,...,s.
With the notations as in [B8), we have

_ N _ 2
#Up < n® M ogd®n, #Uy <n’logy'n, #Us<n "logy”n, #Us < logy*n,
#UD™ + #US < n®logy P n,

Uy uUyu[0,2W5]° > Un[1,n/(2p0)]?, #U; <n®.

Proof. We put p, =71 logy(p1) + -+ +rs_11ogy(ps—1).
Let us consider Us and Uy ={re U | h(r) € [Ay, Bx)}

(A =n—(k+1)Wy, B =Ap+Wo—-2Ws3, h(r)=r1logy(p1)+---+rslogy(ps), see (38)).
It is easy to see that

#Up <n®'  max #{1<rs<n|Ag—pr <rslogy(ps) < Ap + Wo=2W3—p,. }.

1<ry,...,rs—1<N

Hence
9 n+Ws-1 4
#Uj <n* Wy <n®logi ® n, #Us = > #Up < n W2 « nlogy’® n,
k=B
where

Wy = [loga®™n], Bi=n-W,y-2Ws and Ws = [logi* n].

194



MORDECHAY B. LEVIN

Let us consider Us. By [B]), we get
i ={reU : h(r) € [Bri1,Ar)} with Ay — Byy1 = 2Ws = 2[logs® n],

U= |J U, and
1<k<Wi
#U;cgns_l max #{1grs§n|Bk+l_pr§7'leg2(ps)<Ak_pr}
1<r1,...,7s—1<N

- 1
<2n°7" logy% n.

Hence #Us < W12n°7" logs® n « n® log;'% n.
Let us consider Us ={re U : h(r) < By,+1}. By (3), we get
BW1+1 =n — (W1 + 2)W2 + W2 - 2W3

:n—[n/WQ]W2+W2—2W3S2W2—2W3. (43)
Hence
#Us < {1 <ri,.rs<not Y rilogy(pi) <2Wa - 2W3} < (2Wa)* < 1og2% n.
i=1

Let us consider U;"* (see (B8) and (). It is easy to verify that

Wi
G -Un® ad 0on0 o
By (@), we get

#U* <20 "W, max max max
1<ry, .., rs—1<n 1<k<Wy 0<0<Wo-2W3

#{1 <rs<n|Ag +0-pr - |as| <rglogy(ps) < Ak +€—p,«+|as|}

—20s+1
< n’logy? " n.

The similar estimate is true for U7 .

Let us consider U;. The inequality #U; < n’® is obvious. It is easy to see that
if re[l,n/(2po)]®, then

h(r) =71 logy(p1) + -+ rslogy(ps) < mlogs po/(2p0) < By
:TL—2W2+W2—W3.

In view of ([3]) and [{3]), we get that
BW1+1 SQWQ and U1 UUQU[O,2WQ]S DUﬂ[l,n/(2p0)]s.
Hence Lemma is proved.
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Let
X1,m,r = A(M1 Py, = “M2Payr,), X2,m,r = A(M1 Py, = M2Payr,),
X3,m,r =1 = X1,m,r = X2,m,rs (44)
and let
D,,= > > > Pry ,[ON],m1 Py Pra,[0N]ms Pa,

r1,r2€U, a;,;€[0,10slogyn]  0<|m |<n'0®
1<is,j=1,2 (m;,po)=1,j=1,2

x lbrl (mlpamy)wrz (m2Pa27Y) (45)

m2Pa

mIPa1
xe( P.. (X x — KXoy y) +

Using (B1), we have

2 (Xrg,x - Xrg,y)) Xu,m,r“
r2
DZ([N])=D, 1 +D,2+D, 3. (46)

In the following Lemma —Lemma [£.4], we estimate the expectation and
variance of the discrepancy in essential and negligible areas. In all these lemmas,
we use deep tools from Section 3 (“Diophantine inequalities”).

LEMMA 4.2. With the notations as above
Dy([ON]) <1,  Ds([ON]) < log2* n, Eo(D1([ON])+Dy([6N])) < 1/n,

EoDI([N]) < 65p25*2n*, EeDi([ON]) <n'log”'%n,  EgD;3<«1.

Proof. Let us consider Dy([AN]). Using BI), B8) and Lemma 1] we get

Buenp <y oy oy EIRl, p, ),
reUs a;€[0,10slogy n] 0<|m|<nt0® mP,
1<i<s (M,po):l

By @R), we have P, > 27*W2 > N2ls2” n-1 for r ¢ U,. Bearing in mind that
|sin(z)| < |x|, we obtain from (40)

Du(loNDI < 3 X 2

reUs «;€[0,10slog, n] 0<\m|£n105
16 (m,po)=1

2rN
P,

PoA (P, > N2'os:” 1)

«<logynn'® S A(P. > N2 1) N/P,

reU,

< logyn n'% n® x max A(P, > N2 1) N/P,

I‘GU4

10s n—3008

< n® logsnn «< 1. (47)
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Let us consider Ds([0N]). From 1)), B38), @0), Lemma 21 and Lemma FT]

we derive

. 1
By(N)sm Y Y EE
reUs a;€[0,10s log, n] 0<|m|<nt0® Mg
1Siss (mpo)=1
< ) > log,n x P!
reUs a;€[0,10slog, n]
1<i<s
2
< #Uslogyn < log3? "' n.

Let us consider D;([0N]) + Do([0N]). Using BI), BY) and Lemma ZI]
we obtain

Di([ON]) + D2([ON]) = > > >, PrloN]mPa

reU;uUz2 «;€[0,10slog, n] 0<|m|gn105

1<i<s (m,po)=1
x P (mPy,y)e (m;ja (X x — Xr,y)) ,
with

In view of (88), we have
Bo(BiND+ BN« ¥ X % 1

reU1UUz a;€[0,10slog, n] 0<|m|<nt®®
1<i<s (m,po)=1

2 ON 1
e P oY

Pro

X

Eg sin (

<po ). > 2 0. Py, (1’ 2N<<mP_r+a>>)'

reU; a;€[0,10slog, n] 0<|m|<n
1<i<s (m,po)=1

By [B8), we get Uy uUs c {r e U | h(r) € [Bw,+1, B1)} with
BW1+1 =n - (W1 + 2)W2 + W2 — 2W3 =n - ([TL/WQ] - 1)W2 - 2W3
> Wy - 2W3 > 10spg log, 1,
Bl:A1+W2—2W3:’I’L—2W2+W2—2W3:TL—WQ—2W3. (48)

Hence
20s

10s
ologz " < p oconTloga " g1 pe U,
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0

Taking into account that |m| < n'%, we obtain

1 Pa
m2P, N

|Ee(b1([9N]) +752([9N]))| DY

reU10U2 «a;€[0,10slog, n] 0<\m|£n105
1<i<s (m.,po)=1

10s
< 2782 " 1 /n,

Let us consider D, , (v,u =1,2). Suppose that X, m, > 1. Bearing in mind
that (m;,po) =1, j = 1,2, we have from ([#4) that |m1| = |ms| and ry = r1+as—ay.
Applying (@3] and Lemma 2] we obtain

Dol < 3 2

ri,r2€U, o ;€[0,10slog, n]
1<i<s,j=1,2

2

Do

—— A(|m1|:|m2|)A(r2:r1 +052—Oé1)
s M1M2 P v,

0<|mj|<n
(nLj7p0):17j:172

2193 25+2

<#U, > Y o <32p T H#UL.

7 2
@;,i€[0,10slogy n] 0<|my |<n'0® M Py o
1<i<s,j=1,2 (m1,po)=1

From Lemma I} we get #U; < n®, #Us < n®logy % n,
Dy, <32p5°"n°  and Dy, <n®/logy’*n,  p=1,2.  (49)
Let us consider D, 3 (v =1,2). Applying ([#5) and Lemma 2] we get

|[E¢D, 3| < > >

ri,r2€U, o ;€[0,10slog, n]
1<i<s,j=1,2

X3,m,r

Z ‘Ee(@rl,[BN],mlPal X C;01'2,[49N:|,m2P,,‘z)
0<|my|<n'®®
(mj7p0):17j:172

< ) > > 1

ri,r2eU, aj,;€[0,10slog, n] O<\mj|Sn105
I<i<s,j=1,2  (my,po)=1,5=1,2

x |Pr1(e(m1/Pr1—a1) - 1)|_1|Pr2(6(m2/P1‘2—a2) - 1)|_1

x |Eg(sin(2rmi [ON]/Pr,-ay ) sin(2rma[0N]/ Pry-ay) ) |X3.m,1-
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Using (8]) and Lemma 2], we derive

1

|E9Dy,3| < Z Z Z —_ X

r1,r2€U, a;,;€[0,10slogy n]  0<|m;|<n'®® mlmQPa1+a2
1<i<s,5=1,2 (m;,po)=1,5=1,2

1
Z min (1,
=—1,1 2N{(m1 Py vay +maPoy,ia,

>> ) X3,m,r- (50)

By @B8) and @R), we get W; = [log3% n],
Wy-2Ws < Aw, - Wi = By a1 < he, < By = n-Wy—2Ws < n-Ws for 1, € Uy,
Py, 2222 NP, > 22 > glog® =1 and m1/Pr—ay #ma/Pry—a, (51)
for (=-1,1, v,57=1,2 and x3mr>0.

From (B0), we obtain 0 < [m;/P;, _o,| < 1/32 for r, € U,. Using Corollary 3.4
(the theorem on linear forms in the logarithm), we have

N<<m1P—I‘1+Ot1 + (_1)£m2p—1‘2+0t2 >> = N|m1/PI‘1—OL1 + (_1)£m2/P1‘2—0t2|

N
>

m
_(P—r2+a2|m2| | 2|

m
|1 | MPrl_er,oéz_m - 1‘)

Mprz—rlﬂxl—az - 1

o2

> N/2min(Pyysa,mal, Py, o, || )exp (-C1 In® n)
> oW lexp (-CyIn®n) > glogz” "exp (-Cy1n? n) > n'%%,
We get from (B0) that
|E¢D, 3| « Y 3 3 #n—IOOs «<1

r1,r2€U, a; ;€[0,10slogy n]  0<|m,;|<n'0* mima )
1<i<s,j=1,2 (mj,po)=1,j=1,2
By @6) D?([ON]) = D,1 + D, 2+ D, 3 (v = 1,2). Taking into account (@9)
and (52)), we obtain that

, v=12.
(52

EgDI([0N]) < 65p5°*n®,  EeD3([ON]) «<n®log™'%n, EgD,3<«1.

Hence Lemma [4.2] is proved. d

the following Lemma we calculate the variance of Ds (see and
38)). We can’t obtain an estimate for everyone x. We will get an estimate

for almost all x € [0, 1)°. For the proof, we will use Theorem 8.1/ (S-unit theorem).
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LEMMA 4.3. With the notations as above

EoD2([ON]) « n*Y/8 for a.s. x.

Proof. By (BI) and (38)), we get
BEB(N)-Y ¥ >

r;jeUs a; ;€[0,10slog, n] 0<|m]-\gn103
Gel1A4] i<igsge[14]  (my,po)=1.je[1.4]

X
H Eg( H2SOTj2+2(j1—1)7[91\]]7mj2+2(j1—1)Paj2+2(j11))

1<j1<2 1<ja<

x H wl‘j(mjpaﬁy)

1<j<4
with

P,
9 = Eze( s Dy - er,y)) . (53)

1<j<4 r;
From Lemma 2.3] we obtain

9= A( Z ij—rj+a]- = 0)

1<j<4

By Lemma [T, #U; <« n® '1log?®*n. Applying Corollary (S-unit theorem),
we obtain

A( > miPoyia; = o) < (#U3)? «n*?logy™ n. (54)

rjeUs, 1j<d4  \1<j<4

From (53)) - (54) and Lemma 271] we get

2(s-1) 80s
= n lo n _
E.E;D3([0N]) < 3 — B2 < n?T,

a;,€[0,10s log, n], 0<|m|<n'0® My MaLag+-+ay

(mj,po)=1, je[1,4], 1<i<s

By Chebyshev’s inequality, we have
Prob (x € [0,1)* | EgD3([ON]) > n* /%) <
E, (139153([9JV]))2 [n25U4 o p25=T/4 [p2s-1/4 _ =32 (55)
Now, using the Borel-Cantelli lemma, we get the assertion of Lemma 3] O

The proof of the following Lemma [£.4] is similar to the proof of Lemma
The difference is that in Lemmal4.3 we consider only four moment of discrepancy,
whereas in Lemma [£.4] we are forced to consider the eighth moment.
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LEMMA 4.4. With the notations as above

s-1/16

EgD; 2 «<n fora.s. x, s> 1.

Proof. According to the Borel-Cantelli lemma, it is sufficient to prove that
Prob(x € [0,1)* | (EgDy2)* > nt(s71/10)) « n=5/4 Using Chebyshev’s inequality,
we get that it is enough to verify that E,(EgD; ) « nt(s71/16)=5/4 - pds=5/2,

We will prove that
E,(EgD;5)* « n? < n*3/2,

By (@) and (45), we have that the expression of (EgD; 2)? includes the sum-
mation over

ry,...,rg,Qq,...,Q8,M1,..., Mg with mj/Prj_aj = mj+4/Pr 1Sj£4.

JHA= 440

Hence )
mj; =Mji4, j—Qj =Tjp4— Oy, 1 gy <4.

From (45), we derive

E.(E¢D; )" < > ) >

a;,i€[0,10slogy n] rjelUs  0<|my;|<n®®
1<i<s,1<5<8 1<5<8 (mj,po)=1,1<j<8

4
I—[l(|E9(SOI‘j,[0N],ija7
j=

X e [ONT g eaPa ) [A (10 = M) ATy — @ = 1 ~ aj+4))

1<j<8 r;

M Pey,
XHW’r (m] a]7Y)| ‘Eme( #(-er,x_xrj,y))l-

Hence

E,(E¢Di2)" < > > > 2

aj,i€[0,10slogy n] r;€U1  0<|m;|<n'®® my-
1<i<s,1<5<8 1<j<8 (m;,po)=1,1<5<8

1

2
m4Pa1+--~+a8

x [TA(m; =mjua)A(r) - o =1js = 0j14)

77’L]'f)a7

; (er,x — er,y)) .

(56)

x Eme( >

1<5<8 Pl‘j

In view of Lemma 2.3 we have

8 ija- 8 4
E.e ZTJ(er7X_Xr_j,y) Z Porjia,=0|=A) 3 2m; Py ia;=0 |-

J=1 J=1
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By Lemma 1], we get #U; < n®. Applying Corollary [3.2] we obtain

4
Z A Z 2ij—rj+aj =0 H A(I‘j —O =T — Oéj+4) < :#le2 < n25.
r;eUp, 1<5<8 j

1<j<4 7j=1

From (56]), we obtain

4 2s 1 2s
Ex(E9D172) <n Z Z 5 3 KL n-.
a;,;€[0,10slogy n]  0<|m|<n

1<i<s,1<5<8 (my,po)=1,1<j<4

Hence Lemma [4.4] is proved. O

5. Lower bound of the variance of the discrepancy

Py x([ON])

In Lemma [5.2] we will prove that EgD; ; > k3n®, with some x3 > 0. This is
the main result of the section. Lemma [5.1] is auxiliary. In Lemma [5:3] we obtain
the lower and upper bounds of the variance of %y x([N]).

In order to prove Lemma [5.2], in Lemma B Il we have summed over av; and aip
at the end. Further, direct calculation allows us to obtain a lower bound of the
variance.

LEMMA 5.1. Let

1

Gy = S > Yria(MPo,y)/Pal - (57)
0<|m|<nt0® 27T2|m|2 a;€[0,10slog, n]
(m,po)=1 1<i<s
Then
E¢D11= Y Gy +O(n*log " n), (58)

relU;
where Dy 1 is defined in (@5).

Proof. By (@), we have that if x1 m =1, then m;=—ms and ro=r; - +as.
Applying (@) and Lemma 21} we get

mi
Xy x — X, = —
Prl—al ( 1 ,y)

ma
PY'Q—OLQ

(Xry x — Xrp,y) mod 1

and
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E9D171 = Z Z Z EO((Prl,[QN],mlpal

ri,r2¢U1 o ;€[0,10slog, n] 0<\m]-|snms

1<i<s,j=1,2 (mj,po)=1,5=1,2
mi m2
X L101‘2,[91\’],7Tl2pa2)6(P) (Xl‘lyx_‘Xl‘lyy) + (Xl‘zyx_er}’))
ri—o ra—og

x d}h (mlPawy)wm (m2P0t23y) X1,m,r

- 3 3 > Eo(ler, ton)mipa, P)

o;,;€[0,10slog, n] r1,ra=ri-cai+ozel 0<‘m1|3n105
1<i<s,j=1,2 (m1,p0)=1

x wh (mlPawy)wl‘l—aﬁ'aQ (_m1Pa27y)

) 5> 5 4Bg sin®(27m1[0N]/Pr,-a;)

_ 112
aj,iG[O,l(Js log2 n] ri,ro=rij—oi+azel 0<\m1|Sn105 PY'1+1‘2|€(m1/P1'1—0t1) 1|
1<i<s,j=1,2 (m1,po)=1

x %1 (m1Pa17Y)¢r1—a1+a2(_mlpa27y)~ (59)

Taking into account that

Imq| < n'%%, max a;; < 10slogy n
i,
and
minmaxr;; > Wy = 50s%po log, n,
J 1
we have
3 ~15s
|m1| P—r1+2a1+a2| <n

and

e(m1/Pr,-ay) — 1 =2mim1 [ Pry -, + O((ml/Prl_al)z),
Pr,le(mi/Pr,—a,) = 1] = 27|m1|Pa, + O(mi Py, 120,
Peyerale(m1/Pry—a) = 117 = Py (Peyle(ma/Pey—ay) — 1)
= Pay-a, (47°mi[* Pa, + O(Ima]’ Py 130,))
= 47 m1|* Pty + O(ma P Por, v20 0xs)
= 47%m1 2 Pay tary + O(n7 %),

wherery;=r; — ag + aes.
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Hence
1 ? 1 2
Pryir,(e(mi/Pry—a,) - 1) Am2m* Poy +as
Pr1+r2|e(m1/PI‘1—0t1) - 1|2 - 47T2|m1|2pa1+0‘2 —-15s

<n
PI‘1+1‘2|6(m1/PI‘1—a1) - 1|247T2|m1|2pa1+a2

Using (B0), we obtain |mi/Pr,—a,| < 1/32 and (mi/Pr—a,) = |m1/Pri-oy |-
By (E1), we have
Py, /N =0(n™3%) for ry e U;.

In view of (88), we derive

1

Egsin?(2 ON]/Pr,-a,) =12+ 0| ———
o2 [N/ Pry ) <1120 ()
=1/2+ O(Pr,-a,/N) = 1/2+ O(n~2%)
and
4Bg sin® (2 [ON]/Pr—a,) 1+0(n=3%)
Prysese(m1/Pey-a,) =12 272/m1 2 Pa,sa, + O(n715%)
1
+O(n‘15s).

N 27r2|m1|2Pa1+a2

From (B9)), we get

1
27T2|m|2pa1+a1

E¢Dy 1 = > >

a;,;€[0,10slog, n] ri,ri—ci+azel; O<\m1\£n103
1<i<s,j=1,2 (m1,po)=1

X wm (mlPa1 ’ y)wl‘1—0t1+0t2 (_mlpaz ) y) + O(n—l()s). (60)
Let us consider the summation area
ry,ry—oq +ag e U

Let r =11 — ;. We have r + a1, v + ap € Uy, hence r € (Ui~a1) n (Ur~a).

Using ({@1)), (#2)) and Lemma [T}, we derive

(U1 ay) n(Ui~ay) = (UyuU) N Uy with  #U; + #U; < n®logy'** n. (61)
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Bearing in mind that [¢r; 1, (1 Pa;,y)| < po (j = 1,2), we obtain

2 X

@;,€[0,10s log, n] rell o<|m|<n'0®
1<igs,j=1,2 (m,po):l

wr-f—al (mIPOLl?y) wHaz(_mlPaza)") < #i’l (62)

In view of (60)— ([©2), we have

1
27T2|m|2pa1+0t1

_ Yria, (mPa1 ) Y)
E¢D 1 = Z Z . Z 272 |m|? P,
@;,i€[0,10slogy n] re(U1uU1 )\U; 0<|m|<nt0® x1ton
1<i<s,j=1,2 (m,po):l

x wr+a2 (_mPaz ) Y) + O(ns log_lgs TL)

r+o Pa17 r+oo\ " Pa27
Zzzw(my)w(mw

2 2
a;,1€[0,10slog, n] reUy 0<\m|£n105 2T |m| Pa1+ot1

15iss,j=1.2 (m.po)=1
-1
+0(n®log % n).

Taking into account that

Ge= Y | T tramPay)/Pal (s BD),

202
0<|m|<n10® 2m2|m| ;€[0,10s log, 1]
(m,po)=1 1<i<s
we get »
E¢Di 1= Y Gp+0O(n’log” " n).
relU;
Hence Lemma [5.1] is proved. O

Although the following Lemmal5.2]is the main part of the estimate of the lower
bound for the variance of the discrepancy, we do not use any special number
theory tools in the proof. We only use direct calculations. Almost the entire
proof is devoted to calculating the lower bound of the following part of G,:

2
Z Z VYria(MPa,y)/Po
1<m<po |a;€[0,10slog, n]
(m;,po)=1 1<i<s
LEMMA 5.2. There exists ni >0 such that
EoDy 1 > k3n® with w3 =7"2p, 2 %k7°k5, for n>n;. (63)

205



TEMPORAL CENTRAL LIMIT THEOREM FOR AN ADDING MACHINE

Proof. By Lemma 21l we get
lffr(m’}’) = Hlb(lv {_mMi,!‘/pi}pivyi,'r'i)v w(l7m70) = 07
i=1

d’(@m,yi,m) = Z e(m(b— y’l,,'r‘l)/pz) for Y; > 0.

O£b<yiyri

From (57)), we obtain
207T2p8(2p0)2s 2 27T2p8Gr Z Z 77ZJr+oz(TnF)om y)/Pa

1<m<po | a;€[0,10slog, 1]
(m,po)=1 1<i<s

1

a;,:€[0,10slog, n]
1<i<s,j=1,2

X Z H H d}(ia{(_1)ijajMi,r+a_7/pi}piayi,m+aj,i)~

1<m<pp 1<i<s 1<j<2

(m,po)=1
(64)

Pa1+a2

By the Chinese Remainder Theorem, we get

{0£m<p0}:{ Z m;po/p; mod po | 0 <my; < p;, ie[l,s]},

1<i<s

with pg = p1p2---ps. Hence
{0<m<po | (m,po) =1} = { > mupo/pi mod po | 1 <m; <p;, i€ [173]}'

1<i<s
Therefore,
2 3 o 1
21°poGr 2 hy i= Z P H 601'7!‘706171127
o;,;€[0,10slog, n] © X1t+02 1<i<s
1<i<s,j=1,2
where

K‘)z‘,r,al,az Z H ( ( l)jmzPa,Mz r+a]p0/pz }pzv Yiri+a, 1)

1<m;<p; 1<5<2

Yi, 7‘1+a3 1_1 )
Z H Z ( yi,ri+oc_,v,i)(_1)]miPajMi,r+ajp0/p?)~

1<m;<p; 1<5<2 b=

(65)
We have
= I_I hrvi With hl‘,i = Z pl,!‘,a17a2/ o z+a21' (66)
1<i<s a;,1€[0,10slog, n]
7j=1,2
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Let ¢j = Yir+a;, — bj. In view of (), we have

Yisrjraq ; Yirjtos; [ p,—1 2 ]
pz’,r,al,ag = Z Z Z € (Z Cj(_l)]+1mipaj A7\4'z‘,1z'+o¢ij/pz2 -1

01:1 62:1 mi:O j:1

Yirjtoy 3 Yirjtag g

=X X (pi‘sm (i cj(_l)j+lpajMi,w—a_,va/pi) - 1) .

61:1 02:1

According to (I5]), we obtain M;, = (P,P/p:")_1 mod p;* and M;, # 0 mod p;.
Hence
-1
Mi,r = (Pr/pzl) mod Di,

(Pr+a]-p;7vi_aj”")Mi,r+aj =1 mod p;, (Pep;"™ )(Pa].p;a“'Minaj) =1 mod p;,

—ai g _
Pa_,'pi ! 1Mi,r+a]- = Mi,r mod bi,

and
Po,M; ria; = Py M;ymodp; with M;,#0modp;, j=1,2.
Therefore
j+1 j+1 j i
5pi( > (=17 PajMi,rijO/pi) :5m( > (=17 p” ),
j=1,2 §=1,2
and
yi,ri+o¢1yi yi,ri+o¢2yi L
j Qg
pi,T,OLl,OLQ = Z Z pidp, Z Cj(_l)j+ P -1
ci=1 co=1 j=1,2
Let i1 oy Qe ;
1,J2 _ 1,72 31 i
hr,i - Z pi,r,alaoe /pi
a;,;€[0,10s log, n]
j=1,2
with
1,1
pi:r,al,ag = pi,l‘yal,OtQA(al,i > O)A(a2,i > 0)7
1,2
pi,r,ahaz = Piro,0: (01, > 0)Aaz,; =0),
2,1
pi:r,ahaz = pi,r,al,oQA(Oél,i = O)A(ali > 0)7
2.2
pi,r,al,aQ = pi,r,al,oQA(Oél,i = O)A(ali =0).
By (66), we get
hl‘,i = Z h‘z‘j{]27 pi,!‘,a17a2 = Z KJ‘Z}I‘:?(il,az
J1,J2=1,2 Ji,J2=1,2

207



TEMPORAL CENTRAL LIMIT THEOREM FOR AN ADDING MACHINE

It is easy to verify that

1,1
i,r,o,00 (pi - 1)yi7Ti+a1,iyi7Ti+(X2,i7

1,2 . )
i,r,o,0n yz,ri+a1,1¢yz,ria
2,1 _ ) )
iron,an - YiriYiritas
and
2,2 e
Firanas = 2 (Pidp(c1-c2)-1)
61,62:1
— . . 2
= DPiYir; ~Yir;-
Hence
1,1 _ 2 : . (e
hr,i = (pi - 1)ﬂi,m with ﬂi,ri = Z yi,rﬁa/pi ,
1<a<[0,10slog, n]
1,2 1,2 2,2
hr:i = hr:i = _yi,Tiﬁi,’r‘i a‘nd hr:z = yi,’l"i (pl - yi,Ti )
Therefore

hl‘,i = yi,m (p’L - yi,Ti) - 2yi,7‘iﬁi,7‘i + (pl - 1)51277‘1

We consider the case 1 <y; ., and {y;p]"} <1-r (see (@)).
If p; =2, then

hei =128 + 67 = (1= Bir)” 2 (1= {yirp}'})? 2 K1,
If p; >3 and y; -, <p; — 2, then
hei 2295 0y = 2Yi e, Bir + 2512,72: >1- B 21={yip;'} > k1.
If p; >3 and y; », = p; — 1, then
b = pi=1=2(pi = 1)Bir, + (0i = 1)B7, = (0i=1)(1=Bir)* 2 (1= {yip] })* 2 1.
Therefore h,.; > k% for all p; > 2. Using (65) and (B6), we derive
27‘(2ng1- > hpe > KJ%S for 1<y;, and {yp]'}<l-kK1, 1<i<s.
Let U =[1,n/(2po)]* N Z°. Applying (), we have
21°pg 3. Gr 2 R RS#HU = w1R5[1/(2p0)]°

rel
and

1 s
> Ge> ——=rk1k5(n/(2p0)) -
reU 47T2p0

From (64)), we have G, < 10(2pg)**.
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In view of ([23)), (38) and Lemma E1] we obtain
Wy = [log3 n], #Uy < n®logy'% n

and
Gy < n®logy " n,
I‘GU2U[0,2W2]S
UyuUyU[0,2W]° > Un[1,n/(2p0)]* =UnU
and
#(Un[1,n/(2p0)]°) = [n/(2p0)]® - (50pos® logy n)®.

Thus

Y G2 Gy - > Gy — 10(2p0)** (50pgs? logy n)*

relU; I‘EU I‘EUQU[O,2W2]S

= Z Gy +0(n® 1og5105 n) > (5W2p8)_1(2p0)_5m§5m§ns
reU

for n > ng with some ng > 0. By Lemma [51] we get

E¢Di1= ) Gr+0O(n° log 1% n) > kgn®  with kg =1 2pyT °2 K20k}
reU;

for n > ny with some n; > 0. Hence Lemma is proved. O

In the following Lemma [5.3] we collect the results of all the previous sections.

LEMMA 5.3. With the notations as above
Eo((Zy x([0N]) - D1 ([0N]))") << n*log """, (67)
EoZy x([0N]) < n*/?71/16,
Eo(Zz «([6N]) - DI([6N])) <« n’log " n

Eo7; ([ON]) < T0p5°"*n®, 70)
EoZ; ([ON]) > 0.5k3n°, 71)
n > no(x), where k3 = 2py" *27°Kk3°KS, with some na(x) >0 for a.s. X.
Proof. From ({{), Lemma 24 Lemma 2-Lemma 5.2 we obtain
Eo((Zy([0N])) - B(ON]) <log3™" n,
Eq D7 ([0N]) < 65p5° *n”, (72)
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D([GN]) :lejsE)ﬁj([eN])a D%([QN]) :lejs?»Dl,ja
EoD2([ON]) < n®log % n, EoD2([ON]) «< n* /8,
.. .. 2
[Da([ON])] + (D5 ([ON])] << log®** n, (73)
Eo(D:1([ON]) + D2([ON])) < 1/n,
E9D171 > Hgns, E9D172 < ns_l/lﬁ, E9D173 < 1, (74)

n > ngz(x), with some ng(x) > 0 for a.s. x.
Let us consider (67). From (74]), we get

Bo((Zy x([0N)) - B1 ([(0N]))
< 2Eo((Zy x([ON])) - D([ON]))*+ 2Eo(D([6N]) - D1 ([6N]))’

« log?**! n+E9(ZD ([6N] ))

< log”*n + Z EoD?([0N])
7j=2

«n log

Let us consider (68). By ({0), (67) and (74), we have
Eo(Zy «([0N])) - (D([ON]))’ < log2**' n,

BUONY = Di((0N]) + B[O + Do((0N)) + Da([ON]) + D ([0
[Bo(Ds((0N)))] < (o (Ds ([0 N]))2)1/2<< e

Eo(D1([0N]) + Do([0N])) < 1/n,  Du([0N]) + D5([0N]) < logd™* n,

and
EoD([6N1)]| < [Eo (D1 ([6N]) + Da([6N))] + [EoDs ([9N])]
+|Eo(Da([ON]) + D5 ([ON])))|
« ps/2-1/16
Hence

Bo%y (0N < [EaD(OND)] + (Ba(BION]) - Fy (6N)))°) < n/2-119,
and (G8) follows.
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Let us consider ([69). From (67) and (74), we derive
[Bo (75 x([0N]) - DI([OND))|
= E9|(-@y,x([9N]) - 'D1([9N])) x (gy,X([eN]) + Dl([eNDN

1/2

< (Bo(Zy x([ON]) = D1 ([IN]))2)* x (Eo(Zy x([0N]) + D1 ([0N]))2)

" 10g" n(Bg((Zy ([ON]) - Dr([ON])) + 21 ([0N]))’)

<< log™ n(2E0(Zy x([0N]) - Pi([ON )’ + SEo(By (0N]))’)

s/2 0

< n?log™ n(n®log 1% +n*) Y% « n®log ™" n.

Let us consider (70). By (69) and (74), we have
BoZ4 ([0N)) = (Bo( %5 x([OND - B(6ND)) + BDE(ON]) < 7095’

n > nyg(x), with some ny(x) > 0 for a.s. x.

Let us consider (7). Bearing in mind that D}([N]) = . <3 D1,;([0N]),
we obtain from (74)

kgn® <EgDi 1 < EgDI([0N]) +[EgD1 | +[EgD1 3| = EgDI([0N]) + O(n* /1),
Using (69), we get
EoZ; ([0N]) > E¢Di([0N]) - n® log;** n > 0.5k3n°,

n > ns(x), with some nz(x) > 0 for a.s. x. Hence, (7I) and Lemma (3] are
proved. O

6. Four moments and Lévy conditional variance estimates

LEMMA 6.1. With the notations as in (B1) and B]), we have

& = Z Eggi([GN]) <« n2s1/8 for a.s. x. (75)
1<k<Wi

Proof. The proof is similar to that of Lemma [£3] Let
]k]',kl,kz = kl for j € [1,4] and ]kj,khka = kz for ] € [5,8]
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By Lemma [Z1] (31)) and @B8), we get

E,&?

> E, Eg( 3 ]D')T,L)4E9( 3 DT,L)4

1<kq ko<W I‘GUkl I‘GUk2

) > % Eo([Tenomimer.,)

1<k kosWyr el Ky ko oc_,v,ie[_(),lOslpgz n]  0<|m;|<nt0® j=1
1<5<8 l<iss, 1<j<8  (m;,po)=1,1<j<8

8
x Eg (H Pr;,[ON],m; P, )le‘](m] ajvy)E 6(2 r],x_er,y))
< > > L

@;,i€[0,10slogy n]  0<|m;|<n'®®  1<5<8 |ijaj| 1<ky, ko<W
1<i<s,1<5<8  (my,po)=1,1<5<8

m;
x Z E e( Z J 0‘7 (eryx_thy)). (76)
r]sU]k] ky ko 1<5<8 r;
1<]<8

From Lemma [2.3] we obtain

Exe( Z m}) [7} (Xr],x rj,y)):A( Z ij—rj+a]- :O)

1<j<8 1<j<8

Applying Corollary (S-unit theorem) and Lemma [.T], we have

> A( > miPoyia, = 0) < m’?X(#Uk)4 < nD1ogl%n.  (77)

LU | 57
1<5<8
In view of (@) — ((7) and ([B8), we get
1
E,&% « > S D 1ogh0

a;,:€[0,10slogy n]  0<|m;|<n'0s  1<j<8 |m] O‘J| 1<ky, ko<W
1<i<s,1<5<8  (m,po)=1,1<5<8

« 10g2 n WZ 4(s-1+0.05) « 10g2 n(n/log205 )2n4s—4+0.2 « TL4S_3/2.
By Chebyshev’s inequality, we have
P(’@' > n2s—1/8) < ExZAUQ/TL4S_1/4 « n4s—3/2—4s+1/4 _ TL_5/4.

Now, using the Borel-Cantelli lemma, we get the assertion of Lemma [6.7] O
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Denote by F(1) the sigma field on [0,1) generated by

J oIy, !
35 5-0. 21
Let 1(0) = 0,1, = (k+ 1)Wy + W3, Fi, = F(I;.). We will consider the probability

space (([0, 1), B(][o0, 1))), /\1) and the conditional expectation

n+1)/2'%

(78)

f(z)dx for Ge[n n+1)

(
Eo(f(0) | 7o) =2" [ I

/2t

The following Lemma is the main part of the estimate of the Levy condi-
tional variance.

LEMMA 6.2. With the notations as above
Eo(Di([ON]) | Fr-1) = O(n™%%), (79)
Eo(D1([ON]) | Fi) = D ([ON]) + O(n~3),
Eo(D([ON]) | Fio1) = Eo(D;([ON])) + O(n%%). (80)

Proof. By Lemma 2T B1), (38) and ([@3), we get

v -1
Eg(@k([eN])|.7:k_1) = Z Z X
reUy «;€[0,10slogy n] 0<|m|<nt®® Pr(e(m/Pr_a) - 1)
L<i<s (m,po)=1
mP,

2Eo(sin(2rm[ON]/Pr—a) | Fi-1)¥r(mPa,y) e( 5

r

n—40s Z Z Z — 1 «< n—308.

CREEIE

relUi a;€[0,10slogy n] 0<|m|<nt0® Mo
Similarly, using ([@2]), we have lziss (m,po)=1
P7V-1
Ee(@k([eND|~7:k)_©k([9ND: Z Z P 1
reUy o;€[0,10slog, n] 0<\m|§n105 e(m/ r—a) -

1<i<s (m,po)=1

x 2 (Eg(sin(me[QN] | Pe-a) | Fi) - sin(27m[6N] /Pr_a))wr(mPa, ¥)

mP,
X e ( = (Xpx — Xryy)) «<n™ Y —— « 308,
Py reUy «a;€[0,10slog, n] 0<‘7n|gn105 mPq
1<i<s (m,po)=1
Therefore, the first part of Lemma is proved. O
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Let us consider (80). By (B3I and (38]), we obtain
Di(OND =~ ¥ > > 4

r1,r2€U, aj ;€[0,10slogy n]  0<|m;|<n'®®
1<i<s,j=1,2 (mj,po)=1,5=1,2

sin(2rm1[ON]/ P, -a, ) sin(2rma[ON ]/ Pry-cry)
PI‘1 (e(ml/Pl‘l—Otl) - I)Pl‘z (e(m2/P1‘2—0t2) - 1)

wh (m1Pa1 ) Y)

mQPa

m1Pa1
X Py, (m2Pa2>Y) e(T(Xrl,x - Xrl,y) + . (sz,x - XrQ,y))'

ry r2

Now using (04), we get
[Bo (D} ([ON])Fir) - EaD}([ON])]

< Y > > 1

r1,r2€Uk a;,;€[0,10slogy 7] 0<|m;|<n'0®
1<i<s,j=1,2 (nLjJ)O):l,j:l,Q

B (sin(2mm1 [ON]/ Py, o, ) sin(27ma[ON]/ Pr, ;) | Fio1 )

X

1

- Eo(sin(27rm1[9N] /Pr-a,) Sin(20ma[ON]/ Pey-as, ))‘W
o1+

<y 5 5 !

ri,r2€Uk ;,:€[0,10s1log, n]  0<|m;|<nt®® |m1m2|Pa1+a2
1<i<s,5=1,2 (m;,po)=1,5=1,2

«< n 308,

Hence Lemma [6.2] is proved. (Il

In what follows, we essentially repeat [19, Sec. 2.8 and Sec. 2.9].

7. Martingale approximation

Le
' & =E(D,([0N]) | Fi) - E(Dk([ON]) | Fi-r), k=1,2,... (81)

Then (&x)r»1 is the martingale difference array satisfying E(&x|Fx-1) =0,
k=1,2,... Bearing in mind ([B8) and (0], we define

S0 Y6 60 Y D(ON]) = Dy(ON]). 62 = Bo(E2), i = Bo(E).
k=1 k=1
(82)
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LEMMA 7.1. With the notations as above
Du([IN]) =& =0(n™"), §,=8,=0(n™), D([IN])* =& = O(n™>),
bn-0n =07 and  |G[* <8DR([ON])]! + O(n ).

Proof. By (88), (8I) and Lemmal6.2] we get W; <n and

D5 ([0N]) - Eg(Di([ON]) | Fi) < n~2%,
Eo(Dr([ON]) | Fr-r) < n™3%,

D,([0N]) - & = Di([ON]) - Eg(Di([ON]) | Fi) + Eo(Dr([ON]) | Fr-1)
< n 0%, Sn —Sn = O(n72%).

From [B9) and ([82), we have D, ([0N]) « n**t, and [S,| +[S,| <« n**2.
Hence

D7 ([ON]) - &1 < 1Dk ([ON]) = & | (21Dk([ON])] + D5 ([ON]) - &xl)
<« n—293+1

and . . e . . .
|62 — 07| = [Eo(S2) = Eo(S2)| = [Ea((Sh = Sn)(Sn + Sn)))|

< (Bl 8 Ba(E5,01)

(—29s+2s+4)/2 -11s

<n <n

By Holder’s inequality, we have (a +b)* < 8(a* +b*). Therefore,
[€k[* = [DR([ON]) + & - Di([ON])[* < 8Dk ([ON])[* + 8 D1 ([ON]) - &I
= 8Dk ([ON])* + O(n™1%).
Hence Lemma [7.1] is proved. d

We shall use the following variant of the martingale central limit theorem
(see |17, Corollary 2.1, p. 58]):

Let (2, F, P) be a probability space and { (¢, Fnk) | K =1,...,4,} be amar-
tingale difference array with E((y | Fok-1) = 0 a.s. (F, o is the trivial field).
Let

tn tn ln
Sn=). Gakr L(n,€)= 3 B(G xA(Cnkl > €)), V=Y E(Gh i | Fapr)- (83)
k=1 k=1 k=1
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THEOREM 7.2. Let

SSE(RL) =1, L(ne) 50 Ve>0 and V251, then S, 3 N(0,1).
1<k<t,

Now, we apply Theorem to the martingale difference array {(o k, Fnk) :
k=1,... ,gn} with Fn,k: = Fi, Cn,k: = fk/gn and ¢, = Wi.

LEMMA 7.3. With the notations as above Sn/gn 5 N(0,1).

Proof. By (B, (& ):»1 is the martingale difference sequence (and consequently
orthogonal). From (69) — (1)), (82) and Lemma [TI] we obtain

2
@i:Ee(Si):Ee( D fk)

ke[1,W1]

= > Eog=g,+0(n'")
ke[1,W1]

= Eo(§2) + O(n~11%)

2

:Ee( 3 m([eN]))W(n‘“S)
ke[1,W1]

=E¢D; ([ON])+ O(n~'"*)

=Eo(Z] «([ON]))+ O(n®log;) > 0.4rk3n°. (84)

We derive from (83)), (84)), Lemma [6.1 and Lemma [l that ¢2 > 0.4x3n° and
1 1
Lne) = 3 [ leufonPAG/onl> 0 < ¥ e [ /ol s
1<k<w, 70 1<k<w, 70

< > 6_2n_23(E9©i7[9N] + O(n_?’os)) < €2 2?8 1B,
1<k<W;

Let us consider V2 - 1. By (84), Lemma[6.2 and Lemma [7.I] we derive

02 = > Ee&, Eo(D7([ON])|Fi-1)
ke[1,W1]

= Eg(@i([QN])) +0(n73%), D2([ON]) - €2 = O(n~25%).
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Hence

Vi-1=0 3 (Bo(&1Fi1) - Boy)
1<k<Wi

=02 Y (Eg(gi([ezv])m_l) - Eegi([eN])) +0(n?7) =0(n*™).

1<k<W;
Applying Theorem [(.2] we obtain the assertion of Lemma [7.3] O

We need the following “Converging Together Lemma” [I5] p. 105, ex. 3.2.13]:
LEMMA 7.4. If X,, > X and Z, - X, >0, then Z, > X.

8. The end of the proof of the Theorem [1.1]

Let

By B2), we have , .
Sn=Di([6N]), &5 =Ee(S}), 0. =Ee(S)).

From Lemma [7.1] we get

§.=2yx([6N])  and 32 =Ee(§). (85)

Sp =S, «n 2%, 02— 2 < n s,

In view of Lemma (5.3l we obtain
Bo(85-81)" = Bo((Zyx([0N]) - Da([N]) ) << v logy "
0% - 0n = Eo( 75 x([6N]) - DI([6N])) < n”logy”

and )

Eo(S)) = 07 €[0.563, 70p5°*n®,

Eo(S) = BeZy x([0N]) < n**71/16, (86)
with k3 = 7 2p;  °27°k?°k5. According to (B4), we get 02 > 0.4k3n®.
Hence

on = 05 = (00— ) + (8, - 07) <n’logy™ m,
and

Eo(Sy - S1)? <2Eo((Sn-S,)?) +2Eo((Sn - S1)?) < n*logy™ n.

Therefore,

RO O e B
<n' ™ log™ n = n logy™ n.
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We derive

. 2 . 2
EG(S.—”—§—.") N LN S'n(.i—%)
On On On On On

< 2677 Bo(Sn - §0)%+ 2(1/6n -1/ 6 ,) "B §

-s/2

< n” logy” n+ (n7? logy” n)?n® « logy” n

Hence T
Sn/Qn - Sn/Qn - 0.
Bearing in mind that S,/é, — N(0,1) and Lemma A, we get that
Sl 0> N(O,1).
By (85) and (8G), we have the assertion of the Theorem [T O

9. Appendix

The results of this section were used in L]\(;mma By 29), we get
Eof([ON]) = Z (k). (87)

The calculation in Lemma [0.1] based on the following well-known expressions:
sin(z) = (exp(iz) - exp(—iz))/%,
cos(z) =sin(z + 7/2),

2sin?(z) = 1 - cos(2z) = 1 — sin(2z + 7/2)
and
2sin(z1) sin(z3) = cos(z1 — 22) — cos(z1 + 22)

=sin(z1 — 29 + 7/2) —sin(z1 + 29 + 7/2).

We obtain from (@) and (87), that

| LS ) 1
|Egsin(2n[0N]a+ 8)| = N kz:%) sin(2rka + 3)) Smm(l,m)7

2|Egsin2(27T[9N]O‘) — 1/2| < min (1, M) )

2|Eg sin(27[ON Ja) sin(27[0 N ]a)| < min (1, m)+min (1, m) .
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The main tools of the proof in Lemma @] are the inequalities in (88]). We use
the deep tools of Theorem (the theorem on linear forms in the logarithm)
only in the estimate (94]).

LEMMA 9.1. Let a; € [0,10slogyn], 1 < i < s, 1 < |m| < n'% r e Uy,
Ly = (k+ 1)Wy + Wa, k € [1,W1]. Then

|E9(Sln(27rﬁ[9N] +n) | .’Fk)| min (2 %) , (89)
[Bo(sin2(2rB[ON) | Fi) - 1/2] < mln( 22:2_;») (90)
Lp_1-2

|E9(Sln(27rﬂ [ON]B) sin(27y[ON]) | Fr- 1)| z21:2mm( m), (91)
|E9(sm(27rm [ON]/Pr—a + 1) |.7:k) —sin(27m[ON]/ P +77)| <n~40%, (92)
|Eg(sin(2mrm[0ON]/Peea + ) | Fr-1)| < n 0%,

| 9(81n(27rm ON]/Ps_ a+n))| 40 (93)
Eo sin(izwml_[mv])sin(erz_[eN]) |.7:k—1) -

2 ON 2 ON
B sn | T2 ) (el ) oo o
Prl—otl PI‘Q—OLQ
Proof. Let us consider ([8Y). Let 0 € [52-, 2], From (78), we see

2£k’2ék
Eo(e(B[ON]+n) | Fr) = 2!

n+1)/2'%
[ e(B[xN] +n)da
n/2'k
1
f e
0

(

/ l
(B[(Nn+zN)/2l’“]+77)dz
T (Aln e 02 40)

1
N
Let

N =N 2% + Ny, =02 +05 with Ny, 05 €[0,2%).
Hence

0S£12lk£N—1—£2, 0</t < [(N12lk+N2—]. 62)/2%], 0<l1 <NV, + N3,

with
Ny =[(Ny—1-105)/2"] € {-1,0}.
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Using (@), we derive

1

[Eo(e(BION]+n) | Fr)

Z Z 6(561 +ﬁ[(Nn+€2)/2l’“])

0<0y<2'k -1 0<€1<N1+N3

2Lk
<{— max
N 0<t5<2k-1

Y, e(Bh)

0<l1<N1+N3

2lk ] 1 . 2lk
< min (N1 +1, m) < min (2’ M)’

and (89) follows.
Let us consider (O0) and (OI]). Bearing in mind (88)) and (89J)), we obtain

2|Eg(sin(2rB[ON]) | Fi) - 1/2| = [Ee (- cos(4nB[ON]) | F1)]

= [Bo (sin(4r5[0N] + 7/2) | Fi)|

. 2Lk
: “““(2’ 2N<<2/3>>) /

and
2[Eq (sin(278[ON]) sin(2ry[ON]) | Fi1 )|
= |Eg(sin(2n[ON]B - v + /2) = sin(2w[ON]B8 + v + 7/2) | Fi-1)|

) k-1
< 2, min (2’ IN(B+ (-1)1) ) '

Let us consider ([@2). By B%), we have Wy = [log3’*n], W5 = [logy’* n],
A =n—(k+1)Ws, By = Ap + Wa = 2W3, h(r) = r1logy(p1) + - + s logy(ps),
Ug ={r e U | h(r) € [Ag, Br)}. Taking into account that I = (k+ 1)Ws + W,
we have for r € Uy:

Py g2l on=(k+1) W+ Wa-2Wa—n+kWa+Wa-1 _ 5-Wa-1 _ 5-log}®*n _ 405
e« = < <n 8

« 210310g2 n+n+1l-(n—(k+1)W2)+10spg 10g2n<< 2(k+l)W2+203p0 log, n
r-o

mN

_ _ _ 10s _ .
5 o «< 9 W3+20spg log, n «< 92 Ws/2 «< 9 0.5log; ° n «<n 405. (95)
r-a

220



MORDECHAY B. LEVIN

Let 0 € [ ‘;,Lkl], 0= (n+01)/2% with 6, € [0,1]. We see

2k
m[ON] ~ m [[aN] [6iN o [aN], [ _mN
Pra  Poa\l2w "2 |7 TR L2 ] (Pr_agzk)
= n nv —-40s .
—Pr—a |:2Tk:| O(n )7 with 66[—2’2].

Bearing in mind that |sin(x1) —sin(x2)| = |x1 —x2||cos(z1 +2(z2 —21))| < |21 — 22|
(z€[0,1]), we get

sin (727””[9]\]] + 77) —sin ( 2mm [nN] + n) = O(n™%)

P o Peo L2k
and
ol (220 ) 7)o (28] ) <00
Therefore
Sin(27TZL[9N] " 77) _ Eg(sin(%gli[em + 77) | ]:k) _ O(n_403),

Let us consider ([@3)). By (30), we get [m|/Pr—a < 1/32. In view of (89) and
[©5), we obtain

Qlk—l_l
Eg(sin(2rm[ON]/Pr—a + 1) | Fi-1)| < min (2, — | =
o ) N{m/Peo))
lp-1-1 lp-1-1
min | 2, Do < min| 2, Dra2 < n 408,
|m|N N
1
Eg(sin(2rm[ON]/Pe-a +n))| < min (2, — | <,
o ) N{m/Pe—o))

Let us consider ([@4)). Let |m1|/Pr,—a; # |m2|/Pry-a,- By B0), we have

|m1/P1‘1—0t1 + (_1)jm2/PI‘2—a2| < 1/16

Applying Corollary B.4], we get

«ml/PFl—al + (_1)jm2/P1‘2—a2 >> = |m1/P1‘1—0t1 + (_1)jm2/PI‘2—a2| >
min(|m1/PF1—a1 |7 |m2/P1‘2—Oé2 |)6Xp(—01 1n2 TL)
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Using ([8]), @) and (@5), we have

2

By | sin 27tm1[ON] sin 27tma[ON] |‘7__k_1 ~
Prl—al Pr2—a2

Eo sin(Qﬂ-ml[eN])sin(%-mz[eN]) l <

Pr2—a2

rp—og

2lk—1 )
2 min | 2, - <
j:212,2 ( 2N<<m1/PI‘1—a1 + (_1)]m2/PF2—¢12 >>

oli-1 max Pr, o, N7texp(Ci1In®n) « 9 log;"” mexp(Cy In n) < n740. (96)
j

Now let |m1|/Pry-a, = |m2|/Pry-as- From (88), ([@3) and (@), we obtain

2 ON 2 ON
2|Eq Sin2(k[]) ‘_’}:k_1 ~Eg Sin2(k[])
ri—og ry-og
4 ON 4 ON X
= |Eg| sin (%[] + 7T/2) ‘ Fr_1 |- Eglsin (%[] + 7r/2) «< n 408,
Prl—al Prl—al
(97)
By (@6) and (@7, (94) is proved and Lemma [9.1] follows. O
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