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ABSTRACT. In this paper, we introduced α-Hurewicz and θ-Hurewicz prop-
erties in a topological space X and investigated their relationship with other
selective covering properties. We have shown that for any extremally discon-

nected semi-regular spaces, the properties: Hurewicz, semi-Hurewicz, α-Hurewicz,
θ-Hurewicz, almost-Hurewicz, nearly Hurewicz and mildly Hurewicz are equiva-
lent. We have also proved that for an extremally disconnected space X, every
finite power of X has the θ-Hurewicz property if and only if X has the selection
principle Ufin(θ-Ω, θ-Ω). The preservation under several types of mappings of α-
-Hurewicz and θ-Hurewicz properties are also discussed. Also, we have shown that

if X is a mildly Hurewicz subspace of ωω , than X is bounded.

1. Introduction and Preliminaries

The classical Hurewicz property has a long history going back to the pa-
per [12]. A topological space X has he Hurewicz property if for each sequence
(Ak : k ∈ N) of open covers of X there exists a sequence (Bk : k ∈ N), where
for each k, Bk is a finite subset of Ak such that for each x ∈ X, x ∈ ⋃Bk for all
but finitely many k. The Hurewicz property is weaker than the σ-compactness
and stronger than the Lindelöf property.
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Recently, several weak variants of the Hurewicz property have been studied
after applying the interior and closure operators in the definition of the Hurewicz
property. Other ways have also been investigated where a sequence of open covers
is replaced with generalized open sets. To study variants of Hurewicz spaces,
the readers can see [2,3,13,16–18,29].

In [11, 15], the authors investigated the various classes of the Menger cover-
ing properties. Similarly, in this paper, we investigate the covering properties,
namely α-Hurewicz, θ-Hurewicz, which are analogous to the classical Hurewicz
property.

The following generalizations of open sets will be used for definitions of vari-
ations on the Hurewicz property:

A subset A of a topological space X is said to be:

• θ-open [31] if for every x in A, there exists an open set B in X such that
x ∈ B ⊂ Cl(B) ⊂ A.

• α-open [26] if A ⊂ Int
(
Cl(Int(A))

)
, or equivalently, if there exists an open

set B in X, such that B ⊂ A ⊂ Int
(
Cl(B)

)
. The complement of α-open

set is α-closed. Moreover, a set A is α-closed in X if Cl
(
Int(Cl(A))

) ⊆ A.

• semi-open [20] if there exists an open set B in X such that B ⊂ A ⊂ Cl(B),
or equivalently, if A ⊂ Cl

(
Int(A)

)
. The set SO(X) denotes the collection

of all semi-open sets. The complement of a semi-open set is semi-closed,
sCl(A) denotes the semi-closure of A, sCl(A) is the intersection of all semi-
-closed sets containing A. A ⊆ X is semi-closed if and only if sCl(A) = A.

Clearly, we have:

clopen ⇒ θ-open ⇒ open ⇒ α-open ⇒ semi-open.

par A space X is said to be α-compact [23] (θ-compact [19]) if every α-open
(θ-open) cover of X has a finite subcover.

Recall that a space X is said to be semi-regular [5] if for each x ∈ X and
for each semi-closed set A such that x �∈ A, there exist disjoint semi-open sets
B and C of X such that x ∈ B and A ⊂ C.

����� 1.1 ( [5])� For a space X, the following statements are equivalent:

(i) X is semi-regular;

(ii) For each x ∈ X and A ∈ SO(X) such that x ∈ A, there exists a B ∈ SO(X)
such that x ∈ B ⊂ sCl(B) ⊂ A.

����	�
��	 1.2� A space X is called semi-Hurewicz [16] (resp. mildly Hurewicz
[17], θ-Hurewicz, α-Hurewicz) if for each sequence (Ak : k ∈ N) of semi-open
(resp. clopen, θ-open, α-open) covers of X, there exists a sequence (Bk : k ∈ N)
such that for each k ∈ N, Bk is a finite subset of Ak and for each x ∈ X, x ∈ ⋃Bk

for all but finitely many k.
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Evidently, we have the following implications:

semi-Hurewicz ⇒ α-Hurewicz ⇒ Hurewicz ⇒ θ-Hurewicz ⇒ mildly Hurewicz.

The above properties are also written in the form of a selection principle. Let
A and B be collections of subsets of the space X. Then, the space X satisfies
the selection principle Ufin(A,B) if for each sequence (Ak : k ∈ N) in A there
exists a sequence (Bk : k ∈ N) where for each k, Bk is a finite subset of Ak

such that {∪Bk : k = 1, 2, 3, ...} is in B [28]. An infinite cover C of X is called
γ-cover (resp. c-γ-cover, θ-γ-cover, α-γ-cover, s-γ-cover) if each element of C is
open (resp. clopen, θ-open, α-open, semi-open) such that for each x ∈ X, the
set {U ∈ C : x �∈ U} is finite. Let Γ, c-Γ θ-Γ, α-Γ, s-Γ denote the collection of all
γ, c-γ, θ-γ, α-γ, s-γ covers of X, respectively, and O, CO, θ-O, α-O, s-O denote
the collection of all open, clopen, θ-open, α-open, semi-open covers of a space
X, respectively. Then, the Hurewicz, mildly Hurewicz, θ-Hurewicz, α-Hurewicz,
semi-Hurewicz property of X is equivalent to selection principles Ufin(O,Γ),
Ufin(CO, c-Γ), Ufin(θ-O, θ-Γ), Ufin(α-O, α-Γ), Ufin(s-O, s-Γ), respectively.
In this paper, we study the α-Hurewicz and the θ-Hurewicz properties in details.

Throughout the paper, a space X and (X, τ) mean a topological space and
|X| denotes the cardinality of X. For a subset A of a space X, Int(A) and A
or Cl(A) denote the interior and closure of A, respectively. Further, ω and ω1

denote the first infinite cardinal and uncountable cardinal, respectively.

2. θ-Hurewicz Spaces and α-Hurewicz Spaces

First, recall that the family of all θ-open (resp. α-open) sets of a space (X, τ)
are form topologies on X denoted by τθ [21] (resp. τα [26]). Further, τθ⊆τ⊆τα.
The role of θ-open and α-open sets have been invastigated in many papers
(see, [19,23])

Clearly, a space (X, τ) is θ-Hurewicz (resp. α-Hurewicz) if and only if the space
(X, τθ) (resp. (X, τα)) is Hurewicz.

�
����� 2.1� Every countable space X has the α-Hurewicz property.

P r o o f. Let X = {x1, x2, . . . , xn, . . . , } be a countable space. Let (Ak)k∈N be
a sequence of α-open covers of X. For each k ∈ N, consider

Bk = {Ak,1, Ak,2, . . . , Ak,k},
where for each i ∈ {1, 2, . . . , k}, Ak,i is α-open such that xi ∈ Ak,i. Then, Bk is a
finite subset of Ak and for each x ∈ X, x ∈ ⋃Bk for all but finitely many k. �
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Similarly, we can prove that every countable space has the θ-Hurewicz
property.

Example.

(1) Every α-compact space is α-Hurewicz. However, the converse is not true.
The real line R with the cocountable topology is α-Hurewicz being semi-
-Hurewicz [16], but it is not α-compact since every α-compact space is
compact.

(2) Every θ-compact space is θ-Hurewicz. However, the converse is not true.
Let X be a countably infinite discrete space. Then, the space X has the
θ-Hurewicz property, but the θ-open cover {{x} : x ∈ X} has no finite
subcover.

(3) The real line R is a Hurewicz space, but it is not semi-Hurewicz [16].

(4) The Sorgenfrey line S does not have the α-Hurewicz property because it
does not have the Hurewicz property.

Example. Let A be a nonempty finite subset of an uncountable set X. Then,
τ = {φ,A,X} is a topology on X. Clearly, the space (X, τ) is Hurewicz.
Moreover, the sets of the forms A ∪ {p}, for p ∈ X \ A, are α-open in (X, τ).
For each k ∈ N, put Ak = {A∪{p} : p ∈ X\A}. Then, the sequence (Ak : k ∈ N)
witnesses that (X, τ) is not an α-Hurewicz space because the cover Ak does not
have a countable subcover.

Example. Let p be a fixed point of an uncountable set X. Then, τp = {O ⊆ X :
p ∈ O} together with an empty set is an uncountable particular point topology
on X. In [30], it is shown that the space X is not Lindelöf, so X cannot be
Hurewicz since every Hurewicz space is Lindelöf. Note that the space X is the
only closed set containing p. Then, Cl(A) = X for each A �= ∅, A ∈ τp. Hence, φ
and X are the only θ-open sets. Therefore, X is θ-Hurewicz space.

A space X is said to be nearly Hurewicz [2] (resp. almost Hurewicz [29]) if
for each sequence (Ak : k ∈ N) of open covers of X, there exists a sequence
(Bk : k ∈ N), where for each k ∈ N, Bk is a finite subset of Ak such that for each
x ∈ X, x ∈ ∪{Int(Cl(B)

)
: B ∈ Bk} (resp. x ∈ ∪{Cl(B) : B ∈ Bk}) for all but

finitely many k.

Evidently, from the definitions, the following implications follow:

Hurewicz ⇒ nearly Hurewicz ⇒ almost Hurewicz.

The following theorem describes a relation between almost Hurewicz and θ-
Hurewicz space.
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�
����� 2.2� Every almost Hurewicz space is θ-Hurewicz.

P r o o f. Let X be an almost Hurewicz space and (Ak : k ∈ N) be a sequence
of θ-open covers of X. Then, for each k ∈ N and each x ∈ X, there is an open
set Bx,k such that x ∈ Bx,k ⊂ Cl(Bx,k) ⊂ Ak for some Ak ∈ Ak. For each k, put
Bk = {Bx,k : x ∈ X}. Then, each Bk is an open cover of X. Since X is an almost
Hurewicz, for each k ∈ N, there is a finite subset B′

k of Bk such that x ∈ X,
x ∈ ∪{Cl(B′) : B′ ∈ B′

k} for all but finitely many k. Since for each B′ ∈ B′
k,

there is a A′
k,B′ ∈ Ak such that Cl(B′) ⊂ A′

k,B′ . Let

A′
k = {Ak,B′ ∈ Ak : B′ ∈ B′

k}.
Then, the sequence (A′

k : k ∈ N) witnesses that X is θ-Hurewicz. �

Next, we determine a class of spaces in which the above variants of the
Hurewicz property are equivalent. Recall that a space X is called extremally
disconnected if the closure of an open set is open.

�
����� 2.3� For an extremally disconnected semi-regular space X, the fol-
lowing statements are equivalent:

(1) X is semi-Hurewicz;

(2) X is α-Hurewicz;

(3) X is Hurewicz;

(4) X is nearly Hurewicz;

(5) X is almost Hurewicz;

(6) X is θ-Hurewicz;

(7) X is mildly Hurewicz.

P r o o f. Already proven (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (6) ⇒ (7). For (7)
⇒ (1), let (Ak : k ∈ N) be a sequence of semi-open covers of X. Then,
by Lemma 1.1, for each x ∈ X, we have a Bk,x ∈ SO(X) such that x ∈ Bk,x ⊂
sCl(Bk,x) ⊂ A for some A ∈ Ak. For k ∈ N, put Bk = {Bk,x : x ∈ X}. Then,
(Bk : k ∈ N) is a sequence of semi-open covers of X. As X is extremally discon-
nected, by [14, Proposition 4.1], we have B ⊂ Int

(
Cl(B)

)
. For each B ∈ SO(X),

Cl
(
Int(Cl(B))

)
is clopen in X. Put Ck = {Cl(Int(Cl(B))

)
: B ∈ Bk}. Then,

(Ck : k ∈ N) is a sequence of clopen covers of X. As X is mildly Hurewicz,
there exists a sequence (C′

k : k ∈ N), where for each k, C′
k is a finite subset of Ck

such that for x ∈ X, x ∈ ∪C′
k for all but finitely many k. Observe that for each

subset A of X, Int(Cl(A)) ⊂ sCl(A) and from the extremal disconnectedness
of X, sCl(A) = Cl(A) for each A ∈ SO(X). From the above construction, for
each C′ ∈ C′

k we have a AC′ ∈ Ak such that C′ ⊂ AC′ . Then, for k ∈ N, let
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A′
k = {AC′ : C′ ∈ C′

k}. Hence the sequence (A′
k : k ∈ N) witnesses that X is

semi-Hurewicz. �

In the following examples, we show that the extremal disconnectedness and
semi-regularity are necessary conditions in Theorem 2.3.

Example. Consider a real line R with the usual topology. Then, R is a semi-
regular mildly Hurewicz space, but it is not an extremally disconnected space.
On the other hand, R is not semi-Hurewicz [16].

Example. Let A be a nonempty finite subset of an uncountable set X. Then,
τ = {φ,A,X} is a topology on X. Then, X is an extremally disconnected space.
Moreover, X is a mildly Hurewicz space, but does not hold the semi-Hurewicz
property (see, Example 2).

In an extremally disconnected space, zero-dimensionality and semi-regularity
are equivalent ( [27], Theorem 6.4). We have the following corollary:

��������� 2.4� For an extremally disconnected, zero-dimensional space X,
the following statements are equivalent:

(1) X is semi-Hurewicz;

(2) X is α-Hurewicz;

(3) X is Hurewicz;

(4) X is nearly Hurewicz;

(5) X is almost Hurewicz;

(6) X is θ-Hurewicz;

(7) X is mildly Hurewicz.

A space X is called S-paracompact [1] if for every open cover of X there
exists a locally finite semi-open refinement. A S-paracompact Hausdorff space
X is semi-regular [1]. Hence, the properties mentioned in Theorem 2.3 are also
equivalent for an extremally disconnected S-paracompact Hausdorff spaces.

It is known that the Stone-C̆ech compactification of a discrete space is ex-

tremally disconnected compact Hausdorff space. Thus, the class of Stone-C̆ech
compactification of discrete spaces is contained in the class of extremally dis-
connected S-paracompact Hausdorff spaces, and it turns out to be a subclass
of extremally disconnected semi-regular spaces.

�
����� 2.5� For a space X, the following statements are equivalent:

(1) X has the θ-Hurewicz property;

(2) X satisfies Ufin(θ-Ω, θ-O).
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P r o o f.

1⇒ 2.: It follows from the fact that each θ-γ-cover of X is a θ-open
cover of X.

2⇒ 1.: Let (Ak : k ∈ N) be a sequence of θ-open covers of X.

Let N = Y1 ∪ Y2 ∪ · · · ∪ Ym ∪ · · · be a partition of N into countably many
pairwise disjoint infinite subsets. For each k, let Bk contain all sets of the form

Ak1
∪Ak2

∪ · · · ∪Akn
, k1 ≤ · · · ≤ kn,

ki ∈ Yk, Aki
∈ Ak, i ≤ n, n ∈ N.

Then, for each k, Bk is a θ-ω-cover ofX. Applying Ufin(θ-Ω, θ-O) on the sequence
(Bk : k ∈ N), there is a sequence (Ck : k ∈ N), where for each k, Ck is a finite
subset of Bk such that x ∈ X x ∈ ∪Ck for all but finitely many k. Assume that
Ck = {C1

k , . . . , C
mk

k }, then, by the above construction,

Ci
k = A

ki1

k ∪, . . . , ∪Akin

k , Ci
k ∈ Ck.

Thus for each k, we have a finite subset A′
k of Ak such that ∪Ck ⊆ ∪A′

k.
Hence, X has the θ-Hurewicz property. �

On the similar lines, we can prove that a spaceX has the α-Hurewicz property
if and only if X satisfies the selection principle Ufin(α-Ω, α-O).

�
����� 2.6� If each finite power of the spaceX is θ-Hurewicz, then X satisfies
Ufin(θ-Ω, θ-Ω).

P r o o f. Let (Ak : k ∈ N) be a sequence of open θ-ω-covers of X. For each l ∈ N,
we put Bk = {Al : A ∈ Ak}. For each l ∈ N, applying the θ-Hurewicz property
to the sequence (Bk : k ∈ N) of θ-open covers of X l, for each k ∈ N we have
finite subfamilies Ck of Bk such that x∈X l, x∈∪Ck for all but finitely many k.
For k ∈ N, let A′

k = {A ∈ Ak : Al ∈ Ck}. Then, the sequence (A′
k : k ∈ N)

witnesses that X satisfies Ufin(θ-Ω, θ-Ω). �

In a similar way, we can prove that if each finite power of the space X is
α-Hurewicz, then X satisfies Ufin(α-Ω, α-Ω).

����� 2.7 ([11])� Let X be an extremally disconnected space. Then, for each
θ-ω-cover A of Xk, k ∈ N, there exists a θ-ω-cover B of X such that the θ-open
cover {Bk : B ∈ B} of Xk refines A.

�
����� 2.8� Let X be an extremally disconnected space. If X has the property
Ufin(θ-Ω, θ-Ω), then for each n ∈ N, Xn also has this property.
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P r o o f. Let (Ak : k ∈ N) be a sequence of θ-ω-covers ofXn. Then, by Lemma 2.7,
there exists a θ-ω-cover Bk of X such that {Bn : B ∈ Bk} refines Ak. Apply
the condition Ufin(θ-Ω, θ-Ω) of X on the sequence (Bk : k ∈ N), then, for each
k ∈ N, there exists a finite subset Ck of Bk such that {∪Ck : k ∈ N} forms
a θ-ω-cover of X. Since {Bn : B ∈ Bk} refines Ak, for each C ∈ Ck, we have
AC ∈ Ak such that Cn ⊂ AC . For k ∈ N, let

A′
k = {AC ∈ Ak : C ∈ Ck}.

Thus, the sequence (A′
k : k ∈N) witnesses that Xn has the property Ufin(θ-Ω,

θ-Ω). �

Thus, from Theorem 2.5, Theorem 2.6 and Theorem 2.8, we obtained the
following corollary.

��������� 2.9� Let X be an extremally disconnected space. Then, every finite
power of X is θ-Hurewicz if and only if X satisfies Ufin(θ-Ω, θ-Ω).

3. Preservation in Subspaces and Mappings

In this section, we analyse the properties of α-Hurewicz and θ-Hurewicz
spaces. We investigate the behaviour of these properties under subspaces and
various type of mappings. In the following example, we show that α-Hurewicz is
not a hereditary property.

Example. Let x0 be a fixed point of an uncountable set X. Then, the family

τ = {A ⊂ X : x0 /∈ A} ∪ {A ⊂ X : X \A is finite}
of subsets of X forms a topology on X. It is easy to prove that the space (X, τ)
is α-Hurewicz. Consider the subspace Y =X \ {x0} of (X, τ). Then, one point
set {x}, x ∈ Y is α-open in Y. Then, the α-open cover A= {{x} : x ∈ Y } of Y
has no countable subcover. Hence, the subspace Y of the space (X, τ) is not
α-Hurewicz.

Note that Y is also an open (α-open) subset of (X, τ). Hence, an open
(α-open) subspace of a α-Hurewicz space need not be α-Hurewicz.

Remark 1� Let X be the space considered in Example 3. It is also easy to prove
that X is a θ-Hurewicz space. On the other hand, the open subspace

Y = X \ {x0} of X is not θ-Hurewicz.

It means that the θ-Hurewicz property is also not hereditary.

However, the α-Hurewicz and θ-Hurewicz properties are preserved under
clopen subsets as shown below in Proposition 3.1.
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�������
��	 3.1� A clopen subspace of the α-Hurewicz (θ-Hurewicz) space is
α-Hurewicz (θ-Hurewicz).

P r o o f. Let Y be a clopen subspace of the α-Hurewicz spaceX. Let (Ak : k ∈ N)
be a sequence of α-open covers of Y. Then, (Bk : k ∈ N) is a sequence of α-open
covers of X, where Bk = Ak ∪ {X \ Y } for each k. Since X is α-Hurewicz, there
is a sequence (B′

k : k ∈ N), where B′
k is a finite subset of Bk such that x ∈ X,

x ∈ ⋃B′
k for all but finitely many k. We observe that for each y ∈ Y,

y ∈
⋃

B′
k \ {X \ Y }.

That means that Y is an α-Hurewicz space. We can prove a similar result for θ-
-Hurewicz space. �

�������
��	 3.2� Let Y be a subspace of the space X. If Y is θ-Hurewicz,
then for each sequence (Ak : k ∈ N) of covers of Y by θ-open sets of X, there
is a sequence (Bk : k ∈ N), where for each k, Bk is a finite subset of Ak such
that for each y ∈ Y , y ∈ ∪Bk for all except finitely many k.

P r o o f. Let Y be θ-Hurewicz subspace of the space X. Let (Ak : k ∈ N) be
a sequence of covers of Y by θ-open sets of X. Put

Bk = {Y ∩ A : A ∈ Ak}.
Then, (Bk : k ∈ N) is a sequence of θ-open covers of Y and Y is θ-Hurewicz,
there exists a finite subset Ck of Bk such that y ∈ Y, y ∈ ∪Ck for all but
finitely many k. Let A′

k = {A ∈ Ak :A ∩ Y ∈ Ck}.
Then, the sequence (A′

k : k ∈ N) witnesses our requirement. �

In the following example, we show that the converse of the above theorem
does not hold.

Example. Let

U = {uα : α < ω1}, V = {vi : i ∈ ω} and W = {〈uα, vi〉 : α < ω1, i ∈ ω}.
Let X = W ∪ U ∪ {x′}, x �∈ W ∪ U.

Topologize X as follows: for uα ∈ U , α < ω1 the basic neighborhood takes
of the form Auα

(i) = {uα} ∪ {〈uα, vj〉 : j ≥ i, i ∈ ω},
the basic neighborhood of x′ takes of the form

Ax′(α) = {x′} ∪
⋃

{〈uβ, vi〉 : β > α, i ∈ ω}, α < ω1

and each point of W is isolated.
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Consider the subspace Y = {uα : α < ω1} ∪ {x′} of the space X. Observe
that the singleton set {y}, y ∈ Y, is θ-open in Y . Thus, the family {{y} : y ∈ Y }
is an uncountable θ-open cover of Y which has no countable subcover. Hence, Y
is not θ-Hurewicz.

Next, we show that Y for each sequence (Ak : k ∈ N) of covers of Y by θ-open
sets of X, there exists a sequence (Bk : k ∈ N), where for each k, Bk is a finite
subset of Ak such that for each y ∈ Y , y ∈ ∪Bk for all but finitely many k.

Let (Ak : k ∈ N) be a family of θ-open sets of X such that for each k ∈ N,
Y ⊆ ∪Ak. Then for each k ∈ N, there is an open set Bk and Ak ∈ Ak such
that x′ ∈ Bk ⊂ Bk ⊂ Ak. From the construction of topology on X for each k,
there exists a βk < ω1 such that Ax′(βk) ⊆ Bk, Ax′(βk) ⊆ Bk. Thus, for each
k, {uα : α > βk} ∪ {x′} ⊆ Bk ⊂ Ak and Y ′

k =
⋃

α≤βk
uα is countable. Thus,(⋃

k∈N
Y ′
k

)∩Y is countable. As similiar to Theorem 2.1, we can find a subset A′
k

of Ak such that for each y ∈ (⋃k∈N
Y ′
k

) ∩ Y , y ∈ ∪A′
k for all but finitely many

k. For each k ∈ N, let A′′
k = A′

k ∪ {Ak}. Then, A′′
k is a finite subset of Ak and

for each y ∈ Y , y ∈ ∪A′′
k for all but finitely many k.

The mapping f : X → Y from a space X to a space Y is said to be:

1. α-continuous [25] (α-irresolute [24]) if the preimage of each open (α-open)
set of Y is α-open in X.

2. α-open (strongly α-open) if the image of each α-open set of X is α-open
(open) in Y.

3. θ-continuous ( [9], [10]) (resp. strongly θ-continuous [22]) if for each x ∈ X
and each open set B of Y containing f(x) there exists an open set A of X
containing x such that f

(
Cl(A)

) ⊂ Cl(B) (resp. f
(
Cl(A)

) ⊂ B).

�
����� 3.3� An α-continuous image of an α-Hurewicz space is Hurewicz.

P r o o f. Let X be an α-Hurewicz space and f : X → Y be an α-continuous
map from X onto a space Y. Let (Ak : k ∈ N) be a sequence of open covers of Y.
Since f is α-continuous, then for each k ∈ N, {f−1(Ak) : Ak ∈ Ak} is an α-open
cover of X. Since X is α-Hurewicz, there is a sequence (Bk : k ∈ N), where
for each k, Bk is a finite subset of Ak such that x ∈ X, x ∈ ⋃{f−1(B) : B ∈ Bk}
for all but finitely many k. Consider ABk

= f(Bk), k ∈ N. Then, the sequence(
f(B) : B ∈ Bk & k ∈ N

)
witness that Y is Hurewicz. �

Similarly, we can prove the following theorem.

�
����� 3.4� An α-irresolute image of an α-Hurewicz space is α-Hurewicz.

Since each continuous map is α-continuous, we have the following corollary:

��������� 3.5� A continuous image of an α-Hurewicz space is Hurewicz.
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�
����� 3.6� A strongly θ-continuous image of a θ-Hurewicz space X is
Hurewicz.

P r o o f. Let X be a θ-Hurewicz space and f : X → Y be a strongly θ-continuous
map from X onto a space Y . Consider the sequence (Ak : k ∈ N) of open covers
of Y . Then, for each k and for each x ∈ X, f(x) ∈ Ak for some Ak ∈ Ak.
From the strongly θ-continuity of f , there is an open set Bx,k containing x such
that f

(
Cl(Bx,k)

) ⊂ Ak. This means that f−1(Ak) is θ-open. Then for each

k ∈ N, {f−1(A) : A ∈ Ak} is a θ-open cover of X. As X is θ-Hurewicz, there is
a sequence (Ck : k ∈ N), where for each k, Ck is a finite subset of Ak such that
x ∈ X, x ∈ ⋃{f−1(C) : C ∈ Ck} for all but finitely many k. Then, we have

Y = f(X) = f

( ⋃
C∈Ck

f−1(C)

)
=
⋃

Ck.

Hence, Y is Hurewicz. �

�
����� 3.7� A θ-continuous image of a θ-Hurewicz space X is θ-Hurewicz.

P r o o f. Let f : X → Y be a θ-continuous map from a θ-Hurewicz space X onto
a space Y . Let (Ak : k ∈ N) be a sequence of θ-open covers of Y . Then, for each
k ∈ N, {f−1(A) : A ∈ Ak} is a θ-open cover of X because f is θ-continuous.
Since X is θ-Hurewicz, there is a sequence (Bk : k ∈ N) where for each k, Bk is
a finite subset of Ak such that x ∈ X, x ∈ ⋃B∈Bk

f−1(B) for all but finitely
many k. For each k and for each Bk ∈ Bk, we may choose Ak ∈ Ak such that
Bk = f−1(Ak). Then, we have

Y = f(X) = f

( ⋃
B∈Bk

f−1(B)

)
=
⋃

Bk.

Hence, Y is θ-Hurewicz. �

Since continuity implies θ-continuity, we have the following corollary:

��������� 3.8� A continuous image of a θ-Hurewicz space is θ-Hurewicz.

�
����� 3.9� For a space (X, τ), the following statements are equivalent:

(1) (X, τ) is α-Hurewicz;

(2) (X, τ) admits a strongly α-open bijection onto a Hurewicz space (Y, τ ′).

P r o o f.

(1)⇒(2): Let (X, τ) be an α-Hurewicz space, then (X, τα) is Hurewicz.
The identity map IX : (X, τ) → (X, τα) is a strongly α-open bijection.
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(2)⇒(1): Assume that f : (X, τ) → (Y, τ ′) is a strongly α-open bijection
from a space (X, τ) onto a Hurewicz space (Y, τ ′). Let (Ak : k ∈ N) be
a sequence of α-open covers of (X, τ). Then, for each k ∈ N, {f(Ak) :
Ak ∈ Ak} is an open cover of Y. Since Y is Hurewicz space, there exists
a sequence (Bk : k ∈ N), where for each k, Bk is a finite subset of Ak such
that for each y ∈ Y , y ∈ ⋃{f(B) : B ∈ Bk} for all but finitely many k.
Hence, for each x ∈ X, x ∈ ⋃Bk for all but finitely many k. �

4. Characterizations of Variants of Hurewicz Spaces

Let ωω be a set of all functions f : ω → ω. The set ωω is equipped with
the product topology. Define a relation ≤∗ on ωω as follows:

f ≤∗ g if f(n) ≤ g(n)

for all but finitely many n. Then, the relation ≤∗ on ωω is reflexive and transitive.
Let H be a subset of ωω. We say H is a bounded if H has an upper bound
with respect to ≤∗, otherwise H is unbounded. We say H is dominating if it
is cofinal in (ωω,≤∗). Let b be the smallest cardinality of an unbounded subset
of ωω with respect to ≤∗. The cardinal b is known as the bounding number.
It is not difficult to prove that ω1 ≤ b ≤ d ≤ c and it is known that ω1 < b = c,
ω1 < d = c and ω1 ≤ b < d = c are all consistent with the axioms of ZFC;
for more details, see [6].

�
����� 4.1� Let X ⊂ ωω. If X is a mildly Hurewicz space, then X is bounded.

P r o o f. Let us assume that X be an unbounded subset of ωω. For fx ∈ X and
n ∈ ω, let

Afx
n = {h ∈ X : h(i) ∈ {fx(1), fx(2), . . . , fx(n)}, 1 ≤ i ≤ n}.

Then, Afx
n is a basic open set of X containing fx. Moreover, if g �∈ Afx

n , then
there exists an i ∈ ω such that 1 ≤ i ≤ n and g(i) �∈ {fx(1), fx(2), . . . , fx(n)}.
Then, we have an open set Bg

n =
{
h ∈ X : h(i) ∈ ω \ {fx(1), fx(2), . . . , fx(n)}

}
of X containing g such that Bg

n ∩ Afx
n = ∅. This implies that g �∈ ClX(Afx

n ).
Hence, ClX(Afx

n ) ⊆ Afx
n which implies that Afx

n is closed. For each n ∈ ω, put
An = {Afx

n : fx ∈ X}. Then, An is a clopen cover of X and (An : n ∈ ω) is
a sequence of clopen covers of X. For n ∈ ω and for any finite subset Bn of An,
let nfx = max{fx(1), fx(2), . . . , fx(n) : fx ∈ Afx

n }. Define a function f : ω → ω
as follows:

f(n) = max
{
nfx : Afx

n ∈ Bn

}
+ 1.

From the assumption of unboundedness of X,there exists f ′ ∈ X such that
f ′ �≤∗ f , that is, f(n) < f ′(n) for infinitely many n. Hence, for infinitely many
n, f ′ �∈ Afx

n , Afx
n ∈ Bn. Thus, f

′ �∈ ⋃Bn for infinitely many n. This means that
X does not have the mildly Hurewicz property. This completes the proof. �
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��������� 4.2� The dominating subset D of ωω is not mildly Hurewicz.

By Theorem 4.1, the following corollaries follows directly:

��������� 4.3� Let X be a θ-Hurewicz subspace of ωω, then X is bounded.

��������� 4.4� Let X be a nearly Hurewicz subspace of ωω, then X is bounded.

��������� 4.5� Let X be an almost Hurewicz subspace of ωω, then X is
bounded.

�
����� 4.6� Let X be a θ-Hurewicz space. Then, every θ-continuous image
of X in ωω is bounded.

P r o o f. Let F : X → ωω be a θ-continuous map from the θ-Hurewicz space X
to ωω. Then, F (X) is a θ-Hurewicz space. Hence, F (X) is bounded. �
��������� 4.7� Every continuous image of a θ-Hurewicz space X in ωω is
bounded.

��������� 4.8� Every continuous image of a Hurewicz space X in ωω is
bounded.

��������� 4.9� Every continuous image of a nearly Hurewicz space X in ωω

is bounded.

��������� 4.10� Every continuous image of an almost Hurewicz space X
in ωω is bounded.

����	�
��	 4.11� A space X is said to be θ-Lindelöf if each θ-open cover of X
has a countable subcover.

�
����� 4.12� Let X be a θ-Lindelöf space. If the cardinality of X is less
than b, then X is θ-Hurewicz.

P r o o f. Let X be a θ-Lindelöf space with |X| < b. If X is not a θ-Hurewicz
space, then there exists a sequence (An : n ∈ ω) of θ-open covers of X such that
for each n and for each finite subset Bn of An, there exists a x ∈ X such that
x �∈ ∪Bn for infinitely many n. Since X is θ-Lindelöf, assume that for each

n, An = {Aj
n : j ∈ ω}.

For each x ∈ X, define fx : ω → ω as :

fx(n) = min{j : x ∈ Aj
n}.

Let D = {fx : x ∈ X}. Then, D is an unbounded set. If D is bounded, then
there exists a f ∈ ωω such that fx ≤∗ f for all fx ∈ D. For n ∈ ω, put
Bn = {Aj

n : j ≤ f(n)}. Then for each x ∈ X, x ∈ ∪Bn for all but finitely many
n. This leads to a contradiction with the fact that there is a x ∈ X such that
x �∈ ∪Bn for infinitely many n. Thus, D is an unbounded set. Hence, b ≤ |D|.
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Since |X| < b, it is mapped surjectively to D. This leads to a contradiction.
Hence, X must be a θ-Hurewicz space. �

�
����� 4.13� Let X be a topological space with |X| < b. The following state-
ments are equivalent.

(1) X is mildly Hurewicz.

(2) X is mildly Lindelöf.

P r o o f.

(1) =⇒ (2): Trivial.

(2) =⇒ (1): Similar to the proof of Theorem 4.11. �

��������� 4.14� Let X be a subset of real line R. If X is not θ-Hurewicz,
then |X| ≥ b.

��������� 4.15� Let X be a subset of real line R. If X is not mildly Hurewicz,
then |X| ≥ b.

Remark 2�
In [31], Velicko defined the θ-closure operator which is denoted by Clθ(A).
For A ⊂ X,

Clθ(A) = {x ∈ X : for each neighbourhood U of x,Cl(U ) ∩A �= φ}
and

Cl(A) ⊆ Clθ(A).

Many papers have been published on θ-closure operator (see [4, 7, 8, 19]).
Using the θ-closure operator, it is interesting to investigate the following class
of spaces. A spaceX is called θ-almost Hurewicz if for each sequence (Ak : k ∈ N)
of open covers of X there exists a sequence (Bk : k ∈ N), where Bk is a finite
subset of Ak for each k, such that for each

x ∈ X, x ∈
⋃{

Clθ
(
Cl(B)

)
: B ∈ Bk

}
for all but finitely many k. Observe that every almost Hurewicz space is almost
θ-Hurewicz.
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