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ABSTRACT. This paper is concerned with the existence of mild solutions in
Fréchet spaces combined with semigroup theory, using Avramescu’s nonlinear
alternative for the sum of compact operators and contraction maps, to the sec-
ond order perturbed pseudo integro-differential evolution equations with state-
dependent delay.

1. Introduction

In this paper, we provide in a real Banach space (E, | - |), sufficient condi-
tions for the existence of mild solutions defined on a semi-infinite real interval
J := [0, +00) for two classes of second order perturbed pseudo integro-differential
evolution equations with infinite state-dependent delay. Our investigations will
be situated in Fréchet space, we will consider the following problem

t

y'(t) = Ay (t) + f (t Yptey)) +/I(t, )9 (8, Yp(sy)) ds, ae. teJ, (1)
0
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y(t) = ¢(t)7 te (7007 0]7 (2)

y'(0) =y, (3)

where B is an abstract phase space that is defined later; f,g:J x B — F,
IT:JxJ = R, p:JxB — R and ¢ € B are given functions; y* is a given

constant and {A(t)};>0 is a family of linear closed (not necessarily bounded)
operators from F into E that generates a unique evolution system of operators

{U(t,8)}t,s)eaxs for s <t

For any continuous function y and any ¢ < 0, we denote by y; the element of B

defined by ye(0) =y(t+0) for 6 <O0.
Next, in Section 4, we study the following problem

d
dt [y’(t) Q (t yp(t,yt))]

=A@ y(t) + f(t Ypt ) —I—/I (5,Yp(s,yy) ds, ae. teld, (4
0
¢t)) tE( 0030]7 (5)
y'(0) =y~ (6)
where f,g, Z, p, y*, A(-) and ¢ are as in problem [I)-@) and Q:J x B — E
is a given function. Finally, in Section 5 we give two examples to illustrate the
abstract theory.

Functional differential equations theory emerged as a significant branch of non-
linear analysis. Over several years, differential delay equations and, more
generally, functional differential equations have been used in the modeling
of scientific phenomena. Indeed, we can find a many applications in control,
porous media, electrochemistry, chemistry, physics, mathematical biology, frac-
tal media, statistical mechanics, electromagnetism, etc. Technical applications
results and inductance separation performs can be related as in [I8/[19]. A com-
prehensive theory has been developed by Ahmed [5] for evolution equations.
Benchohra et al. [IL[16,20,37] studied very various integro-differential problems.
The complex case where when the delay depends on an unknown function and
was studied by Willé [38] in 1994, then in the past years, it has been shown
that equations with state-dependent delays also appear in several areas such
as classical electrodynamics by Driver et al. [24], in models of blood cell pro-
ductions by Mackey et al. [34], and population models by Bélair [I5]. These
equations are called state-dependent equations delay. The outcomes of exis-
tence as well as uniqueness and controllability have been defined in the Baghli
et al. [6L[9L12,[1221,221[35] papers for finite and infinite dependent delays with
local and nonlocal conditions for several perturbed and nonperturbed evolution
problems in Fréchet and Banach spaces.
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There are a lot of studies concerning the second order functional evolution
equations; see, for example Balachandran et al. [7l[13,[14], Hernandez et al. [26,
27], Kozak [33] and recently Baghli et al. [2H4[10L23]. The fractional order de-
rivative case was investigated also by Baghli and her collaborators [1T],[30H32]
for finite delay.

The objective of this paper is to give the sufficient conditions for the exist-
ence of mild solutions on a semi-infinite interval J = [0;400) for the two
classes partial functional and neutral functional to the second order perturbed
pseudo integro-differential evolution equations with infinite state-dependent
delay ([I)—(@3) and ({@)—(G]) using the nonlinear alternative of Avramescu [§] for sum
of compact operators and contractions maps in Fréchet spaces, combined with
semigroup theory initiated by Ahmed and Pazy [5.36].

2. Preliminaries

In this section, we introduce some notation, definitions, and theorems that
are used in the different steps of this paper.

Let C(R™; E)) be the space of continuous functions from R into E and B(FE)
be the space of all bounded linear operators from E into F, with the usual
supremum norm

INlaE) =sup{[N()| = [yl =1}, N e B(E).

A measurable function y: RT — E is Bochner integrable if and only if |y
is Lebesgue integrable. (For the Bochner integral properties, see the classical
monograph of Yosida [39]).

Let L'(R*, E)) denote the Banach space of measurable functions y:R* — E
that are Bochner integrable normed by

“+oo
Iyl = [latoat
0

We shall employ an axiomatic definition of the phase space B presented
by Hale and Kato [25] and follow the terminology used by Hino et al. [29].
Thus, (B, ] - ||5) will be a semi-normed linear space of functions mapping R~
into E, and satisfying the following axioms

(A1) If y: (—o0,b) — E,b > 0, is continuous on [0, b] and yo € B, then for every
t € [0,b), the following conditions hold

(1) Yt € B.
(ii) There exists a positive constant D such that |y(t)| < Dy 5.
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(iii) There exist two functions K (-), M(-): R4 — R independent of y with
K continuous and M locally bounded such that

ly:lls < K(2) sup |y(s)| + M (#)lyol s-
0<s<t
(Ag) For the function y in axiom (A;), y; is a B—valued continuous function
on [0, b].
(A3) The space B is complete.
Denote Kj = sup,¢cjo ) K (1) and My = sup,cjg ) M(2).

Remark 1.
1. (ii) is equivalent to |¢(0)| < D||¢||s for every ¢ € B.
2. Since || - || is a seminorm, two elements ¢, € B can check ||¢p —¢||g =0

without necessarily ¢(6) = 1(0) for all 6 < 0.

3. From the equivalence in the first remark, we can see that for all ¢, € B
such that ||¢ — ¢||g = 0: We necessarily have ¢(0) = 1(0).

Here are some examples of phase spaces from the book of Hino [29].

EXAMPLE. Let
BC : denote the space of bounded continuous functions defined from
R~ to E;
BUC' : denote the space of bounded uniformly continuous functions defined
from R™ to F;
C> :={¢ € BC: limy_,_, ¢(0) exist in E};
CY :={¢ € BC: limg_,_o ¢(0) = 0}, endowed with the uniform norm

[¢]l = sup [p(0)].
0<0

We have that the spaces BUC, C* and C° satisfy conditions (A;)—(Aj).
However, BC satisfies the axioms (A1), (As) but the axiom (As) is not satisfied.

ExAMPLE. The spaces Cy, UC,, CJ° and C’g. Let g be a positive continuous
function on R~. We define

C, = {¢ e C(R,E): % is bounded on ]R_};

C’g = {gf) € Cy: limg,_ % = 0} , endowed with the uniform norm
[9(8)]
o|| = sup —=.
i 0<0 9(9)

Then we have that the spaces Cy and CY satisfy conditions (As).
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We consider the following condition on the function g.

(g1) Forall a >0, supg<;<, SUP_cp<_y % < 00.

The conditions (A1) and (As) are satisfied if condition (g1) holds.

ExAaMPLE. The space C. For any real constant v, we define the functional
space Cy by

C, = {d) eCR™,E): egx_nooewgﬁw) exists in E}

endowed with the following norm [|¢|| = sup,< e7?|$(0)|. Then in the space C.,,
the axioms (A1)—(Aj3) are satisfied.

Let X be a Fréchet space with a family of semi-norms {||||,, } nen. We suppose
that the family of semi-norms {|| - ||,,}nen verifies

lzllh < ||zl < JJzll]s < -+ for every x € X.

Let Y C X, we say that Y is bounded if for every n € N, there exists M,, > 0

such that o
lylln < M, forall yeYv.

To X we associate a sequence of Banach spaces {(X™, | - ||») }nen as follows:
For every n € N, we consider the equivalence relation ~,, defined by: x ~,, y if
and only if ||z —y/||,, = 0 for z,y € X. We denote X" = (X|~,,||-||») the quotient
space, the completion of X™ with respect to ||-||,. To every Y C X, we associate
a sequence {Y "}, en of subsets Y C X™ as follows: For every x € X, we denote
[x], the equivalence class of z of the subset X™ and define Y = {[z],,:x € Y}.
We denote Y™, int(Y™) and dY™ respectively, the closure, the interior, and the
boundary of Y™ with respect to || - ||, in X™.

In what follows, let {A(t),t < 0} be a family of closed linear operators on
the Banach space E with domain D(A(t)) that is dense in £ and independent
of t. The existence of solutions to problem ([II)-(]) and (@)—(@) is related to the
existence of an evolution operator U (t, s) for the homogeneous problem

y'(t) = Alt)y(t), te (7)
This concept of evolution operator has been developed by Kozak [33].

DEFINITION 2.1. A family U of bounded operators U(t,s): E — E,(t,s) € A;
where A := {(t,s) € JxJ:s < t}, is called an evolution operator of the equation
(@) if the following conditions hold.

(D1) For any x € E the map (¢, s) — U(t, s)x is continuously differentiable and:
(a) for any t € J, U(t,t) = 0;
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(b) for all (¢,s) € A and for any =z € E,
d

0
§U<t’ s)x|i=s=x and %U(t, 8)x|p=s = —2.

(D2) For all (t,s) € A,if x € D(A(t)), then £U(t,s)z € D(A(t)), the map
(t,s) — U(t,s)z is of class C? and:

(a) ZxU(t,s)z = AU (L, s)x;
(b) 25Ut s)z = U(t, s)A(s)z;

2
(¢) 525 U(t, s)z|i=s = 0.
(D3) Forall (t,s) € A, if z € D(A(t)), then 2U(t,5)z € D(A(t)), 525U (t, 5)x

and %U(t, s)x exist, and:
3
(2) 5a:U (L )z = ADF MU, 5)z;
3
(b) 525 U(t,s)x = ZU(t,s)A(s)z.
Moreover, the map (t, s) — A(t) & U(t, s)z is continuous.
For the state-dependent delay notion, let us set
R(p™) =A{p(s,9):(s,0) € J x B, p(s,$) < 0}.
We always assume that p:J x B — R is continuous. Furthermore, we present
the following hypothesis

Hys) The function ¢ — ¢ is continuous from R(p~) into B and there exists
¢
a continuous and bounded function £?:R(p~) — R% such that for every
teR(p™)
l¢ells < £2]16l5-

Remark 2. Condition (Hy), is frequently checked by continuous and bounded
functions. For more details, see, for instance, [29].

LEMMA 2.2 (Hernandez et al. 28], Lemma 2.4). Ify:(—o0;b] — E is a function
such that yo = ¢, then

lyslls < (My + L2)|[ 65 + Ksly(0)];0 € [0, max{0, s}],s € R(p~) U J
where L = SUDseR (p-) L2(1).

PROPOSITION 2.3 (Baghli [9]). By (Hy), Lemmal2.2 and the property (A1), we
have for each t € [0,n] and n € N

1Yp(tpn | < Knly(®)] + (M + L) |lyoll5.

DEFINITION 2.4. A function f:J x B — F is said to be an L{, _-Carathéodory
function if it satisfies:

(i) for each t € J the function f(¢,-): B — E is continuous,
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(ii) for each y € B the function f(-,y):J — E is measurable,
(iii) for every positive integer k there exists hy € Li (J;RT) such that
|f(t,y)| < hi(t)
for all ||y||z < k and almost every ¢ € J.

The following definition is the appropriate concept of contraction in X.

DEFINITION 2.5. A function f: X — X is said to be a contraction if for each
n € N there exists o, € (0,1) such that for all z,y € X

1 () = F(@)lln < o [l = ylln-

THEOREM 2.6 (Nonlinear Alternative of Avramescu [8]). Let X be a Fréchet
space and let A, B: X — X be two operators satisfying:

(1) A is a compact operator,
(2) B is a contraction.
Then either one of the following statements holds:
(Avl) The operator A+ B has a fized point.
(Av2) The set {x € X,z = MA(z) + AB (%)} is unbounded for some X € (0,1).

3. Main Results

In this section, we give an existence result for the second order perturbed
pseudo integro-differential evolution problem ([Il)—(3). Firstly, we define the con-
cept of a mild solution for this problem.

DEFINITION 3.1. We say that the function y(-):R — E is a mild solution
of (M-@) if y(t) = ¢(t) for all t < 0 and y satisfies the following integral
equation

(6) = ~ 50 (1,0)6(0) + U (1,0}

t

+/U(t7 S)f(S, yp(s,ys))ds

0
t

+/U(t, s)/I(s, g (7, Yp(ry,)) drds ae. te (8)
0 0

It is necessary to introduce the following hypotheses which are assumed
thereafter:
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(H1) U(t,s) is compact for t —s > 0, and for every (¢,s) € A, and there exists
a constant M > 1 such that

U, s)llBey < M,

and there exists a constant M > 0 such that
< M.

HQU(t, s)
0s B(E)

(H2) There exist a function p € Ll .(J;R;) and a continuous nondecreasing
function
:Ry — [0,400) and such that

[f (& w)l < p(t) Y((lulls),
for all t € J and for each u € B.
(H3) For all R > 0, there exists Ip € L _(J;R,) such that

loc
[f(t,u) = f(t0)] < Ir(E) [lu—v]s,
for all t € J and each u,v € B with [Ju|g < R and ||v||g < R.

(H4) For all t € J, Z(t,s) is measurable on [0,t] and Z(t) = supg<<; |Z(t,s)]
is bounded on [0, n]. Let
Sp = sup Z(t).
te[0,n]

(H5) There exists a function n € L'(J;R,) such that
lg(t, u) — g(t,v)] < n(t)[Ju —vl|s,
for all ¢t € J and for each u,v € B.
Let us fix 7 > 1. For every n € N, we define in B, the semi-norms by
lylln: = sup e "“n@y(t)],

te[0,n]

where ,

L7 (t) :/Zn ds, I,(t) = M\nsnn(s)Kn and 7
0

is the function from the hypothesis H5). Then B, o is a Fréchet space with those
family of semi-norms || - || en.

THEOREM 3.2. Assume that (Hg) and (H1)-(H5) are satisfied and moreover

for alln >0
“+oo

ds 7
i > o st ) )

On
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with
on = (Mo +L° + K, MD) |6]l5 + Kn DDy |5

+ Z/W\SnKn//m(r, 0)|drds.
00

Then, the second order perturbed pseudo integro-differential evolution prob-
lem [I)-@) has at least one mild solution on R.

Proof. We transform problem (I)-@]) into a fixed-point problem. Consider
the operator N: By, — B defined by

_%U(ta 0)¢(0) + U<t7 0>y*

i
N(y)(t>_ +fU<ta S)f (Sa Zp(s,zs—i-acs)_"xp(s,zs—i-xs)) ds
0

t s
+[U(t,s) [Z(s,7)g (T, yp(nyr)) drds, if¢t>0.
0 0

Clearly, fixed points of the operator N are mild solutions of the problem (I)—(B])
for ¢ € B, we will define the function

o(1), if t<o,
(t) =
—2U(t,0)0(0) + U(t,0)y*, if t>0.
Then xg = ¢. For each function z € By, set

y(t) = z(t) + x(t).

It is obvious that y satisfies the definition of mild solution (8) if and only if 2z
satisfies zg = 0 and
t

Z<t) :/U(t7 S>f(s’ ZP(Syzs"l‘"Es) + xp(syzs‘i‘ms)) dS

0

t s

4 [U(05) [25:1)9 (21 + 8t 00) s,
0 0

Let
Bl ={2 € Byo:iz0=0€B}.
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We define for ¢ € J the operators F, G: B} — BY_ by
¢

F(Z)(t) :/U(t7 S)f (87 ZP(Syzs‘i‘ms) + xp(s,zs-i-ms)) ds

0

and
t

S

G(2)(t) :/U(t, s)/I(s, )9 (7, Zp(r,2rt2r) + Tp(r,20 42, ) Ards.
0 0

Obviously, the operator N has a fixed points is equivalents to F'+G has one, so

it turns to prove that F'+G has a fixed point. The proof will be given in several

steps.

Step 1. We show the continuity of F. Let(z,), be a sequence in B} such that
z, — z € BY , by the hypothesis (H1), we obtain

[F(20)(t) — F(2)(t)]
t
</|U(t, ) By |f (85 2np(s,znatas) F Tp(s,znetas))
0
o f (87 Zp(s,zs—l—zs) + xp(s,zs—l—zs)) |d8
t
S M/‘f (S’ an(svzns+ms) + l‘p(svznsJ""ES))
0

—f (37 Zp(s,zetas) T xﬂ(syzs-ﬂﬂs)) |d8'
Since f is continuous, by dominated convergence theorem of Lebesgue, we get
|F(zn) — F(2)|ln — 0 if n — +o0.

So, F'is continuous.

Step 2. Show that F transforms any bounded of Bl in a bounded set.
For any d > 0, there exists a positive constant p such that for all

z€Byg={z€ Bl :|z|. < d}
we get
I1EZ)n < o

Let z € By By the hypotheses (H1) and (H2), we have for all ¢ € [0, 7],

t
F(2)(1)] < / 1Tt )50 F (5 Zp(s.mn iy + os.ontany) Ids.

) ds.

0 t
< M/p(sw (205,20 420) + To(s,zate) || 5
0
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From (Hg), Proposition 23] and Assumption (A1), we have for every ¢ € [0, n]

||Zp(t72t+xt) + Zp(t,zta) ||B
< H’Zﬂ(tyzt'i‘mt) HB + ‘|xp(t,zt+zt) HB

< Knlz(t)] + (M + £2) |20 5 + Kl (t)] + (M + L£2)||z0l|5

9 ut,0)

< K,lz(t)] + K,
< Kal2()] + Ko || 5=

#(0)

B(E)

+ KU, 0)l gy ly*| + (M + £2)]|¢ll5
< Kol2(t)] + Ko M|6(0)] + K My*| + (M, + L£2)[|¢] 5.
Using (A1) (ii), we get
2ot 200) + Tt 2wl 5
< Kul2(t)] + Ko MD||¢||s + Ko MD|y* 5 + (Mn + L9 5

< Kn|z(t)] + (M, + £ + K, MD)||¢||5 + Ko MD]|y*||5.

Set
en = (M + L? + K, MD)|¢l5 + K MD|y* ||

and ¢, := K, d + ¢,. Then
||zp(t,zt+xt) + Tp(t,ze+ay) ||B < K,d+ ¢, = ¢,. (10)
Using the nondecreasing character of 1, we obtain for each t € [0, n]

t

F()0) < 3 [p(s)o6)ds < Tu(c) [o(s)ds
0 0
< Mo () lplln = e

So, there exists a positive constant ¢ such that
|F(2)||n <0, hence F(Bgq)C B,.
Step 3. F maps bounded sets into equicontinuous sets of Bgoo. We consider

By as in Step 2 and show that F(By) is equicontinuous. Let

T, €J with 7w >m and =z é€ By.
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Then
\F(Z)(Tz) — F(z)(r1)|

/|U 72,5 7—17 )HB(E) |f (S Zp(s,zs+xs) +'rp(sz +mg))|

+ / 1U (2, )10y |F (5, Zps.20 ) + To(ormsan) | ds

/ 1U (72, 8) — U1, )l myp(5)% (12p(s.mm 0y + Tpiooms s 15) ds

+ M/p(s) (Hzp(S,zs—i-xs) T Tp(s,zo+a,) B) ds.

T1

By () and using the nondecreasing character of ¥, we get

|F(2)(12) = F(2)(n)]

< Plon) / U (72:8) — U1, )| seyp(s)ds + Mib(6,) /p<s>ds.
0 T1

Observe that |F(z)(m2) — F(2)(11)| tends to zero as 79 — 71 — 0 indepen-
dently of z € By. The right-hand side of the above inequality tends to zero
as 75 — 11 — 0. Since U(t, s) is a strongly continuous operator and the compact-
ness of U(t,s) for ¢ > s implies continuity in the uniform operator topology.
As a result of Steps 1 to 3 together with the Arzeld-Ascoli theorem it suffices
to show that the operator F maps By into a pre-compact set in F.

Let t € J be fixed and let ¢ be a real number such that 0 < e < t. For z € By
we define e

FE(Z><t) = U(t7 l— 6)/U<t -6 S)f (S’ Zp(s,zs-l-xs) + 'rp(s,zs-l-xs)) ds.
0
Since U (¢, s) is a compact operator, the set

Z.(t) ={F.(2)(t):z € By}
is pre-compact in E for every e sufficiently small, 0 < € < t. Moreover, using and

the nondecreasing character of v, we have .

F(2)() - F(2)()] < Mp(sn) / p(s)ds.
Therefore, the set o
{F(z)(t):z € Bg}

is pre-compact in E. So we deduce from Steps 1, 2 and 3 that F' is a continuous
compact operator.
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Step 4. Now we show that the operator G is a contraction. In fact, let

Z,Z € BE)‘_OO.

By the hypotheses (H1), (H4) and (H5), we get for all ¢ € [0,n] and n €
t s
G(2)(t) = G(Z)(1)] </|U(t7 5)|B(E)X/|I(57T)|
0 0

X |g (T’ Zp(ryzrta,) + xp(r,zr—i-xr))

=9 (" Zp(rz4a,) T Tp(rz,a,) | drds

S

t

S/Msn/n<s)|zp(r,zr+xw) - Ep(T,Er+xT)HBdS'
0 0

Using Proposition 23] to obtain

G(2)(t) — G(Z) ()] </Z\7n5nn(8)Kn|Z(8) — Z(s)|ds
0

t
< / [Zn(s) eTLZ<S>] [6—7L2<8>|z(s) —E(s)|] ds
0
t
TLh(s)7’ 1 .
< /{e ] ds |z =Z[n < = ™ L2® |2 — ...
T T
0

Therefore,

16() ~ ¢@)lln <~z 2l

So, the operator G is a contraction for all n € N.

Step 5. To apply Theorem 2.6 we must check the statement (Av2): i

it remains to show that the following set

F:{zEBioo: z:)\F(z)+)\G<§); for some 0<)\<1}

is bounded.
Let z € I'. Then

t
|2(1)]
\ < NUE )| f (5 2p0s,20420) + To(s,zta)) |ds

g (T, Zp(ryzr‘i‘mr) + xp(?’,zr-i-(ﬂr) ) ‘ d?"d3~

0
t s
+ (10, [126.r) :
0 0

N

e.,
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By (H1), (H2), (H4), (H5), Proposition and inequality (I0), we have
for each t € [0,n]

0] — |

b\ <M p(*s)w(HZp(S,zs-i-ms) T Tp(s,zo4a,)

B)dS

0
t s
Vs Zo(rzr+x,) T To(r zp+o
+/M/LZ(S,T)|’Q <T, p(r,2r+x:) X p(rzr+ r)) _ g(T,O)—l—g(T,O) drds
0 0
t
< V[l (ol 2(5)| + ) s
0
! n s
s ratay) T roa —
B
0 00

<ﬁﬁ@wmwm+m®
0

t n s
- K, -
+ MnSn/n(s) (T\z(s)\ + cn> ds + MSn//|g(r,0)\des.
0 00

We consider the function u(t) := sup |z(f|) defined for ¢ € J with the fact
that 0 < A < 1. Then we have

n

t
Tu(t) +en <cp+ Kn]\/Z/p(s)w <%u(s) + cn> ds
0
¢
+ Kn]\/i\nsn/n(s) <%u(s) + cn> ds
0

+ Knl\/ZSn//|g(r,0)|drds.

00
Set

Opi= Cn+ KnZ\/ZSn//|g(r, 0)|drds.

00
Then, we have

t
%u(t) +en <on+ Kn]\/Z/p(s)w <%u(s) + cn> ds
0

¢
+ Kn]\/i\nsn/n(s) <%u(s) + cn> ds.
0
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We consider the function p(t) defined by

K,
p(t) = ¢ sup M—i—cn , 0<t < 4o0.
s€[0,t] A

Let t* € [0,t] be such that u(t*) = %W + ¢n, by the previous inequality
and the nondecreasing character of ¢, we have t € [0, n]

t

u(t) <o, + Kn]\/l\/p(s)lb(u(s)) ds + Kn]\/ZnSn/n(s)u(s)ds.
0 0

Let us take the right-hand side of the above inequality as v(¢). Then, we have
u(t) <wo(t), forall te0,n].
From the definition of v, we have

v(0) =0, and o'(t) = K, Mp(t)(v(t)) + K, MnS,n(t)u(t) ae. te[0,n],

V' (t) = K, M [p(t) (v(t)) + nSun(t)v(t)] .
This implies that for all ¢ € [0, n] and using Theorem B2 we get

o(t)

ds _ !
/Tw(s) < KnMO/maX (p(s), ’I’LSn’r](s))ds

On

< Kn]/\J\/maX (p(s);nSpn(s))ds
0

+oo

- / ds
s+1(s)
Thus, for every ¢t € [0,n], there exists a constant ®,, such that v(t) < @,
and hence pu(t) < ®@,,. Since ||z||, < u(t), we have||z||, < ®,. This shows that
the set I' is bounded. Then statement (Av2) in Theorem does not hold.

The nonlinear alternative of Avramescu implies that (Av1) is satisfied, we deduce
that the operator F' + G has a fixed point z* Then

y*(t) =2"(t) + x(t), teR

is the fixed point of the operator N which is a mild solution to problem (II)—(3).
O
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3.1. Neutral perturbed pseudo integro-differential evolution equations
In this section, we give an existence result for the problem #)—(@l). Firstly,
we define the concept of a mild solution for this problem.

DEFINITION 3.3. We say that the function y(-):R — E is a mild solution
of the problem (@)@ if y(t) = ¢(¢) for all ¢ < 0 and y satisfies the follow-
ing integral equation

(1) = —5-U(,0)9(0) + U(0)ly* — Q(0,6)

t t
0
[ U@ ) s+ U695 3505, s
0 0
t s
+/U(t, 3)/I(s,r)g(r, Yp(r,y,)) drds for all t € J. (11)
0 0

We consider the hypotheses (Hy), (H1)-(H5) and will need the following
assumptions:
(H6) There exists a constant My > 0 such that
A ()| pe) < My forallte J.

(H7) There exists a constant L > 0 such that

[A)Q(t, ¢)| < L(||¢lz+1)  forallte Jandall ¢ € B.
(H8) There exists a constant L, > 0 such that

|A(5)Q(s.8) — AB)Q(E. B)| < L. (s — 5| + (6 — 3ll))

for all 5,5 € J and every ¢, ¢ € B.

THEOREM 3.4. Assume that (Hy), (H1)-(HS8) are satisfied and moreover for all
n>0 +o00

ds r — __ —
/Tw(s) > Kno/max (Mp(s), M MyL + MnSnn(s)> ds, (12)

On

with o, = K, Xn + Cn, and
en = (KnMD + M, + L)||¢]|5 + K, MDl|y*| 5
and n s
Yoo = Mo L(RT + Mn) + M L| 6]l + A?sn//|g(r, 0)|drds.
00

Then, the second order neutral perturbed pseudo integro-differential evolution
problem [@l)-[@) has at least one mild solution on R.
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Proof. We consider the operator N : B o — By defined by:

(%), if ¢t <0;
—2U(t,0)6(0) + U(t,0)[y* — Q(0, )]

LU(t,8)Q (8, Yp(s,y,) ) ds

U(tv S)f(57 yp(s,ys))ds

U(t,s) fI(s,T)g(T, Yp(r,y,))drds if £>0.
0

_|_

+
O O O &

Then fixed points of the operator N are mild solutions of the problem @—@).
For ¢ € B , we consider the function x(-): R — FE defined by

(1), if t<0;
t) =
o { —&U(t,0)6(0) + U(t,0)y*, if teJ.

Then xy = ¢(0) for each function z € B, set y(t) = z(t) + z(t). It is obvious
that y satisfies (IIJ) if and only if zp = 0 and

t

t
0
z(t) = =U(t,0)Q(0, ¢) _/£U<t’ $)Q (s, Zp(s,zetas) T xp(s,zs—i-ms)) ds
0

+/U(t7 S)f(S, Zp(s,zs—i-xs) + xp(s,zs—i-xs))ds

o

t s

+/U(t, s)/I(s, r)g (r, Zp(r,zptzr) T xp(mrﬂr)) drds.
0 0

Let B, = {z € Biw:20 = 0}. Define the operator F,G: B, — B
by

t
F(2)(t) = / Ut 5)£ (5 Zo(ass) + Tp(orns 2.y} 5.
and 0 .
~ 0
G(2)(t) = =U(t,0)Q(0, ¢) —/%U(t, 5)Q (s, Zp(s,zetas) T xp(s,zﬁxs)) ds
0

t s

+/U(t, s)/I(s, r)g (7’, Zp(r,zntarn) T xp(T’ZTJrZT)) drds.
0 0
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Obviously, the operator N having fixed points is equivalent to F'+ G having one,
so it turns out that F + G has a fixed point. We have shown that the operator F’
is continuous and compact as in Section 3.

It remains to show that the operator G is a contraction. Let 2,Z € B>
By (H1),(H4)-(H6) and (H8) we have for each ¢ € [0,n] and n € N

Gl - GEl < [ | vt (Msce
0

[
B(E)
X |A(9)Q (55 Zp(s zuta) F Tp(s,zates))
- A(S)Q (8’ EP(S7ES+‘TS) + xp(s,zs-i-:ﬂs)) | dS

+£U@$bmzm&ﬂ

X ’g (’ Zp(""vzr""mr) + xp("'yzr'i‘mr))

—4g (5751)(3,354'135) + xp(s,25+zs)) ’ drds

t
</Mﬁ0L*|Zp(S,zs+ws) = Zp(s,zs+xs) |5ds
0 t
4 [B08,0(5) 2t = Zptoe e s
0
By (I0), we have
t t
IG(2)()G(E)(1)] < /JTJ MoL, K, |2(s)—2(s)|ds+ [ MnS,n(s) K, |z(s) —Z(s)|ds
0

0

SO/Kn []\7 MyL, + ]\/InSnn(s)} [2(s) — Z(s)|ds.

Set I, (t) = K, []\7 MyL, + ]\/ZnSnn(t)] for the family of semi-norms {|| - ||, } nen,

then
t

|é@xw—iﬂauﬂs/ﬁa@afﬂ@)@‘ﬂﬂﬁvw>—a$ods

0

t * !
eTEn(s) _ 1 - _
s/[ ]dﬂ%wu 2B 2~ F]|.
T T

0

IN

Therefore,

1G(z) ~ G@lln < 1z = Zln-
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Assume that 7 > 1. Then the operator G is a contraction for all n € N.
For applying Theorem [2.6, we must check the statement (Av2): i.e., it remains
to show that the following set

F:{zeng: z:)\F(z)+)\é<§) for some 0<)\<1}.

is bounded.
Let z € I'. By (H1), (H2), (H4)—(H8), we have for each t € [0,n].

20l MI|A=(0)]| () |A(0)Q(0, ¢)]

A ¢
0
+/H83U<t s)
0

X |A(S)Q (8’ zp(s,zs—i-zs) + xp(s,zs—i-ms)) |d8

1A= (s) |l B(r)
B(E)

+ M/p(3>7/)<|zp(8,zs+xs) + Tp(s,z.+,) B)ds
0
t s
5 Zp(s,zs+x
+ M//|I(S’T)| ‘g (S, % + xp(S,Zs+$s)> — g(T,O)‘ deS
00

< NIBLL(|¢]5 + 1) + M 34 L /mz o)+ Zpomranlls 1 ds

t
v / (02osmrt0) + o s.erson l5)ds + TS, / lg(r,0)|drds
00
+MnS/

< MoL(M + Mn) + MM,L| ¢||5 + MS, //|g r,0)|drds

p(&z; +'735) dS

T p(s, 5 tao) B

+ M MyL /|zp(8 zetws) T Tp(s,ze+xs) |5ds

t
LT / ()1 zp(o.m b0y + Tpiormnranlls)ds

+MnS/

p(57 )‘\S""xs) dS

+ Tp(s, 34, B
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Using Proposition 23] and inequality (I0), we get

Zp(s7zis+ms)
T T sea||
1
XH p(s, 5 +ws,) HB + pr(s, f-l—acs)HB
K, M, + L¢
< —12(8)| + ———l20ll5 + Kl
A A
+ (M, + L)zl 5
K, d )
< T' 2(s)| + Kn %U(s,O) [6(0)| + [[U(5,0) | B(x)|Y"]
B(E)
+ (M, + L£2)]1¢]ls
Kn ¢
< T‘ 2(8)| + (K MD + M, + L2)||¢|5 + Ko MD||y*|| 5.
Hence,
Zp(s, 55+, K,
ORI v € T+ (13)
B

Use the function u(-) and the nondecreasing character of ¥ to get

S T —
%§<MMM+Mm+MM@wm+M&/|wmmm8
00

t ¢
+M VOL/Knu(s) + cpds + A/i\/p(s)w(Knu(s) +cp)ds
0

+MnS / < —I—cn) ds.

Set ns
Xn = MoL(M + Mn) + MMyL|¢|s + MS / (r,0)|drds.
Then
u(t) T
TS M MyL —us)—l—cnds—l—M u(s) +cp ) ds
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So,

t
Kn A7 AT Kn
Tu(t) +ep <cp+ Kpxn + KM MOL/Tu(S) + cpds

0
t
+ Knﬂ/p(s)w <%u(s) + cn> ds
0
t

+ Kn]Tl\nSn/n(s) <%u(s) + cn> ds.
0

Set 0, := K, Xn + ¢,. Then

K [ — — K
—u(t) +cn < 0y + Ky [ M{Mo}L + MnS,n(s)) | —=u(s) + ¢, ) ds
Srult) + + O/( o}L + 7 )( Tu(s) + )

+ K /tp(s)w <%u<s) + cn> ds.
0

We consider the function p defined by:

K,
,u(t):sup{Tu(t)+cn:0<s<t}, 0<t<+oo.
Let t* € [0, t] be such that
K, .
p(t) = T“(t )+ cn

by the previous inequality, we have for ¢ € [0, n]

u(t) < on + Kn/(ﬂ MyL + ]\71152&7(3)) p(s)ds
0

+ Kn/l/w\p(s)w(,u(s))ds.
0

Let us take the right-hand side of the above inequality as v(t). Then we have
u(t) <o(t) for all t € [0,n].

From the definition of v, we get v(0) = o, and

o (t) = Ko (M MoL + MnS,y(t)o(t) + z\?p(t)w(v(t))) .
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v(t)

/s+dzZ(s) <K /rnax Mp(s), M oL + MnS,n(s ))

On
+o0

< Kn/max (J/W\p(s), M ML + ]/W\nSnn(s)> ds </

On

ds
s+(s)

Thus, for every t € [0,n], there exists a constant ®,, such that u(t) < o,
and hence u(t) < ®,,. Since ||z]l, < wp(t), we have ||z]|, < ®,. This shows

that the set I' is bounded. Then statement (Av2) in Theorem 28] does not hold.
The nonlinear alternative of Avramescu implies that (Av1) is satisfied, we deduce

that the operator F' + G has a fixed point z* Then
yr(t) = 2" (t) + z(t), teR
is the fixed point of the operator N which is a mild solution to problem @—@).
O
4. Examples

To illustrate the previous results, we give two examples in this section.
4.1. Example 1

Consider the partial second order perturbed pseudo integro-differential
evolution equations

at2 (t 5) a£2v(t £) +a0(t f)v(t 5)
—|—fa1 s—t) [s — p1(t)p2 (fag 0)|v(t 9)|2d9> ]

—00

—l—_fn (t s)_fag s—T)v {s — p1(7)p2 <fa2 0)|v(r, 9)|2d9> ] drds, (14)
t>0, ¢ € 0,27,

v(t,0) = v(t,27m) =0, t>0,

v(0,8) = vo(6, ), 50(0,6) = () 00 <0 <0, €€ 0,2q],
where ag:RT x [0,27] — R is a continuous function,

aj,az:R_— R and as:[0,27] — R,

pi:RY =R for i=1,2.
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Let 9
E=L"R,C)

the space of 27m-periodic square-integrable functions from R into C, and
let H?(R,C) denote the Sobolev space of 2m-periodic functions z: R — C such

that
z" € L*(R,C).

We consider the operator
Ay(€) =y"(¢) with domain D(A;) = H*(R,C).
In addition, we take
A%(t)y(s) = a(t)y'(s) defined on H'(R,C),
and consider the closed linear operator
A(t) = Ay + As(t),
which generates an evolution operator U defined by

Ul(t,s) = Zzn(t, 8) < T, Wy > Wy,
nez

where z, is a solution to the scalar initial value problem
2'(t) = —n2z(t) + i n a(t) 2(t),
z(s) =0, Z'(s) = 1.

THEOREM 4.1. Let B = BUC(R_,E) and ¢ € B. Assume that the condi-
tion (Hg) holds. Suppose that the functions

(15)

ar,a3:R_— R, az:[0,27] - R
and
pi:R_—=>R  fori=1,2

are continuous. Then there exists a mild solution of ([I4) on R.

Proof. Define f,g,1,p, ,%(O,E) by
0

F(t0)(©) = / ar(s)i(s,€)ds,  £>0, € € [0,2n],

— 00
s

p(t, ) (§) =t = p1(t)p2 /a2(9)\¢(0’§)|2d9 , 120, £€[0,2n],

0

— o0 —0o0

d)(t)(é) = UO(tag)a <0, € [0727T]>
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and
0 0(0,6) = 2(0.6).

Then, () can be written in the abstract form [I)—(2) with A and f, g, I p, ¢,
defined above. Now, the existence of a mild solution on R can be concluded

from an application of Theorem

4.2. Example 2

O

Consider the neutral second order perturbed pseudo integro-differential

evolution equation

0
& l%“(tvﬁ)_fazx(St)v (sm )p2 <fa2 Y|o(t 9)|2d9> )ds]

852@ €) + ao(t, E)v(t, &)
+fa13 t)v{s p1(t (faz |vt0|2d9> ]ds

—0o0 — o0

t>0, £€[0,2n]

v(0,6) =w(0,6), Fu(0,6) =€)  —oc0<0<0, 0,2,

where a4: R_ — R is a continuous function.

THEOREM 4.2. Let

B=BUC(R_,E) and ¢ € B.
Assume that the condition (Hy) holds. Suppose that the functions
ai,a3,a4:R_ — R, as:[0,27] - R

and
pi:R_O—=>R  for i=1,2

are continuous. Then there exists a mild solution of ([I0) on R.
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Proof. From the assumptions, we have that
0

() (€) = / ar(s)0(s,€)ds, €20, €€ (0],

—0o0

™

p(t, ) (§) =t = p1(t)p2 /az(ﬁ’)\d}(o’f)lzd@ , 20, £€[0,7],

0
[0}
QU v) = / as(s)(s, €)ds,
-
gt ) = / as () (s, €)ds,

t

I(t,)(€) = / n(s)(s, €)ds,

¢(t) (5) = Yo (tv 5)7 tSOv 56 [0727T]7

0 0
5009 = 2y(0.6), <0, ¢ 0,2]

and

are well defined functions, which permit to transform system (I6]) into the
abstract system ([@)—(@). Now, the existence of mild solutions can be deduced
from a direct application of Theorem [3.41 O

5. Conclusion

In conclusion, this paper establishes new existence results for mild solu-
tions of second-order partial functional and neutral functional perturbed pseudo
integro-differential evolution equations with state-dependent delay in Fréchet
spaces. By combining semigroup theory with Avramescu’s nonlinear alternative
for the sum of compact operators and contraction mappings, a comprehensive
framework is developed to ensure the existence of solutions under suitable suffi-
cient conditions. The proposed methodology may serve as a foundation for fur-
ther studies on stability, controllability, and optimal control of delayed pseudo
integro-differential systems.
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