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ABSTRACT. In this paper, we classify the geometric solutions of a class of inte-
grable quadratic polynomial differential systems. We provide a new class of qua-
dratic polynomial differential system that exhibits the so-called cubic egg curve
as a first integral, we analyze the geometric solutions of this class in the Poincaré
disc.

1. Introduction and statement of the main results

In the plane all polynomial differential systems of the form

i‘ZP(l‘,y), y:Q(xay)a (1)

where P, @ € Rz, y], such that max{deg(P), deg(Q)} = 2 are called Quadratic
polynomial differential systems. Here, the dot denotes, as usual, differentiation
with respect to time ¢t. For such systems, we can always associate the quadratic

vector field
X = P(z,9)/0z + Q(x,y)d/dy.

Let U be an open subset of R% A function H:U — R is called a first integral
of () if H is constant on all solution curves of (), that is,
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We say that a quadratic system is integrable if it has a first integral H:U —R.
For more details on the first integral of a polynomial differential system,
see Chapter 8 of [6].

Quadratic differential systems have been intensively studied, and more than
a thousand papers have been published on these differential systems; for more
details, see the references cited in the books of Ye [16] and Reyn [I3]. However,
even so, the issue of classifying all integrable quadratic systems remains open.

Since the 1960s, there have been several studies interesting in classifying the
global phase portraits of quadratic systems, which are not easy to study because
these systems are dependent on twelve parameters.

Therefore, the authors studied the global phase portraits of some subcases
of these systems. One of the first of these classes studied was the classification
of the quadratic centers and their first integrals which started with the works of
Dulac [5], Kapteyn [748], Bautin [2], Lunkevich and Sibirskii [9], Schlomiuk [14],
Wei and Ye [15,[16], Artés, Llibre and Vulpe [I]. In [3] Benterki and Llibre
classified the global phase portraits of quadratic polynomial differential systems
that exhibit some relevant classic quartic algebraic curves as invariant algebraic
curves. In [] Belfar and Benterki classified the global phase portraits of six
quadratic polynomial differential systems, which exhibit six well-known algebraic
curves of degree six, etc.

In this paper, we study the global phase portraits in the Poincaré disc
of a new class of integrable quadratic systems. More precisely we realize that
these differential systems have seventeen phase portraits topologically non-
-equivalent.

Our first main result is the following.

THEOREM 1.1. The algebraic Cubic egg curve given by
H(z,y) =2+ (1+x)y> —1=0
s the first integral of the quadratic system,
i=-14+2+tay+azvy, =%+ 0b—-%)z+%+5+by? (2)
so, its associated cofactor k(x,y) = 0.

Proof of Theorem [T To prove this theorem, we can easily verify that

for the system (2)) we have the partial differential equation
dH 0H .0H
E = x% + ya—y =
So H is the first integral of the system (). O

0.

In the next theorem, we present the topological classification of all phase
portraits of the planar polynomial differential system of degree 2 having the
first integral Cubic egg curve in the Poincaré disc. For a definition of singular
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points and Poincaré disc and for a definition of topological equivalent phase
portraits of a polynomial differential system in the Poincaré disc see Sections 2.

THEOREM 1.2. The global phase portraits of the quadratic system [2l) are topo-
logically equivalent to the phase portrait

(1
2) fora=0 and b=0;

fora=2bandb e (0, g) U (§,+oo);

)
(2)
(3) fora=+/2 and b= 2;
(4) fora=b and b #0;
(5) fora=+/2 and b= 0;
(6) fora € (0,v2) U (v/2,400) and b = 0;
(7)

7) fora € (0,4/2) and b € (0,bs);
a€ (vV2,2) and b € (bi,bs) ora € (0,by) and b € (—o0,b)

with by = b+ Vb2 + 2, by = —248a IG\/(181 162 1 by — =9+8a J{G\/am 16_a2

(8) fora e (0,v2) and b € (by, 2);
©) forae (VE3) andbe (0,522) U (452.0) U (. 3)

a=7qandbe (0,7) V(%)

a€ (9,b) and b € (a2—;2,%) or a € (bg, +00) and b € (0,%) or

a € (0,bp) and b € (b1,0) or a € (b, +00) and b € (%,a) U (a, +00);

(10) fora:\/iandbe(() U ( 7 Q);

>gf) 8vV27 2

(11) fora=0 and b€ (—00,0) ora= 5 andbe (3,%) U (3, +00);
(12) fora=v2 and b e (L2,v2) U (V2,+¢);

(13) fora=+/2 and b € (—o00,0);

(14) fora € (V2,400) and b € (—00,0);
(15) for a € (bg,\/2) and b € (—o00,b1) U (by,0);
(16) for a = by and b € (—o0,0);

(17)

for a="by and b € (0, %Q) U (%Q,bo) U (bo, +00).
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slcYals
DO D e
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FIGURE 1. Phase portraits in the Poincaré disc of the system [2}
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Ficure 2. Continuation of Figure [II

2. Preliminaries and basic results

In this section, we present some basic results and notations that are necessary
to prove our results.

2.1. Phase portraits on the Poincaré disc

In this subsection, we are going to see how to characterize the global phase
portraits in the Poincaré disc of the differential system (2I).

A separatrix of p(X) is an orbit that is either a singular point, or a limit cycle,
or a trajectory that lies in the boundary of a hyperbolic sector at a singular point.
Neumann [I1] proved that the set formed by all separatrices of p(X'); denoted
by S(p(X)) is closed.

The open connected components of D? \ S(p(X)) are called canonical re-
gions of p(X): We define a separatriz configuration as a union of S(p(X)) plus
one solution chosen from each canonical region. Two separatrices configurations
S(p(X)) and S(p(Y)) are said to be topologically equivalent if there is an ori-
entation preserving or reversing homeomorphism which maps the trajectories
of S(p(X)) into the trajectories of S(p(Y)).

The following result is due to [10] Markus, [I1] Neumann and [12] Peixoto.
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THEOREM 2.1. The phase portraits in the Poincaré disc of the two compactified
polynomial differential systems p(X) and p(Y) are topologically equivalent if and
only if their separatriz configurations S(p(X)) and S(p(y)) are topologically
equivalent.

Due to this theorem in the phase portraits in the Poincaré disc of Figures [I]
and [2] we plot at least one orbit in each canonical region.

Remark 1. The system (2]) is invariant under the change
(.’IJ, Y, tv a, b) — (.’IJ, Y, tv —a, 7b)7
then we only need to study it for a > 0 or a =0 and b > 0.

The method for studying the phase portraits of the systems ([2))is the following.
First, we characterize all the finite singular points of this system together with
their local phase portraits. We then do the same for the infinite singularities.

2.2. The finite singular points

Taking into account the symmetry given in Remark ([IJ), then the finite sin-
gular points of system (2]) are given in the following proposition.

PROPOSITION 2.2. The following statements hold for the quadratic system (2l).

(I) Assume a = 2b.

(i) If b € (0, @) system (@) has three hyperbolic singularities: a stable
node at py, a saddle at po and an unstable node at qi1, such that
p1 = (717 7\/5)7 b2 = (717 \/5) and q1 = (1 - 4b272b)

(ii) Ifb e (@, +oo) system ([2l) has three hyperbolic singularities: a stable
node at p1, an unstable node at py and a saddle at q;.

(iii) If b = 0 and a = 0 the system has a line of singularities x +1 = 0,
and a hyperbolic unstable node at qa, with g2 = (1,0).

(iv) If b= @ and a = /2 the system has two singularities: a stable node
at p1 and saddle-node at ps.

(IT) Assume a # 2b.
(i) For a## V2 and b#0 the system has four hyperbolic singularities p1,
P2, p3 and pa, such that p1=(=1,—v/2), py=(=1,v2), p3=(1—0a? a)
and py= (1— a%aQb’ a_22b), and we have the following subcases:
(a) If a € (0,b9) and b € (—00,0) system (@) has a saddle at p;,
a stable node at ps and an unstable node at p3, with by =
b+ Vb2 + 2.
(b) If a€(by,v/2) and b € (—00,0) it has two saddles at py and p3,
and a stable node at ps.
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(c) Ifa € (v/2,+00) and b € (—o0,0) it has two saddles at p; and

p2, and a stable node at ps.

(d) If a € [0,v/2) and b € (0,400) system @) has a stable node

at p1, a saddle at ps and an unstable node at ps3.

(e) If a € (v/2,by) and b € (0,+00) it has a stable node at py,

an unstable node at ps and a saddle at ps3.

(f) If a € (bo,+o0) and b € (0,+00) it has two stable nodes

at p1 and p3, and an unstable node at ps.

The nature of the fourth singular point py for all the siz previous cases is

given in Table 1.

TABLE 1. The local phase portraits of the singular point p4.

0<a<+?2 be (—o0,b1) unstable focus
be (0,by) stable focus
be (b1,0) unstable node
b € (b, +00) saddle
be (—00,0) unstable focus
be (0,(a? —2)/2a) saddle
VE<a<? be ((a®>—2)/2a,b) stable node
be (by,bs) stable focus
be (be,a/2) stable node
be (a/2,+00) saddle
be (—o00,0) unstable focus
a>?2 be ((a* —2)/2a,a/2) stable node
be(0,(a® —2)/2a) U (a/2,+00) | saddle
a=0 saddle
be (—o00,0) unstable focus
a=9% be (0,49/72) orb € (9/8, +00) | saddle
be (49/72,9/8) stable node
by = —9—0—8@2;6\2@’ by = —9+8a24{6\£m
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(ii) Ifa # V2 and b = 0 it has a hyperbolic node at p3 and a line of singularities
z+1=0.

(iii) If a = V2 and b € (—00,0) it has two hyperbolic singularities a saddle
at p1 and an unstable focus at g3 and a semi-hyperbolic saddle-node at ps,

where g3 = (1 + —\/512]_1, —1_‘/5%).

(iv) Ifa = V2 andb e (0, ﬁ) it has two hyperbolic singularities a stable node
at p1 and a stable focus at q3 and a semi-hyperbolic saddle-node at p.

(v) Ifa =2 and b € (ﬁ, g) it has two hyperbolic stable nodes at p1 and
q3 and a semi-hyperbolic saddle-node at ps.

(Vi) If a = V2 and b € (@,—I—oo) it has two hyperbolic singularities a stable
node at p1 and a saddle at q3 and a semi-hyperbolic saddle-node at ps.

(vil) If a = V2 and b = 0 it has a hyperbolic unstable node at ps and a line
of singularities x +1 = 0.

(viii) Ifa = by and b € (—o0,0) it has two hyperbolic singularities a saddle at py
and a stable node at ps and a semi-hyperbolic saddle-node at q4, where

e = (—1—=2b(b+V2+b% b+ V2+0?).

(ix) If a = by and b € (0,400) it has two hyperbolic singularities a stable node
at p1 and an unstable node at ps and a semi-hyperbolic saddle-node at qy4.

3. Proof of Proposition

Proof of statement (I) of Proposition If a = 2b the differential
system (2)) becomes

i =—1+4x%+2by+2bzy, §=-2b+%+ L +by2 (3)

This system is invariant under the change

(xay>t7b> — (l‘, _yata _b)a

then we only need to study system (B]) for b > 0. The differential system (3]
has three singularities py, p2 and ¢, such that

p1r = (*17 7\/5)7 b2 = (*17 \/5) and q1 = (1 - 4b27 2b)
The eigenvalues of the matrix of vector field in @) at p; are —2v/2b and
—2(1 + v/2b), at are 2v/2b and (—2 + /2b) and at q; are (1 — 2b%) and 2.
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Then we have the following results:

o Ifb e (0, g), p1 is a hyperbolic stable node, ps is a hyperbolic saddle, and
q1 is a hyperbolic unstable node. So, the statement (i) holds for b € (0, @)

Ifo e (@,Jroo), p1 has the same nature as in the previous case, ps is
a hyperbolic unstable node and ¢; is a hyperbolic saddle. So, statement (ii)

holds for b € (42, +00).

If b = 0 and a = 0 the differential system (B]) takes the from
. 2 .Yy oy
=z"—-1 =>4 —. 4
T=2x , =515 (4)

This system has a line of singularities 41 = 0, then if we take the change
of variable ds = (z + 1)dt, we get the following system:

. .Y
= — 1’ = — 5
== =35 (5)
The system (@) has a hyperbolic unstable node at ¢o = (1,0) with its
corresponding eigenvalues 1 and %, which means that ¢y is a hyperbolic
unstable node. So, statement (iii) is valid for b =0 and a = 0.

Ifo= @ and a = /2 the differential system (B)) becomes

B=—1+22+vV2+Vary, §=-VI+L+Y+L (6)
This system has a hyperbolic stable node at p; with eigenvalues —4 and

—2, and semi-hyperbolic singularity at ps with eigenvalues 0 and 2.

In order to know the local phase portrait at po, first we must trans-
late po at the origin of coordinates by doing the change of variables
(z,y) = (z1 — 1,91 +/2), and we get the following system

. ) 2 T 2
€1 =22 +V2zy, th = £x1 +2y1 + LA (7)

2 2 e

Second, we put the system () into the normal form

To get the normal form of system () we consider the following change

of variables
T T —4 0
( )zP(), where Pz( ) (9)
Y1 Yy \/5 1

presents the passage matrix of the linear part of the system ([T).
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By doing the change of the variables %dt = ds and by considering the change
of the variables ([@)), system (7l) becomes

. . 2 22
i = §(V2zy + 22?), y:y+2yw—xy+ﬁ. (10)

This is the normal form of the differential system (7)), where

1 x? y?
P(x,y) == V2zy — 22%)  and T,Y)=—xy+ —+ ——.
(2,9) = 5 (V2zy ) Q(z,y) vt 5t 5%
By solving the equation y + Q(z,y) = 0 with respect to the variable y,

we obtain )
T

y =) = BVGE

We substitute the value of y = () in the expression of P(xz,y) and get

p(z) = P(z,9(z)) = —22° — 2°.

By applying [6, Theorem 2.19] we know that ps is a semi-hyperbolic saddle-node.
Then the statement (iv) holds for b = @ and a = /2. O

Proof of statement (II) of Proposition If a #+v2and b # 0
the differential system (2) has in addition to p; which has the eigenvalues
—2v/2b and —2 — v/2a, and p, with its corresponding eigenvalues 21/2b and
—2+4/2a, a third singular point ps; with eigenvalues —a? + 2ab+ 2 and _7‘12 + 1.
Then we have the following results:

e If a € (0,bp) and b € (—00,0), p1, p2 and p3 are a hyperbolic saddle,
a stable node and an unstable node respectively, where by = b + /b2 + 2.

o If a € (by,v/2) and b € (—00,0), p1 and ps are two hyperbolic saddles and
p2 is a hyperbolic stable node.

o If a € (v/2,+00) and b € (—00,0), p1 and py are two hyperbolic saddles,
ps is a hyperbolic stable node.

e If a €[0,v/2) and b € (0, +00), then p;, p» and ps are a hyperbolic stable
node, a saddle and an unstable node, respectively.

e Ifac€ (\/5, bp) and b € (0,+00), p1, p2 and p3 are a hyperbolic stable node,
an unstable node, and a saddle, respectively.

e If a € (by,+00) and b € (0,400), p1 and ps are two hyperbolic stable
nodes and ps is a hyperbolic unstable node. Then the statement (a), (b),
(¢), (d), (e) and (f) hold.
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Now we are going to study the local phase portraits of the singular point py.
At py the Jacobian matrix of the vector field defined in (2]) is given by:

A D —a—2b 2 o afb2b a4—a§b
=X “op g — =l 4 1 2 |-
a—2b a—2b -2+ 1-+b 2

The eigenvalues of this matrix are

b+ /b(2a(—2 + (a — 2b)2) + 9b)
M2 = 2b —a '

We distinguish the following cases:

elfa € (0,2 and b € (—00,b1), a € (V2,2) and b € (—00,0) or
a € [%,Jroo) and b € (—00,0), the eigenvalues A1 and Ay are complex

and their real parts are positive. Then ps is an unstable focus, where

_ —9+48a%—/81—16a?
bl - 16a :

e Ifa € (0,v/2)and b € (0,by) ora € (\/5, ) and b € (by, bs), the eigenvalues
A1 and A are complex and their real parts are negative. Then p, is a stable

focus, where
=9+ 8a® + /81 — 1602

b
2 16a

For the remaining cases A; and Ay are reals, and
20(—2 + a? — 2ab)
d Ag = — .
a—2b and - Ar-Ay a—2b
So the local phase portrait of py is detailed in Table [l
o If a # v/2 and b = 0 the differential system (2) becomes
1

& =—14 2>+ ay + axy, y':§(—a—ax—|—y—|—xy). (11)

A+ Ay = —

This system has a line of singularities  +1 = 0. Then, we take the change
of variable ds = (x + 1)dt, and we have

t=(1-2)+ay, Y= (12)

This system has a singular point p3 with eigenvalues 2 — a? and %(2 —a?).
Then pj3 is a hyperbolic unstable node if a € [0, v/2) and a hyperbolic stable
node if a € (v/2,4+00). So statement (ii) holds.

e If a = /2 the differential system (@) becomes
&= —1+2+V2y+V22y, §=—TJ5-b+(b— )a+i+F +by’  (13)
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This system has three singularities p1, p2 and ¢3, with

2 V2
q3:<1+\/§b—1’1—\/§b>'

At p; has the eigenvalues —4 and —2+/2b. So it’s a hyperbolic saddle if
b € (—o0,0) and a hyperbolic stable node if

T V2
bER:\{WE’7}'

the singularity po is a semi-hyperbolic singular point with eigenvalues

2v2b and 0.

By applying [0, Theorem 2.19] we know that po is a semi-hyperbolic saddle-

node.

For the third singularity g3 which has

—b =+ 1/b2(8v2b —T7)

where

)\ = i
1.2 75—
2 _ _
A1 Ay = b (8 8\/§b) , and A1+ X = 721)
(\/2 — 202 — 2[))2 —2b

According of the sign of b we know that ps is: a Hyperbolic unstable focus,
if b € (—0,0), a hyperbolic stable focus, if b € (0, ﬁ), a hyperbolic stable

node if b € ( 7 \/5) and a hyperbolic saddle if b € (@, —I—oo).

NG

In summary, statements (iv), (v) and (vi) hold.
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e If a = /2 and b = 0 the differential system (2) becomes

t=1+z)(-1+z+v2), §=—-3(1+2)(V2-y). (14)

This system has a line of singularities z + 1 = 0. We take the change
of variable ds = (x + 1)dt, we get the following system

i=-14+z+v2, §=-3(v2-y). (15)

which has a hyperbolic saddle at the py with its corresponded eigenvalues
1 and 3. Then the statement (vii) holds.
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e If a = by with by = b+ /b2 + 2 the differential system (2] becomes
i=—14+2"+(b+V2+b0)y+ (b+ V2 +b?)y,
1 1
y:—b—g(b+\/2+b2)+(b—g(b+\/2+b2))x (16)

y Ty 2
=4+ =+ by”.
+2+2+y

This system has three singularities p1, p2 and qq, where

@ = (—1 —2b(b+ 2+ b2, b+ \/2+b2)).
e The singularities p; and py have the eigenvalues
—2v2b and  —2—V2(b+ /2 +b2),
2v2b and Ay = -2+ V2(b+ V2 + b?),

and

respectively.

So p1 is a hyperbolic saddle and ps is a hyperbolic stable node, if
b € (—00,0), and p; is a hyperbolic stable node and po is an unstable
node, if b € (0, +00).

The third point ¢4 is a semi-hyperbolic singular point with eigenvalues
—b(b 4+ v2+b?) and 0. By applying [0, Theorem 2.19] we know that ¢4
is a semi-hyperbolic saddle-node. Then the statements (viii) and (ix) hold.

O

3.1. Infinite singular points

The main goal of this part is to give the local phase portraits of system (2I)
at its infinite singular points. To give a full study of the infinite singular points
in the Poincaré disc we present the analysis of the vector field at infinity.

PrOPOSITION 3.1. The local phase portraits at the infinite singular points of sys-
tem () in the local chart Uy consist of

(i) Two singular points: the first singularity is a hyperbolic stable node
at ¢ = (0,0) and the second singularity at qo = (m,O), where a # b,
which is a hyperbolic unstable node if b € (a/2,a), a hyperbolic saddle
if b€ (—o00,a/2) U (a,+00), and a semi-hyperbolic saddle-node if a = 2b.

(ii) One singular point at g1 = (0,0), which is a stable node, if a = b.
Now, we give the local phase portraits of the origin of the local chart Us.

103



A. BELFAR—R. BENTERKI—H. SELLAMI

PrOPOSITION 3.2. The origin of the local chart Uy is:
(i) An unstable node if b € (—00,0), a saddle if b € (0,a) and a stable node if
b€ (a,+00).
(ii) Not a singularity if b =0 and a # 0.
(iii) A semi-hyperbolic saddle-node if a =b and b # 0.

(iv) A lnearly zero singularity where its local phase portrait consists of four
hyperbolic sectors if a =0 and b = 0.

4. Proof of Propositions [3.1] and

Proof of Proposition BJl The expression of system () in the local

chart U; is given by
a=(3) (—2u2(a—b+av)+u(—1+v+202)—v(2b(—1+v)+a(1+v))), (17)
0 = —v(1+au—v)(1+v).

Any arbitrary infinite singular point of the differential system (7)) takes the form
(up,0). If a # b the differential system (7)) has two singular points a hyperbolic
stable node at ¢; = (0,0) with eigenvalues

1
—1 and - 3
and the second one at go = (Z(b—l—a)’ 0) with eigenvalues

1 (a — 2b)

A== d d=-— .

L= M T T )
So @2 is an unstable node if b € (a/2,a), a saddle if b € (—o0,a/2) U (a, +00) and
a semi-hyperbolic singularity if a = 2b. To know the local phase portrait at qo,
we apply [0, Theorem 2.19] we know that ¢y is a semi-hyperbolic saddle-node.
Then statement (i) holds. O

Proof of Proposition B2 The differential system (2) in the local

chart Us takes the form:
=3 ((u—2v)(u+v)+a(u+0v)(2+uw) + 2bu(—1 — uv + v?)), as)
b= 30((u+v)(=1+ av) — 2b(1 + uv — v?)).

The origin is a singular point of this system with eigenvalues (—b) and (a—b).
So, the origin is an unstable node if b € (—o0,0), a saddle if b € (0,a), and
a stable node if b € (a, +00). Then statement (i) holds.
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e If a # 0 and b = 0 the differential system (I8) becomes
u=(u+v)(u—2v+a(2+uv)), v=3v(u+v)(—1+av). (19)

This system has u 4+ v = 0 as a line of singularities. Then, we take the
change of variable (u + v)dt = ds, and we get

U =u—2v+a(2+ uv), b= fv(—1+ av). (20)

It is clear that the origin is not a singularity for this system. Then state-
ment (ii) holds.

e If a = b and b # 0 the differential system (I8) becomes
U= %(u2—uv—2v2—2bu(1+uv—v2)+b(2v+u2v+u(2+vz))>,

21
b = 2o((u+tv)(bv—1)—=2b(1+uv—v?)). 2!

The origin is a semi-hyperbolic singular point of this system with eigen-
values —b and 0. Applying [0, Theorem (2.19)] we get that the origin is
a semi-hyperbolic saddle-node. Then the statement (iii) holds.

e If a =0 and b = 0, the differential system (I8) becomes

1 1
U= §(u2 — uv — 20?), 0= 5(—u—v)v. (22)
The origin is a linearly zero singular point. We need to do the blow-up to de-
scribe the local behaviour at this point. We perform the directional blow-up

(u,v) — (u,w), with w= Y
u

and we get the following system:
1
u:f§u2(717w+2w2), W = uw(w? —1). (23)
We eliminate the common factor u between u and w by doing the rescaling
of the independent variable v dt = ds then we get
. 1 2 . 2
u:—gu(—l—w—i—Qw ), w=w(w* —1). (24)
Going back through the change of variables w = £ and u dt = ds, we conclude
that the local phase portrait of the origin consists of four hyperbolic sectors.
Then the statement (iv) holds. O

According to Proposition 22 Proposition B and Proposition B2l and using
the invariant straight lines for each case and taking into account the direction
of the vector field of the system () on the axes, we obtain the global phase
portraits of the system (2) in the Poincaré disc described in Figures [ and [2
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