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ABSTRACT. In this paper, we prove the existence of weak solutions to Neumann
boundary value problems for a nonlinear p(z)-elliptic equation of the form
—div a(z, u, Vu) = b(a)|u[?®~2u + X\H (z, u, Vu).

We established the existence result by using the topological degree introduced
by Berkovits.

1. Introduction

The objective of this paper is to study the existence of a weak solution
to the Neumann boundary value problems associated with the following equa-
tion:

—div a(z,u, Vu) = b(x)|[u[P 20 + AH (z,u, Vu) in Q,

(1)
a(z,u,Vu) -v =0 on 0N,

where Q € RV (N > 2) is a bounded open domain with Lipschitz boundary
09, p: Q — (2,00) is a continuous function, A is a real parameter, b € L>(Q)
with b(xz) > 0 a.e. x € , and v is the outer unit normal vector on 9f2.

The function a: Q x R x RV — R is a Carathéodory function satisfying the
following assumptions for a.e. in = € Q and all £, & € RN, (£ #¢') and s € R
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(H)  a(z,5,6)&>a g™,
(Ha) la(z, 5,8)| < B (k(x) + [s[P@) L 4 g1,
<H3) (a<l‘7375) _a(xvsafl))<§_§/) >0,

for some positive constants o and (3, where k(x) is a positive function belonging
to LY @)(Q) (p/(z) is the conjugate exponent of p(z)). Moreover,

H: OxRxRY SR

is a Carathéodory function verified by the following growth condition. For all
teRYN, s €R and a.e. x € Q,

(Hq) |H(z, s,t)| < o(e(z) + |s|P@~1 4 |¢[p@@)—1),

where o is a positive constant and e(z) is a positive function in Lp/(”)(Q).
In the case when

a(z,u,Vu) = A(zx,Vu) and H(z,u, Vu) = f(z, Vu) + s(x)|ul’ " u,

T. He et al. [21] proved that problem (II) has at least three nontrivial smooth
solutions: two of constant sign (one positive and one negative) and a third nodal.
S. Liu [25] established some existence results when a(z,u,Vu) = |[Vu|P~2u
and H(z,u,Vu) = f(x,Vu) with Dirichlet boundary conditions. Moreover,
A. Abbassi, C. Allalou, and A. Kassidi [3] studied problem ([l) using the topo-
logical degree method in the case where p is constant (i.e., p(-) = p) within
the framework of classical Sobolev space. For more important and interesting
results, we recommend the readers to see [I1,5T5,1920].

Motivated by the works mentioned above, we will try to study problem ({I)
and improve the findings in literature [T0L21] to provide a physical interpretation
of equation (I]) and other fascinating applications of fluid mechanics models
(see [T]]), nonlinear diffusion (see [2§]), and nonlinear elasticity (see [6,22]).

We aim to study the existence of weak solutions of problem ([]) using the
topological degree method. We propose this theory for operators of generalized
monotone-type introduced by Berkovits in [9]. The expanded degree class of op-
erators is effectively obtained by replacing the compact perturbation with a com-
position of monotone-type operators, based on the Leray-Schauder degree [23].
The topological degree hypothesis was first introduced by Leray-Schauder [23]
in their study of nonlinear equations for compact perturbations of the identity
in infinite-dimensional Banach spaces. Later, Browder [12] used the Galerkin
method to construct a topological degree for operators of class (S) in reflexive
Banach spaces. For more details, we recommend that the reader consult classical
works, such as [I3|[14L[1830].

The plan of the paper is as follows. In Section 2, we present some mathematical
preliminaries. In Section 3, we prepare for the proof of the main theorem by
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introducing several lemmas. Section 4 is devoted to proving the existence of weak
solutions for problem ([I).

2. Mathematical Preliminaries

To discuss problem ([Il), we recall some definitions and basic properties
of the generalized Lebesgue—Sobolev spaces with variable exponent Lp(x)(Q),
WP (Q). Let Q be a bounded open subset of RN(N > 2), we say that
a real-valued continuous function p(.) is log-Holder continuous in € if there is
a constant C' such that

C
Ip(z) — p(y)| < Tog [z — gl (2)

Va,y € Q with |z —y| < % Let us set
C4 () ={log-Hélder continuous function p€ C(): such that 1<p <p < N},

where o -
p~ =min{p(z),z € Q} and p" =max{p(x),r € Q}.

For any p € C1(£2), we introduce the variable exponent Lebesgue space by
LP@(Q) = { u: Q — R;u is measurable With/|u(x)|p(”)dx <00,
Q

the space LP(®)(Q) under the “Luxembourg norm”

. wlz p(z)
ull Lo () = [[Ullpz)y = inf § A >0 :/ ¥ de <15,

Q

which is a separable and reflexive Banach space. The dual space of LP(*)(Q) is

LP' @) (), where ﬁ + ngg) =1 (see [16,29]).

We also define the variable Sobolev spaces by
WP (Q) = {u € I’@(Q) and |Vu| € LP®) (Q)} ,
where the norm is
ull = lullip) = 1ullp + [ Vallpe), Yo e WHE(Q).

Assuming 1 < p~ < pt < oo, the space Whr(®) (Q) is a separable and reflexive

Banach space. We denote by Wg’p(')(Q) the closure of C§°(Q) in WhP(L)(Q),

i.e., Wl,p()(Q)

WP () = TR Q) :

and we define the Sobolev exponent by p*(z) = ]\],V_p;g) for p(z) < N.
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ProproSITION 2.1 (Young’s Inequality). Let p,p" € C(Q)), where p’ is the con-
jugate of p. Then, for all a,b > 0, we have

P@ @
+ .
p(x)  p'(z)
PROPOSITION 2.2 (Generalized Holder Inequality (see [I7.24])).

ab <

i) For any functions u € LP@)(Q) and v € LY ) (Q), we have

1 1
/uvdx < (p_ + —> HUHp(x)HUHp '(z)-
Q

it) For all p,q€C4(Q) such that p(x) <q(x) a.e. in Q, we have LI®) — [P(*)
and the embedding is continuous.
The modular of the space LP®) (Q), which is the mapping o: LP®) (Q) - R,
is defined by o(u) = [, |u(z)[P@dz for all u € LP@)(Q).

PROPOSITION 2.3 ([16,29]). Foru € LP®)(Q) and {uy}ren C LP®)(Q), the fol-
lowing assertions hold

ully > 1= [l < o(u) < [l 3)
ol < 1= ullZ%) < o) < 7, @)
i {ugllp@) =0 < lim ofuy) =0, (5)
im |Jug|| o) () =00 & lim g(ug) = oo. (6)
k—oo k—o00

PROPOSITION 2.4 (See [I]).
i) If g € C+(Q) and q(z) < p*(z) for any x € Q, then
WP (Q) s LI (Q) is continuous and compact.
In particular, we have
Wol’p(x)(Q) s L) (Q) is continuous and compact.

ii) Let Q@ C RN be an open, bounded set and p € C.(Q). Then, for
u € Wol’p(x)(Q), the p(x)-Poincaré inequality

lullp@y < ClIVallpea)
holds, where the positive constant C' depends on p(x) and Q.
LEMMA 2.5. Leta > 0,b>0 and 1 <p~ < p' < oco. Then, we have
(a+ )P < o' 1 (aP(®) 4 pp@)),
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Now, we give some results and properties from the theory of topological
degree. We begin by defining some classes of mappings. In what follows, let X
be a real separable reflexive Banach space with dual X* and with continuous
dual pairing (-, -) between X* and X, in this order. Given a nonempty subset
of X, let Q and 92 denote the closure and the boundary of 2 in X, respectively.

DEFINITION 2.6. Let Y be another real Banach space. An operator F': Q C
X — Y is said to be

(1) bounded,
if it takes any bounded set into a bounded set.

(2) demicontinuous,
if for any sequence (u,) C Q, u, — u implies F(u,) — F(u).
(3) compact,
if it is continuous and the image of any bounded set is relatively compact.

DEFINITION 2.7. A mapping F':  C X — X* is said to be
(1) of type (S4), if for any sequence
(uy) CQ with u,, = v and limsup,,_,  (Fup, u, —u) <0, we have u,, — u.
(2) quasimonotone, if for any sequence

(uy) CQ with u, — u, we have limsup,,_, . (Fuy,, u, — u) > 0.

DEFINITION 2.8. Let T: Q1 € X — X* be a bounded operator such that
Q C 4. For any operator F': 0 C X — X* we say that:

(1) F satisfies condition (S5 )7, if for any sequence
(up) C Q with u,, — u, y, = Tu, — y and limsup,, , . (Fun, yn—y) <0,
we have u,, — u.

(2) F has the property (QM)r, if for any sequence
(uy) CQ with u, —=u, yp:=Tu, —y, we have limsup,,_, o (Fn, y—yn) >0.

Let O be the collection of all bounded open sets in X. For any 2 C X,
we consider the following classes of operators:

F1(Q):={F: Q — X"such that F'is bounded, demicontinuous and of type (S+)},

Fr,5(2):={F: Q — X such that F is bounded, demicontinuous and of type (S+)r},
Fr(Q):={F: Q — X such that F' is demicontinuous and of type (S4+)r},
Fp(X):={F€Frs(E)such that E€ O, T € F1(E)}.

For any F' € Fr(E), we call T € Fi(FE) the essential inner mapping of F.
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LEMMA 2.9 ([9], Lemma 2.2 and Lemma 2.4). Let T € Fi(E) be continuous

and S: Dg C X* — X be demicontinuous such that T(E) C Ds, where E
is a bounded open set in a real reflexive Banach space X. Then, the following
statements are true:

(1) If S is quasimonotone, then I+SoT € Fr(E), where I denotes the identity
operator.

(2) If S is of class (S), then SoT € Fr(E).

DEFINITION 2.10. Suppose that FE is a bounded open subset of a real reflexive
Banach space X, T € Fi(£) is continuous, and let F,S € Fr(E). The affine
homotopy A:[0,1] x E — X defined by

A(t,u) := (1 —t)Fu +tSu for (t,u) €[0,1] x E

is called an admissible affine homotopy with the common continuous essential
inner map 7.

Remark 1 ([9]). The above affine homotopy satisfies condition (Sy)7.

Now, we introduce the Berkovits topological degree for the class Fp(X)
(for more details, see [9]).

THEOREM 2.11. There exists a unique degree function
d:{(F,E,h)|[E€ 0O, TeF(E), FeFrpE), hg FOE)} — L

which satisfies the following properties:

Normalization: For any h € E, we have d(I,E, h) = 1.

Additivity: Let F € Fp p(E). If Ey and Ey are two disjoint open subsets
of E such that h ¢ F(E\(Ey U Es)), then we have

d(Fvah) = d(FvElvh) +d(F7E27h)

Homotopy invariance: IfA: [0,1] x E — X is a bounded admissible affine
homotopy with a common continuous essential inner map and h: [0,1] —
X is a continuous path in X such that h(t) & A(t,0F) for all t € [0,1],
then the value of d(A(t,-), E,h(t)) is constant for all t € [0,1].

Existence: Ifd(F,FE,h) # 0, then the equation Fu = h has a solution in E.
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3. Notions of solutions and technical lemmas

DEFINITION 3.1. u € W'P(®)(Q) is said to be a weak solution of (), if

/a(z,u, Vu)Vode = /b(m)|u|p(w)_2uvdx
Q Q
+ M H(z,u, Vu)vdz, Yve WP (Q).
Q
LEMMA 3.2 ([]). Let
ge L"®(Q) and g, C L"®(Q)

such that

9nlr@) < C; 1 <r(z) < oo
If (x
gn(x) = g(x) a.e. in Q, then g, — g weakly in L™ (Q).

Let us consider the nonlinear operator T from W1'P(®)(Q) into its dual
of the form

Tu = —diva(z,u, Vu).
Then,
(Tu,v) = /a(m,u, Vu)Vudz, for all v e WP (Q).
Q

LEMMA 3.3. Assume that (Hy)—(Hs) hold, then T is bounded, coercive, contin-
uous and of type (S4).

Proof. First, we prove that the operator T is bounded. Let u,v € WP ().
By using the Holder’s inequality, we have

[(Tu,v)| = /a(z u, Vu)Vodz

1
(—_ ) laz, 1w, V) o [V

On the other hand, from (Hy) we can easily show that

la(z, u, V)| () is bounded for all u in W) ().
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Indeed,

2=

Ha(x,u,Vu)Hp/(m) < / | a(x,v, Vv) \p/(w) dz

2=

IN

/ (5 (k‘(l‘) + |u|p(a:)—1 + ‘vu|p(1’)_1))p () dz
L

IN

Q

;

/ k()P @) da
Q

+ Cs / (\u\p(m) + \Vu|p(“')> dz

Q

IN

2=

s
< ClHkH + Calul]>

p’(x)

< Cypy + Co|Ju]|
S

< Co (14 Jlull?),

where
p/+ if Ha(xvuv vu)“p/(m) <1,
’y =
p'm it la(w,u, Vu)llpe) > 1,

5 { Pt k) <1, s { ptoif |l <1,
= and, = .
p'mif Hka/(m) >1 p- if ul > 1,

Cm —maX<6’1||k||p(x), >

[(Tu, v)] <ol

Hence,

which implies that the operator T is bounded.

22

57 20 [ (@) 4 ) [Fu ) da
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Secondly, we prove that T is coercive. Let v € W1P(#)(Q). We get from (H;)
that

(Tv,v)  [galz,v, Vv)Vods
Il [l

fQ [VolP@dz + [ [0 da — [ [o]P™de

o]l

ol =11,

> vt = C. (Due toW @) (Q) s LPE)(Q)),

where
ptoif [Pl <1,
r_
L A =
and
Pt ol < 1.
Y=<
p~ if [vllpe) = 1.
Therefore,
(Tv,v)
ol as ||v|| = oc.

Hence, T is coercive.

Now, we show that 7" is continuous. Let u, — u in WP@)(Q).
Then, Vu,, = Vu in (Lp(x)(Q))N. Hence, there exist a subsequence (uy) of (uy)
and measurable functions h in LP(*)(Q) and g in (Lp(x)(Q))N such that

ug(z) = u(z) and Vug(zr) — Vu(z),

lur(2)] < h(z) and  [Vug(z)| < [g(2)],

for a.e. z € and all k € N. Since a satisfies the Carathéodory condition, we obtain

a(x,ug, Vug) = a(z,u, Vu) a.e. €. (7)
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According to (Hz), we have
al,ur, V)| < 8 (k(@) + [h(@)P " +|g(@) P |
for a.e. € 2 and for all £ € N. Since
(k@) + @)+ lg(@)P 97 ) € (@),
and by using (7)), we have

/\a(x,uk, Vug) — a(z, u, Vu)|P @ dz —s 0.
Q

The dominated convergence theorem implies that
, N
a(x, ug, Vug) = a(z,u, Vu) in (Lp (m)(Q)) .

Thus, the entire sequence a(x, u,, Vu,) converges to a(z, u, Vu) in (Lp/ (x) (Q))N

Therefore, for all v € W1P@)(Q), we have (Tu,,v) — (Tu,v), which implies
that the operator T is continuous.

It remains to prove that the operator T is of type (S4).
Let (un)n be a sequence in WHP(®)(Q) such that

Up — U in Whr)(Q),
lim sup,,_, oo (T, upn, — u) < 0.

We will show that w, —u in WHPE)(Q).
The first part of () yields M; > 0 such that

Vun||pzy < My for all n> 1.

In view of (Hsz) and (§), we get

lim (Tuy, u, —u) = lim (Tu, — Tu, u, —u) = 0. (9)
n—oo n—00
Hence,
D, =0 in L'(Q),
where

Dy, = [a(, tn, Vun) — a(@, un, Vu)| (Vu, — Vu).
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By using WP (Q) < LP(*)(Q), we can find a subsequence, still denoted
by u,,, such that
U, — u a.e.in €,

D, =0 a.e. in Q.
Then, there exists a subset B of €2, such that mes(B) = 0, and for
z € Q\B, lu(z)| < oo, |Vu(z)| < oo,
|k(z)| < oo, U () = u(x), D, (z) — 0.

Let us define
We have

Dn(.’IJ) = [a(w,un,fn) - a(x,un,f)] (gn - 5)
= a(.’IJ, Un,gn)gn + a(x, Un s 5)5 - a(x, u?’wgn)g - a(x, Un s g)gn

Y

alen P + alelP) = Bk(x) + fun |7 + €77 €]
= Bk() + fun |71+ €[ 6

> )&, [P — Oyl + | [P + 16, ],

where C), is a function that depends on x and not on n.

Since u, — u a.e. in Q, we have |u,(x)| < M,, where M, is some positive
constant. Then, by a standard argument, we will have that |¢,| is uniformly
bounded compared to n. From this, we deduce that

C C C
D.(z) > npm(a_ix__w_ix).
(=) 2 6l GF® el G

If |&,| — oo (for a subsequence), then D,,(z) — oo, which is absurd.

Let now £* be an adherent point of &,. We have |£*| < oo, and by continuity
of the operator a compared to the last two variables, we will have:

[a(z,un, &) — alz,un, £)] (£ =€) = 0.

According to (Hs), we obtain
&=,

the unicity of adherent point implies

Vu, — Vu a.e. in Q.
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On the other hand, since the sequence (a(x, Uy, Vun)) is bounded in

(Lp’(oc)(Q))N7
and
a(x, up, Vuy,) = a(z,u, Vu) ae.in Q,

in view of Lemma [3.2] we have

a(z, un, Vu,) = a(z,u,Vu) in (Lp/(m)(Q))N a.e. in Q. (10)

We set

U = a(x,up, Vu,)Vu, and 7= a(x,u, Vu)Vu.
We can write

7, — 7 in LY(Q).
From (H;), we have
o | Vu, |P®) < a(z, un, Vg ) Vi,

Let

Zn = |vun|p(m)> z = ‘vu|p(m)> Yn = o y=

<
3
o |l

Thanks to Fatou’s lemma,

/dex < liminf/y—l— Yn — |2n — 2z|dz, le., 0< —limsup/|zn — z|dx.
n—oo

n—00
Q Q

Then,
0< liminf/|zn —z|dz < limsup/|zn —z|dz <0
n—00 n— oo
Q Q

implies
Vu, — Vu in (Lp(m)(Q))N. (11)
From the compact embedding of W1P(®)(Q) into LP(*)(2), we obtain, by the

assumptions, that
Huan(z) — H’U/Hp(z) as n — oo,

whence ||u,| — |Jul| (see (). Since W1PE)(Q) satisfies the Kadec-Klee
property [27, Remark 2.47(a),(c)], the facts that u, — w and ||u,| — |jul|
ensure that

U, — u in WHPE(Q)  as n— oo,

which completes the proof. O
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LEMMA 3.4. Suppose that hypothesis (Hy) holds. Then, the operator

S:WhPE(Q) — (W) (Q))*

defined by
(Su, v) = /(b(x)|u|p(g”)_2u + AH (z,u, Vu))vdz, Yu, v e WHPE(Q)
Q
18 compact.

Proof. The proof was divided into three steps:
Step 1. Let ¢: WhP(*)(Q) — LY *)(Q) be the operator setting by
du(x) = —b(x)|u(x) P 2u(z) for we W' PE(Q) and zeQ.

It is obvious that ¢ is continuous.

Next, we show that ¢ is bounded. For all u € W) (Q), by using the com-
pact embedding WP (Q) <3< LP®)(Q), we have

6wl / | = b)) 2

< pr /|u|(p(w) Dp' (@) g

<157 / ul?=da

Q
< Cul,
where
_{p+ it [pully@ <1,
T e i lbull 2 L,
and

, pt it Jul| <1,
K :{ pm it fful| > 1.
This implies that ¢ is bounded on WP®)(Q) .
Step 2. We show that the operator 1 defined from W1P(*)(Q) into LP'(*)()
> Yu(x) == —AH(z,u,Vu) for uwe WHPE(Q) and z e

is bounded and continuous.
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Let u € WhP(®)(Q). By using the growth condition (H;), we obtain

I ully o) S/\AH(x,u,vunp’(w)dx
Q

< / AP (@) ' (@)

(oA)P " 27" (\e<x)|p/<z>

+(|u|p(x)—1 + |Vu|p(z)—1)p’(r)> da

e(x) + |uP) 7 4 [V Pt

p'(x)
‘ dx

D\{O

(0P 2" (|e(x)|p/<x>

_|_2P - (‘ ‘(P(r 1p'(z) +‘vu|(p(z) 1)p’ (m))) dr

b\

< (Q)\)p’+22(p’+_1)(‘€<x)|p’(m) + ‘u‘p(z) + |Vu‘p(m)) da

D

< C’/ le(z) | @ da + C’/ [ulP®) + |Vu[P®) da
0

<C|el% +C\|u\|92

' (2)
< Cmax(lul™ +1), (12)

where

Ciax = max ((Q)\)p "+92(p" 1)H H . (Q)\)p/+22(p/+_1))~
Since e(x) is a positive function in L?'(#)(Q),

{ P Wl <1, _{ P ellye <1,
P i [Yulye) > 1, P el > 1,

and

pt it | <1,
Oy = (13)
p~ if  ul| > 1.
Therefore, v is bounded on WP (Q).
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Next, we show that v is continuous. Let u,, — u in W1P(*)(Q). Then,
U, —u in LP@(Q) and Vu, — Vu in (Lp(m)(Q))N.
Thus, there exists a subsequence, still denoted by (uy,), and measurable functions

¢ in LP@(Q) and o, in (Lp(”)(Q))N
such that

un(z) — u(z) and Vu,(z) = Vu(z),

un(2)] < () and  [Vun(2)] < |o(2)],

for a.e. z € Q and all n € N. Since H satisfies the Carathéodory condition,
we obtain

H(z,un(z), Vuy(2)) = H(z,u(z), Vu(z)) ae. x . (14)
Thanks to (H;y), we obtain
|H (2, un(x), Vun ()| < o(e(@) + o) PO~ + [o(2) )

for a.e. z € Q and for all £ € N.
Since )
e(a) + (@)@ + lo (@)@t e 1P (@)

and from (I4), we get

/|H(x, up(z), Vug(z)) — H(z,u(z), Vu(z)) |p/(m)dx — 0,
Q

and by using the dominated convergence theorem, we have
Yup — Pu in LP Q).

Thus, the entire sequence (Yu,) converges to ¢u in LP (*)(€) and then, ¢ is
continuous.

Step 3. As the embedding I: W'P®)(Q) — LP*)(Q) is compact, it is known
that the adjoint operator I*:LF (*)(Q) — (WLr@)(Q))" is also compact.
Therefore, the compositions

Io¢p and I*oy
from

Wwtr@(Q) into  (WHPE(Q))”
are compact. We deduce that
S=TI%¢+ I"oy

is compact, which completes the present proof. O
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4. Main results

In this section, we study the existence of weak solutions for the nonlin-
ear problem () based on the recent Berkovits topological degree introduced
in Section 2.

THEOREM 4.1. Assume that the assumptions (Hy)—(Hy4) hold. Then, problem (II)
has a weak solution

w in WHP@(Q).

Proof. Let T, S be two operators from W'P(*)(Q) into its dual as defined
in Lemma B3 and in LemmaB.4] respectively. Then,

= Wl,p(ﬂr)(Q)
is a weak solution of problem () if and only if
Tu = —Su. (15)
According to Lemma 34l the operator S is bounded, continuous, and quasi-
monotone. On the other hand, in light of the properties of the operator T' given
in Lemma B3] and since the operator T is strictly monotone, moreover, by using
the Minty-Browder Theorem (see [30], Theorem 26 A), the inverse operator

G:=T"" (W(Q)" — whr(Q)

is bounded, continuous and of type (S5 ).

Hence, equation ([I3]) is equivalent to the abstract Hammerstein equation

u=Gv and v+ SoGv =0. (16)

To solve equations (I6]), we will use the Berkovits topological degree intro-
duced in Section 2. For that, we first prove that the set

B:={v e (W (q))" | v+tSoGv =0 forsome ¢t [0,1]}
is bounded. Indeed, let v € B, and take u := Gwv.
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Thanks to (Hy), (Hs), (I2), the Young’s inequality and the compact embed-
ding WHPE)(Q) < LP(*)(Q), we have

|Gu||? < /|u|p(x) dx + /|Vu|p(”
/|u|p(x dz + — / (x,u, Vu)Vudz

/|u|p(m dz + — <Tu u) :/|u|p(m doe + — <v Gv)
Q Q

</|u|p<w> dz + L1(5 0 Gu, )|

/mwdm/knW@m+ ﬂnuvaMw

t]|b]| 0o
§/|U|p(m)d H H /‘ ‘p(m)dx
Q

t
+ _Cp’/\H(JE,U, V)P ®)dz + —Cp/\u\p(”)dx
a «
<0y [ WP de + Coul + 1

< Cst(||Go]|” +[|Go®2 +1),
where

and 0y is defined in (I3]).

o pt if IGv|| <1,
p- if |Gyl > 1,

This implies that {Gv \ v € B} is bounded.
Since the operator S is bounded, it is obvious from (I6) that the set B
is bounded in (Wl’p(x)((l))*. Therefore, we can choose a positive constant R
such that
[vll(wipe @)« <R forall veB.

It follows that
v+tSoGv #0 forall ve dBgr(0) andall tel0,1].
By Lemma 29 we get
I+ S0G € Fr(Br(0)) and I =ToG e Fr(Br(0)).
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Since the operators I, S and G are bounded, I + SoG is also bounded. We con-
clude that

I+ SoG € fT7B(BR(O)) and [ € fT7B(BR(O)).

Consider an affine homotopy

A:[0,1] x Br(0) » W17 @) ()

given by

A(t,v) ;== v+ tSoGv for (t,v) € [0,1] x Br(0).

Applying Theorem [ZTT], we have

d(I + SoG, Bg(0),0) = d(I, Br(0),0) = 1,

and thus, there exists a point v € Br(0) such that

v+ SoGv = 0,

which implies that u = Gv is a weak solution of ({l). This completes the proof.
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