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ABSTRACT. Let M be a Hilbert C*-module. A linear mapping ¢ : M — M
is said to be a Hilbert C*-module Jordan homomorphism on M if it satisfies
the equation ¥ ({a,b)a) = ((a),(b))y(a) for all a,b € M. In this paper, we
show that if M is prime, then every Hilbert C*-module Jordan homomorphism
1 from M onto M is a Hilbert C*-module homomorphism or a Hilbert C*-
-module anti-homomorphism on M. We also prove a similar result about gener-
alized Hilbert C*-module Jordan homomorphism.

1. Introduction

An additive mapping h of a ring R into a 2-torsion free ring R’ is called
a homomorphism (anti-homomorphism) if h(ab) = h(a)h(b) (h(ab) = h(b)h(a))
for all a,b € R. If h(ab + ba) = h(a)h(b) + h(b)h(a) for all a,b € R, h is called
a Jordan homomorphism. Herstein [9] showed that every Jordan homomorphism
of a ring R onto a prime ring R’ of characteristic different from 2 and 3 is either
a homomorphism or an anti-homomorphism. Later, Smilley [I4] provided a brief
proof of this result and also removed the requirement that the characteristic
be different from 3. Similar statements as above, proved about Jordan triple
homomorphism [4.[10].

Let A and B be complex algebras, h : A — B be a linear map, and n be
an arbitrary and fixed positive integer. Then, h is called an n-homomorphism if
for all ay,as,...,a, € A, h(aras...a,) = h(a1)h(az)...h(ay,). Moreover, h is
called an n-Jordan homomorphism if for all a € A, h(a™) = h(a)". Lee in [12]
and Gselmann in [8] proved that every n-Jordan homomorphism between two
commutative Banach algebras is an n-homomorphism. Later, this problem was
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solved in [3] based on the property of the Vandermonde matrix, which is different
from the methods that are used in [8] and [12].

In the present paper, our goal is to study the concept of homomorphism and
Jordan homomorphism on Hilbert C*-modules.

The notion of a Hilbert C*-module initiated as a generalization of a Hilbert
space in which the inner product takes its values in a C*-algebra (see [I1]).
Let A be a C*-algebra. An inner product A-module is a complex linear space M
which is a left A-module with compatible scalar multiplication A(az) = (Aa)x =
a(Ax) (A € C,x € M,a € A), together with an A-valued inner product
(z,y) — (x,y) : M x M — A such that for each z,y,z € M, o, € C and
ac€ A,

(i) ¢

(ii) (ax + By, 2) = alz, 2) + B(y, 2),
(iii) (az,y) = alz,y),

(iv) (2, y)" = (y, ).

It follows from the above conditions that (z,x) is a positive element in C*-
-algebra A, the inner product is conjugate-linear in its second variable and
(x,ay) = (z,y)a* for all z,y € M and a € A. An inner pr?duct A-module M
which is complete with respect to the norm ||z||x¢=||(x, )| % is called a Hilbert
A-module or a Hilbert C*-module over the C*-algebra A. For example,
every C*-algebra A is a Hilbert A-module under the A-valued inner product
(a,b) = ab* (a,b € A). Every complex Hilbert space is a left Hilbert C-module.
The notion of a right Hilbert .4-module can be defined similarly.

A Hilbert C*-module M is said to be prime if for elements a,b of M,
(a, M)b =0 implies that a = 0 or b = 0. Equivalently, M is called prime if
for elements a, b of M, validity the equation (a,z)b = 0 for all € M, implies
that @ = 0 or b = 0. M is said to be semiprime if (a, M)a = 0 implies that
a = 0. Trivially, any prime Hilbert C*-module M is semiprime.

A linear mapping ¢ : M — M is called a

(i) Hilbert C*-module homomorphism on M if for all a,b,c € M,

x,z) > 0 and the equality holds if and only if x = 0,

¥({a,b)c) = (1b(a), (b)Y (c), (1)
(ii) Hilbert C*-module anti-homomorphism on M if for all a,b,c € M,

¥({a,b)c) = (¥(c), ¥ (b))¥(a), (2)
(iii) Hilbert C*-module Jordan homomorphism on M if for all a,b,c € M,

¥({a,b)a) = ((a), Y(b))¥(a). (3)

Note that every Hilbert C*-module homomorphism or anti-homomorphism is a
Hilbert C*-module Jordan homomorphism. However, the opposite is generally
not true.
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EXAMPLE. Let M3(C) be a C*-algebra of 2 x 2 complex matrices. The mapping
1 : My(C) — My(C) defined by

w<A>=@{

for all A = [a;;] € M2(C), is a Hilbert C*-module homomorphism on M,(C).

ail + ag1  aiz + a2 ]
b

21 — a1l Aa22 — 412

ExAaMPLE. The set

X 0
M:{X:{ 01 XZ];X1,X1EM2(C)},

under usual matrix operations, is a C*-algebra. The mapping ¢ : M — M
defined by

0 Xy

wn-[ % 0],

for all X € M, is a Hilbert C*-module Jordan homomorphism. Since
((X), p(Y)(X) = (X))o (Y) ¥ (X)

X0 Y: 0 X: 0
0 X, 0 Yy 0 X,
[ Xivixy 0

N 0 X,V X,

_y XY X, 0
N 0 XoV5 Xy

— H(XYX)

= (X, Y)X),

for all X,Y € M. However, it is neither a Hilbert C*-module homomorphism
nor a Hilbert C*-module antihomomorphism. Since

w2y = vy —o ([ 05 B,

while
000 )(E) = ey uz) = | T B

and
(@) )ex) = vy e = | A

forall X,Y, Z € M.
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In this paper, we prove that if M is a prime Hilbert C*-module, then every
Hilbert C*-module Jordan homomorphism from M onto M is a Hilbert C*-
-module homomorphism or anti-homomorphism on M. We also prove a similar
result about generalized Hilbert C*-module Jordan homomorphism.

Information on homomorphisms on algebras can be found in [T}, 141613} [15].
Also, for more information on Hilbert C*-modules and linear operators on them,

see [2L5L7].

2. Hilbert C*-module Jordan homomorphism

In this section, we prove that on a prime Hilbert C*-module M, every Hilbert
C*-module Jordan homomorphism from M onto M is a Hilbert C*-module
homomorphism or a Hilbert C*-module anti-homomorphism. Before proving the
result, we need some lemmas.

LeEMMA 2.1. Let M be a semiprime Hilbert C*-module and a,b € M. If
(a,z)b+(b,x)a =0, for all x € M, then (a,z)b= (b,x)a =0 for all x € M.

1
/ (a,2)b=0 for all x € M, then (b,x)a =0 for all z € M.

Proof. Let a,b € M. Suppose that {(a,z)b+ (b,z)a = 0 for all z € M. Then,
we have

((a,2)b,y)(a, )b = —((b, z)a, y)(a, — (b, z)(a, ><a )b
<ay, I>a$ —((b, (y, a)z)a, z)b
:< a, (y, a)x)b, z)b = ((a, z)(a, y)b, z)b
= (a, )( y)(b,z)b = (a,z)((a,y)b, z)b
= —(a,z){(b,y)a, x)b = —(a,z)(b,y)(a, x)b
7<<a,x>b,y><a,x>b

for all y € M, which implies that <<a, x)b, y><a, )b =0 for all y € M. Since M
is semiprime, we get (a,z)b = 0, and so, (b,x)a = 0 for all x € M.
Now, suppose that (a,z)b =0 for all x € M. Then for all y € M, we have

{(b,x)a,y)(b,z)a = (b,z)(a,y)(b,x)a = (b,xz)({(a,y)b,x)a = 0.

Then, semiprimeness of M implies that (b, z)a = 0 for all x € M. O
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LEMMA 2.2. Let M be a Hilbert C*-module. Then, the following conditions are
equivalent:

(i) M is a prime Hilbert C*-module.

(ii) For a,b € M, validity of (a,z)b+ (b,x)a = 0 for all x € M, implies that

a=0o0orb=0.
(iii) Fora,b € M, validity of (a,z)a = (b, z)b for all x € M, implies that a = b
ora = —b.
Proof.

(i)=(ii): If M is a prime Hilbert C*-module and {(a,z)b + (b,z)a = 0
for all z € M, then by Lemma 21l (a,z)b = 0 for all z € M, and then
by primeness of M, a =0 or b= 0.

(ii)=-(i): Suppose that (a,z)b =0 for all x € M. Then,

<<b, x)a, y><b, x)ya = (b,x){a,y)(b,x)a = (b, x)<<a, y)b, x)a =0,

which implies that (b, z)a = 0 for all z € M. Hence, (a, )b+ (b,z)a =0
for all x € M, and therefore, a = 0 or b = 0. Thus, M is a prime.

(ii)=(iii): Let (a,z)a = (b, 2)b for all x € M. Then,
(a—b,z)(a+b)+ (a+b,x)(a—0b) =0,
forall z € M. Thus,a—b=0ora+b=0.
(iii)=(ii): Let (a,z)b+ (b,x)a = 0 for all z € M. Then,
(a —b,z)(a—b)=(a+bz)(a+b),

for all z € M. Hence,a —b=a+bora—b=—(a+0b). That is, a =0 or
b=0. g

LEMMA 2.3. Let M be a semiprime Hilbert C*-module and A, : M x M x
M — M be mappings which are additive in each variable, and A(a,b,a) =
Q(a,b,a)=0 for all a,b € M. If

(A(a,b,c),z)Q(a,b,c) =0, (4)
for all a,b,c,xz € M, then (A(a,b,c),z)Q(c,b,a) =0 for all a,b,c,z € M.
Proof. Suppose that (A(a,b,c),z)Q(a,b,c) = 0 for all a,b,c,x € M, then

by Lemma 21 we get (Q(a,b,c), x)A(a,b,c) =0 for all a,b, ¢,z € M.
Replacing a and ¢ by a + ¢ in (@), we have

(Ala+e,bya+c),x)Qa+c,ba+c) =0,
which implies that
(A(a,b,c),z)Qc,b,a) + (A(e,b,a),2)Q(a, b, c) =0,
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for all a,b,c,x € M. It follows from
{{A(a,b,c),z)Q(c,b,a),y)(A(a, b, c), z)Qc, b, a)
= —((A(a,b,¢),z)Qc, b, a), y){(A(e, b, a), z)Q(a, b, c)
= —(A(a,b,c),z)(Qc,b,a),y)(A(c,b,a), z)2a, b, c)
= —(A(a,b,c),z){(Q(c,b,a),y)A(c, b,a), z)Q(a, b, c) = 0,
and semiprimeness of M that (A(a,b,c),z)Q(c,b,a) = 0 for all a,b,c,z € M.

J
LEMMA 2.4. Let M be a Hilbert C*module. Then,
<a, (b, (c, x)c>b>a = ({a, b)e, z)(c, ba,
for all a,b,c,z € M.
Proof. Let a,b,c,z € M. Then,
<a, (b, (c, x)c>b>a = (a, (b, &) {x, )b)a = (a, (z,c)b)(c, b)a
= (a,b){c, z){c, ba = ((a, b)e, z){c, b)a.
0

LEMMA 2.5. Let M be a Hilbert C*-module and ¢ : M — M be a Hilbert
C*-module Jordan homomorphism on M. Then,

Y({a,b)c + (e, b)a) = (Y(a), ¥(b))¥(c) + (¥(c), ¥(b))i(a), (5)
for all a,b,c € M.

Proof. Replacing a by a + ¢ in (@), we get

Y({a+cb)(a+c)) = (W(a+c),v(b)v(a+c),
which implies that
w(<a, bya + (c,b)a + (a,b)c + {c, b)c)
= (1(a), ¥ (b))¥(a) + (1(a), (b)Y (c) + (P(c), ¥(b))ib(a) + (¥ (c), (b)) ¥(c),
for all a,b,c € M. Canceling like terms from both sides of the above equation,

we get equation (). O

THEOREM 2.6. Let M be a prime Hilbert C*-module. Then, every Hilbert C*-
-module Jordan homomorphism from M onto M is either a Hilbert C*-module
homomorphism or a Hilbert C*-module anti-homomorphism on M.
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Proof.
Let 9 be a Hilbert C*-module Jordan homomorphism on M and a,b,c € M.
Define

A(a, b, ¢) == P((a,b)c) = ((a), ¥ (b))1(c), (6)
Q(a, b, ¢) == ¢((a, b)c) = (P(c), (b)Y (a). (7)
Trivially, we have
A(a,b,a) = Qa,b,a) =0, A(a,b,c)+ Ae,b,a) =0

and
Q(a,b,c) + Qc,b,a) =0.

We have
$ = ({a, (b (e:x)e)b)a + (¢, (b, (a, 2)a)b)c)
= (¥(@), 0((b, (e, 2)e)p) yua) + (v c)d}<bama>b)> )
= (¥(@), ((b), (e, c>>w ) Yo(a) + (6(e), ((B), ¥((a,2)a)(b) Jo(c)
= ((a), (Y0, ((0), v(@) c>>w b))u(a)
+ (), (b), (@), v(@)) (@) () )b(o),
for all # € M. Thus, using Lemma 24}, we have
§ = (@) p()(e), (@) Y (c), v ())(a)
+ (), pO)(a), (@) YW (a), v (B (e),
for all z € M. On the other hand, using Lemmas 2.4 and 28], we get
S—¢(<<abcx>cba+<<cbax> )
= (¢({a, b)e), (@) p((c, b)a) + (¥ ((c,b)a), ¥ () ({a, b)e)
for all x € M. It follows from the above equations that
(w({a,b)o), w( >> <<c bla) + (((c, bla), () ((a, b)e (8)
= (@), v B)(), () ) ((e), (b)) (a)
+ << (€), L)) (a), v(=) )(Wh(a), v (b)(e),

for all z € M.
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Subtracting
(@), v(®)e(e) (@) Jl(e,b)a) + { (W), w(B)(a), () Y (a, b)e)
from both sides of the above equation, we have
(B(a.b.c),v(a) (e bya) + (Ale,b,a), () Yo (a, b)e)
+ (@), 0 (®)(e), ¥l) ) A e bya) + ({16(e), ¥(B))h(a), () YA (a,bye) = 0,

for all x € M. Since A(e,b,a) = —A(a,b,c), from the above equation, we get
that

(Aa,b¢), v(@) ) (w((e,bha) = v((a,b)e))
+ (), v®)(a) ~ (¥(a), BNY(C), Y(@) )A(a,b,0) =0,
for all x € M. Using the above equation and the equations
»({c,b)a) — ¥({a,b)c) = Qc,b,a) — Ala, b, ¢),
(¥(c),(0))¥(a) — (¢(a), (b)Y (c) = Ala, b, c) — Q(a, b, c),
we have
<A(a, b, c), w(z)> (Q(c, b,a) — A(a, b, c))
+ <A(a, b,c) — Q(a,b,c),¢(m)>A(a, b,c) =0,

for all z € M. From the equation (¢, b, a) = —Q(a, b, ¢) and the above equation,
it follows that

<A(a, b, c), w(x)>Q(a, b,c) + <Q(a, b,c), d)(x)>A(a, b,c) =0,

for all x € M. Since v is onto, we have

(A(a.b.0),y)2a.b.) + (2a,b,0). y )A(a,b,c) = 0,
for all y € M. Since M is semiprime, from Lemma 211 it follows that
<A(a> b7 C)7 y>Q(a7 b7 C) = <Q(a7 b7 C)7 y>A(a7 b7 C) = 07

for all y € M. Since M is prime, from Lemma 2.2] it follows that A(a,b,c) =0
or Q(a,b,c) =0.If A(a,b,c) =0, then we get 1({a,b)c) = (¢ (a),(b))1p(c) and
so, 1 is a Hilbert C*-module homomorphism. If Q(a, b, ¢) = 0, then ¥ ((a, b)c) =
(¢(c), (b)) (a) and so, ¢ is a Hilbert C*-module anti-homomorphism. O
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3. Generalized Hilbert C*-module Jordan homomorphisms

Let M be a Hilbert C*-module. A linear mapping ¢ : M — M is said to be a

(i) generalized Hilbert C*-module homomorphism if there exists a Hilbert C*-
-module homomorphism v : M — M such that

e((a,b)c) = {(p(a), 1 (b))(c), (9)
for all a,b,c € M;

(ii) generalized Hilbert C*-module anti-homomorphism if there exists a Hilbert
C*-module anti-homomorphism v : M — M such that

e((a,b)c) = (p(c), ¥(b))v(a), (10)
for all a,b,c € M,

(iii) generalized Hilbert C*module Jordan homomorphism if there exists
a Hilbert C*-module Jordan homomorphism v : M — M such that

e((a,b)a) = (p(a), (b)Y (a), (11)
for all a,b € M.

In this section, we prove that on a prime Hilbert C*-module M every gener-
alized Hilbert C*-module Jordan homomorphism on M is a generalized Hilbert
C*-module homomorphism when the related Hilbert C*-module Jordan homo-
morphism % is onto.

LemMA 3.1. Let M be a Hilbert C*-module and ¢ : M — M be a generalized
Hilbert C*-module Jordan homomorphism on M with related Hilbert C*-module
Jordan homomorphism 1. Then,

e((a,b)c + (¢, b)a) = (p(a),¥(b))¥(c) + (¢(c), ¥ (b)Y (a), (12)
for all a,b,c € M.

Proof of Lemma [31] is similar to the proof of Lemma 2.5

THEOREM 3.2. Let M be a prime Hilbert C*-module and ¢ be a generalized
Hilbert C*-module Jordan homomorphism on M with the related Hilbert C*-
module Jordan homomorphism . If i is onto, then ¢ is either a general-
ized Hilbert C*-module homomorphism or a generalized Hilbert C*-module anti-
homomorphism on M.
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Proof. Let a,b,c € M and define

(a,b,€) = w({a, b)e) — {ib(a), v(b)) (), (13)
Q(a, b,¢) = ¥((a,b)e) = (¥(c), ¥ (b)) (a), (14)
A'(a,b,¢) = p({a,b)e) = ((a), v(B)) b (c), (15)
(a,b,¢) = pl{a,b)e) = (p(e), H(6)¥(a). (16)
Trivially,
A(a,b,a) = Q(a,b,a) = A'(a,b,a) = V(a,b,a) =0,
A(a,b,c) + A(e,b,a) =0, A'(a,b,c) + Al(e,b,a) =0,
Q(a,b,c) +Qc,b,a) =0 and (a,b,c)+Q(c,b,a) = 0.
We have
5= <,0(<a, (b, (c, x)c>b>a + <c, (b, (a, x)a>b>c)
- <<p(a) Y({b, (¢, )c)b) Yo > a) + <<p(c),1/)(<b a,7)a)b) > b(c)
= (), (6(6), (e, v c>>w ) Y(a) + ((c), ((b), ¥ ((a,m)a) )y b) u(c)
= (w(@), ((0), ((0) c>>w b))u(a)
+ {90, ((0), (¥(a), (@) (@) v (b) Y (e),
for all z € M. Thus, using Lemma 24, we have
$ = ({e(a), w(B)(0), (@) ) (w(e), v(b))i(a)
+ (), v b)) (a), v(@) ) (W(a), v (B (e),
for all € M. On the other hand, using Lemmas 24 and 5, we get
8 = ¢ ({(a,b)e,z) (e, bha+ ({c,b)a, ) a, b)e)
= (¢({a,b)c), ¥(x))({c,b)a) + {p({c,b)a), v (z))¥({a, b)c),
for all x € M. From the above equations, it follows that
{o({a,b)c),1b(x) ) ({e, bya) + {p({c,b)a), ¥ (x) )ib({a, b)c (17)

= (e <a>,w<b>> (). %(a >>< <c>,w<b>>w<a>

+ ({p(e), p(O)a), (@) ) (w(a), bB)Y(e),
for all x € M.
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Subtracting

(tpla), p(®)(e), (@) (e bha) + ((p(e), ¥ (1) (a) (@) Y((a,b)e)

from both sides of the above equation, we have
(&(a,b,0) v(@) p((e bla) + (A'(e,b,a), w(x) )o((a. bie)

+ (@) w(B)(e), ¥la) ) Ales b.a) + ((p(0), ¥(B))(a), ¥(x) ) Ala, by) =0,
for all z € M. Since A(c,b,a) = —A(a,b,c) and A'(¢c,b,a) = —A'(a,b,c),

from the above equation, we get that

(&(a,b, ), (@) ) (w((e.b)a) = ({a. b))
+ ((ple), 0 (B))(a) - (p(a), Y ())(e), v(x) )A(a, by ) =0,

for all x € M. Using the above equation and the equations
P({ce,b)a) — p({a,b)e) = Q(c,b,a) — A(a, b, ¢)
(p(e),(b))b(a) — (p(a),v(b))¥(c) = Al(a,b,¢) — Q'(a, b, c),
we have
<A’(a, b,c), 1[1(x)> (Q(c, b,a) — Aa,b, c))
+ <A’(a,b,c) — ' (a, b, c),z/;(x)>A(a,b,c) =0,

for all z € M. Tt follows from Q(c,b,a) = —Q(a,b,c) and the above equation
that

<A'(a, b, c), 1/}(x)>Q(a, b,c) + <Q'(a, b,c), w(x)>A(a, b,c) =0,
for all z € M. Since v is onto, we get

<A’(a, b,c), y>Q(a, b,c) + <Q'(a, b, c), y>A(a, b,c) =0,

for all y € M. Now, by Theorem [Z8, ¢ is either a Hilbert C*-module homo-
morphism or a Hilbert C*-module anti-homomorphism on M. If ¢ is a Hilbert
C*-module homomorphism, then A(a,b,c) = 0 and so, for all y € M, we have

<A'(a,b,c),y>§2(a, b,c) = 0.

Since M is prime, from Lemma 2] it follows that either A’(a,b,c) = 0 or
Q(a, b, c) = 0. Since 9 is a Hilbert C*-module homomorphism, Q(a, b, ¢) # 0 and
hence, A’(a,b,c) = 0 which implies that ¢ is a generalized Hilbert C*-module
homomorphism. If ¢ is a Hilbert C*-module anti-homomorphism, then a similar
argument shows that ¢ is a generalized Hilbert C*-module anti-homomorphism.

O
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