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ABSTRACT. We examine the boundedness and regularity of weak solutions to
a type of nonlinear parabolic equations with singular natural growth gradient
terms. These equations also have a singular right-hand side with f € L™ (Q7),
(m > 1). With suitable test functions, we can use Stampacchia’s lemma to prove
that the solutions u(z,t) are bounded when m > % + 1. Furthermore, we can

establish a regularity result if f € L' (Qr).

1. Introduction and The Main Result

In the present paper, we study the following nonlinear parabolic problem with
double singularities

% div (e(, t)|VulP~2Vau) + d(z, t) 249 = L in Qr,
w=0 on T, (1)
u(x,0)=0 in Q,
where Qr = Q x (0,T), (T > 0), Q is a bounded open subset of RY, N >3, T’
is the lateral surface 9 x (0,7) and p, 0, ~ are real number such that

2<p< N, 0<fO<l, 0<~y<p-—L1L (2)
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We also assume that e(x,t) and d(z,t) are measurable functions on Qr that
satisfy the following conditions

O<a<e(z,t)<p and 0<p<d(zt) <4, (3)

where «, 3, 1, 0 are fixed real numbers. The function f belongs to L™ (Qr), with
m > 1, and it meets the requirement

f>0, and f#0 in Qr. (4)

It is important to note that (@) means that f is a function that is strictly
positive on every subset contained in Q.

Singular equations are a significant research topic in mathematics, especially
in the field of partial differential equations. They are widely used to describe and
analyze natural phenomena such as fluid mechanics, pseudo-plastic flow, chemi-
cal reactions, nerve impulses, population dynamics, combustion, morphogenesis,
and genetics.

When the singular lower-order term does not appear in () (i.e., b(¢, ) =0) and
~v = 0 in the nonlinear right-hand side, the existence and regularity of solutions
to problem ([l) were established in [16]. If v = 0 and a(¢,x) = 1, the existence
and regularity results for nonlinear parabolic problems of type (Il) were proved
in [15], and when the operator is degenerate and v = 0, problem () was studied
in [33].

In the case of the p-Laplacian operator with d(¢,2) = B > 0 and v = 0, that
is, in the evolutionary setting, equations of the form

[Vul?

Ou—Apu+ B 0

= f in QTa

have been studied under various assumptions on the summability of the source
ffor p =2 and 0 < 1 (see [22]). When 6 = 1, the existence of solutions
was investigated in [29,[30] for smooth strictly positive data, while degenerate
problems were analyzed in [32] in the one-dimensional case with p > 2. In [0],
the authors addressed existence and nonexistence of solutions for a general class
of singular homogeneous problems (i.e., f = 0) in the critical case § = 1 and
p=2.

Furthermore, in [I] the authors investigated similar parabolic problems where
the lower-order term is of the form a(z, t)+u? instead of a(x,t), but without sin-
gularity in the right-hand side, i.e., f instead of f/u?. In [13], a related parabolic
problem was considered with a(z,¢)+u? and a nonlinear gradient term of the
type g(w,t,u) replacing d(x,t)|Vul|P /u?, together with the presence of a singular
datum f/u?. Other related parabolic models are discussed in [9L[T0L12].
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We also recall that in [7] the authors studied the existence and regularity
for the problem

Ou—Apyu=-L in Qr=(0,T)xQ,
uw(0,z) = ug(x) in Q,
u=0 on I'p = (0,7) x 09,
with
¥v>0, p>2, 0<feLl™Qr), m=>1, and wuy€ L>Z(NQ).

In the elliptic setting, the authors of [5] proved the existence of solutions
to elliptic equations with degenerate coercivity and a singular right-hand side

of the form
div(M) _ I
(1 + [ul)? |ul

where f € L™ () is a nonnegative function and a:Q — R is a measurable coeffi-
cient satisfying 0 < o < a(z) < . Further contributions concerning degenerate
parabolic (resp. elliptic) equations with singular natural growth in the gradient
and v = 0 were obtained in [I7[24] (resp. [I8H20]). For additional results in the
elliptic case, we also refer to [27].

The present paper is inspired by the works [I5[23], where parabolic prob-
lems with a zero Dirichlet boundary condition and the same type of right-hand
side were studied. In these cases, both the gradient term and the source term
become singular as u approaches zero. The proof method consists in approximat-
ing () by a sequence of nonsingular problems (for f € L™(Qr), m > % +1).
Using Schauder’s fixed point theorem and solving the approximate problems,
we prove that (Il) admits at least one solution

w € LP(0,T; Wy P(Q)) N L=(Q).
In the case where f € L*(Qr), the solution
we L"(0,T;Wy"())
holds under the condition v < 0, where n = N(p— 60 +~)/(N — 0+ 7).

LEMMA 1.1 (See []). Let My,v,p, 9, ko be real positive numbers where ¢ > 1
and p € [0,1). Let A: Ry — Ry be a decreasing function such that

A(h) < %[A(m]ﬁ, Vh>k> k.

Then, there ezists k* > 0 such that A(k*) = 0.

125



R. MECHETER—H. KHELIFI

LEMMA 1.2 (See [B]). Let v € L*(0,T; Wy™(Q)) N L= (0,T; Le()), k0 > 1.

Then, v belongs to L1(Q), where q = n%, and there exists a positive con-

stant Mo depending only on N, k, o such that

/|v(w,t)|qudt < MzHUHLﬁw(O’T;Lg(Q)) /|Vv(x,t)|“dxdt. (5)
Q Q

Now, let us define a weak solution to (] in the following way.

DEFINITION 1.3. A function u € L*(0, T; W&l(Q)) is a weak solution to prob-

lem (), if

u>0 in Qr, ‘Z—Z'p € L'(Qr), u% € L'(Qr)
and
‘/“g_f der dt +/e(x,t)|Vu|p_2Vu.V<p e dt +/d(:c,t) VP o arar
Qr Qr Qr
:/ULW drzdt, Ve € LP(0,T;WyP(Q)) N L=(Qr). (6)
Qr

We will now present our main finding.

THEOREM 1.4. Assume that () and @) hold. Let f € L™(Qr) with m > %—I—l.
Then, there exists a weak solution v € LP (O,T; Wol’p(Q)) N L>(Qr) to prob-
lem () in the sense of Definition [I.3

Remark 1.5. If v = 0, the result of Theorem [[.4] coincides with the classical
boundedness results for non degenerate parabolic equations [I5, Theorem 1].

The next result deals with the case where the data f belongs to L'(Qr).

THEOREM 1.6. If hypotheses @B)-M©) hold, let f € LY (Qr) and v < 6. Then,
there exists a weak solution u € L"(0,T; Wol’n(Q)) N L" (Qr) to problem ()
in the sense of Definition[I.3, where

N(p-—10
N -0+~
Here, n* is the Sobolev conjugate exponent of n, (1 <n < N), i.e., n* = N—_”n

2. Proof of Theorems [I.4]
We recall that
T;(r) = max{—j,min{j,r}} and G;(r) =r—T;(r) forevery r€R.
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2.1. Approximation problems

For all n € N, we set f,, = ﬁ € L>(Qr). Consider the following approxi-
mated problem ’

3 — n \ n P n :
%Ltnidlv (6(x,t)|Vun|p 2Vun)+d(x,t) tin u)le+1:<‘un{+%)w in Qr,

(Jun|+2
Uy =0 on I, (8)
Un(z,0) =0 in Q,
such that

1fullLm@r) < IFllLm@r)s
9)

fn — f strongly in L"™(Qr), m > 1.

The following lemma gives the existence of solutions to the approximate prob-

lem ().

LEMMA 2.1. Let f be in the space L™ (Qr), where m > 1. If @) holds true.
Then, the approzimating problem [8) has a solution

u, € LP(0,T; Wy () N L (Qr)
for every fixed n € N, and it satisfies the weak formulation

/<%’@> da dt +/6(9f"v’5)|Vunlp_2Vun Vedzdt

T T

( : (lun| +3)
Qr n Qr

for every p € LP(0,T; W(}’p(Q)) N L>(Qr).

Proof. Let n € N and v € LP(Qr) be fixed. Consider the nonlinear parabolic
problem

w : — w|Vw|P " .
B —div (el O VuP=?9w) + dla ) i = ey 0 Qr,
w =0 on T, (11)
w(z,0) =0 in Q.

The term on the right-hand side of (IIl) is in the space L% (Qr). Therefore,
the existence of a weak solution w € LP(0,T; Wol’p(Q)) N L>(Qr) to () is
demonstrated as in [25] (see also [23]). In addition, there exists a positive con-
stant C that does not depend on v and w (although it may depend on n),
such that

lwllLe(@r) € Coo-
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The map P:LP(Qr) — LP(Qr), with P(v) = w, defines a weak solution w
for problem ([IIl) associated with v. Our aim is to prove the existence of a fixed
point for the map P. To start, we must prove that P is continuous and com-
pact on the bounded set of LP(Qr). Substituting w into the weak formulation
of problem (II) yields

1
E/w(T)2 dz —l—/e(m, t)|Vwl? dx dt

Q Qr

2 p
+/d@,t)% dxdt:/finwwdxdt (12)
£ (Jw| + ) (ol + %)

By @), (CE + oy < n7*1 and dropping the first and third nonnegative term
on the left-hand side in (I2), we obtain

T

oz/|Vw\p dzdt < n7+1/\w\ dx dt. (13)
Qr Qr
Using the Holder’s inequality on the right-hand side of the above estimate, we get

1
1
|#’ |w|? da dt
Qr
Using Poincaré inequality, we have

[wl[zr(@r) < C(n,|Qr|) =

P
We take wy, as a test function in the problem solved by wy

Qr

~ - welVorl?  _ fa
—div (e(z,t)|Vwk‘P 2Vwk)—|— d(x,t)( k|+ ’;9+1 _ (\vk\f-k%)"' in Qr,
’U)k;(x,0>:0 n Q,

where vy is a bounded sequence in Br (Bpg is a ball of LP(Qr) of radius R).
Since the ball is invariant for P, we have wy in Br and (I3)) implies that

1
P

T T
/|Vwk|ip(m dt < c/ /|wk\de dt, (15)
0 0 Q

so, we obtain that wy, is bounded in LP (0, T, Wol’p(Q)). Furthermore, choosing

w as a test function (I4)), dropping nonnegative terms, and letting h tend
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to zero, Fatou’s lemma yields

Y|P
p [ 2 < (16)
Qr
Going back to (), the sequence

Oswy, is bounded in )i (O,T; W_l’p,(Q)) + Ll(QT)7 p = Ll’
p—
using compactness argument in ([28] Corollary 4), we obtain that
wp — w  a.e. in Qp. (17)

From (7)), (I5) and by the Dominated Convergence Theorem, we have wy, con-
verges strongly to w in LP(Q) and so, P is compact. Let wy = P(vy), where vy
is a sequence of functions such that

vy — v strongly in LP(Qr) and, a.e in Q7.

Consequently, since (‘Uﬂfﬁ < n7f and by the Dominated Convergence

Theorem, it follows that

In fn
(ol + 27 (ol +2)

Now, let P(v) = w. Arguing as in Lemma 2.8 of [23], we obtain a sub-sequence
of (wg), such that

strongly in LP(Qr).

Vwp — Vw ae. in Qr, (18)
and from (I6]), we have as k — +o0
wg | Vwg|P w|VwlP
(jwrl + %)9+1 (jul + 1)9+17

n

strongly in L' (Qr).

From the fact that e(z, t)|Vwy|[P~2Vwy, is bounded in L (Q7) and from (IJ),
we conclude that

e(x,t)\Vwk\p_2Vwk — e(x,t)\VwV’_ZVw weakly in )i (Qr).

Hence, by the uniqueness of the limit, one deduces that wy = P(vy) converges to
w = P(v) in LP(Qr). This gives the continuity of P. Next, by Schauder’s fixed
point theorem, for every fixed n, there exists u,, € LP (0, T; Wol’p(Q)) NL>®(Qr)
such that u,, = P(uy,).

Choosing u,, = unX{u, <0}, Where xy,, <o} denotes the characteristic function
of {(z,t) € Qr:un(x,t) <0} as a test function in (§) and using assumption (3],
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we have

T

d ~)2|Vu, [P

F/ 2dt+a/|Vun|pdxdt+u/(<u”)¢dxdt
0

DO | =

|| +1/n)0+!

fut
< [l dsar
4 (funl +3)

T

T

Using that (Iu\f#)” > (0 and dropping nonnegative terms, we get
allun oo, mwiv iy < 0,

so that u, > 0 almost everywhere in Q7. Therefore, u,, solves

% —div ( (l‘, t)|Vun|p_2Vun) +d($, t) (Z:L_V;ne‘il = (uni"%yr in QTa
U, =0 on I, (19)
Up(2,0) =0 in Q.

We shall denote by C' various constants depending only on the structure
of p, 0,7, T, [9]. O

2.2. A priori estimates

Let u, € L?(0,T; Wol’p(Q)) NL>(Qr) be a solution to problem (). In the fol-
lowing Lemma, give the L°°—estimates for approximate solutions u,,.

LEMMA 2.2. Suppose that (@) -H) hold true and the conditionp—2 <~y <p—1
is satisfied. If f € L™(Q) with m > % + 1, then it follows that w, is bounded
in L>®(Qr) N LP(0,T; Wy * ().

Proof. We start by examining the scenario where p=2 and for any 7 € (0, 77,

we can select ¢(u,) = G;(un)X(0,r) as a test function in (IJ). Then, by assump-
tion (@), we obtain

Gi(un()| dz + a VG, (uy)|? dz dt
[l asaf [196,0)

Ap i (T) 0 A,,;()

r U, Vun2

0 A, ;(t) (Un + n

T

g/ / ﬁejmn)dxdt,

0 A, ;(t)
where

A, i (t) ={x € Qruy(z,t) > 5}, te(0,T).
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Dropping the third non-negative term, we obtain

/|Gj (un(®))|” dz + a/T /|VGj(un)|2dxdt

Anj () 0 An,j (t)
f f

< —In_Gi(u,) dzdt.
/] (a + 1y Cat)
0 A, ;)

Using Holder’s inequality with exponent m in the last equality, and the fact that
Uy + % > j > 1 on the set A, ;, we get

G (wn) 7o 0,722 (A, (1)) T+ CV/ / VG (un)|* da dt

0 An;(t)
T
/ /|Gj(un)|m’ dz dt

0 An;(t)

1

m’

From this inequality, we can prove the boundedness of the sequence {uy},
in L*°(Q) in the same way as in [15, Lemma 4].

Now, let us consider p > 2. We take ¢(u,) = [(1 + u,)P~! — G (wn) X (0,7)
as a test function in (IJ)). Using assumption (B and the fact that

Unp

B(un) = / (149" = 1) G (y)dy > %Gmn)pc;;(un),
0

we obtain

/q)<un)dl'+oé -1) //\vun\f’ (1 + upn )P G (uy) dz dt
// “”'V“"LH [(1 + )P~ = G (uy) dar it

g//fn(l )P () da dt.

0 Q

Dropping the third non-negative term and using Holder’s inequality on the right-
-hand side of the previous inequality ([9), and the fact that

T4+ u, <2(5+Gj(uy)) as j>1,
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one has
P ‘vun‘p
/ G](un(T)) d.%'+/ / dedt
An i (T) 0 An;(t)
. #
. (p—1—7y)m’
/ /(] + GJ(Un)) dx dt
0 An ()
Hence,

T
|Vun|

HGj(un)Hioo(O7T;Lp(An’J(t +/ / +un 2 _— dx dt
0 A na(t)

T
<cC //]+G ()P dzdt | (20)
0 A0

Since p > 2, we write, by (20)

//VG (un,)P dz dt </ /\vun\f’ 14 u,)P % dedt

0 A ;(t)
T
. (p—1—y)m’
/ /(] + Gj(un)) dz dt

0 An;(t)

1
m/

From Lemma (here v = Gj(uy), K = 0 = p), the previous inequality and
0) yield

T

//G un) S A dt

0 An; ()

T
%
< (16w rircan o) | [ 9GP dodt
0 A, ;(t)

<c| [ [G+Gtym e

0 An,;(®)
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Thanks to Holder’s inequality with the exponents N#Y;_p i’: E ( Nn(;\(f;r_p ii 7)),

(sincem>%—I—landp>p—1—fy),wehaveforallj21

p—l—vn
P
(N+P)P
/ / (un) "N dzdt < C / / j+Gi(un)) ¥ dwdt
0 An;(t) An ()
N+p p—1-—v
T Nm/ P
[ 1ausla
0
Therefore, by the previous inequality, we can write for all j > 1
2—210—1 (%ﬂ;) _p—jln—'v (NKP)P (p—;—w) (%ﬂ;)
Gn; <CG,; M) + Cj An(i) 7™, (21
where T
AG) :/|An,j(t)\dt, / /G ) SR 4 dt.
0 0 An ](t

By virtue of v > 0, we have p—II)—'y > 1. Then, using Young’s inequality for all

e >0,
ST ey -
ij An(]) " < EGn,j + C(E)An(]) (22)
Taking € = % in (22)) and applying (21 to [22), we get
N<N/J(rf3:;)_p;}r;w (pr)z’(pflfw) ﬁ”
m . P . m’
G < CAn(j) + Cj An(j)
The assumptions v < p — 1 and m > % + 1 imply that
(N+pp  p—1-—v _ (N+p)
- > > 1.
Nm/(1+7) 1+~ Nm/
Since |A,(j)] < T2 and j > 1, then
(N;:,p)p<g—1—1) (N+27)
Gnj< Cj TG T (23)

Recalling the property of G;(s), if h > j, we have G;(u,) > h —j on A, 5(1),
and A, »(t) C A, ;(t). By virtue of p_;_w < 1, [23)) can be written as

(N+p)p(p717w) N+p

Y .

An(j) < — . Vh>j>1.
(h—j) *
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Applying Lemma [Tl to

p—1-n9 (N +p)p N+p
p= o vy o ad =
we have that there exists a positive constant k* such that
Ap (k") =0.

By the fact that |[A,,(j)| < T|Q| (see the proof of Lemma A.1 of [4]), there exists
a positive constant dy independent of n such that k* < dg, so that
Ay (dp) = 0. (24)

Therefore, from (24)), it follows the boundedness of the sequence u,, in L>(Qr).
Now, taking u, as a test function for problem (I9) and using (B)), we obtain

1 2 nl?
—/un(T)de—I—a/\Vun\pdxdt—i—u/LuLH
2 (un + )

Q Qr Qr

n

< / frur™ dadt. (25)
Qr

Dropping the non-negative term and using Holder’s inequality on the right-
-hand side of inequality (25)), together with the boundedness of the sequence u,,
in L*>°(Qr), we obtain

/|Vun|pdwdt < N fllem@n) @1 lug " ll(@r) < CllflLm@r).  (26)
Qr
Consequently, the sequence {u,,}, is bounded in L? (0, T, WO1 P (Q)) d

In the next proposition, we will prove that the solutions of the approximated

problems are uniformly bounded away from zero in every subset (0,7) X w
of (0,7) x Q with w CC Q.

PROPOSITION 2.3. Let p > 2. For every subset w € €). Then, there exists
a positive constant C, r, independent of n, such that u, > Cy, 1 in (0,T) x w.

Proof. Let us define, for s > 0, the functions

rd "
H(s>:/T—Z, O(s) = e & 0<f<1.

0

Next, we consider the decreasing function ¢
1

o(s) = /@(t) dt.

s
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Taking
¢ =O(uy)v, with 0<ve LP(0,T; W, () NL>(Qr),
as a test function in (I9) and using that
U |V, [P - [Vu,|? fn

< fu?
(up +1/n)0Ft = uf (un+2)" ~ Jottn
@) and the fact that
)
VO (un)v = O(uy) {MUVun + Vv] ,

we obtain,

0

T

P
> 6/\Vu9n\ Yo — /\Vun\ O (up)v de dt +/fn nO(uy)vdedt
un

/ frnu, 7O (uy,)vda dt.
By the definition of the function ¢, we obtain

T
- [(22 Y = 5 [ 1902w Vo drat
0 Qr

> /(@(un) — 1)fnu;71) dx dt.
Using the fact that f, < f, we find Or

T
/<%’U> dt+5/|V“n|p_2v¢(un)Vvdxdt
0 Qr

S/(l — Oy (uy)) fuy, v dzdt.

Qr

We define, for every z > 0,

a(t,z,z,Vz) = 2|Vz|p_2VZ,

B
Fo =)
b(s) = (1= ©n(67()) (671(2) 1.

for every limg_ 1 o0 @(8) = Poo < 0.

and
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Thus, see [2] for instance, we deduce that z = ¢(u,) is a sub-solution of
Oz — div(a(t,x, 2,Vz)) =b(z) in Qr.

Since b is nonnegative term and f satisfies (), then, by Lemma 3.12 of [21]
applied to the previous equation, we obtain the existence of ¢, 7 > 0 such that

z2=¢(up) <cor, V(tz)e (0,T)xw, Vn>1.

Therefore, it follows

Uy > ¢ ewr)=Cur >0 in (0,T) X w. (27)
Therefore, )
Unp
— < — = v 1 28
(Up + 1/n)0+1 — uneIFCT,{T,j] uf sr(w), Vi >>1, (28)
for every
(t,z) € (0,T) X w such that wu,(¢,z) < j.
This completes the proof of Proposition O

The following lemma gives a control of the lower-order term.

LEMMA 2.4. Let p > 2 and let u, be the solutions to problems ([I9)). Then

we have
U | Vue|P
—————dzdt <
M/ (Un + %)94_1 o

Qr

where Cy, 1 is defined as in [27).

C
m”fHLW(QT)7 (29)

Proof. Choosing W as a test function in (I9), dropping the nonnegative

terms, we obtain

drdt < dx dt.
“/(un+ U 1 h St 7w |
T Qr "
Since
1 < i < 1
() =
and the fact that % < 1, we have

Un|Vun [P Thuy) 1
dedt < —— n da dt.
/(un+1/n)9+1 po = (cw,T)v/f v
Qr Qr
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Applying Holder’s inequality for m > 1, we obtain

Un |Vup? Th(uy,) C
d dt<7 m .
| e < Gy lemian

Qr

Let h tend to 0, and according to Fatou’s lemma, we deduce (29]). O

2.3. Passage to the limit
From (I9), we deduce that {%"tﬂ}n is bounded in

L7 (0, T; WL (Q)) + L™(Qr).

Using Aubin-Simon compactness arguments (see again [28, Corollary 4]),
we have

u, — u strongly in LP(Qr), and a.e. in Qp. (30)
Now, we prove that

Tj(un) — Tj(u) in  LP(0,T;WyP(Q)). (31)

We introduce a time-regularization of the function 7j(u) by
¢

(T](u))y(t,x) = V/e”(s_t)Tj (u(s,x)) ds,

— 00

where T (u(s,z)) is the zero extension of u for s < 0 (see [3I]). We recall
that (T](un))y converges to Tj(uy) strongly in L (0, T; Wol’p(Q)) as v tends
to infinity. Set
(2P pCjr(w))*

4(22-ra)?

Ua(r) = re’’, with A >

where C; r(w) is as in (28). We will denote by 7(e, n,v) any quantity such that

lim lim lim 7(e,n,v)=0.
v—>+400 n—>+00 e—>+400

Let
By the same technique as in [IL22], we have that
T

/<%,¢A(Tj(un) - (Tj(ue))u)¢> dt > 7(e,n,v). (32)

0
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Choosing ¢y = 1 (Tj(un) — (Tj(uc)),) ¢ as a test function in (&), and using (3)
and (B2]), we obtain
o IVual? 90,9 (T un) - (T5(w), )

Qr

A (Tj(un) - (Tj(ue))y>¢>dxdt —l—u/%g@,\ dadt

Qr> "

_ /|Vun|P_2VunV¢1/J,\ (Tj(un) - (Tj(ué))y> dedt — 7(e,n,v).  (33)
Qr

By (B0), the sequence (Tj(u,)), converges to (Tj(u))  almost everywhere in Qr,
and the fact that

fn C
(un+ 277 = Cur)

by the Lebesgue Dominated Convergence Theorem, we get
lim lim lim In
Vv—r+00 n—+00 €e—> 400 (Un + %
T

= Ifll=a(2) € LY(QrT), m>1,

)’7%0)\ = 0.

By putting Q7 = {u, < j} U{u, > j} and using the approach employed in [I],
we have

lim lim lim /|Vun|p_2VunV¢l/J>\ (T] (un) — (T; (Ue))y) = 0.
Qr

V——>+00 Nn—+00 €—>+00

Therefore, we can write that

fn _
/m%\ — o |Vu,[P72Vu, Vs (Tj(un) — (15 (Ue))y)
Qr Qr

=71(e,n,v). (34)
Additionally, using the definition of C}j r(w) and the fact that ¥y (j — (T} (u)),)
is non-negative, we may state that

; Un|Vun|? / U | Ve, [P

1 —————pydadt > ————— o dadt
oo / (U + 1 /)01 PR = (un + 1/n)0+1 A

Qr {Cuw,r<u,<j}
> —Cjr(w) / VT, () Plioa| dedt.  (35)
Qr
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Now, from this convergence
V(Tj(uc)), = V(Tj(u)), weakly in (LP(QT))N as € —» +00,
and by using ([B3)—(BH]), we obtain that

o [ 1Vl 29,9 (23 ()~ (33 (), ) 5 (T3 ) = (15w), ) s
Qr
— 1C3ar(@) [ IV )Pl do e < rlosm), (36)
Qr

with 7(v,n) = 0 as v,n — +o0. Note that

o[ 1Vual?=29u,9 (T (w) = (T,w),)

Qr
% (T () = (T3 (), ) X (25 o
= a/|Vun|p_2VunV(Tj (u))y@//A (jf (Tj(u))y)qﬁx{unzj} dz dt
Qr
=7(v,n).
So, adding

— [ 9T, 17729 (33 0), 9 (T ()= (T (), )
Qr

X b (Tj(un)— (T; (u))y>¢dx dt = 7(v,n),

to both sides of ([36) and since

19T, Plos]

Qr
<27 [[9 (10~ (1), )| loaldz dt -+ 27 [19(73 ), Pl
Qr Qr

8 [paldzdt + 7(v,n),

=2 [ |9 (100 - (1), )
Qr

and from this inequality
(I€/P=2¢ = P2 n)(€ —n) = 227Ple —nl?, Vp =2,
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we find

22—Po¢/‘V(Tj(un)—(Tj(u))V> " (T )~ (T (), ) d i
Qr

P
2p—1uc,7T(w)/‘v(Tj(un)(Tj(u))y) Ua (Tj(un)—(Tj(u))y)dedt
Qr
< 7(v,n).
Since \ > %, it holds that
2 / 1 22 Poy
27 oy (r) = 27 pCir (@) A ()] 2 —;

for every r € R, and by setting v — +o00, we obtain ([BIl). From this result,
we deduce that (up to subsequences)

Vu, — Vu ae.in Qr. (37)
COROLLARY 2.5. Let p> 2 and 0 < 6 < 1. Then, we have

U |[Vup [P . [VulP
(un + 1/n)0H1 ul

strongly i L' (Qr). (38)

Up, |V, |P
(un+1/n)0F1
on Qr before proceeding. To this end, we introduce the function 4, : R™ — R
by

Proof. We will start by determining the local equi-integrability of

w"@:(n_l)/(lj-itt)":(l_W)ZO’ ceRT, np>1
0

This function is globally Lipschitzian and v, (0) =0, 0 < ¢, (o) < 1. Let j > 0.
We also define ¢, : RT — R by

pj(0) =tn(o—j) if o=
and

pilc)=0 if 0<o<j.

140



NONLINEAR PARABOLIC PROBLEM WITH TWO SINGULARITIES

Choosing ¢;(u,) as a test function in ([I9), we obtain

wn (T,x) T
/dx / +/ e(t,x |v“n|p%(un)dxdt
Q
T v
Un, Un
+/ it (tun +1/n) 9+1‘Py(un)dxdt

o[ —

n

As |p;| <1 and (3)), we have

up (T,x)

T
/dx /@j(U)dU—Fa/ IV n [Py () d dlt
Br 0
// (upn +1/m) 0+1903(Un)dxdt

<7J ”/ / | | da dt.

Qﬂ{un >3}

Dropping the non-negative terms and using (@), we deduce from the above
inequality that

U | VU, .
//u +|1/n|‘9+1%<un)dxdt_>0 as j — 400

uniformly with respect to n. Using the properties of the function ¢;, we get as
J — +oo

U | Vg, |P
/ T + 1 myp 4@ dt
QN {1 227}

T

1 U |V, |P

2j) // (U, +1/n9+1%(un)dxdt —0. (39)
0

141



R. MECHETER—H. KHELIFI

Consequently, by ([28)), we have

T
U |[Vup [P U |V, [P
dedt < —  _dzdt
// +1/n)0+1 € _/ / (tn + 1/n)fH1 T

0 QN{u,>25}
T
+ Cj,T(w)/ / |VTy;(uy,)|P dedt. (40)
0 Qn{u,<2j}
From ([B9) and (26]), we obtain the equi-integrability of % on Qr.
By this, together with B0), 1) and Vitali’s Theorem, we obtain (B8]) and
|Vu|p e LY(Qr). 0

LEMMA 2.6. Letu, € L?(0,T, Wol’p(Q)) be a sequence of weak solutions to (19).
Then,
li In drdt = ! dedt, V Cg° 41
im rrededt= | ~Zpdzdt, v € C5°(Qr). (41)

¥ 1
" OOQT (Un * n) Qr

Proof. We fix ¢ € C§°(Qr). Since supp(y) is a compact subset of Qr,
thanks to (1)), we have that there exists a constant Csupp(,) > 0 such that
un > Csupp(y) in supp(y). Then,

fn
o

f
(UT C«’yiHSOHLOO(QT% V (z,t) € supp(yp).

Supp(¢)

As n goes to 400 and since ([B0), we can see that it converges almost everywhere
to %@. So, according to Lebesgue’s Theorem, we conclude that [T is true. O

The proof of Theorem [[.4]is completed by obtaining that u is a weak solution
for (1) and passing to the limit for n — +o0 in the weak formulation of (0]

through the convergences (30), (37), (38) and @I).

3. Proof of Theorems

LEMMA 3.1. For all n € N, we have the following estimate
Up |V, [P
Qr b n
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Proof. Let us consider p(u,) = (u, + %)V%, h > 0 fixed (this is possible

since u,, € L>®(Qr)), as a test function in the weak formulation of problems (I9)).
Using (@) and the fact that

1 1y ! 1
Vgo(un) = ﬁ Uy + E 'YTh(un) + un‘i‘g vunX]—h,h[(un)v

we obtain

/@(un)dx+%/(un%y_l{yn(unﬂ(un i)] IVt P (1) e
Q

+ /d(a:,t) . Wugll — h(h“ ) dz at
Qr ( Un + )

< [ ara, u9)

h S
e B(s) = / (g + %)7 Th}godg >0, V¢>0. (44)

0

From (@3] and (#4]), and by dropping the non-negative term of the left-hand side
of {@3), we get

P
0< /d(z,t) “"'V“g| ) dpat < /fn ) dzat.
1)\0+1=y

Qr (u” + E)

Since f, < f and |%| < 1, we have
Un |[Vup P Th(uy)

/d(.’l),t) = h da dt S HfHLl(QT)'

Qr (u” + 5)
By Fatou’s Lemma, as h — 0, and using the strict positivity of u,, we ob-
tain ([42). O

LEMMA 3.2. Let f belong to L*(Qr) and v < 6. Then, the sequence {uy}, is
bounded in L (Qp)NL" (0, T, W&’"(Q)), where 1 is defined as in ({). Moreover,
the sequence {Tj(upn)}y is bounded in LP(0,T; Wol’p(Q)) for every j > 0.

Proof. The estimate ([@2) and

1 - Up, - Up,
20417407 T (T4 up)/T1=7 = (L 4u,)0H

in Anyl(t),
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give

Iz |V, [P Uy |Vt [P
D / uff” dedt < d(I,t)W dx dt
An1(t) Ana(t)

< I fllzr > (45)
where
Apa(t) ={z € Q:u,(x,t) > 1}, te€(0,T).

Let n < p and using the Holder inequality, we have

N (0—vn
/|VG1(un)|”dxdt:/%un P dadt

Qr Apa () Un "
%
p
< / NG ()l 4, 4y
Upy |
An,l(t)
(O—=~)n
X /unp_” dz dt . (46)

Apa(t)

By ([@5)—-EG) and the fact that u, < Gi(uy,) + 1, we get

/|VG1(un)|77dxdt < CIflEvon /u:p‘ifn da dt
Qr An,1(t)
p=n
<C / (Cr(un)) ™7 dedt| +C. (@7)
A1 (t)
Inequality () implies that n* = % >1 (since y<0). By Sobolev’s inequality
and (A1), we get
Nes
/(Gl(un))"*dxdt < C/\VGl(un)\”dxdt
Qr Qr
<cC /(Gl(un))”*dx | +c (48)

Qr
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Since p < N, we have NT_H > %, then, from (@8], we deduce that the sequence
{ty,}, is bounded in L (Q7). From (&), it follows the boundedness of G (u,,)
in L7(0, T Wy ().

Moreover, using T} (u,) as a test function in (&), by (B), we have

1
5/(Tj(un))2dx+oz/ |T(uy,)|P da dt
+ ———Ti(uy)daedt < | —————T(u,)dxdt. 49
u/(uﬁl)eﬂ (n) T ) (19)
Qr n Qr
Dropping the first and third non-negative term, we obtain
In
{un<s} Qr

For the right-hand side of (B0), for every j > 0, one has

Or n {un<j} "

, fn 1y
+J / mdxdt < 257 fll ey (B1)
{un>j}
Taking j = 1 in (&I and using (B0), we have that 77 (u,) is bounded in the
space LP (0, T; Wol’p(Q)), then it is bounded in L" (0, T’; Wol’n(Q)) (since n < p).

Since
Up = Gl(un) + Tl(“n)y

we deduce that u,, is bounded in
L"(0,T; Wy ().
Moreover, (B0) and (BI]) imply that
1T (w) | oo, rwiwayy < C3°TH77, Wn> L (52)

(2) implies that Tj(u,) is bounded in L?(0,T; Wol’p(Q)) with respect to n
for every j > 0. This completes the proof of Lemma [32]

To complete the proof of Theorem [[] letting j tend to +oo in (B2) and
applying Fatou’s lemma, we deduce that w, is bounded in L? (O,T; VVO1 P (Q))
Therefore, we can use all the previous convergences [B0), B7), B) and (&Il
in order to pass to the limit in the weak formulation of (I0]) for obtaining u as
a weak solution for (). O
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