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RAMSEY-MAHLER RARE CONCURRENCIES
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ABSTRACT. For a ternary tree T of depth n with 0-1 labeled edges, its weight
f(T ) is the least number of path labels among binary subtrees. The maximum
f(n), over all labelings, of these weights starts with 1,2,3,4,8. We show

f(6)≥12, but focus on depth 5 (with 2363 trees). We approximate the per-
centages for weights 1–8: 0, 1.04, 23.6, 55.0, 18.8, 1.54, 0, 0; our linked sup-
plements include thousands of mined trees of rare weights 7-8. Our next products
additionally relate to Mahler’s 3

2
-problem and large stopping times showing a real

number is not a Z-number. Our version is iterated multiplication of integers by 2
3
.

For a certain sequence of integer intervals, we present a choice function. Our in-
terval Ig has left endpoint a(g) = min{k|{g · ( 2

3
)k} ≥ 1

2
∨ k = �log 3

2
(g)�}, and

right endpoint at the stopping time for “the 1st intermediate rounding error”,
but the interpolation is a “no sudden death” function. We present simultane-
ous peculiarity in base 2 and base 3: numbers g with large values (for the size
of g) of a(g) and length of Ig , which also have a less common Ramsey weight

(when written in base 2 and used to edge-label a tree), or are prime. Then
we cross the weight notion with the Collatz scaled total stopping time γ∞(n).
We construct sizable low-high sequences of 8-tuples of same-weight pairs of num-
bers below 2363 with certain monotonicity in values of γ∞, and in six apartness
levels > 10−i for i = 1, . . . , 6. Apartness of γ∞-values would be in the ‘low’ and

‘high’ halves as well as between the corresponding components of terms of the
sequence. We get lower bounds for their lengths, and for Collatz-landing-apart
just for weight 8. We statistically establish an unexpected correlation between
Collatz and Ramsey.
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1. Introduction and preparation

1.1. Ternary trees, binary subtrees, and a Ramseyan property

A ternary tree T is complete if all the leaves (terminal nodes) are of the same
distance, say n, to the root. Then T is of depth n. In [3, D o w n e y e t a l. ],
the authors considered complete ternary trees of depths n ≥ 1 where the edges
are labeled either 0 or 1. For a complete ternary tree T of depth n with {0, 1}-
-labeled edges, they considered the complete binary subtrees of the same depth
n which use the least number, called f(T ), of path labels in {0, 1}n. Call this the
weight of T . Let f(n) = max {f(T ) | T is a complete ternary tree of depth n}.
It is clear that f(1) = 1 and f(2) = 2. As in op. cit. (proofs appear in Milan’s
thesis [8, M i l a n]), f(3) = 3 and f(4) = 4. In [3, D o w n e y e t a l. ], where the
main results were bounds on f and certain corollaries in computability theory,
it was also announced in a note added in proof that f(5) = 8. Their proof, kindly
communicated to the author by Carl Jockusch, is presented in the current paper,
where we also show f(6) ≥ 12.

In [9, W e s t], West reported a question by Milans as to what the expected
value of f(T ) is for a tree T of depth n with a random {0, 1}-assignment on its
edges. We deal with this for the first few values of the depth when n ≤ 5.

For depth 2, a complete determination of the exact probability of weights 1
and 2 and so the expected value of the weight we obtain. It is 11

8 = 1.375 and we
also verify it with Mathematica (this whole sample space is of size only 4096).

Note that for any fixed n, the number of ternary trees of depth n whose

edges are {0, 1}-labeled is 2
3n+1−3

2 , and for each such tree the number of binary
subtrees is 32

n−1. These are doubly exponential and that explains the limitations,
not just for a similar comprehensive approach but even for simulations, beyond
the first few values of n. E.g., after the first few values of n, a reasonable sample
size for a simulation would be larger than what can now be computed by brute
force with ordinary resources. Our computations and illustrations, thus restricted
to small n, are via Mathematica. The codes are provided in our supplements.

For depth 3, we again obtain the precise expected value and produce compu-
tational evidence via random sample simulations, but, unlike the depth 2 case,
not for the whole class of such trees. There are 239 = 549, 755, 813, 888 edge-
labeled trees T of depth 3, we determine the exact expected value of f(T ) to be
31033
16384 ≈ 1.8941. Simulations with samples give means close to this. A Ramseyan
property in depth 3 is used later: “three any two of which” does not reduce the 
maximum possible for total number of path labels for a binary subtree for each 
tree in the collection, triple or pair, if considered for just “two” (both turn out 
to be 4).
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Starting from depth 4 (where there are 2120 > 1.3× 1036 trees), we follow the
strategy to first remove the one-in-three terminal leaves keeping the majority
(or a certain described pair if all three are the same). This does not increase
the calculated weight of the tree. We use a Mathematica code to simulate the
distribution of all possible values f(T ) = 1, 2, 3, 4 via random samples of size
10i for i = 1, . . . , 6. We present the outputs when we ran each size for three
times. These random distributions, with their rather convincing consistencies
especially for the three samples of size 1,000,000, are expected to come close
to calculations that one can pursue based on heuristic arguments (we include
the argument and precise calculation for one case). It is safe to say that the
expected value is in (2.5, 2.9). We give examples of the weights 1–4 for depth 4.

Our main contributions are in depth 5, where there are

2363 > 1.8× 10109

trees. We present the weight distribution for 25 random samples of various sizes
from 100 to 1500, and totaling 8200. All random trees we got were of weights
2-6. We show some corresponding confidence intervals for the mean, all included
in (3.6, 4.4), sample means were in (3.86, 4.11). We also consider two classes
of structured random trees, in certain senses: via either an Inductively Almost
Balanced method, or the Log Super-additivity property

f(m+ n) ≥ f(m)f(n),

see [3, D o w n e y e t a l. ]. The first group trees are constructed by extending
level-wise and at each new level, if a path label is used k times, of the 3k new
edges, half of them (+ 1

2 if needed) are labeled 0 and the rest labeled 1. The trees
in the other group are constructed to have weight at least 6, using the instance

f(2 + 3) ≥ f(2)f(3)

of the Log SA property. For these two groups too, we present the weight distribu-
tions of 1535 trees coming from 14 samples of different sizes for each group, and
observe some over-performance of the Inductive AB method compared to what
it was perceived of. We are also able to construct and analyze sizable sets of rare
trees of weights 7–8. In the supplements, we provide over 8400 trees-including
3000 trees of weight 8 (using the Ramseyan property in depth 3) plus trees
of the Random, Inductively AB, and Log SA types.

For depth 6 (with 21092 > 5.3 × 10328 trees), using f(m + n) ≥ f(m)f(n),
we have

f(6) ≥ f(3)f(3) = 9.

We improve this to f(6) ≥ 12. In depth 6, we give a tree where all binary subtrees
that when restricted to any terminal depth-4 cluster are optimal for that cluster,
would not be optimal.
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1.2. Iterations of the left inverse �23g� of Mahler’s function �32g�
The function �23 ·� is onto but not 1-1, as⌊

2

3
(3q + 2)

⌋
= 2q + 1 and

⌊
2

3
(3q + 1)

⌋
=

⌊
2

3
(3q)

⌋
= 2q.

Its right inverse is Mahler’s function �32g� (see [7, M a h l e r]) as �2
3�32 (2q)�� = 2q

and �23�32 (2q + 1)�� = 2q + 1. Mahler’s function itself is 1-1 but not onto,
it does not take values congruent to 1 mod 3. For the reverse composition we
have �3

2�23 (3q + 1)�� 	= 3q + 1 (in contrast to a similar statement for the other
two congruency classes mod 3) and so if we want the process of going back-
ward in numbers by iterating �23 ·� starting from g to be recoverable (i.e., not
to loose information), we should stop when we reach a number congruent to 1
mod 3. It would be a yellow light: at that point, Mahler’s function applied to one
more iteration of �23 ·� would not yield back the number before the last iteration.
This type of stopping time and when it takes large values are of our interest here
(see [4, D u b i c k a s a n d M o s s i n g h o f f ]), especially on inputs that are rele-
vant for our ternary trees of depth 5 as above when the edges are labeled 0 or 1.
Below we sandwich this function as an interpolation between two related stop-
ping time functions.

For any integer g ≥ 1, define the function fg with

fg(0) = g, and fg(n) =

⌊
2

3
fg(n− 1)

⌋
.

Consider the following functions (where as usual, bounded maximization or
minimization would take the value of the bound when there are no witnesses
to the matrix of the formula below the bound):

a(g) = 1 +max {k ≤ �log 3
2
(g)� | (∀m ≤ k){g(23 )m} < 1

2},
b(g) = 1 +max {k ≤ �log 3

2
(g)� |(∀m ≤ k)�g(23 )m� 	≡ 1 (mod 3)},

c(g) = 1 + max {k ≤ �log 3
2
(g)� | (∀m ≤ k)fg(m) 	≡ 1 (mod 3)},

d(g) = 1 +max {k ≤ �log 3
2
(g)� | (∀m ≤ k)�g(23 )m� = fg(m)}.

Note that:

a(g) = min {k ≤ 1 + �log 3
2
(g)� | {g(23 )k} ≥ 1

2},
b(g) = min {k ≤ 1 + �log 3

2
(g)� | �g(23 )k� ≡ 1 (mod 3)},

c(g) = min {k ≤ 1 + �log 3
2
(g)� | fg(k) ≡ 1 (mod 3)},

d(g) = min {k ≤ 1 + �log 3
2
(g)� | �g(23 )k� 	= fg(k)}.
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����������� 1.1	 For any g ≥ 1, the difference �g(23 )k� − fg(k) is 0 or 1.

P r o o f. An easy induction on k. Note that as k varies starting from 0, the two
values could be different only if �g(23 )k� is 1 mod 3 and {g(23 )k} ≥ 1

2 , and in that
case the mentioned difference is 1. �

����������� 1.2	 For all g with a(g), b(g), c(g) < 1+�log 3
2
(g)� (this bound for

a, b, c is indeed expected not to be achieved), we have:

a(g) ≤ 1 + b(g) = 1 + c(g) ≤ d(g), and a(g) < d(g).

lim sup
g→∞

a(g) = ∞ and lim inf
g→∞ d(g) = 2.

P r o o f. To prove a(g) ≤ 1 + b(g), note that even if b(g) could happen to be as
high as �log 3

2
(g)� or 1+ �log 3

2
(g)�, then certainly a(g) ≤ 1+ b(g) (by the bound

on a(g)). In the other case (which appears to be the universal case), assume
b(g) ≤ �log 3

2
(g)� − 1. Suppose by way of contradiction that a(g) > b(g) + 1.

Then g(23 )
b(g) and g(23 )

b(g)+1 both have fractional part less than 1
2 . We have

�g(23 )b(g)� ≡ 1 (mod 3), and write g(23 )
b(g) = 3q + 1 + r, with fractional part

r < 1
2 . Then g(23 )

b(g)+1 = 2q + 2
3 + 2r

3 . So
2r
3 > 1

3 (otherwise the fractional part

exceeds 2
3 > 1

2 ), hence r > 1
2 , a contradiction.

We show 1 + b(g) ≤ d(g) (under the condition b(g) < 1 + �log 3
2
(g)�) and

1 + c(g) ≤ d(g) (under the condition c(g) < 1 + �log 3
2
(g)�) and because of the

way b(g), c(g), and d(g) are defined, these inequalities would then also imply
that b(g) = c(g).

To prove 1 + b(g) ≤ d(g), consider � with 1 ≤ � ≤ 1 + �log 3
2
(g)� and assume

b(g) ≥ � and we show that d(g) ≥ �+ 1. We have

�g�,
⌊
g

(
2

3

)⌋
, . . . ,

⌊
g

(
2

3

)�−1
⌋
	≡ 1 (mod 3).

Let j ≤ �, we show �g(23 )j� = fg(j). This is clear for j = 0. Assume for some

k ≤ �− 1 that �g(23 )k� = fg(k). Let {g(23 )k} = r. For fg(k + 1) = �23�g(23 )k�� =
�g(23 )k+1 − 2r

3 � to be equal to �g(23 )k+1�, it suffices that {g(23 )k+1} ≥ 2r
3 .

If g(23 )
k = 3q + r, then g(23 )

k+1 = 2q + 2r
3 , and if g(23 )

k = 3q + 2 + r, then

g(23 )
k+1 = (2q + 1) + 2r+1

3 .

To prove that 1 + c(g) ≤ d(g), consider some � with 1 ≤ � ≤ 1 + �log 3
2
(g)�

and assume c(g) ≥ � and we show that d(g) ≥ �+ 1. So assume

fg(0), . . . , fg(�− 1) 	≡ 1 (mod 3).
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Let j ≤ �, we show �g(23 )j� = fg(j). This is clear for j = 0. Assume for some

k ≤ �−1 that �g(23 )k� = fg(k). Either [g(
2
3 )

k = 3q+r & fg(k) = 3q] or [g(23 )
k =

3q+2+ r & fg(k) = 3q+2], for some r ∈ [0, 1). So either [g(23 )
k+1 = 2q+ 2r

3 &

fg(k+1) = 2q] or [g(23 )
k+1 = (2q+1)+ 2r+1

3 & fg(k+ 1) = 2q+1]. This shows

�g(23 )k+1� = fg(k + 1).

To prove a(g) < d(g), let g be such that a(g) = 1 + b(g), therefore both are
also equal to 1+c(g); call their common values �. Then (∀k ≤ �−1){g(23 )k} < 1

2 .

Note that b(g) = �− 1 ≤ �log 3
2
(g)� (since a(g) ≤ 1 + �log 3

2
(g)�), so �g(23 )�−1� =

3q+1, for some q. Write g(23 )
�−1 = 3q+1+r, with 0 ≤ r < 1

2 . Then from a(g) ≤
d(g), we get fg(� − 1) = �g(23 )�−1�, so fg(� − 1) = 3q + 1. We have fg(�) = 2q.

Also from g(23 )
� = 2q + 2

3 + 2r
3 , we get �g(23 )�� = 2q. Hence fg(�) = �g(23 )��.

This means that if a(g) < 1 + �log 3
2
(g)�, we have d(g) ≥ �+ 1.

To show that lim supg→∞ a(g) = ∞, consider g(u) = 32u−1+13
8 . We claim

that for all u ≥ 1 and 0 ≤ � ≤ 2u − 1, we have {g(u)(23 )�} < 1
2 . To see this

for � ≥ 3, note that g(u)(23 )
� = 32u−1−�2�−3 + 13

8 (
2
3 )

� and 13
8 (23 )

� < 1
2 for

� ≥ 3. If � = 0, g(u)(23 )
� is an integer. If � = 1, g(u)(23 )

� = 32u−1+13
12 has

fractional part 4
12 = 1

3 < 1
2 . If � = 2, then u ≥ 2, so 32u−1 ≡ 9 (mod 18) and

{g(u) · 4
9} = 4

18 = 2
9 < 1

2 . Note that for any such number g(u) = 32u−1+13
8 , we

have a = 1 + b = 1 + c = 2u < d.

To show that lim infg→∞ d(g) = 2, consider g(u) = 9u + 7. We have g = g
and �g · (23 )� = �g · (23 )� for any g (not even necessarily of this form), but

��(9u+7)23�23� = 4u+2 while �(9u+7)49� = 4u+3. Note that for these numbers
9u+ 7, we have a = 1, while 1 + b = 1 + c = d = 2. �

1.3. Crossing Ramsey with Collatz

For i = 1, . . . , 6, we define a LoH-iSeq to be a sequence of terms LoH-i
(for LowHigh of apartness > 10−i) each of which an ordered 8-tuple of ordered
pairs of nonnegative integers n < 2363:(

(l1, h1), (l2, h2), (l3, h3), (l4, h4), (l5, h5), (l6, h6), (l7, h7), (l8, h8)
)
,

neither of which a counterexample to Collatz Conjecture (if there are any) and
which are presented in eight rows 1-8 and two columns l and h, with the following
three properties:

Property R: The complete ternary tree of depth 5, when edge-labeled with
any of the LoH-iSeq’s 16 numbers in binary-padleft 0’s as necessary to
reach length 363, will have its weight equal to the row number of the pair
in the 8-tuple: w(lj)=w(hj) = j, for 1 ≤ j ≤ 8.
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Property C: For the Collatz (the shortcut 3x+1
2 version) scaled total stop-

ping times γ∞(n) rounded to i decimals, of the 16 numbers n in any LoH-i
term of the LoH-iSeq, we have the following different monotonicity towards
the row 4 low and high:

γ∞(l1) > γ∞(l2) > γ∞(l3) > γ∞(l4)

< γ∞(l5) < γ∞(l6) < γ∞(l7) < γ∞(l8),
and

γ∞(h1) < γ∞(h2) < γ∞(h3) < γ∞(h4)

> γ∞(h5) > γ∞(h6) > γ∞(h7) > γ∞(h8).

Recall that these values γ∞(n) are the quotient of the total stopping time
σ∞(n) (number of iterations to reach 1 under the 3x+1 map 2m �→ m, 2m+
1 �→ 3m+2) divided by ln of the initial number n. For any such LoH-i, all
consecutive differences corresponding to the inequality chains above we re-
quire to be more than 10−i. Different monotonicity requirements are moti-
vated by the frequencies of each weight (and the fact that in weight 1, much
bigger and much smaller γ∞(n) are known, the smaller ones at powers of 2).
See [1, A p p l e g a t e a n d L a g a r i a s], [6, L a g a r i a s a n d W e i s s],
and [5, L a g a r i a s] for background on the unsolved Collatz 3x+1 prob-
lem.

Properties S1-3: (S1) For the first LoH-i (i.e., the LoH-i with no predeces-
sor in our LoH-iSeq), the numbers γ∞(l4) < γ∞(h4) are on opposite sides
of the expected value of γ∞(n); indeed, as for this range of numbers the
expected value empirically appears to be around ≈ 6.946, slightly less than
6.952 that some probabilistic models suggest, for the first LoH-i we require
γ∞(l4) < 6.945 and γ∞(h4) > 6.955; (S2) Each LoH-i number k+1 in the
LoH-iSeq is more peculiar than its predecessor LoH-i number k: in each row
it has a lower low and a higher high value of γ∞, each by more than 10−i

again. (S3) (a) For the first LoH-i (i.e., the LoH-i with no predecessor in the
LoH-iSeq), the average of γ∞(hj)−γ∞(lj), for j = 1, . . . , 8, is greater than
three standard deviations (with σ ≈ 0.634 found experimentally for this
range, 3σ ≈ 1.90) and (b) for the last LoH-i in the LoH-iSeq that average is
more than 11σ ≈ 6.97. If in 3(a), we replace 3σ by 5σ ≈ 3.17, the sequence
will be called an Outer LoH-iSeq.

We also present similar results on just Ramsey weight 8 for Collatz values
present in small subintervals of its usual values but not its most condensed part.
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1.4. Concurrencies, from the routine nearly linear to the rare

In the latter parts of the paper, we pursue concurrency between less fre-
quent or rare weight on one hand, and either high stopping times for our variant
of Mahler or the Collatz on the other. We present some mining results in these
cases, like examples of weight-6 or weight-2 numbers below 2363 (when used
in binary to edge-label a ternary tree) that have large stopping times for our
variants of Mahler— some of which considerably apart for our numbers—and
are prime too, and in another section establish some lower bounds for how long
the LoH-iSEq’s could be. We did not anticipate a clear relation between the
weight and either of the Mahler or Collatz stopping times. However, we spotted
a correlation between Collatz and Ramsey, see the final section of the paper.
There are also situations when counting functions viewed or calculated differ-
ently, not only are related but actually output the same number. Here is an ex-
ample:

����������� 1.3	 Let the double sequence (an, bn) be defined by

a1 = 1, b1 = 0, an+1 = 2an + bn, and bn+1 = −an + 2bn,

and the double sequence (cn, dn) by

c1 = 1, d1 = 2, cn+1 = 2cndn, and dn+1 = d2n − c2n.

Then for all n we have #{m ≤ 2n | bmbm+1 < 0} is odd if and only if cndn < 0.

P r o o f. With am and bm as in the theorem, an easy induction shows am +

bmi = (2 − i)m−1, for all m ≥ 1. Let β =
arctan( 1

2 )

π ≈ 0.14758361765043326 . . .
This number (called Plouffe’s number) has been shown to be transcendental
in some preprints, e.g., by B. Margolius. The mere irrationality of β can also
be seen in a preprint by J. Jahnel. For completeness, we include the following
irrationality argument. Assume mβ ∈ N for some m > 1. We would then have
(2+i√

5
)m = cos(mβπ) = cos(−mβπ) = (2−i√

5
)m ∈ {−1, 1}. (Note that the same

conclusion would hold if we assumed bm = 0.) Therefore ( 2+i
2−i )

m = (3+4i
5 )m = 1.

Thus for some k ∈ {0, 1, . . . ,m − 1}, we have 3
5 = cos 2kπ

m . Now if Tm is the

m-th Chebyshev polynomial of the first kind, then Tm(35 ) − 1 = 0, Tm − 1 has

integer coefficients and leading coefficient 2m−1, but the denominator 5 does not
divide 2m−1, contradiction. Knowing that for n≥2 the numbers bn are never zero,

their sign variations is of our interest. Note that �mβ� − �(m − 1)β� = 1 if
bmbm+1 < 0, and �mβ�−�(m−1)β� = 0 if bmbm+1 > 0, also whenm = 1. There-
fore �nβ� = #{m ≤ n | bmbm+1 < 0}. In particular, #{m ≤ 2n | bmbm+1 < 0}
equals �2nβ�, and is therefore odd if and only if the n-th binary digit of β,
which we call rn, is 1. By another easy induction, we have cn

dn
= tan(2n−1βπ).

This will be negative if and only if the angle 2n−1βπ ends in quadrant
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either II or IV. The former case is equivalent to (rn−1, rn) = (0, 1), and the latter
to (rn−1, rn) = (1, 1). �


��
�� 1	

(a) Here is a very rough sketch for another proof. We can state the recur-
rence system as a matrix difference equation. The eigenvalues of the 2× 2
transition matrix are distinct. As usual, diagonalization gives the solution
involving (the real and imaginary parts of) powers of an eigenvalue.

(b) The fact that the n-th binary digit of β is 1 exactly when tan(2n−1βπ) < 0,
can also be seen in [2, B o r w e i n a n d G i r g e n s o h n, Example 3.4].
We have β ≈ 0.0010010111001000000010 . . .

(c) All components a, b, c, d in Proposition 1.3 grow exponentially, e.g.,

an = 5
n−1
2 cos

(
(n− 1) arctan

(
1
2

))
and

bn = −5
n−1
2 sin

(
(n− 1) arctan

(
1
2

))
.

2. Depth-2 trees

For depth n = 1, the expected value of f(T ) is 1. We consider n = 2.

����
 2.1	 For a random T of depth 2, the probability that f(T ) = 1 is 5
8 and

the complementary probability that f(T ) = 2 is 3
8 .

P r o o f. Let T be a tree of depth 2 with root r and f(T ) = 2. Let v1, v2, v3 be
the children of r. There must be two edges, say rv1 and rv2, which have the
same edge-label and rv3 which has a different one. (otherwise f(T ) would be 1).
This would have a probability of 6

8
= 3

4
. For the subtrees of T rooted at v1 and v2

to have their majority edge label different from each other the probability is 1
2 .

A dozen depth-2 trees are shown top of Fig. 1. �

������
�� 2.2	 The expected weight value for trees T of depth 2 is 11
8 = 1.375.

The Mathematica code C1 in SC: shorter codes, pdf outputs {2560, 1536} as
the exact number of trees of depth 2 with f(T ) = 1, 2, respectively.
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3. Depth 3: still exact mean weight found

����
 3.1	 For a random T of depth 3, (i) p[f(T ) = 1] = 2275
16384 ≈ 0.138855,

(ii) p[f(T ) = 2] = 13569
16384 ≈ 0.828186, and (iii) p[f(T ) = 3] = 135

4096 ≈ 0.032959.

P r o o f. We show (i) and (iii), then (ii) would also follow.

To show (i), consider the three edges from the root to its children. Either two
of these have the same label and the other has the different label or they
are all the same. These happen with probability 6

8 = 3
4 , and

1
4 , respectively.

In the first case, using Lemma 2.1, the two subtrees of T rooted at the two chil-
dren of the root where both edges have the same label will have their weights
equal to 1 with probabilities 5

8 and 5
8 and then for one to have the same path

labels as the other, the probability is 1
4 . So we get (58 )

2 · 1
4 = 25

256 , and imple-

menting the condition of the first case, we get 3
4 (

25
256). In the second case, and

including the condition of the case, we get the same number 1
4 (3)(

5
8 )

2· 14 = 3
4 (

25
256).

But we need to subtract twice the probability when all three are the same
and the subtrees have the same 1 (i.e., same unique path label sufficiency).
Note that it is not possible for exactly two pairs to have the same 1 (by transi-
tivity of equality and the fact that 1 cannot be realized in more than one way
in any tree). The probability is therefore is 75

512 − (2)(14 )(
5
8 )

3(14 )
2 = 125

214 = 2275
16384 .

To show (iii), we use the criterion established by Milans (namely, the first
level edges must not have same labels and for the two which do, one is followed
by a depth 2 subtree with weight 2 and the other with weight 1 whose path label
is not covered by binary subtrees of the former, and the other depth 2 subtree
following the opposite label has weight 2), see [8, M i l a n s, Proposition 4.2.8],

and our Lemma 2.1. The probability equals 6
8 · (38 )2 · 5

8 · 2
4 = 33×5

212 . �

������
�� 3.2	 The expected value of f(T ) for T of depth 3 is 31033
16384 ≈ 1.8941.

P r o o f. We have 2275
16384 (1) +

13569
16384(2) +

135
4096(3) =

31033
16384 . �

We used the code C2 in SC: shorter codes, pdf to simulate the distribution 
of f(T ) = 1, 2, 3 for depth 3 via a random sample of size 10,000. Our two runs 
gave {1369, 8298, 333} and {1382, 8269, 349}. See lower half of Fig. 1 for some.

������ 2� The following is an interesting property of depth 3, that our mining 
of maximum weight depth-5 trees will use. Define the property p(n) as follows: 
There are triples of depth-n trees such that binary subtrees for any two of which 
together require f(n + 1) path labels. (We will see that depth n = 3 is the  
smallest depth for which p(n) holds, so far we do not have any other example).
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Figure 1. Some depth-2 and depth-3 trees with their weights to their right.
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4. Depth 4: simulations for the mean

����
 4.1	 Take two trees T and T ′ both of which of depth and weight 3. If the
majority edge-labels at the first level from the roots are different, then there are
binary subtrees B and B′ of, respectively, T and T ′ that together use exactly four
path labels. Moreover, this is not possible with three path labels.

P r o o f. For the first assertion, modify the proof by [8, M i l a n s Lemma 4.2.9],
case of different majority edge-labels, now for trees of weight 3. For the second
assertion, note that for any choices of B and B′, one would have either zero or
two path labels starting with 0 while the other has either one or three. �

Therefore f(4) = 4. In particular, any two trees of depth 3 and weight 3 do not
accommodate disjoint sets of path labels for any pair of their binary subtrees.

The Mathematica code C3 in SC: shorter codes, pdf was used to simulate the
distribution of f(T ) = 1, 2, 3, 4 for depth 4, here are the outputs of three runs
for several sample sizes.

{0, 3, 6, 1} {0, 4, 4, 2} {0, 3, 7, 0};
{0, 35, 55, 10} {0, 41, 55, 4} {1, 34, 63, 2};

{2, 376, 538, 84} {3, 366, 551, 80} {4, 355, 562, 79};
{40, 3541, 5687, 732} {33, 3600, 5623, 744} {26, 3542, 5705, 727};

{395, 36187, 56246, 7172} {393, 35991, 56471, 7145} {362, 35729, 56692, 7217};
{3597, 360207, 564528, 71668} {3589, 361906, 563045, 71460} {3513, 361603, 563360, 71524}.


��
�� 3	 These, with their almost consistencies for the latter and larger sam-
ples, are expected to come close to calculations one can try to undertake based
on heuristic arguments. E.g., we find the probability for the weight to be 1 as
follows. Either the first level labels (on edges from the root) are not all the same
(p = 6

8 ), or they are. In the former case, we use the probability we found earlier
for the two subtrees of depth 3 following the same outer labels to have weight 1
(p = 2275

16384) and indeed the same path label of length 3 (p = 1
8 ). In the latter

case we calculate similarly, but have to subtract twice the probability that all
the three siblings of depth 3 have weight 1 and that is witnessed by the same
path label of length 3.(6
8

)( 2275

16384

)2(1
8

)
+
(2
8

)
(3)

( 2275

16384

)2(1
8

)
− (2)

(2
8

)( 2275

16384

)3(1
8

)2
≈0.00359422.

With the least likely event (weight 1) having this close simulation and theoretical 
probabilities, we achieve more confidence in our approximations for the other 
events (weights 2–4). We would therefore say that weight 1–4 trees constitute 
≈ 0.4−%, 36 %, 56+%, and 7 %, respectively, of the 2120 >1.3×1036 depth-4 trees.
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��
�� 4	 These distributions indicate that the expected value of the weight
in depth 4 is highly probable to belong to the interval (2.5, 2.9).

Consider the doubling set D, the set of positive integers n such that f(n+1) =
2f(n), the maximum possible increase going from depth n to depth n+ 1.


��
�� 5	 We have n ∈ D if and only if there are two trees T1 and T2 of depths
n with f(T1) = f(T2) = f(n) such that any pair of a binary subtree for T1 and
another for T2 use disjoint path labels.

Only if: Consider a full weight tree of depth n+ 1 and two same label edges
emanating from its root, and take the two trees of depth n that follow those
edges. If: Consider a tree of depth 1 and edge labels 0,0, and 1 and attach such
two trees of depth n to the first two edges and an arbitrary full weight tree
of depth n to the third.

Of course, n = 1 is in D. The number n = 2 is not in D, indeed in depth 2 any
full weight tree has a set of three path labels any pair of which realized in some
binary subtree, see [8, M i l a n s, Proposition 4.2.3]. Therefore any two depth 2
trees of weight 2 will have overlapping path labels. In Lemma 4.1, we observed
that n = 3 also fails the criterion. The next such depth is n = 4: f(4+1) = 2f(4),
as we see in the next section, based on Fig. 2. It is not known whether any other
number, besides 1 and 4, belongs to D.

Figure 2. Example of T of depth 4 and weight 4 with the addi-
tional property that the first three edges are labelled 0, see code
15 in SC: shorter codes, pdf. This tree is used to construct two trees
of depth 5, one of weight 7 and the other 8.
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Figure 3. Four trees of depth 4 of weights 1–4.
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5. Depth 5: three randomness types; means, and mining

Here computations get more involved, still we constructed sizable samples
of trees of all weights.1 Weights 1–2 are easy to construct and we have plenty
in the section on Collatz. Some weight 2–6 trees also appear in the next section
with further properties. For weight 6, we use the inequality f(m+n) ≥ f(m)f(n).
A tree built up from trees of maximum weights in depths 2 and 3 would have
weight at least 6 (some stats appear later on percentages of w=6,7).

The authors of [3, D o w n e y e t a l. ] announced in a Note Added in Proof
that f(5) = 8. The proof was kindly communicated to us by C. Jockusch.
It is based on the special depth-4 trees of weight 4 like above.

����
 5.1 (DGJM)	 There is a tree T of depth 4 and weight 4 such that all
three edges emanating from the root are labeled 0.

See Figure 2 (labeling by DGJM), and code C4 in SC: shorter codes, pdf.

������
�� 5.2 (DGJM)	 There is a a tree of depth 5 and weight 8.

P r o o f. Here is a tree U constructed by the authors of [3, D o w n e y e t a l. ].
Let the edges emanating from the root have labels 0, 0, and 1. Let T ∗ be the same
as T that was constructed in Lemma 5.1, but with the three edges emanating
from the root all labeled 1 instead of 0. Note that the path labels in T are disjoint
from those in T ∗. The subtrees of U below the edges emanating from the root
are T, T ∗, Y where T, T ∗ are glued to the two edges labeled 0, and Y is any tree
of depth 4 and weight 4. Let the children of the root be a, b, and c, where the
edges from the root to a and b have label 0. If a binary subtree S contains a and
b, it has weight 8 by the disjointness. Otherwise it contains a and c, or b and c,
and again we have disjointness of the paths as the top labels are different. �

To get an example of depth 5 and weight 7, we put T in the upper left
and T ∗ in the lower branch each following an edge labeled 0, and a tree of depth 4
and weight 3 in the upper right following an edge labeled 1. See Fig. 7.

Again, to get an example of depth 5 and weight 8, put two copies of T in the
upper left and right where the first follows an edge labeled 0 and the other an
edge labeled 1, and T ∗ below those following an edge labeled 0 (the upper right
copy of T can be replaced by any tree of depth 4 and weight 4). See Fig. 8.

The codes C5 and C6 in SC: shorter codes, pdf convert a depth-5 tree to its
edge-labels, or vice versa.

1Here are links to 8400 trees of weight 1–8:
250 weight 4 trees, 250 weight 3 trees, 250 weight 2 trees, 250 weight 1 trees,
500 weight 5 trees, 1000 weight 6 trees, 2900 weight 7 trees, 3000 weight 8 trees.
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Each illustraed tree T in this section is followed by edge-labels, path labels
and how many of each, the weights of the three children of the root of depth 4
(“west”, “south”, “east”), the minimum number of path labels needed pairwise
(WS,WE, SE) to path label binary subtrees for both, the weight of T , highlighted
binary subtree using such a minimal number of path labels.

Before those, here are weights of trees in our 25 samples of various sizes,
see Fig. 4. The overall distribution was {0, 85, 1936, 4509, 1544, 126, 0, 0} of 8200.

Figure 4. Confidence Intervals for the mean weight in depth 5.

Consider the sequence defined by a0 = 1 and am = �3am−1

2 � for m ≥ 1.
As in [3, D o w n e y e t a l. , Lemma 4.1], for each m, there exist depth-m trees
using each path label at most am times. We used this inductive level-wise ar-
gument in an algorithm for constructing sets of trees of higher average weight
than random.

Our file Generating W1, Rand, IndAB&LogSA includes codes to generate
trees of these classes: Random; [3, D o w n e y e t a l. , Lemma 4.1]-method
for w4Plus or simply w4p, call it Inductively Almost Balanced; and op. cit. [Prop.
2.1 (2)]—method for w6Plus or simply w6p, using Log Super-Additivity instance
f(2+3) ≥ f(2)f(3). (Note: The IndAB method often over-performs its perceived

lower bound � 25

a5
� = 3, it is not clear if it can give 3. Also, IndAB or LogSA trials

did not give w = 8.) Fig. 13 shows the bar charts for our random, respectively 
IndAB, respectively LogSA trees.
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Figure 5. A tree of weight 7 of ‘type 744’, see next page.
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Figure 6. Binary subtree, weights, and pathlabels of the special w7-tree.
The lower depth-4 cluster of original tree has two binary subtrees using
the minimal number 4 of pathlabels that have a single common path-

-label. The upper clusters are ‘distant’ but are ‘close’ to the lower one.
(There are depth-4 trees of weight 4 that allow only three binary subtrees
with 4 pathlabels and those sets of path-labels have pairwise intersections
of size 3: example on Rarible.).
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Figure 7. Another example of w(T)=7.
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Figure 8. Example of w(T)=8.
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Figure 9. Binary subtree extracted from our 2nd weight-7 tree.

Figure 10. The weights, followed by pathlabels used.

Figure 11. Binary subtree extracted from our weight-8 tree.

Figure 12. The weights, followed by pathlabels used.
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Figure 13. Bar charts for 1100 trees via Rand, IndAB, and LogSA.
Links to three smaller samples: Random, IndAB, LogSA.

6. On trees of depth 6: a new lower bound

Computing optimal binary subtrees for edge-labeled ternary trees of higher
depths is much more computationally expensive. It also appears an impossible
task if a heuristic approach is undertaken to find the probabilities. We know
f(6) = f(3+3) ≥ f(3)×f(3) = 9 (we also know f(6) ≤ 2f(5) = 16). We improve
this lower bound to f(6) ≥ 12.

����������� 6.1	 We have f(6) ≥ 12.

P r o o f. We build a depth 6 tree by first taking a depth 2 tree R as shown
in the first two layers in Fig. 14, and using the special depth 4 trees T and T ∗

of weight 4 as in the previous section (T and T ∗ require a total of 8 path labels
for both to be covered).

Figure 14. A tree of depth 6 and weight 12; here the clusters after the
second level are abbreviated. In Fig. 15 we show this as an expanded tree.

Each of the first two clusters requires 8 path labels (these clusters after the 
root are the same as the depth 5 weight 8 tree constructed earlier, and so this is 
either due to path labels above them being different and circled children being 
of weight 4, or when the path labels above them are the same we have used the 
special fully disjoint trees). These first two clusters have disjoint path labels. 
The last cluster requires four path labels as a minimum. The only path it has 
in common with the second cluster is 10 T . If they are used in the binary subtree, 
then we still need to use from the middle cluster either {1, 0, T ∗} or {1, 1, T }.
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Either of these together with {1, 1, T ∗} from the third cluster requires 8 more path
labels, for a total of 12. (If the binary subtree intersects the third cluster, at least
one of the paths with initial labels {1, 1} must be used. This follows with T ∗,
while the {1, 1} in the middle cluster is followed by T.) �


��
�� 6	 We showed f(6) ≥ 12. If f(6) ≥(?) 14, that would slightly increase

a lower bound in [3, D o w n e y e t a l. ] for limn→∞ f(n)
1
n (as a byproduct

of their lower bound 2
n−3
log2 3 on f(n)), from 2

1
log2 3 ≈ 1.548 to 6

√
14 ≈ 1.552. Note

that by Fekete’s Lemma, due to log super additivity, the limit and the sup agree.


��
�� 7	 One can now get depth-6 trees of lower weights also. For weight
11, replace the T in the branch 11T by a depth 4 tree of weight 3 which has
disjoint path labels from T ∗ (e.g., take a depth 3 tree of weight 3 and attach three
copies of it to a common root with the new edges labeled 0). To get weight 10
(respectively 9), replace that by a depth 3 tree of weight 2 (respectively 1) with
the first three edges labeled 0. (Weights 1–8 of depth 6 are easy to get examples,
using same weight trees of depth 5.)

For the depth 6 tree of weight 12 that we presented, it was possible, as high-
lighted, to get a binary subtree using 12 path labels, in a way that its restriction
to each terminal depth 4 cluster uses no more than the least possible number
of path labels for a binary subtree there (which is f(4) = 4). Any two clusters
in this tree have either disjoint sets of path labels, or (only for 10T in clusters
2 and 3, or 11 T ∗ in cluster 3) had the same such sets and required four path
labels.

That is not always the case, as we show below there are trees S0, S1, S2

of depth 4 and weights 4,4,3 such that for any two of which any pair of individ-
ually optimal binary subtrees, one for each of the two, would together require
at least seven path labels with one pair needing no more; while for any two
of S0, S1, S2 any pair of (not necessarily individually optimal) binary subtrees,
one for each of the two, would together require at least five path labels with
one pair needing no more. For our triple, the code C7 in SC: shorter codes, pdf
returns {8, 7, 7}, (pairwise minimum needed path labels: 6,5,5). Individual trees’
weights: 4, 4, and 3; the number of path labels that can be used in a binary
subtree: 5, 5, and 3, and these three sets are disjoint. Putting these trees to-
gether, we get:

������
�� 6.2	 There are depth 6 trees where any binary subtree with the
additional property of being locally optimal (for its terminal depth-4 clusters)
uses at least 14 path labels, nevertheless the weight of the tree is 10.

P r o o f. See Fig. 16. �
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Figure 15. A tree of depth 6 and weight 12, with an optimal binary
subtree highlighted using 12 path labels:

{1, 0, 0, 0, 1, 1}4, {1, 0, 0, 0, 1, 0}4, {1, 0, 0, 1, 0, 1}4, {1, 0, 0, 1, 0, 0}4,
{1, 1, 0, 0, 1, 1}4, {1, 1, 0, 0, 1, 0}4, {1, 1, 0, 1, 0, 1}4, {1, 1, 0, 1, 0, 0}4,
{1, 1, 1, 0, 1, 1}8, {1, 1, 1, 0, 1, 0}8, {1, 1, 1, 1, 0, 1}8, {1, 1, 1, 1, 0, 0}8.
In the last layer, every terminal triple of edges have the same labels, for
readability we show only one label in each group. There are 543 edges
labeled 0 and 549 labeled 1, and 56 path-labels used 9, 12, 18, or 24 times.
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Figure 16. Labels for depth-4 trees of weight 4 and 3 where any minimal
set of pathlabels is a subset of the mentioned disjoint sets of pathlabels.
These with the dual of the weight-4 (with opposite edge-labels) when used

as terminal depth-4 clusters give a tree of depth 6 and weight 10, with
an optimal (but not locally optimal) binary subtree using 10 path labels:
{0, 1, 1, 0, 0, 1}8, {0, 1, 1, 0, 0, 0}8, {0, 1, 1, 1, 1, 0}8, {0, 1, 0, 1, 0, 0}4, {0, 1, 0, 1, 0, 1}4

{1, 0, 1, 0, 0, 1}8, {1, 0, 1, 0, 0, 0}8, {1, 0, 1, 1, 1, 0}8, {1, 0, 0, 1, 0, 0}4, {1, 0, 0, 1, 0, 1}4.
For this depth-6 tree with the last array as edge-labels, to make the binary

subtree optimal we must allow such clusters to be non-optimal.
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7. Ramsey-Mahler-Prime diamonds: apartness within

We present some concurrencies involving the weight and versions of Mahler.
Recall that a(g) ≤ 1 + b(g) = 1 + c(g) ≤ d(g), and a(g) < d(g). Our examples
g will have a(g) ≥ 230. We also obtain numbers g that additionally satisfy
max{d(g) − c(g), d(g) − a(g)} ≥ 23 (note that d(g) − c(g) ≤ 1 + d(g) − a(g)).
We give an example of a diamond: quadruples of numbers (g1, g2, g3, g4) below
2363 (referred to as the bottom, left, right, and top) such that they all are
(≥ 230,≥ 23)-Mahler, g2 has weight 	= 3, 4, 5, g3 is prime, and g4 is either prime
of weight 	= 3, 4, 5 or a lower twin prime (of any weight). Note that it cannot be
a higher twin prime since such primes are of the form 6k + 1.

We point to 10 examples included in the following collections of NFTs

(half of the 10 we present here with further details, paper remains self-sufficient):

MR345: 300 items, a(g) ≥ 230, and weight 3,4, or 5.

MR62: 900 items, a(g) ≥ 230 and weight 2 or 6.

PM345: 150 item, a(g) ≥ 230, weight 3,4, or 5, and g a prime.

PM62TM345: 460 items, a(g) ≥ 230, prime w=2,6, or a lower twin w=3,4,5.

First, here is a not-quite diamond pick from those collections:2

d(g)− c(g) = 21, g: lower twin prime, w4 (item 385 in PM62TM345)

d(g)− a(g) = 23, w6 (124MR6) ≈ D
d(g)− a(g) = 22, g: prime, w5 (146PM345)

d(g)− a(g) = 23, w4 (2MR345)

������� 7.1� (a) There is a number of weight 6 with apartness greater than 32.

(b) There is a diamond with mean of the four apartness values greater than 24.

P r o o f. (a) For an example of a g of weight 6 with d(g)− c(g) = 33, see Fig. 17.

(b) We show the following diamond is realizable for four appropriate numbers g:

d(g)− a(g) = 25, g: prime, w6 (302PM62TM345)

d(g)− c(g) = 24, w2 (96MR2) Our D d(g)−c(g) = 23, g: prime, w4 (45PM345)

d(g)− c(g) = 25, w5 (19MR345)

See Fig. 18-.21. 3

In the captions for these figures, the True/False columns indicate whether at that
row, we have {g( 23 )k} < 1

2 , �g( 23 )k� �= 1(mod3), respectively �g( 23 )k� = fg(k). �

2Direct links for these four: top left right bottom; and a lower twin with w = 3, d  − a = 17. 
3Links to the examples in this theorem within the collections: High, DB, DL, DR, DT.

115

https://opensea.io/collection/mr345
https://opensea.io/collection/mr62
https://opensea.io/collection/pm345
https://opensea.io/collection/pmr62vtpmr345
https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492868581558413426689
https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492866975171925245953
https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492868824550483165185
https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492867832790994911233
https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492868565065739010049
https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492867433668274028545
https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492867849283669327873
https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492867604092576333825
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https://opensea.io/assets/ethereum/0x495f947276749ce646f68ac8c248420045cb7b5e/106549604324656969623540431306084153144665416591174154685492868490298948321281


RAMSEY-COLLATZ AND RAMSEY-MAHLER

Figure 17. d(g)− c(g) = 33, and g is of weight 6.

Here g is: g = 1560865380047521261855269353794795895427332731943766
5954506279836580309493471118441669227277204980248449460739.
In multiplying this number g by powers of 2/3, the first round up is
at exponent 232, the first 1 mod 3 for the floor occurs at exponent 231,
but the first intermediate rounding error does not occur until exponent 264.
Here are the floors for changed status iterations 231–264:

328310374281510715013132676218069962707105238470177766401885322012069TFT 231,
218873582854340476675421784145379975138070158980118510934590214674712FTT 232,
43234287971227748479095661065754069163075586959035755246338807836980 TTT 236,
8540106265921530563771982432741544526039622115365087456066925004835 FTT 240,
5693404177281020375847988288494363017359748076910058304044616669890 TTT 241,
3795602784854013583898658858996242011573165384606705536029744446593 FTT 242,
2530401856569342389265772572664161341048776923071137024019829631062 TTT 243,
1686934571046228259510515048442774227365851282047424682679886420708 TFT 244,
1124623047364152173007010032295182818243900854698283121786590947138 FTT 245,
499832465495178743558671125464525696997289268754792498571818198728 TTT 247,
333221643663452495705780750309683797998192845836528332381212132485 FTT 248,
222147762442301663803853833539789198665461897224352221587474754990 TTT 249,
19502684219900283242039294028184511268298438165100880907542365321 FTT 255,
3852382068128451010773193882110520744355247044958198697786146236 TTT, 259,
2568254712085634007182129254740347162903498029972132465190764157 FTT 260,
1141446538704726225414279668773487627957110235543169984529228514 TTT 262,
760964359136484150276186445848991751971406823695446656352819009 FFT 263,
507309572757656100184124297232661167980937882463631104235212672 TTF 264.
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Figure 18. d(g)-c(g)=25, the bottom of our diamond.

Here g is: g = 9806710317169623512234242072565341675314582086754830
418519947628550269171060410108815866241737314133928972817.
In multiplying this number g by powers of 2/3, the first round up is
at exponent 235, the first 1 mod 3 for the floor occurs at exponent 234,
but the first intermediate rounding error does not occur until exponent 259.
Here are the floors for changed status iterations 234–259:

61117942807632124829730967250339129172065163956097430840739362410424TFT 234,
40745295205088083219820644833559419448043442637398287227159574940282FTT 235,
18109020091150259208809175481581964199130418949954794323182033306792TTT237,
12072680060766839472539450321054642799420279299969862882121355537861FTT 238,
5365635582563039765573089031579841244186790799986605725387269127938 TTT240,
3577090388375359843715392687719894162791193866657737150258179418625 FTT 241,
471057170485644094645648419782043675758511126473446867523710869942 TTT246,
18379917031599586683323578031428620788626558204115591843632065646 TFT 254,
12253278021066391122215718687619080525751038802743727895754710430 FTT 255,
5445901342696173832095874972275146900333795023441656842557649080 TFT 257,
3630600895130782554730583314850097933555863348961104561705099386 FFT 258,
2420400596753855036487055543233398622370575565974069707803399590 TFF 259.
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Figure 19. d(g)− c(g) = 24, w is not 3,4,5, the left of our diamond.

Here g is: g = 1246156674920655064558033068359129383386803895720693
7539283625238988998954045198554004544013211001829573607008.
In multiplying this number g by powers of 2/3 the first round up is
at exponent 243, the first 1 mod 3 for the floor occurs at exponent 242,
but the first intermediate rounding error does not occur until exponent 266.
Here are the floors for changed status iterations 242–266:

3030316263116330773858641282451142136982102337000386090829047905589TFT 242,
2020210842077553849239094188300761424654734891333590727219365270392FTT 243,
598580990245201140515287166903929311008810338172915771027960080116 TTT246,
177357330443022560152677679082645721780388248347530598823099282997 TFT 249,
118238220295348373435118452721763814520258832231687065882066188664 FTT 250,
52550320131265943748941534543006139786781703214083140392029417184 TTT252,
10380310149385865431889685835655533785043299400312719089783588579 FTT 256,
2050431634446590702595493498401093093341886301296339573290585398 TFT 260,
1366954422964393801730328998934062062227924200864226382193723598 FTT 261,
270015688486793837378830419542530777724034410047254594013575031 FFT 265,
180010458991195891585886946361687185149356273364836396009050020 TTF 266.
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Figure 20. d(g)− c(g) = 23, g is prime, the right of our diamond.

Here g is g = 1327091226297745420515821740172379041566508202576504
783446938935522191459057299457067143917214914816168718651.
In multiplying this number g by powers of 2/3, the first round up
is at exponent 233, the first 1 mod 3 for the floor occurs at exponent 232,
but the first intermediate rounding error does not occur until exponent
255. Here are the floors for changed status iterations 232–255:

18609241718559004947180236930658877288358459111657443853149023449236TFT 232,
12406161145706003298120157953772584858905639407771629235432682299490FTT 233,
1089155436660060646199849257944369589807902499447715049475571559900 TTT239,
95618584288400385948957959545184710216331632324627933012944553955 FTT 245,
42497148572622393755092426464526537873925169922056859116864246202 TFT 247,
28331432381748262503394950976351025249283446614704572744576164134 FTT 248,
2487258809920286420051134242093917168661372542306025590744683819 FFT 254,
1658172539946857613367422828062611445774248361537350393829789212 TTF 255.
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Figure 21. d(g)− a(g) = 25, g is prime, and w �= 3, 4, 5; the top of our di-
amond.

Here g is g = 16002146521002697228040512843943032037884804354048068
839861825820916955908064709375578399458508987041746965747.
In multiplying this number g by powers of 2/3 the first round up is
at exponent 233, the first 1 mod 3 for the floor occurs at exponent 237,
but the first intermediate rounding error does not occur until exponent 258.
Here are the floors for changed status iterations 233–258:

149594243773726189937443590702457019290965318432080297171347114334537FTT 233.
66486330566100528861086040312203119684873474858702354298376495259794 TTT235,
29549480251600235049371573472090275415499322159423268577056220115464 TFT 237,
19699653501066823366247715648060183610332881439615512384704146743642 FTT 238,
1729462035758952942990197258540263033005904543395600538574849645532 TTT244,
341622130520287001084483409094372944791289786349748254533303633685 TFT 248,
227748087013524667389655606062915296527526524233165503022202422456 FTT 249,
44987276447115983681907280209958577091857091206551210473521466164 TTT253,
29991517631410655787938186806639051394571394137700806982347644109 FTT 254,
19994345087607103858625457871092700929714262758467204654898429406 TFT 255,
13329563391738069239083638580728467286476175172311469769932286270 FTT 256,
8886375594492046159389092387152311524317450114874313179954857513 FFT 257,
5924250396328030772926061591434874349544966743249542119969905008 TTF 258.
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8. How long can Ramsey-Collatz LoH successions be?

For i = 1, . . . , 6, it is of interest to construct long LoH-iSeq’s and long
Outer LoH-iSeq’s. Let mi denote the maximum possible length of a LoH-iSeq, and
m′

i for the outer ones. These exist since we start with γ∞(l4) < 6.945− 4× 10−i (con-
sidering the l8 in that LoH-iSeq) and it decreases by more than 10−i each time going
to the next LoH-i and cannot go below 1

ln 2
≈ 1.44 (since powers of 2 have this small-

est possible value of γ∞). For example, for i = 3, there is the obvious upper bound
of about 5500 for the length of any LoH-3Seq. Our mining established the following
lower bounds:

������� 8.1� We have

(i) m1 ≥ 19, and m′
1 ≥ 16,

(ii) m2 ≥ 124, and m′
2 ≥ 99,

iii) m3 ≥ 380, indeed m′
3 ≥ 380 as well,

(iv) m4 ≥ 800, and m′
4 ≥ 615,

(v) m5 ≥ 1110, and m′
5 ≥ 688.

P r o o f. Here we consider i = 1, 3, 5, where we have made the data available on Zenodo
(an open repository developed under the European OpenAIRE program).

Zenodo link: A LoH-1Seq of length 19, the last 16 terms of which are outer.

Zenodo link: A LoH-3Seq of length 380, all its terms are outer.

Zenodo link: A LoH-5Seq of length 1110, the last 688 terms of which are outer.

A Mathematica code that for any number n < 2363 gives the weight of n as well as
γ∞(n) is linked here. To illustrate just a few LoH-i’s here, we consider i = 5 and present
our first and second, then the three indexed with multiples of 360, then the last of our
LoH-5’s in the constructed LoH-5Seq of length 1110. See Fig. 23 through 28.4 �

4For cases i=2, 4, 6, see the collection of minted NFTs: (also showing m6 ≥ 1394, and m′
6 ≥ 720). 

On  the  left,  Traits  can  be  selected  from  1  to  1,  or  2  to  2,  or  . . . ,  or  6  to  6,  and 
then  sorted.  For the first four groups, some LoH-i’s have their main 16 numbers redacted 
(again, for i=1, 3 they are on Zenodo — open to everyone — and for i=2, 4 the owner — by 
which we mean the owner of the value of the involved mining as proof of work gets these from 
that platform’s built-in features). For the last two groups (of sizes 1110 and 1394), all numbers 
are shown and they are grouped in 74, respectively 93, sets of 15 (with the last set in LoH-6 of size 
14 having a few stronger lows and highs —which lead to the following result).
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https://zenodo.org/records/10899885?token=eyJhbGciOiJIUzUxMiJ9.eyJpZCI6IjUyOTg1OGQ2LWNjOTMtNDQ1Mi05YmM5LWRkZjc2ZjBjNmNiYyIsImRhdGEiOnt9LCJyYW5kb20iOiI1ZDM0MmFjMDAyMDljZWEyMzZiMjdiN2U1YjBiNmRmZiJ9.XJgJlz6JNfvRmga0OK- pGErsOVnOa08if9JbzpSq_LFsC0FGR_5QOr6MW63tlnbSpzUrXY1qZ5oGpdXS0PNSOA
https://www.dropbox.com/scl/fi/58v6it3mkkl8kimlcpyk9/CodeForWei-SigInfty.nb?rlkey=7on1d8q23kd30t2wszsnfjuec&dl=0
http://opensea.io/collection/lowhigh
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Before the six figures, we give the following result with a similar apartness theme.

������� 8.2� There is a pair of numbers l6 and h6 below 2363 whose Collatz orbits
contain numbers l5, l4, l3, l2, l1, respectively h5, h4, h3, h2, h1 (indices need not be sorted
as the order of appearance in the orbit), these 10 numbers also below 2363, such that:

(i) lj and hj are of weight j, for j = 1, . . . , 6,

(ii) For suitable sj , tj ∈ {−9,−8, . . . , 8, 9}, for 1 ≤ j ≤ 6, the 12 weights do not
change, however γ∞(lj) < γ∞(hj + sj) < γ∞(lj + tj) < γ∞(hj) and the mean
of {γ∞(hj)− γ∞(hj + sj), γ∞(lj + tj)− γ∞(lj); 1 ≤ j ≤ 6} exceeds 5.3.5

(iii) The mean of the two numbers γ∞(h6)− γ∞(l6) and γ∞(h5)− γ∞(l5) exceeds 8,

(iv) The mean of the six numbers γ∞(hj)− γ∞(lj), 1 ≤ j ≤ 6, exceeds 9.

(v) We have γ∞(hj) > 12 for j = 2, . . . , 6, and γ∞(h1) > 14.

P r o o f.
Let l6 = 2622441567633348756060229718185339914943852744384044120
601390598764626639222493045910621509063397423559333383.

Take the 6th, 5th, 11th, 200th, and 1004th Collatz iterate of l6 as l5, . . . , l1.

Let h6 = 3808097834144861522973977429574661701126083749826310170
959770639159055557125450773589735555708600738094608887.

Take the 5th, 63rd, 158th, 153rd, and 1605th Collatz iterate of h6 as h5, . . . , h1.

Take the s’s as −6, 1, 6, 5, 1, 1; and the t’s as 1,−1,−1, 6,−9,−9. See Fig. 22.

The mentioned means are 5.36189, 8.00544, and 9.00543, link to code in pdf. �
One might want to see the numbers lj and hj , for j for some j < 6 right here:

l4 = 6638055218071914038777456474156641659701627259222111680
272269953122961180531935522461260694816724728384562628,

l2 = 1582621650709857325527713514938570503347126631
293888164789478653762701721980307542787480744, and l1 = 64.

h4 = 255021776547560797476104640817381682448474794660878
087449199284472524821231402973167998035516051626998813,

h2 = 60860304295234364093394262136437732789205924107
4041460467922287049171645156923289096883710911505575,

Figure 22. The σ∞ and γ∞ values for our numbers and their mentioned shifts.

5For other suitable non-zero single-digit numbers s′j , t
′
j this time for 1 ≤ j ≤ 5, the weights

still remain the same and the 10 numbers {σ∞(hj) − σ∞(hj + s′j), σ∞(lj + t′j) − σ∞(lj);

≤ j ≤ 5} are all 0: take the s′’s as 1, 2, 1, 2,−8; and the t′’s as −1, 1, 1, 4, 2. For the other
two indices we have σ∞(l1) = σ∞(l1 − 43) = 6 (and for numbers greater than 64, σ∞ > 6).
Also, σ∞(h1) = σ∞(h1 − 1638) = σ∞(h1 + 265358) = 1406.
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Figure 23. Our first LoH5, included in Zenodo file LoH5-NoRedact.zip.

123
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Figure 24. Our second LoH5, included in Zenodo file LoH5-NoRedact.zip.
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Figure 25. Our LoH5 number 360, included in Zenodo file LoH5-NoRedact.zip.
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Figure 26. Our LoH5 number 720, included in Zenodo file LoH5-NoRedact.zip.
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Figure 27. Our LoH5 number 1080, included in Zenodo file LoH5-NoRedact.zip.
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Figure 28. Our LoH5 number 1110, included in Zenodo file LoH5-NoRedact.zip.
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9. Recap, more extremal combinatorics, and correlation

��	
�� 1�

(a) We approximated shares of weights for three types of depth-5 trees:

Table 1. Approximate shares of weights 1–8 for R and, IndAB, and LogSA trees/numbers.

Method \Weight 1 2 3 4 5 6 7 8

Random 0% 1.04% 23.6% 55.0% 18.8% 1.54% 0% 0%

IndAB 0 0 0% 0? 0.46− % 23− % 76− % 0.59− % 0%

LogSA 0 0 0 0 0 92.9% 7.10% 0%

(b) We found and linked to some 3000 weight-8, and 2900 weight-7 trees.
��	
�� 2�

(a) We found Mahler-rare numbers below 2363 (various stopping times exceeding 230)
that are Ramsey-uncommon (weight 2 or 6).

(b) Also, Mahler-Ramsey rare and Prime, or Mahler-rare and a Lower Twin Prime.

(c) We identified a diamond from our four Ramsey-Mahler collections where the dif-
ferences between various Mahler-type sopping times are “large”.

��	
�� 3�

(a) We constructed sizable (Outer) LowHighi sequences, i = 1, . . . , 6. This can be
viewed as a result in extremal combinatorics (and we mention other results of this
general type below in this section).

(b) We presented a pair of weight-6-seed Collatz orbits with extremity for apartness.

��	
�� 4� We originally did not anticipate a correlation between the weight and
Collatz stopping time. Our codes that were designed to affect w(n) do not involve
Collatz (directly, anyway). However we spotted and tested affirmatively correlation
between intervals containing Collatz values (scaled short cut) and either of: being
of weight 1, being listable by our code IndAB, or being listable by our code LogSA.
This involved 96,000,000 numbers below 2363 as follows. For each of the four Ram-
sey classes (including Rand), for 240 samples each of size 100,000, we gathered the
frequencies of LowCollatz < 6.5 and HighCollatz > 7.5. So we made the following:

Claims (L1-L3): For the low Collatz (c < 6.5) numbers, the LogSA proportion is
less than the other three.

Claims (H1-3): For the high Collatz (c > 7.5) numbers, the LogSA proportion is
greater than the other three.

The p-values, and conclusion: The p-values for these two-sample proportion
hypothesis testing (as well as for several “inter-comparisons” among the other
three) were extremely small (and the z-stats extremely large), see Table 2.
This very strongly supports a correlation between Collatz and LogSA-listability.
The boxplots and histograms of LogSA in comparison with the other three illus-
trate the matter, see Fig. 29.
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Table 2. Considering the four listability classes LogSA, IndAB, W1, and
Rand, there are six pair-comparisons for each of the three cases of high,
low, or mid Collatz (separated by Collatz values of 6.5 and 7.5).

Top frame: Class with the smaller c < 6.5-proportion, its proportion,
approximate decimal; Class with the larger c < 6.5-proportion, its propor-
tion, approximate decimal; p-value, z-stat.
Mid frame: Similar for the high Collatz (c > 7.5): Class with the smaller
c > 7.5-proportion, its proportion, approximate decimal; Class with the
larger c > 7.5-proportion, its proportion, approximate decimal; p-value,

z-stat.
Bottom frame: Similar for the mid Collatz (6.5 < c < 7.5): Class with
the smaller 6.5 < c < 7.5-proportion, its proportion, approximate decimal;
Class with the larger 6.5 < c < 7.5-proportion, its proportion, approxi-
mate decimal; p-value, z-stat. [Row 2 in the first and second frame shows
that if LogSA-listability of a number < 2363 was not correlated to its Col-

latz value, such apart proportions (by over 0.2% in populations of size
24,000,000) would be expected to happen with probability less than 10−98.]

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

LCLogSA 5876493
24000000

0.244854 LCIndAB 5962071
24000000

0.24842 6.8 × 10−181 28.6557

LCLogSA 5876493
24000000

0.244854 LCRand 5939653
24000000

0.247486 1.1 × 10−99 21.1625

LCW1 5905801
24000000

0.246075 LCIndAB 5962071
24000000

0.24842 2.3 × 10−79 18.8263

LCW1 5905801
24000000

0.246075 LCRand 5939653
24000000

0.247486 4.5 × 10−30 11.3331

LCLogSA 5876493
24000000

0.244854 LCW1 5905801
24000000

0.246075 4.2 × 10−23 9.8295

LCRand 5939653
24000000

0.247486 LCIndAB 5962071
24000000

0.24842 3.4 × 10−14 7.4932

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

HCIndAB 4510977
24000000

0.187957 HCLogSA 4587482
24000000

0.191145 6.2 × 10−175 28.1736

HCRand 4528880
24000000

0.188703 HCLogSA 4587482
24000000

0.191145 1.9 × 10−103 21.5645

HCW1 4547811
24000000

0.189492 HCLogSA 4587482
24000000

0.191145 1.7 × 10−48 14.5866

HCIndAB 4510977
24000000

0.187957 HCW1 4547811
24000000

0.189492 2.4 × 10−42 13.5872

HCRand 4528880
24000000

0.188703 HCW1 4547811
24000000

0.189492 1.5 × 10−12 6.9779

HCIndAB 4510977
24000000

0.187957 HCRand 4528880
24000000

0.188703 1.9 × 10−11 6.6093

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

MCIndAB 13526952
24000000

0.563623 MCW1 13546388
24000000

0.564433 7.7 × 10−9 5.65727

MCRand 13531467
24000000

0.563811 MCW1 13546388
24000000

0.564433 7.0 × 10−6 4.34318

MCLogSA 13536025
24000000

0.564001 MCW1 13546388
24000000

0.564433 0.00127846 3.01652

MCLogSA 13536025
24000000

0.564001 MCIndAB 13526952
24000000

0.563623 0.00413621 2.64074

MCLogSA 13536025
24000000

0.564001 MCRand 13531467
24000000

0.563811 0.0923103 1.32666

MCIndAB 13526952
24000000

0.563623 MCRand 13531467
24000000

0.563811 0.0944093 1.31408

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Figure 29. Boxplots and histograms of proportions (not pooled) of Low
(c < 6.5, left of both subfigures) and High (c > 7.5, right of both subfigures)
Collatz for our 240 samples of size 100,000 of each of the four classes.

The MidCollatz (6.5 < c < 7.5) did not have as small p-values as the other
tests, so we do not include the illustration for that. The Mathematica codes
we used to generate the samples are included in this file (link).
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As we were going through the gradual construction of 240 samples of size 100,000,
we recorded some extreme Collatz values that are notable especially for the two classes
of IndAB and LogSA (for the other two classes W1 and Rand, we got even further
apartness but W1 has further apart values in the literature for small numbers and
rand has no constraints). See the following Example, Fig. 30 and Fig. 31.

Example.

(i) There are IndAB weight-6 numbers m,n such that γ∞(m)− γ∞(n) > 7.3.

(ii) There are LogSA weight-6 numbers p, q such that γ∞(p) − γ∞(q) > 7.07.

(iii) There are LogSA weight-7 numbers r, s such that γ∞(r)− γ∞(s) > 6.66.
Here are our two IndAB-listable numbers of weight 6 and four LogSA-listable,
two of weight 6 followed by two of weight 7, witnesses:

(i) Take m = 625048539426714887242529754666334185181528591021860578
6230130347079887973362617973503757538286521894899856139 and
n = 102417771806170140786859728976752652542763795707536843
97974047503733972516458399188324695182777676522224418220
(their approximate Collatz values are 11.4845 and 4.18317, respectively).

(ii) Take p = 149155922472550272842426424509659099476169754341451452
91770226109111309237881700577764125446220388463244605027 and
q = 138471167793684524767366633280532674025015072039358759
48018976297429735049909431659171516808005652708103553599
(their approximate Collatz values are 11.1344666 and 4.054797, respectively).

(iii) Take r = 380364946897578976485955832782585736175984243078861867
1507765169594484796422775701838991516599226345554727829 and
s = 122091815639727737058423553457771593169365090834029166
25539967231626042119353491704207580743416864104900224441
(their approximate Collatz values are 11.0353 and 4.3713, respectively).

��	
�� 5� We gathered 25,315 numbers below 2363 that are of weight 8, these are the
ones we saved just when their Collatz value was in (4.5, 6.5) ∪ (7.5, 9.5). We got them
with an extensive search for W8-numbers with Collatz values below 6.5 or above 7.5
(and then set aside a dozen or so we found that were over 9.5, all were below 10.3).
Subdividing each of these two intervals into 10j equal-length subintervals for j = 1, . . .
. . . , 12, Fig. 40 shows the number of subintervals met (at least once) by these Collatz
values for each mesh and either of the two intervals. This lower-bound type of result
is along the lines of part (b) (but just considering weight 8, not lower weights, and
mentioned subintervals not apartness). One of these counts (20) is sharp, the others
call for extension. These 25,315 Collatz values (together with a code to count how many
subintervals are met for each mesh, but not the actual numbers below 2363 themselves)
are in this file (link), the corresponding actual numbers with those Collatz values are
here on Zenodo (link). For the case of j = 2, we present some witnesses in Fig. 32
through Fig. 39.
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Figure 30. Some witnesses of LogSA with low Collatz value (truncated
after three decimal digits) in the partition of the interval (4.45,4.80)
of mesh=0.01. Three of the numbers are of weight 7 as indicated, the
others are of weight 6.
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Figure 31. Some witnesses of LogSA with high Collatz value (truncated

after three decimal digits) in the partition of the interval (9.95,10.30)
of mesh = 0.01. One of the numbers is of weight 7 as indicated, the others
are of weight 6.
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Figure 32. Some witnesses of weight 8 and Collatz value (truncated
after four decimal digits) in the partition of (5.10,5.45) of mesh 0.01

(33 of the 35 subintervals).
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Figure 33. Some witnesses of weight 8 and Collatz value (truncated
after four decimal digits) in the partition of (5.45,5.80) of mesh 0.01
(34 of the 35 subintervals).
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Figure 34. Some witnesses of weight 8 and Collatz value (truncated
after four decimal digits) in the partition of (5.80,6.15) of mesh 0.01

(34 of the 35 subintervals).
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Figure 35. Some witnesses of weight 8 and Collatz value (truncated
after four decimal digits) in the partition of (6.15,6.50) of mesh 0.01

(34 of the 35 subintervals).
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Figure 36. Some witnesses of weight 8 and Collatz value (truncated af-
ter four decimal digits) in the partition of (7.65,8.00) of mesh 0.01.
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Figure 37. Some witnesses of weight 8 and Collatz value (truncated
after four decimal digits) in the partition of (8.00,8.35) of mesh 0.01.
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Figure 38. Some witnesses of weight 8 and Collatz value (truncated
after four decimal digits) in the partition of (8.35,8.70) of mesh 0.01.
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Figure 39. Some witnesses of weight 8 and Collatz value (truncated
after four decimal digits) in the partition of (8.70,9.05) of mesh 0.01.
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Figure 40. The number of subintervals in the partition of the indicated
intervals and meshes that are met by the Collatz function applied to our

14066 + 11249 = 25315 numbers (they are below 2363 and are of weight 8).
The Collatz values for these numbers are at Collatz values on Zenodo (link);
and the actual numbers at (link) on Zenodo.


��������������� The author thanks Normandale and Anoka-Ramsey Community
Colleges for some of the resources used. Carl Jockusch kindly shared the proof of
f(5)=8 (announced in [3, D o w n e y e t a l. ]). Thanks also go to Jeffrey Lagarias and
Kevin Milans for comments on an earlier version, and to Jean-Paul Allouche for com-
munications on some Diophantine approximation topics including on Plouffe’s constant
and bringing up [2, B o r w e i n- G i r g e n s o h n] to author’s attention. Parts of this
work were presented at some conferences, from the pre-depth-5 JMM2019 to JMM2025.
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