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ABSTRACT. In this paper, we prove the existence of weak solutions to Neumann
boundary value problems for a nonlinear p(x)-elliptic equation of the form

− div a(x, u,∇u) = b(x)|u|p(x)−2u+ λH(x, u,∇u).

We established the existence result by using the topological degree introduced
by Berkovits.

1. Introduction

The objective of this paper is to study the existence of a weak solution
to the Neumann boundary value problems associated with the following equa-
tion: {− div a(x, u,∇u) = b(x)|u|p(x)−2u+ λH(x, u,∇u) in Ω,

a(x, u,∇u) · ν = 0 on ∂Ω ,
(1)

where Ω ⊂ R
N (N ≥ 2) is a bounded open domain with Lipschitz boundary

∂Ω, p : Ω → (2,∞) is a continuous function, λ is a real parameter, b ∈ L∞(Ω)
with b(x) > 0 a.e. x ∈ Ω, and ν is the outer unit normal vector on ∂Ω.

The function a : Ω × R × R
N → R is a Carathéodory function satisfying the

following assumptions for a.e. in x ∈ Ω and all ξ, ξ′ ∈ R
N, (ξ �= ξ′) and s ∈ R
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(H1) a(x, s, ξ) ξ ≥ α |ξ|p(x),
(H2) |a(x, s, ξ)| ≤ β

(
k(x) + |s|p(x)−1 + |ξ|p(x)−1

)
,

(H3)
(
a(x, s, ξ)− a(x, s, ξ′)

)
(ξ − ξ′) > 0,

for some positive constants α and β, where k(x) is a positive function belonging

to Lp′(x)(Ω) (p′(x) is the conjugate exponent of p(x)). Moreover,

H : Ω× R× R
N → R

is a Carathéodory function verified by the following growth condition. For all
t ∈ R

N, s ∈ R and a.e. x ∈ Ω,

(H4) |H(x, s, t)| ≤ �(e(x) + |s|p(x)−1 + |t|p(x)−1),

where � is a positive constant and e(x) is a positive function in Lp′(x)(Ω).
In the case when

a(x, u,∇u) = A(x,∇u) and H(x, u,∇u) = f(x,∇u) + s(x)|u|p−1u,

T. He et al. [21] proved that problem (1) has at least three nontrivial smooth
solutions: two of constant sign (one positive and one negative) and a third nodal.
S. Liu [25] established some existence results when a(x, u,∇u) = |∇u|p−2u
and H(x, u,∇u) = f(x,∇u) with Dirichlet boundary conditions. Moreover,
A. Abbassi, C. Allalou, and A. Kassidi [3] studied problem (1) using the topo-
logical degree method in the case where p is constant (i.e., p(·) = p) within
the framework of classical Sobolev space. For more important and interesting
results, we recommend the readers to see [1,5,15,19,20].

Motivated by the works mentioned above, we will try to study problem (1)
and improve the findings in literature [10,21] to provide a physical interpretation
of equation (1) and other fascinating applications of fluid mechanics models
(see [7,8]), nonlinear diffusion (see [28]), and nonlinear elasticity (see [6,22]).

We aim to study the existence of weak solutions of problem (1) using the
topological degree method. We propose this theory for operators of generalized
monotone-type introduced by Berkovits in [9]. The expanded degree class of op-
erators is effectively obtained by replacing the compact perturbation with a com-
position of monotone-type operators, based on the Leray-Schauder degree [23].
The topological degree hypothesis was first introduced by Leray-Schauder [23]
in their study of nonlinear equations for compact perturbations of the identity
in infinite-dimensional Banach spaces. Later, Browder [12] used the Galerkin
method to construct a topological degree for operators of class (S+) in reflexive
Banach spaces. For more details, we recommend that the reader consult classical
works, such as [13,14,18,30].

The plan of the paper is as follows. In Section 2, we present some mathematical
preliminaries. In Section 3, we prepare for the proof of the main theorem by
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introducing several lemmas. Section 4 is devoted to proving the existence of weak
solutions for problem (1).

2. Mathematical Preliminaries

To discuss problem (1), we recall some definitions and basic properties
of the generalized Lebesgue–Sobolev spaces with variable exponent Lp(x)(Ω),
W 1,p(x)(Ω). Let Ω be a bounded open subset of R

N (N ≥ 2), we say that
a real-valued continuous function p(.) is log-Hölder continuous in Ω if there is
a constant C such that

|p(x)− p(y)| ≤ C

| log |x− y|| (2)

∀x, y ∈ Ω with |x− y| < 1
2 . Let us set

C+(Ω)={log -Hölder continuous function p∈C(Ω) : such that 1<p−<p+<N},
where

p− = min{p(x), x ∈ Ω} and p+ = max{p(x), x ∈ Ω}.
For any p ∈ C+(Ω), we introduce the variable exponent Lebesgue space by

Lp(x)(Ω) =

⎧⎨
⎩u : Ω → R;u is measurable with

∫
Ω

|u(x)|p(x)dx <∞
⎫⎬
⎭ ,

the space Lp(x)(Ω) under the “Luxembourg norm”

‖u‖Lp(x)(Ω) = ‖u‖p(x) = inf

⎧⎨
⎩λ > 0 :

∫
Ω

∣∣∣∣u(x)λ
∣∣∣∣
p(x)

dx ≤ 1

⎫⎬
⎭ ,

which is a separable and reflexive Banach space. The dual space of Lp(x)(Ω) is

Lp′(x)(Ω), where 1
p(x) +

1
p′(x) = 1 (see [16,29]).

We also define the variable Sobolev spaces by

W 1,p(x)(Ω) =
{
u ∈ Lp(x)(Ω) and |∇u| ∈ Lp(x)(Ω)

}
,

where the norm is

‖u‖ = ‖u‖1,p(x) = ‖u‖p(x) + ‖∇u‖p(x), ∀u ∈ W 1,p(x)(Ω).

Assuming 1 < p− ≤ p+ < ∞, the space W 1,p(x)(Ω) is a separable and reflexive

Banach space. We denote by W
1,p(.)
0 (Ω) the closure of C∞

0 (Ω) in W 1,p(.)(Ω),
i.e.,

W
1,p(.)
0 (Ω) = C∞

0 (Ω)
W 1,p(.)(Ω)

,

and we define the Sobolev exponent by p∗(x) = Np(x)
N−p(x) for p(x) < N .
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����������� 2.1 (Young’s Inequality)	 Let p, p′ ∈ C+(Ω), where p
′ is the con-

jugate of p. Then, for all a, b > 0, we have

ab ≤ ap(x)

p(x)
+
bp

′(x)

p′(x)
.

����������� 2.2 (Generalized Hölder Inequality (see [17,24]))	

i) For any functions u ∈ Lp(x)(Ω) and v ∈ Lp′(x)(Ω), we have∣∣∣∣∣∣
∫
Ω

uvdx

∣∣∣∣∣∣ ≤
(

1

p−
+

1

p′−

)
‖u‖p(x)‖v‖p′(x).

ii) For all p, q∈C+(Ω) such that p(x)≤q(x) a.e. in Ω, we have Lq(x) ↪→Lp(x)

and the embedding is continuous.
The modular of the space Lp(x)(Ω), which is the mapping � :Lp(x)(Ω)→R,

is defined by �(u) =
∫
Ω
|u(x)|p(x)dx for all u ∈ Lp(x)(Ω).

����������� 2.3 ([16,29])	 For u ∈ Lp(x)(Ω) and {uk}k∈N ⊂ Lp(x)(Ω), the fol-
lowing assertions hold

‖u‖p(x) > 1 ⇒ ‖u‖p−

p(x) ≤ �(u) ≤ ‖u‖p+

p(x), (3)

‖u‖p(x) < 1 ⇒ ‖u‖p+

p(x) ≤ �(u) ≤ ‖u‖p−

p(x), (4)

lim
k→∞

‖uk‖p(x) =0 ⇔ lim
k→∞

�(uk) = 0, (5)

lim
k→∞

‖uk‖Lp(x)(Ω) =∞ ⇔ lim
k→∞

�(uk) = ∞. (6)

����������� 2.4 (See [1])	

i) If q ∈ C+(Ω) and q(x) < p∗(x) for any x ∈ Ω, then

W 1,p(x)(Ω) ↪→↪→ Lq(x)(Ω) is continuous and compact.

In particular, we have

W
1,p(x)
0 (Ω) ↪→↪→ Lq(x)(Ω) is continuous and compact.

ii) Let Ω ⊂ R
N be an open, bounded set and p ∈ C+(Ω). Then, for

u ∈W
1,p(x)
0 (Ω), the p(x)-Poincaré inequality

‖u‖p(x) ≤ C‖∇u‖p(x)
holds, where the positive constant C depends on p(x) and Ω.


���
 2.5	 Let a � 0, b � 0 and 1 < p− ≤ p+ <∞. Then, we have

(a+ b)p(x) � 2p
+−1

(
ap(x) + bp(x)

)
.
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Now, we give some results and properties from the theory of topological
degree. We begin by defining some classes of mappings. In what follows, let X
be a real separable reflexive Banach space with dual X∗ and with continuous
dual pairing 〈 · , · 〉 between X∗ and X, in this order. Given a nonempty subset Ω
of X, let Ω and ∂Ω denote the closure and the boundary of Ω in X, respectively.

���������� 2.6	 Let Y be another real Banach space. An operator F : Ω ⊂
X → Y is said to be

(1) bounded,
if it takes any bounded set into a bounded set.

(2) demicontinuous,
if for any sequence (un) ⊂ Ω, un → u implies F (un)⇀ F (u).

(3) compact,
if it is continuous and the image of any bounded set is relatively compact.

���������� 2.7	 A mapping F : Ω ⊂ X → X∗ is said to be

(1) of type (S+), if for any sequence
(un)⊂Ω with un ⇀ u and lim supn→∞〈Fun, un − u〉≤0, we have un → u.

(2) quasimonotone, if for any sequence
(un)⊂Ω with un ⇀ u, we have lim supn→∞〈Fun, un − u〉 ≥ 0.

���������� 2.8	 Let T : Ω1 ⊂ X → X∗ be a bounded operator such that
Ω ⊂ Ω1. For any operator F : Ω ⊂ X → X∗, we say that:

(1) F satisfies condition (S+)T , if for any sequence
(un) ⊂ Ω with un ⇀ u, yn := Tun ⇀ y and lim supn→∞〈Fun, yn−y〉 ≤ 0,
we have un → u.

(2) F has the property (QM)T , if for any sequence
(un)⊂Ω with un⇀u, yn :=Tun⇀y, we have lim supn→∞〈Fun, y−yn〉≥0.

Let O be the collection of all bounded open sets in X. For any Ω ⊂ X,
we consider the following classes of operators:

F1(Ω) :={F : Ω →X∗such thatF is bounded, demicontinuous and of type (S+)},
FT,B(Ω) :={F : Ω →X such that F is bounded, demicontinuous and of type (S+)T },
FT (Ω) :={F : Ω →X such that F is demicontinuous and of type (S+)T },
FB(X) :={F ∈FT,B(E) such thatE∈O,T∈F1(E)}.

For any F ∈ FT (E), we call T ∈ F1(E) the essential inner mapping of F .
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���
 2.9 ([9], Lemma 2.2 and Lemma 2.4)	 Let T ∈ F1(E) be continuous
and S :DS ⊂ X∗ → X be demicontinuous such that T (E) ⊂ Ds, where E
is a bounded open set in a real reflexive Banach space X. Then, the following
statements are true:

(1) If S is quasimonotone, then I+SoT ∈ FT (E), where I denotes the identity
operator.

(2) If S is of class (S+), then SoT ∈ FT (E).

���������� 2.10	 Suppose that E is a bounded open subset of a real reflexive
Banach space X, T ∈ F1(E) is continuous, and let F, S ∈ FT (E). The affine
homotopy Λ: [0, 1]×E → X defined by

Λ(t, u) := (1− t)Fu+ tSu for (t, u) ∈ [0, 1]× E

is called an admissible affine homotopy with the common continuous essential
inner map T .

Remark 1 ([9])	 The above affine homotopy satisfies condition (S+)T .

Now, we introduce the Berkovits topological degree for the class FB(X)
(for more details, see [9]).

������� 2.11	 There exists a unique degree function

d :
{
(F,E, h)|E ∈ O, T ∈ F1(E), F ∈ FT,B(E), h �∈ F (∂E)

} → Z

which satisfies the following properties:

Normalization: For any h ∈ E, we have d(I, E, h) = 1.

Additivity: Let F ∈ FT,B(E). If E1 and E2 are two disjoint open subsets

of E such that h �∈ F (E\(E1 ∪E2)), then we have

d(F,E, h) = d(F,E1, h) + d(F,E2, h).

Homotopy invariance: If Λ: [0, 1]×E → X is a bounded admissible affine
homotopy with a common continuous essential inner map and h : [0, 1] →
X is a continuous path in X such that h(t) �∈ Λ(t, ∂E) for all t ∈ [0, 1],
then the value of d

(
Λ(t, ·), E, h(t)) is constant for all t ∈ [0, 1].

Existence: If d(F,E, h) �= 0, then the equation Fu = h has a solution in E.
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3. Notions of solutions and technical lemmas

���������� 3.1	 u ∈W 1,p(x)(Ω) is said to be a weak solution of (1), if∫
Ω

a(x, u,∇u)∇vdx =

∫
Ω

b(x)|u|p(x)−2uvdx

+ λ

∫
Ω

H(x, u,∇u)vdx, ∀ v ∈ W 1,p(x)(Ω).


���
 3.2 ([4])	 Let

g ∈ Lr(x)(Ω) and gn ⊂ Lr(x)(Ω)

such that

|gn|r(x) ≤ C, 1 < r(x) <∞.

If
gn(x) → g(x) a.e. in Ω, then gn ⇀ g weakly in Lr(x)(Ω).

Let us consider the nonlinear operator T from W 1,p(x)(Ω) into its dual
of the form

Tu = −div a(x, u,∇u).
Then,

〈Tu, v〉 =
∫
Ω

a(x, u,∇u)∇v dx, for all v ∈W 1,p(x)(Ω).


���
 3.3	 Assume that (H1)–(H3) hold, then T is bounded, coercive, contin-
uous and of type (S+).

P r o o f. First, we prove that the operator T is bounded. Let u, v ∈W 1,p(x)(Ω).
By using the Hölder’s inequality, we have

|〈Tu, v〉| =
∣∣∣∣∣∣
∫
Ω

a(x, u,∇u)∇v dx
∣∣∣∣∣∣

≤
(

1

p−
+

1

p′−

)
‖a(x, u,∇u)‖p′(x)‖∇v‖p(x).

On the other hand, from (H2) we can easily show that

‖a(x, u,∇u)‖p′(x) is bounded for all u inW 1,p(x)(Ω).
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Indeed,

‖a(x, u,∇u)‖p′(x) ≤
⎡
⎣∫

Ω

| a(x, v,∇v) |p′(x) dx

⎤
⎦

1
γ

≤
⎡
⎣∫

Ω

(
β
(
k(x) + |u|p(x)−1 + |∇u|p(x)−1

))p′(x)
dx

⎤
⎦

1
γ

≤
⎡
⎣β p′+

22(p
′+−1)

∫
Ω

(
|k(x)|p′(x) + |u|p(x) + |∇u|p(x)

)
dx

⎤
⎦

1
γ

≤ C1

⎛
⎝∫

Ω

|k(x)|p′(x)dx

⎞
⎠

1
γ

+ C2

⎛
⎝∫

Ω

(
|u|p(x) + |∇u|p(x)

)
dx

⎞
⎠

1
γ

≤ C1‖k‖
δ′
γ

p′(x) + C2‖u‖
δ
γ

≤ Cm + Cm‖u‖ δ
γ

≤ Cm

(
1 + ‖u‖ δ

γ

)
,

where

γ =

{
p′+ if ‖a(x, u,∇u)‖p′(x) ≤ 1,

p′− if ‖a(x, u,∇u)‖p′(x) ≥ 1,

δ′ =

{
p′+ if ‖k‖p′(x) ≤ 1,

p′− if ‖k‖p′(x) ≥ 1
and, δ =

{
p+ if ‖u‖ ≤ 1,

p− if ‖u‖ ≥ 1,

Cm = max

(
C1||k||

δ′
γ

p′(x), C2

)
.

Hence,
|〈Tu, v〉| ≤ c ‖v‖ ,

which implies that the operator T is bounded.
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Secondly, we prove that T is coercive. Let v ∈W 1,p(x)(Ω). We get from (H1)
that

〈Tv, v〉
‖v‖ =

∫
Ω
a(x, v,∇v)∇vdx

‖v‖

≥ α

∫
Ω
|∇v|p(x)dx+

∫
Ω
|v|p(x)dx− ∫

Ω
|v|p(x)dx

‖v‖

≥ α
||v||γ′ − ||v||γp(x)

‖v‖

≥ α‖v‖γ′−1 − α
‖v‖γp(x)
‖v‖

≥ α‖v‖γ′−1 − C. (Due toW 1,p(x)(Ω) ↪→↪→ Lp(x)(Ω)),

where

γ′ =

⎧⎨
⎩

p+ if ||v|| ≤ 1,

p− if ||v|| ≥ 1,

and

γ =

{
p+ if ||v||p(x) ≤ 1,

p− if ||v||p(x) ≥ 1.

Therefore,

〈Tv, v〉
‖v‖ → ∞ as ‖v‖ → ∞.

Hence, T is coercive.

Now, we show that T is continuous. Let un → u in W 1,p(x)(Ω).

Then, ∇un → ∇u in
(
Lp(x)(Ω)

)N
. Hence, there exist a subsequence (uk) of (un)

and measurable functions h in Lp(x)(Ω) and g in
(
Lp(x)(Ω)

)N
such that

uk(x) → u(x) and ∇uk(x) → ∇u(x),

|uk(x)| ≤ h(x) and |∇uk(x)| ≤ |g(x)|,
for a.e. x∈Ω and all k∈N. Since a satisfies the Carathéodory condition, we obtain

a(x, uk,∇uk) → a(x, u,∇u) a.e. x ∈ Ω. (7)
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According to (H2), we have

|a(x, uk,∇uk)| ≤ β
(
k(x) + |h(x)|p(x)−1 + |g(x)|p(x)−1

)
,

for a.e. x ∈ Ω and for all k ∈ N. Since(
k(x) + |h(x)|p(x)−1 + |g(x)|p(x)−1

)
∈ Lp′(x)(Ω),

and by using (7), we have∫
Ω

|a(x, uk,∇uk)− a(x, u,∇u)|p′(x)dx −→ 0.

The dominated convergence theorem implies that

a(x, uk,∇uk) → a(x, u,∇u) in
(
Lp′(x)(Ω)

)N

.

Thus, the entire sequence a(x, un,∇un) converges to a(x, u,∇u) in
(
Lp′(x)(Ω)

)N
.

Therefore, for all v ∈ W 1,p(x)(Ω), we have 〈Tun, v〉 → 〈Tu, v〉, which implies
that the operator T is continuous.

It remains to prove that the operator T is of type (S+).
Let (un)n be a sequence in W 1,p(x)(Ω) such that

{
un ⇀ u in W 1,p(x)(Ω),

lim supn→∞〈Tun, un − u〉 ≤ 0.
(8)

We will show that un → u in W 1,p(x)(Ω).

The first part of (8) yields M1 > 0 such that

‖∇un‖p(x) ≤M1 for all n ≥ 1.

In view of (H3) and (8), we get

lim
n→∞

〈Tun, un − u〉 = lim
n→∞

〈Tun − Tu, un − u〉 = 0. (9)

Hence,

Dn → 0 in L1(Ω),

where

Dn =
[
a(x, un,∇un)− a(x, un,∇u)

](∇un −∇u).
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By using W 1,p(x)(Ω) ↪→↪→ Lp(x)(Ω), we can find a subsequence, still denoted
by un, such that ⎧⎨

⎩
un → u a.e. in Ω,

Dn → 0 a.e. in Ω.

Then, there exists a subset B of Ω, such that mes(B) = 0, and for

x ∈ Ω\B, |u(x)| <∞, |∇u(x)| <∞,

|k(x)| <∞, un(x) → u(x), Dn(x) → 0.

Let us define
ξn = ∇un, ξ = ∇u.

We have

Dn(x) =
[
a(x, un, ξn)− a(x, un, ξ)

]
.
(
ξn − ξ

)
= a(x, un, ξn)ξn + a(x, un, ξ)ξ − a(x, un, ξn)ξ − a(x, un, ξ)ξn

≥ α|ξn|p(x) + α|ξ|p(x) − β
(
k(x) + |un|p(x)−1 + |ξn|p(x)−1

)|ξ|
− β

(
k(x) + |un|p(x)−1 + |ξ|p(x)−1

)|ξn|
≥ α|ξn|p(x) − Cx[1 + |ξn|p(x)−1 + |ξn|],

where Cx is a function that depends on x and not on n.

Since un → u a.e. in Ω, we have |un(x)| ≤ Mx, where Mx is some positive
constant. Then, by a standard argument, we will have that |ξn| is uniformly
bounded compared to n. From this, we deduce that

Dn(x) ≥ |ξn|p(x)
(
α− Cx

|ξn|p(x) −
Cx

|ξn| −
Cx

|ξn|p(x)−1

)
.

If |ξn| → ∞ (for a subsequence), then Dn(x) → ∞, which is absurd.

Let now ξ∗ be an adherent point of ξn. We have |ξ∗| <∞, and by continuity
of the operator a compared to the last two variables, we will have:[

a(x, un, ξ
∗)− a(x, un, ξ)

](
ξ∗ − ξ

)
= 0.

According to (H3), we obtain
ξ∗ = ξ,

the unicity of adherent point implies

∇un −→ ∇u a.e. in Ω.
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On the other hand, since the sequence
(
a(x, un,∇un)

)
is bounded in

(
Lp′(x)(Ω)

)N
,

and

a(x, un,∇un) → a(x, u,∇u) a.e. in Ω,

in view of Lemma 3.2, we have

a(x, un,∇un)⇀ a(x, u,∇u) in
(
Lp′(x)(Ω)

)N
a.e. in Ω. (10)

We set

yn = a(x, un,∇un)∇un and y = a(x, u,∇u)∇u.
We can write

yn → y in L1(Ω).

From (H1), we have

α |∇un|p(x) ≤ a(x, un,∇un)∇un.
Let

zn = |∇un|p(x), z = |∇u|p(x), yn =
yn
α
, y =

y

α
.

Thanks to Fatou’s lemma,∫
Ω

2 y dx ≤ lim inf
n→∞

∫
Ω

y + yn − |zn − z|dx, i.e., 0 ≤ − lim sup
n→∞

∫
Ω

|zn − z| dx.

Then,

0 ≤ lim inf
n→∞

∫
Ω

|zn − z| dx ≤ lim
n→

sup
∞

∫
Ω

|zn − z| dx ≤ 0

implies

∇un −→ ∇u in
(
Lp(x)(Ω)

)N
. (11)

From the compact embedding of W 1,p(x)(Ω) into Lp(x)(Ω), we obtain, by the
assumptions, that

‖un‖p(x) → ‖u‖p(x) as n→ ∞,

whence ‖un‖ −→ ‖u‖ (see (11)). Since W 1,p(x)(Ω) satisfies the Kadec-Klee
property [27, Remark 2.47(a),(c)], the facts that un ⇀ u and ‖un‖ −→ ‖u‖
ensure that

un −→ u in W 1,p(x)(Ω) as n→ ∞,

which completes the proof. �
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���
 3.4	 Suppose that hypothesis (H1) holds. Then, the operator

S :W 1,p(x)(Ω) → (
W 1,p(x)(Ω)

)∗
defined by

〈Su, v〉 = −
∫
Ω

(
b(x)|u|p(x)−2u+ λH(x, u,∇u))v dx, ∀u, v ∈ W 1,p(x)(Ω)

is compact.

P r o o f. The proof was divided into three steps:

Step 1	 Let φ :W 1,p(x)(Ω) → Lp′(x)(Ω) be the operator setting by

φu(x) := −b(x)|u(x)|p(x)−2u(x) for u ∈ W 1,p(x)(Ω) and x ∈ Ω.

It is obvious that φ is continuous.

Next, we show that φ is bounded. For all u ∈W 1,p(x)(Ω), by using the com-
pact embedding W 1,p(x)(Ω) ↪→↪→ Lp(x)(Ω), we have

‖φu‖γp′(x) =

∫
Ω

| − b(x)|u|p(x)−2u|p′(x)dx

≤ ‖bp′+‖∞
∫
Ω

|u|(p(x)−1)p′(x)dx

≤ ‖bp′+‖∞
∫
Ω

|u|p(x)dx

≤ C ‖u‖γ′
,

where

γ =

{
p+ if ‖φu‖p′(x) ≤ 1,

p− if ‖φu‖p′(x) ≥ 1,

and

γ′ =

{
p+ if ||u|| ≤ 1,

p− if ||u|| ≥ 1.

This implies that φ is bounded on W 1,p(x)(Ω) .

Step 2	 We show that the operator ψ defined from W 1,p(x)(Ω) into Lp′(x)(Ω)
by

ψu(x) := −λH(x, u,∇u) for u ∈ W 1,p(x)(Ω) and x ∈ Ω

is bounded and continuous.
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Let u ∈W 1,p(x)(Ω). By using the growth condition (H1), we obtain

‖ψ u‖θp′(x) ≤
∫
Ω

|λH(x, u,∇u)|p′(x)dx

≤
∫
Ω

λp
′(x)�p

′(x)
∣∣∣e(x) + |u|p(x)−1 + |∇u|p(x)−1

∣∣∣p′(x)
dx

≤
∫
Ω

(�λ)p
′+
2p

′+−1
(
|e(x)|p′(x)

+
(|u|p(x)−1 + |∇u|p(x)−1

)p′(x)
)
dx

≤
∫
Ω

(�λ)p
′+
2p

′+−1
(
|e(x)|p′(x)

+2p
′+−1

(|u|(p(x)−1)p′(x) + |∇u|(p(x)−1)p′(x))) dx

≤
∫
Ω

(�λ)p
′+
22(p

′+−1)
(|e(x)|p′(x) + |u|p(x) + |∇u|p(x)) dx

≤ C

∫
Ω

|e(x)|p′(x)dx+ C

∫
Ω

|u|p(x) + |∇u|p(x) dx

≤ C ‖e‖θ1p′(x) + C‖u‖θ2

≤ Cmax(|u|θ2 + 1), (12)

where

Cmax = max
(
(�λ)p

′+22(p
′+−1)‖e‖θ1p′(x), (�λ)

p′+
22(p

′+−1)
)
.

Since e(x) is a positive function in Lp′(x)(Ω),

θ =

{
p′+ if ‖ψ u‖p′(x) ≤ 1,

p′− if ‖ψ u‖p′(x) ≥ 1,
θ1 =

{
p′+ if ‖e‖p′(x) ≤ 1,

p′− if ‖e‖p′(x) ≥ 1,

and

θ2 =

⎧⎨
⎩
p+ if ‖u‖ ≤ 1,

p− if ‖u‖ ≥ 1.
(13)

Therefore, ψ is bounded on W 1,p(x)(Ω).
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Next, we show that ψ is continuous. Let un → u in W 1,p(x)(Ω). Then,

un → u in Lp(x)(Ω) and ∇un → ∇u in
(
Lp(x)(Ω)

)N
.

Thus, there exists a subsequence, still denoted by (un), and measurable functions

ϕ in Lp(x)(Ω) and σ, in
(
Lp(x)(Ω)

)N
such that

un(x) → u(x) and ∇un(x) → ∇u(x),
|un(x)| ≤ ϕ(x) and |∇un(x)| ≤ |σ(x)|,

for a.e. x ∈ Ω and all n ∈ N. Since H satisfies the Carathéodory condition,
we obtain

H
(
x, un(x),∇un(x)

) → H
(
x, u(x),∇u(x)) a.e. x ∈ Ω. (14)

Thanks to (H1), we obtain∣∣H(
x, un(x),∇un(x)

)∣∣ ≤ �
(
e(x) + |ϕ(x)|p(x)−1 + |σ(x)|p(x)−1

)
for a.e. x ∈ Ω and for all k ∈ N.

Since
e(x) + |ϕ(x)|p(x)−1 + |σ(x)|p(x)−1 ∈ Lp′(x)(Ω),

and from (14), we get∫
Ω

∣∣H(
x, uk(x),∇uk(x)

)−H
(
x, u(x),∇u(x))∣∣p′(x)

dx −→ 0,

and by using the dominated convergence theorem, we have

ψuk → ψu in Lp′(x)(Ω).

Thus, the entire sequence (ψun) converges to ψu in Lp′(x)(Ω) and then, ψ is
continuous.

Step 3	 As the embedding I :W 1,p(x)(Ω) → Lp(x)(Ω) is compact, it is known

that the adjoint operator I∗ : Lp′(x)(Ω) → (
W 1,p(x)(Ω)

)∗
is also compact.

Therefore, the compositions

I∗oφ and I∗oψ
from

W 1,p(x)(Ω) into
(
W 1,p(x)(Ω)

)∗
are compact. We deduce that

S = I∗oφ+ I∗oψ

is compact, which completes the present proof. �
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4. Main results

In this section, we study the existence of weak solutions for the nonlin-
ear problem (1) based on the recent Berkovits topological degree introduced
in Section 2.

������� 4.1	 Assume that the assumptions (H1)–(H4) hold. Then, problem (1)
has a weak solution

u in W 1,p(x)(Ω).

P r o o f. Let T, S be two operators from W 1,p(x)(Ω) into its dual as defined
in Lemma 3.3 and in Lemma3.4, respectively. Then,

u ∈W 1,p(x)(Ω)

is a weak solution of problem (1) if and only if

Tu = −Su. (15)

According to Lemma 3.4, the operator S is bounded, continuous, and quasi-
monotone. On the other hand, in light of the properties of the operator T given
in Lemma 3.3, and since the operator T is strictly monotone, moreover, by using
the Minty-Browder Theorem (see [30], Theorem 26 A), the inverse operator

G := T−1 :
(
W 1,p(x)(Ω)

)∗→ W 1,p(x)(Ω)

is bounded, continuous and of type (S+).

Hence, equation (15) is equivalent to the abstract Hammerstein equation

u = Gv and v + SoGv = 0. (16)

To solve equations (16), we will use the Berkovits topological degree intro-
duced in Section 2. For that, we first prove that the set

B :=
{
v ∈ (

W 1,p(x)(Ω)
)∗ ∣∣ v + tSoGv = 0 for some t ∈ [0, 1]

}
is bounded. Indeed, let v ∈ B, and take u := Gv.
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Thanks to (H1), (H4), (12), the Young’s inequality and the compact embed-
ding W 1,p(x)(Ω) ↪→↪→ Lp(x)(Ω), we have

‖Gv‖θ′ ≤
∫
Ω

|u|p(x) dx+

∫
Ω

|∇u|p(x) dx

≤
∫
Ω

|u|p(x) dx+
1

α

∫
Ω

a(x, u,∇u)∇udx

≤
∫
Ω

|u|p(x) dx+
1

α
〈Tu, u〉 =

∫
Ω

|u|p(x) dx+
1

α
〈v,Gv〉

≤
∫
Ω

|u|p(x) dx+
t

α
|〈S ◦Gv,Gv〉|

≤
∫
Ω

|u|p(x) dx+
t

α

∫
Ω

b(x)|u|p(x)dx+
t

α

∫
Ω

|λH(x, u,∇u)|udx

≤
∫
Ω

|u|p(x) dx+
t‖b‖∞
α

∫
Ω

|u|p(x)dx

+
t

α
Cp′

∫
Ω

|H(x, u,∇u)|p′(x)dx+
t

α
Cp

∫
Ω

|u|p(x)dx

≤ C1

∫
Ω

|u|p(x)dx+ C2(‖u‖θ2 + 1)

≤ Cst
(‖Gv‖θ′

+ ‖Gv‖θ2 + 1
)
,

where

θ′ =

{
p+ if ‖Gv‖ ≤ 1,

p− if ‖Gv‖ ≥ 1,
and θ2 is defined in (13).

This implies that
{
Gv \ v ∈ B

}
is bounded.

Since the operator S is bounded, it is obvious from (16) that the set B

is bounded in
(
W 1,p(x)(Ω)

)∗
. Therefore, we can choose a positive constant R

such that
‖v‖(W 1,p(x)(Ω))∗ < R for all v ∈ B.

It follows that

v + tSoGv �= 0 for all v ∈ ∂BR(0) and all t ∈ [0, 1].

By Lemma 2.9, we get

I + SoG ∈ FT (BR(0)) and I = ToG ∈ FT (BR(0)).
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Since the operators I, S and G are bounded, I + SoG is also bounded. We con-
clude that

I + SoG ∈ FT,B(BR(0)) and I ∈ FT,B(BR(0)).

Consider an affine homotopy

Λ: [0, 1]×BR(0) → W−1,p′(x)(Ω)

given by

Λ(t, v) := v + tSoGv for (t, v) ∈ [0, 1]×BR(0).

Applying Theorem 2.11, we have

d
(
I + SoG,BR(0), 0

)
= d

(
I, BR(0), 0

)
= 1,

and thus, there exists a point v ∈ BR(0) such that

v + SoGv = 0,

which implies that u = Gv is a weak solution of (1). This completes the proof.
�
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