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ABSTRACT. In Dimension Theory, there are “mapping theorems” that estab-
lish relationships between the dimensions of a domain and the range of a contin-
uous mapping. Most of the theorems deal with mappings that satisfy additional
conditions, such as being closed mappings. In the “environment” of such studies,
the dimensions of continuous mappings have also been studied. In this paper,
we introduce and investigate a new notion of dimension for continuous map-
pings between topological spaces, which is closer to the classical definition of the
Lebesgue covering dimension of a space. We discuss various results concerning
this dimension. Moreover, we present open questions and proposals of new di-
mensions of continuous mappings for further studies. They are based on known
dimensions of continuous mappings between topological spaces.

1. Introduction and preliminaries

Notions of dimensions of topological spaces, like the covering dimension dim,
the quasi covering dimension dimg, the small inductive dimension ind, the large
inductive dimension Ind and the dimension Dind of A. Arhangel’skii, have at-
tracted the interest of many studies, creating an important chapter in Topology,
that is constantly developing (see [5L6L1TT4H16,19,25132H34L43]).

Based on such investigations, the study of topological dimensions for contin-
uous mappings between topological spaces was developed, which is an extension
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on related topics of Topological Dimension Theory. A review on these studies
proves that the covering dimension of topological spaces was the motivation to
start an interesting theory on topological dimensions for continuous mappings.
The notion of the covering dimension is strictly connected with the following
meanings.

Given a topological space X, a cover of X is a non-empty set of subsets of X,
whose union is X. A cover C of X is said to be open if all elements of C are open
subsets of X. Similarly, a cover C of X is said to be closed if all elements of C
are closed subsets of X. A family V of subsets of X is said to be a refinement
of a family C of subsets of X (briefly, V > C) if each element of V is contained
in an element of C. Also, a family V = {Vi,...,V;} of subsets of X is said
to be a shrinking of a family C = {Uy, ..., Uy} of subsets of X if V; C U; for each
i = 1,..., k. Additionally, we recall that a cover V of X is said to be a star
refinement of another cover U of X if for every V € V there exists U € U such
that St(V,V) C U, where St(V,V) = ([ J{W € V: W NV # 0}. It is well-known
that every finite open cover of a normal space has a finite open star refinement
(see [14]).

The order of a family V of subsets of X, denoted by ordV, is defined as follows:

(a) ordV = —11if V consists of the empty set only (and therefore, X = 0).

(b) ordV = n, where n € N, if the intersection of any n + 2 distinct elements
of V is empty and there exist n+1 distinct elements of V whose intersection
is not empty.

(c) ordV = o if for every n € N, there exist n distinct elements of V whose
intersection is not empty.

DEFINITION 1.1. The covering dimension, dim, of a topological space X is
defined as follows:

1. dimX = —1if X = 0.

2. dimX < n, where n € N, if for every finite open cover C of X there exists
a finite open cover V of X such that V > C and ordV < n.

3. dimX = n, where n € N, if dimX < n and dimX £ n — 1.

4. dimX = oo if dimX < n does not hold for every n € {—1,0,1,2,...}.

However, meanings of dimensions have also been studied for mappings be-
tween topological spaces, succeeding to insert a totally different approach to
Topological Dimension Theory. Especially, given two topological spaces X and Y
and a continuous mapping f : X — Y, various dimensions of f and their prop-
erties have been investigated. Among them, we state the dimension dimf via
inverse images of points, modifications of it, the covering dimension cdimf and
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the partition dimension pdimf. In this paper, we insert and study a new no-
tion of dimension for continuous mappings which is closer to that of the cov-
ering dimension for topological spaces. Also, we present many open questions
and proposals of new dimensions for continuous mappings giving the motivation
for future investigations.

Especially, the paper is organized as follows. In Section 2] we insert a new
notion of dimension for continuous mappings, denoted by dim(x y)f whenever
f: X — Y is a continuous mapping, and study properties of this dimension.
In Section B, we study other properties of this new dimension and make a special
study of it in metric spaces. Finally, in Section ] we present a framework of well-
-known notions of dimensions for continuous mappings and open questions that
motivate further studies on related topics. The last is based on the dimension
dim via inverse images of points, modifications of it, the covering dimension cdim
and the partition dimension pdim.

2. A new covering dimension for mappings

In this section, we introduce a new type of dimension for continuous map-
pings and study its various properties. We state that all results of this section
are always referred to continuous mappings and for more conditions for the
given topological spaces, whenever it is necessary, we mention them in the cor-
responding results. Also, f|A means the restriction of a mapping f to a set A.
For well-known topological notions that are not presented in the paper, we refer
to classical references such as [13].

DEFINITION 2.1. Let f: X — Y be a continuous mapping from a topological
space X to a topological space Y. A family V of subsets of X is said to be an f-
-refinement of a family U of subsets of Y, written V >; U, if for every V € V
there exists U € U such that V C f~1(U) < f(V) CU.

DEFINITION 2.2. The covering dimension of a continuous mapping f : X — Y,
dim(y y)f, is defined as follows:

2. dim(x y)f < n, where n € N, if for every finite open cover U of Y there
exists a finite open cover V of X such that V > U and ordV < n.

3. dim(x,y)f =n, where n € N, if dim(y yf <n and dim(x y)f € n — 1.

4. dimxy)f = oo if the relation dim xy)f < n does not hold for every
ne{-1,0,1,2,...}.

If X =Y, then we write dimx f.
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PROPOSITION 2.3. For every continuous mapping f : X — Y, the following
conditions are equivalent:

2. For every finite open cover {U,..., Uy} of Y there exists a finite open
cover {Vi,...,Vi} of X such that V; C f=Y(U;) for everyi = 1,...,m
and ord{V1,...,V;,} < n.

3. For every open cover {Uy,...,U,i12} of Y we can find an open cover
{Vi,...,Vuya} of X such that V; C f=1(U;) for everyi = 1,...,n+ 2
and ﬂ?jﬁ Vi=0

Proof. The proof is similar to the corresponding result of the covering dimen-
sion of topological spaces (see, for example, [1434.[43]). O

PROPOSITION 2.4. Let f : X — Y be a continuous mapping from X toY. Then,
dim(x y)f < min{dimX, dimY'}.

Proof. Let dimX = n, where n € N, and {Uy,...,U,,} be a finite open cover
of Y. Then, the family

{FH U, U}
is a finite open cover of X. Thus, there exists a finite open cover {Wy,..., W,,}
of X such that W; C f~1(U;) for every i = 1,...,m and ord{W7y,...,W,,} < n.
Let dimY = n, where n € N, and {Uq,...,U,,} be a finite open cover of Y.
Then, there exists a finite open cover {Vi,...,V;,} of Y such that V; C U;
for every i = 1,...,m and ord{Vy,...,V;,} < n. The family
(I ), (Vi)

is a finite open cover of X such that f=1(V;) C f~1(U;) for every i = 1,...,m.
Since the inverse image preserves intersections, ord{f~*(V1),..., f~1(Vin)} <n.

PrOPOSITION 2.5. Let f: X — Y be a homeomorphism. Then,
dim(y y)f = dimX = dimY.
Proof. According to Proposition 2.4 it suffices to prove that

Let dim(x,y)f = n, where n € N, and {Uy, ..., Uy} be a finite open cover of X.
Since f is open and surjective, the family {f(U1),..., f(Un)} is a finite open

cover of Y. Therefore, there exists a finite open cover {Vi,...,V,,} of X such
that V; C f~1(f(U;)) = U; for every i = 1,...,m (since f is injective) and
ord{V1,...,V,,} < n. O
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A mapping f : X — X determines a topology
T(f)={UCX:f'(U)CU}.
A topological space (X, 7) is functional Alexandroff [2,30] if 7 = 7(f) for some
mapping f. Obviously, the mapping f : (X,7(f)) — (X, 7(f)) is continuous.

PROPOSITION 2.6. Let f be a mapping from the topological space (X,T(f))

to itself. Then,
dimy f = dimX.

Proof. According to Proposition [Z4] it suffices to prove that
dimX < dimx f.
Let dimxf = n, where n € N, and {Uj,...,U,} be a finite open cover

of (X, T(f)). Then, there exists a finite open cover {V1,...,V,,} of (X, T(f)) such
that V; C f~Y(U;) CU; for every i = 1,...,m and ord{Vy,...,V,,} < n. O

FAcT 2.7. For every constant mapping f : X — Y we have dim(x y)f = 0.

ExamMpPLE. We study the following spaces and continuous mappings:

(1) Let X = {x1,x2,23}. We consider the topology on X generated by the
base of minimal open neighbourhoods:

U, = {.%’1}, Umz = {xlva}v Ums = {.%’1,.7}3}.

Also let Y = {y1,y2,y3} be a copy of X. We consider the continuous
mapping f : X — Y defined as follows: f(x1) = f(x2) = y1, f(23) = y2.
Then, dimX = dimY = 1 and dim(x y)f = 0.

(2) Let X = R? and Y = R be the real plane and line, respectively, with
the usual (Euclidean) topology. We also consider the projection mapping
[+ X — Y defined as f(x,y) = z. We prove that dimxy)f = 1.
Let {U1,...,Upn} be a finite open cover of Y. Without loss of general-
ity, we suppose that ord{Uy,...,U,} = 1. We consider the finite open
cover {Vi,...,V,,} of X, where

Vi=U xR, i=1,...,m.
Then, V; C f~1(U;) for every i = 1,...,m and ord{Vy,...,V,,} = 1.
PROPOSITION 2.8. Let f: X — Y be a continuous mapping from X toY. Then,
dim(x yyf < dimx, r(x)) f-

Proof. Let dimx ¢(x))f = n, where n € N, and {Uy,...,U,,} be a finite
open cover of Y. The family {U; N f(X),..., U, N f(X)} is a finite open cover
of f(X). Therefore, there exists a finite open cover {V,...,V,,} of X such that
fOVH) CUNf(X)CU; forevery i =1,...,m, and ord{V3,...,V,} < n. O
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COROLLARY 2.9. Let f: X = Y be a continuous mapping from X toY. Then,

dim(x y)f < min{dimX, dim f(X), dimY"}.
Proof. It follows by Propositions [2.4] and d

PROPOSITION 2.10. Let f : X — Y be a continuous mapping from X to Y.
If f(X) is closed in Y, then

dimx, (x))f = dimx,y) f-
Proof. According to Proposition 2.8, it suffices to prove that

dim(x,r(x)) f < dimexy) £

Let dim(x y)f = n, where n € N, and {Uy,...,U,,} be a finite open cover
of f(X). We consider open sets Wy,...,W,, in Y such that U; = W; N f(X)
for every i = 1,...,m. The family

{Wi, .., Wi, Y f(X)}

is a finite open cover of Y. Therefore, there exists a finite open cover {Vi,...,V;,}
of X such that f(V;) C W; for every ¢ = 1,...,m and ord{V,...,V,} < n.
Since f(V;) € W; n f(X) = U; for every i = 1,...,m, we conclude that
dlm(X’f(X))f < n. O

PROPOSITION 2.11. For every triad (n,m, k), where k < min{n,m}, of nat-

ural numbers, there exist topological spaces X,Y and a continuous mapping
[+ X =Y such that dim(x yyf = k, dimX = n, dimY = m and dimf(X) =
k+1.

Proof. Let X1 = {zo,..., %k, Tp+1, Tkt2}. We consider the topology 7x, on X3
generated by the base of minimal open neighbourhoods:
Uxo :{.’L'()}, Uzl :{.’Ifl}, Uml :{.’IJ(),.’IJZ‘}, 222,,k+2

Also let Y1 = {vo,--, Yk, Yk+1, Yk+2}. We consider the topology 7y, on Y;
generated by the basis of minimal open neighborhoods:

Uyo :{yo}, in :{yani}a Zzl,,k+2

We consider two spaces (X2,7x,) and (Ya,7y,) such that dimXs = n and
dimY, = m. Let X = X1 @& Xo and Y = Y] ® Ys. We consider a fixed point
Yo € Y2 and the mapping f : X — Y defined as follows:

f(l-) _ { Yo if xe€ XQ,

y, if x=ua.
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Since f~HU) € {0, Xz} for every UeTy, and f~1(U) € 7x, for every U € 7y,,
by the definition of the topological sum of two spaces, the mapping f is contin-
uous. Moreover, we have

dimX = max{dimX;,dimXs} = n,

dimY = max{dimY;,dimY2} = m
and since f(X) = {yo} ® Y1, we have dimf(X) = dimY; = k + 1. Finally, it is
easy to see that dim x y)f = k. O

PRrROPOSITION 2.12. Let f : X — Y be a continuous mapping from X to'Y and
ACX. If flA: A=Y is the restriction of f to A, then

dim(4 y) f|A < dim(x vy f.

Proof. Let dimx y)f = n, where n € N, and {Uy,...,U,,} be a finite open
cover of Y. There exists a finite open cover {V1, ..., V,,} of X such that f(V;)CU;
for every i = 1,...,m, and ord{V4,...,V;,} < n. The family
{(VinA,...,V,,N A}
is a finite open cover of A such that
fIAVinA) = f(VinA) C f(Vi)) CU;, i=1,....m

and ord{V1 N A,...,V,, N A} < n. Hence, dim(4 y)f[A < n. O
PROPOSITION 2.13. Let f: X — Y and g : Y — Z be two continuous map-

pings. Then, ] .
dim(x z)(go f) < dim(x y)f.

Proof. Let dimx y)f = n, where n € N, and {Uy,...,U,,} be a finite open
cover of Z. We consider the open cover
{g7"(U),...,g " (Un)} of Y.

There exists a finite open cover {V1,...,V,,} of X such that f(V;) C ¢~ }(U;)
for every i = 1,...,m and ord{Vi,...,V;,} < n. We observe that for every
i=1,...,m we have (go f)(V;) = g(f(%)) - g(g_l(Ui)) Cc U, O

PROPOSITION 2.14. For every continuous mapping f : X — Y from a normal
space X to a space Y, the following conditions are equivalent:
2. For every finite open cover U of Y there exists a finite closed cover F of X
such that F =y U and ordF < n.
3. For every finite open cover {Uy,...,Un} of Y there exists a finite closed
cover {Fy,...,F,} of X such that F; C f~Y(U;) for every i = 1,...,m
and ord{Fy,...,F,} < n.
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4. For every open cover {Uj,...,Upia} of Y we can have a closed cover
{F1,...,Fuyo} of X such that F; C f~1(U;) for everyi=1,...,n+2 and
ﬂ;:rf Fi=0.

Proof. It follows immediately from Proposition O

We recall that a subset L of a topological space X is called a partition between
two disjoint subsets A and B of X if there exist open subsets U and V of X
satisfying the conditions ACU, BCV, UNV =0and X\ L=UUV.

PrOPOSITION 2.15. Let f : X — Y be a continuous mapping from a normal
space X to a space Y. If dim(x yyf < n, then for every family

{(Ab Bl)) sy (An—l—la Bn-l—l)}
of n+1 pairs of disjoint closed subsets of Y there exist closed subsets Ly, ..., L,1+1
of X such that L; is a partition between f~1(A;) and f=*(B;) in the space X
and )4 Li = 0.

1

Proof. Let dim(xy)f < n and let {(A1,B1),...,(Any1,Bny1)} be a family
of n + 1 pairs of disjoint closed subsets of Y. Consider the open cover

n+1
{Y\Al,...,Y\AnH,Y\ U Bz} of Y.

=1

By Proposition 23] there exists an open cover {Vi,...,V, 12} of X such that
FVi) CYN\A; for i=1,....,n+1, f(Vaio) CY\ U] B and N7 Vi = 0.

Since X is normal, there exists a closed cover {Fi,..., Fj,12} of X such that
F; CV; for each ¢ = 1,...,n + 2. Now, we consider the closed subsets
Al =(F,12\Vi)Uf 1 (A;) and Bi=F,Uf ' (B;) of X fori=1,...,n+1. Then,
n+1 n+1 n+1
UFRc B, Fu2C|JA4 and AjnBj=0,i=1,...,n+1.
i=1 i=1 i=1
By Urysohn’s lemma, for each index ¢ = 1,...,n + 1 there exists a contin-

uous function f; : X — [0,1] such that f;(A4}) C {0} and f;(B]) < {1}.
The subset L; = f; ! ({3}) of X is a partition between A} and B} in the space X.
Since f~1(4;) € AL and f~1(B;) C BI, L; is also a partition between f~1(4;)
and f~1(B;) in the space X. Moreover,

n+1 n+1 n+1 n+2
N LcNE\AUB)) =x\JAuB)cx\ | F=0,
i=1 i=1 i=1 i=1
proving the proposition. (]
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PROPOSITION 2.16. Let f: X — Y be a continuous mapping from a space X
to a normal space Y and assume that for every family

{(A17B1)7 ) (ATL+17 Bn-‘rl)}

of n+1 pairs of disjoint closed subsets of Y there exist closed subsets Ly, ..., L,1+1
of X such that L; is a partition between f_l(Ai) and f=Y(B;) in the space X
and ﬂn+1 L; = 0. Then, dim(x y)f <

Proof. Let {Uy,...,U,12} be an open cover of Y. Since Y is normal, there
exists a closed cover {Bi,...,B,12} of Y such that B; C U; for each i =
1,...,n+ 2. Consider the family

{(A17B1)7 ) (ATL+17 Bn-‘rl)}

of n+1 pairs of disjoint closed subsets of Y, where A; = Y\U, fori =1,...,n+1.
By assumption, there exist closed subsets Li,...,L,+1 of X such that L; is
a partition between f~1(A4;) and f~!(B;) in the space X and ﬂ"+1 L; = 0.
Therefore, for each ¢ = 1,...,n + 1 there exist open subsets W; and V; of X
satisfying the conditions f_ (A) CWy, f7YB;) CV;,, WinV; =0 and X\ L; =

W; UV;. Let Vouo = fH{Uns2) N U"+1 W;. Then, {Vl, ...y, Vata} is an open
cover of X such that f(V;) C U; for each i = 1,...,n+ 2 and N2 = 0.
Thus, by Proposition 2.3, dim x y)f < n. O

COROLLARY 2.17. Let f : X — Y be a continuous mapping from a normal space
X to a normal space Y and n a non-negative integer. The following statements
are equivalent:

2. For every family {(A1,B1),...,(Ant1, But1)} of n+ 1 pairs of disjoint
closed subsets of Y there exist closed subsets Li,...,Ln11 of X such
that L; is a partition between f~1(A;) and f~1(B;) in the space X and

n+1
AL =0,

3. For every family {(A1,B1),...,(Ant1, But1)} of n+ 1 pairs of disjoint
closed subsets of Y there exist disjoint open subsets Uz, V; of X such that
F7HA) C U, f7Y(Bi) C Vi and U2 (U U V;) =

4. For every family {(A1,B1),...,(Ant1, But1)} of n+ 1 pairs of disjoint
closed subsets of Y there exist disjoint closed subsets F;, K; of X such that

“YA) C B, fU(B) S K and U (F UK = X

Proof. Tt follows from Propositions 215 2.T6l and [0, Lemma 3.2]. O
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3. Additional properties of dimx y)f

In this section, we continue the study of the new dimension of continuous
mappings given in Section [2 investigating sum and product properties of it.
Also, we present a special study of it in metric spaces. Similarly, all results
of this section are referred to continuous mappings and for more conditions
of the given topological spaces, whenever it is necessary, we mention them in the
corresponding results.

Let X = X7 & X5 be the sum of two spaces X1 and Xo. If f1: X7 > Y is a
continuous mapping from X; to Y and f; : X9 — Y is a continuous mapping
from X5 to Y, then we denote by f1® fo : X — Y the continuous mapping which

is defined as follows:
f1 (x) if z € X1,

(f1 ® fo)(z) :{ .
fa(z) if z € Xo.

ProrosiTiON 3.1. If f1 : X1 — Y is a continuous mapping from X1 to Y and
fa : X9 = Y s a continuous mapping from Xo to Y such that X, N Xy = 0,
dim(x, yyf1 < n and dim(x, y)fo < n, then dim(x, g x,,v)(f1 © f2) < n.

Proof. Let U = {Ui,..., Uk} be a finite open cover of Y. As dimx, y)f1 <n,
there exists a finite open cover V; of X; such that V; > U and ordV; < n.
Similarly, since dimx, . y)f2 <n, there exists a finite open cover Vs of X3 such
that Vo >, U and ordV, <n. Then, the set V = VUV is the required finite open
cover of X1 @ X5 with V= ;U and ordV <n. Thus, dim(x, ¢ x,,v)(f1 © f2)<n. O

The inductively-open mappings were introduced by A. Arhangel’skii [3].
A mapping f of a space X onto a space Y is called inductively-open if there
is a subspace Z of X such that f(Z) =Y and the restriction f|Z of f to Z is
an open mapping of Z onto Y.

DEFINITION 3.2. Let f : X — Y be a mapping from a set X to a set Y and
A C X. The mapping f is called A-injective if for any x1, 22 € X, x1 # z2 and
z1 € Aimply f(z1) # f(z2).

ProPOSITION 3.3. Let f : X — Y be a continuous inductively-open mapping
from a space X onto a space Y. If X can be represented as a union of two
closed subspaces A and B such that f is A-injective, dim4 y)f|A < n and
dim(p y) f|B < n, then dimx y)f < n.

Proof. Since f is inductively-open, there exists a subspace Z of X such that
f(Z) =Y and the restriction f|Z of f to Z is an open mapping of Z onto Y.
Let U = {U1,...,Uy} be a finite open cover of Y. Since dim4y)f|A < n,
there exists a finite open cover {V/A,... V4 of A such that f(V;4) C U;
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for every i = 1,...,m and ord{V{*,...,VA} < n. For each i = 1,...,m
let V; be an open subset of X such that ViA = ANV,;. We consider the finite
open cover W = {Wy, ..., W,,} of X, where

W= (Y UOD\NAU (T U)NVY), i=1,...,m.
It is clear that f(W;) C U;, for each i = 1,..., m. We prove that
ord{ANWi,....,.AnW,,} < n. (1)
Indeed, for every ¢ = 1,...,m we have
ANW; = A0 ((TH U\ A U (FTHO) N V)) = FHO) N VA S v
Now, we consider the finite open cover

{f(WlmZ)v"'vf(WmmZ)}

of Y. Since dim g y) f| B < n, there exists a finite open cover {V{?,..., V;F} of B
such that f(VP) C f(W;NZ) & VE C f=1(f(W;NZ)) forevery i =1,....,m
and ord{V{?,..., V.1 < n. Foreachi =1,...,m let V/ be an open subset of X
such that V;® = BN V/. We consider the finite open cover H = {Hy,..., H,,}
of X, where

H; = (W;\ B)U (f‘l(f(WmZ)) mV{), i=1,...,m.
For every i = 1,...,m we have

We prove that
ord{BNH;,...,BNH,} <n. (2)

Indeed, for every i = 1,...,m we have
BNH; = BN <<Wi\B>u (f‘l(f(WmZ))ﬂV{)) = Y (fWinZ))nVE C VE

Finally, since X = AUB and AN H; C ANW; for every i = 1,...,m (here, we
need the condition that the mapping f is A-injective), by relations (1) and (2),
we conclude that ordH < n. O

ProOPOSITION 3.4. Let f : X — Y be a continuous closed mapping from
a normal space X to a space Y. If X can be represented as the union of a
sequence X1, Xo,... of closed subspaces such that f is injective on X; and
dim(x, y) f|Xs <n for every i = 1,2,..., then dimx y)f < n.

Proof. By assumption, the mapping f|X; : X; — f(X;) is also a closed map-
ping for each i. Further, since f|X; is injective, f|X; : X; — f(X;) is homeo-
morphism. Hence, by Propositions and 210, we have
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for each ¢ = 1,2,... By the countable sum theorem for dim in normal spaces
(see for example [5]), we have dimX < n. Hence, it follows from Proposition 2]
that

dim(x y)f < dimX < n. O

ProOPOSITION 3.5. Let f : X — Y be a continuous mapping from a normal
space X to a space Y. If X can be represented as the union of a sequence
X1, Xo,... of closed subspaces such that dimX; < n for every i = 1,2,...,

Proof. It follows from the countable sum theorem for dim and Proposition 2.4l

O

Furthermore, there are some product theorems for the covering dimension.
In fact, in the following cases, the inequality dim(X x Y) < dimX + dimY" holds

(see, for example, [14143]):

1. X is compact Hausdorff and Y is paracompact Hausdorff,

2. X is metrizable and Y is perfectly normal Hausdorff.
ProPoOSITION 3.6. Let X and Y be Hausdorff spaces and pry : X x Y — X
the projection onto X. If dim(X x YY) < dimX +dimY holds, then we have that

dim(xxy,x)pry < dimX.

Proof. By Proposition [Z4 we have
dim(x xy,x)prx < min{dim(X x Y’),dimX}.
Thus, by the assumption, it follows that
dim(x xy,x)Pryx < min{dim(X) + dim(Y"), dimX} = dimX. O

Remark 1. Let X xY be a product space. A subset of the form U xV in X xY is
called a rectangle. A cover U of X XY is called rectangularif each member of U is a
rectangle. A product space X xY is said to be rectangularif every finite cozero-set
cover of X XY has a o-locally finite rectangular cozero refinement. Pasynkov [38]
proved the following product theorem for dim: Let X andY be Tychonoff spaces.
If the product X XY is rectangular, then dim(X xY) < dimX + dimY.

Finally, in the case study of dim x y)f for metric spaces, we consider two
metric spaces (X, dx) and (Y, dy) and we denote the uniform distance in the set
B(X,Y) of all bounded continuous mappings of X into Y by d, that is,

d(f,g9) = sup{dy (f(x),g(x)) : 2z € X }.

PrOPOSITION 3.7. Let X be a metric space, Y a compact metric space and
F C B(X,Y) such that dim(x yyf < n for every f € F. If g € CI(F), then
dim(x,y)g < n.
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Proof. Let g € CI(F) and U be a finite open cover of Y. Since Y is normal,
the finite open cover U of Y has a finite open star refinement, that is, there
exists a finite open cover W of Y such that for every W € W there is U € U
with St(W, W) C U. We choose a Lebesgue number € > 0 for W. Let B(g,¢)
be the open ball of radius ¢ centered at g, that is,

B(g,e) ={f € B(X,Y) :d(f,g) <e}.

Since g € CI(F), there exists f € F such that f € B(g,¢). Since dim(x y)f < n,
there exists a finite open cover V of X such that V >; W and ordV < n.
It suffices to prove that V >, U.

Let V' € V. We prove that g(V) C U for some U € U. Since V > W,
there exists W € W such that f(V) C W C St(W,W) C U, for some U € U.
Let 2z € V. Then, f(z) € W. Moreover, the open ball B(f(x),e) is contained
in some element Wy of W. This element Wy intersects W at f(x). Therefore,

B(f(xz),e) €Wy CSt(W,W) CU.
Finally, since f € B(g,¢), we have

dy (f(z),9(z)) <sup{dy (f(z),9(z)) 1z € X} <e.

Hence, g(z) € B(f(z),¢) and thus, g(x) € U. Since z is an arbitrary element
of V, we conclude that g(V) C U. O

COROLLARY 3.8. Let X be a metric space, Y a compact metric space and
.Fn = {f € C(X,Y) : dlm(ny)f < n}’ n = 0’]_’2.“’

where C(X,Y) denotes the set of all continuous mappings from X into Y.
Then, F, is closed in C(X,Y).

COROLLARY 3.9. Let (fi)72, be a sequence of points in B(X,Y), where X
is a metric space and Y 1is a compact metric space, which converges (with re-
spect to the uniform distance) to f. If dimx y)fx < n for every k =1,2,...,
then dim x yyf < n.

4. Open questions

Given a continuous mapping f: X — Y between topological spaces X and Y,
we focus on the meaning of dim via the inverses of points. It is well-known
that the dimension of a continuous mapping f : X — Y is usually defined
as the supremum of the dimensions of point-inverses f~!(y) over all y € Y.
For many years, B. A. Pasynkov (see, for example, [37,[39,41]) has developed
the dimension theory of mappings in this fiberwise treatment. We state that
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according to the corresponding references, in this section, all mappings are con-
tinuous as well.

DEFINITION 4.1 ([I543]). Let f : X — Y be a continuous mapping. The dimen-
sion of f is defined as follows:

dimf = sup{dim(f~"'(y)) : y € f(X)}.

Among many important results, we present the following result of Pasynkov,
on the basis of which many other researches have been developed. For that,
a mapping f is n-dimensional means that dim f < n. The diagonal product of two
mappings f: X — Y and g : X — Z is the mapping f x g : X = Y x Z defined
by (f x g)(z) = (f(x), g(x)). Moreover, we shall use the notations I = [0, 1] and
I for the n-dimensional cube equipped with the Euclidean metric.

PROPOSITION 4.2 ([37]). Let f be an n-dimensional surjection between compact
metric spaces X and Y with n and dimY finite. Then, there exists a mapping
g: X — 1" such that dim(f x g) = 0. Moreover, the set of all such g is dense
and G in C(X,I™) with respect to the uniform convergence topology.

ProrosITION 4.3 ([51]). Let X and f be as in Proposition[{.3 For each 0 <
k < n—1 there is a o-compact subset A of X such that dimA, < k and
dim (f|(X \ Ak)) <n—k—1.

A lot of papers and researchers have developed a very interesting theory

for this dimension. A review on this topic can be found in [4L8]9,12,[17 18,27
2911361 140H42[45H50L52L53]. Combining the new dimension of Section 2 with this

dimension, we have the following result.

PROPOSITION 4.4. Let f : X — Y be a continuous mapping from a normal
space X to a Ty-space Y. If the image f(X) is countable, then

dim(x, r(x) f < dimf.
Proof. It follows by Proposition 0

Pasynkov inserted the dimension dimf using the notion of the covering di-
mension dim. However, there are many other topological dimensions that can
be used in order to define new types of dimensions for continuous mappings.
This fact leads to the following questions.

QUuUESTION 1. Given a continuous mapping f : X — Y, can we define new
dimensions following the arguments of Pasynkov’s studies? Can we study the
properties of these dimensions?

Based on the above meaning of dimf types of it have been also studied.
The first step was the following result.
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ProrosiTION 4.5 ([19]). If f : X — Y is a continuous closed mapping of a met-
ric separable space X onto a metric separable space Y, then

dimX < dimY 4+ dimf.

The above result has attracted the interest of many researches considering
more general spaces X and Y (see, for example, [31132]), related results in [26]35]
and geometrical aspects of it in [221[54]. In [44], M. Reichaw presented another
approach to Proposition 5] modifying the dimension dim of mappings as fol-
lows.

DEFINITION 4.6 ([44]). Let X and Y be topological spaces and f: X — Y be
a continuous mapping. The dimension dimg of f is defined as follows:

dimg f = sup {dimf~'(A4) : dimA <0, A CY and A closed} .
PROPOSITION 4.7 ([44]). For any closed mapping f: X — Y, dimf = dim, f.

QUESTION 2. Do there exist more properties/theorems of dimension dimg f?

As a different point of view of Proposition 5] in [44], considering a class P
larger than the class of closed and continuous mappings (stating, for example,
the local homeomorphisms with compact point inverses belong to P), a new
notion of dimension of mappings is given as follows.

DEFINITION 4.8 ([44]). Let f : X — Y be a continuous mapping. The dimension
dimy, of f, for k > 0, is defined as follows:

dimy, f = sup{dimf~'(A) : dimA < k, ACY and A closed}.
Also, dim_; f = dimX.

QUESTION 3. Do there exist more properties/theorems of dimension dimy f,
k>17

QUESTION 4. Given a continuous mapping f : X — Y, can we define new
dimensions following the same arguments as dimgf and dimg f? Can we study
properties of these dimensions?

Additionally, in [231[24], J. Krzempek extended the classical covering dimen-
sion of topological spaces to dimension of closed continuous mappings, and ob-
tained the so-called covering dimension of mappings. Following the arguments
for these papers [23,24], the order ordA of a collection A = (A;)ses of a fixed
set X is the largest integer n such that As, N As, N--- N As # 0 for some
distinct indices s1, S2,...,8, € S. If for every n there exists such a non-empty
intersection, we write ord A = co. The author also defines ordf as the order
of the collection f(X) indexed by elements of X.
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DEeFINITION 4.9 ([23)24]). To every closed mapping f from a normal space X,
the covering dimension of f, denoted by cdimf, is the least integer n such that
every finite open cover of X has a finite closed refinement V with ord f(V) < n+1.
If such n’s do not exist, we write cdimf = oo, and if X is empty, we write
cdimf = —1.

In the above definition, the set f(V) denotes the image of the family V), that
is f(V) = {f(V) : V € V}. Also, since images of distinct elements of ¥V may
be equal, then such an image is counted two or more times among the elements
of the collection f(V). Some results of this dimension are given as follows and
are always referred to closed continuous mappings.

PROPOSITION 4.10 ([23]). The following are satisfied:
1. If X is a normal space, then dimX = cdimidyx, where idx denotes the
identity mapping on X.
2. dimX < cdimf for mappings f from normal spaces X.
3. dimf(X) < cdimf for mappings f from normal spaces X .

ProrosiTION 4.11 ([23]). (The subspace theorem for cdim) If f is a closed
mapping from a normal space X and M is a closed subset of X, then

cdimf|M < cdimf.

ProPOSITION 4.12 ([23]). (The countable sum theorem for cdim) Suppose that f
s a closed mapping from a normal space X . If X is the union of countably many
closed subsets M;, i = 1,2,..., such that cdimf|M; < n for each i = 1,2,...,
and every point-inverse f~1(y) is contained in some M;, then cdimf < n.

QUESTION 5. Do there exist more properties (like product theorems) of cdim f?

In [23124], we can also find another meaning of dimension of mappings, called

the partition dimension. We remind that by a partition of a space X we mean
a two element cover (U, V') of X and by a partition system on X we mean a col-
lection (U, V) = (Us, Vs)ses of partitions (Us, Vi) of X. Especially, a partition
system (U, V) is closed (respectively, open) if all sets Uy and V are closed (re-
spectively, open). A partition system (W, Ts)ses on X is a shrinking of (U, V)
if every partition (W, Ty) is a shrinking of (Us, V).
DEFINITION 4.13 ([2324]). To every closed mapping f from a non-empty nor-
mal space X we assign the partition dimension of f, denoted by pdim f, which is
the least non-negative integer n such that every open partition system (U;, V;)7_,
on X has a closed shrinking (F}, G;)i with I, f(F; N G;) = 0. If such n’s
do not exist, we write pdimf = oo and if X is empty, we write pdimf = —1.

Some results of this dimension are given as follows and are always referred
to closed continuous mappings.
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ProproSITION 4.14 ([23]). The following are satisfied:
1. If X is a normal space, then dimX = pdimidx, where idx denotes the
tdentity mapping on X.
2. dimX < pdimf for mappings f from normal spaces X .
3. If f is a closed-and-open mapping from a normal space X, then
dimf(X) < pdimf.

PROPOSITION 4.15 ([23]). (The subspace theorem for pdim) If f is a closed
mapping from a normal space X and M is a closed subset of X, then
pdimf|M < pdimf.

PROPOSITION 4.16 ([23]). (The countable sum theorem for pdim). Suppose that
f is a closed mapping from a normal space X. If X 1is the union of count-

ably many closed subsets M;, i = 1,2,..., such that pdimf|M; < n for each
i = 1,2,..., and every point-inverse f~'(y) is contained in some M;, then
pdimf < n.

QUESTION 6. Do there exist more properties (like product theorems) of pdim f7

Combining the new dimension of Section [2] with the above dimensions cdim f
and pdim f, we get the following results.
PrOPOSITION 4.17. If X is a normal space, then

dimyidy = cdimidx = pdimidx,

where idx is the identity mapping on X.
Proof. It follows by Propositions 2.5} and 4141 O
PrOPOSITION 4.18. If f is a continuous closed mapping from a normal space
X to itself, then:

1. dimy f < cdimf.

2. dimyx f < pdimf.

Proof. It follows by Propositions 2.4, and [£T4 d

Also, we provide proposals of new notions of dimensions for continuous map-
pings. As in [I6], a quasi cover of X is a non-empty set of subsets of X, whose
union is dense in X. A quasi cover C of X is said to be open if all elements of C are
open in the space X. Two quasi covers are called similar if their unions are the
same dense set. Based on the quasi covers, the quasi covering dimension, dimy,
for topological spaces was studied in [I6], proving among other results that it
is greater than or equal to the covering dimension. Inspired by this dimension,
we present the following notions.
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DEFINITION 4.19. Let f: X — Y be a continuous mapping from a topological
space X to a topological space Y. A family V of subsets of X is called f-similar
of a family U of subsets of Y, written V ~; U, if the unions of V and f~'(U) are
the same dense subset of X, where

) ={1(U): U eu,
that is, the families V and f~!(U) are similar.

DEFINITION 4.20. The quasi covering dimension of a continuous mapping
J+ X =Y, denoted by dimgx,y)f, is defined as follows:

2. dimg(x y)f < n, where n € N, if for every finite open quasi cover U of Y’

there exists a finite open quasi cover V of X such that V ~; U,V =, U
and ordY < n.

3. dimgy(x,y)f = n, where n € N, if dimy(y,y)f < n and dimgx y)f & n— 1.
f<

4. dimgx y)f = oo, if the relation dimg x y) n does not hold for every

ne{-1,0,1,2,...}.
If X =Y, then we write dimy(x)f.

QUESTION 7. Does there exist a corresponding theory (similar to dim x yf
of Section () for dimy(x,y)f? Can we have subspace, union, product theorems
for this dimension?

Another dimension for topological spaces that has been studied is the so-called
Dind of A. Arhangel’skii, [6L[7LITLT5L25]. Inspired by this dimension, we present
the following notion.

DEFINITION 4.21. The dimension of a continuous mapping f : X — Y, denoted
by Dindx y)f, is defined as follows:

2. Dind(x,yyf < n, where n € N, if for any finite open cover U of Y, there
exists a finite family V' of pairwise disjoint open subsets of X such that
V =; U and Dind(a vy f|A <n —1, where A= X \|J{V : V € V}.

3. Dind(x,y)f = n, where n € N, if Dind(x y)f < n and Dind(x vy f ;{ n—1.

4. Dind(x y)f = oo, if the relation Dind x y)f < n does not hold for every
ne{-1,0,1,2,...}.

If X =Y, then we write Dindx f.
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QUESTION 8. Does there exist a corresponding theory (similar to dim x yf
of Section [2l) for Dind(x y)f? Can we have subspace, union, product theorems
for this dimension?

Finally, we make a special note on the so-called universality problem. This
problem focuses on finding universal elements in classes of topological spaces,
frames and continuous mappings (see [T0,20,2T]. The study of universal elements
is considered to be an important branch of Topology since these elements are
considered to be the “representative” of their corresponding classes. Especially,
this “representative” gives information for all members of the class. Thus, if we
consider classes of continuous mappings which are determined by dimensions
given in this study, we get the following question.

QUuEesTION 9. Can we have a study of the existence of universal elements in
classes of continuous mappings which are determined by dimensions given
in this paper?
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