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ABSTRACT. The main goal of the paper is to characterize the families of [p1, p2]-
-lower superdense subsets of R, which generalize well-known notions of density
topology (in our paper, denoted by L?) and T topology. Dense sets preserve den-
sity, i.e., if £ € Lf, then for every measurable F' C R, £ N F possesses the same
lower and upper density as F' at every z € E'N F. On the other hand, elements
of T preserve positive lower density, i.e., if E € T* F is measurable, x € ENF and
d(F,z) > 0, then d (ENF,z) > 0. Taking arbitrary 0 < o1 < g2 <1, g2 —p1 < 1,
we can define subsets E C R which preserve [o1, p2]-lower density, i.e., if F is
measurable, z € ENF and d (F, z) is greater or not less than g2, then d (ENF, )
is greater or not less than p;. We can define four types of superdense sets, but
three of them are equal. Even though the definition and properties of [g1, g2]-lower
superdensity and T™* topology are similar and all of them consist of very big sets,
these families are essentially different. In the paper, we focus on basic properties,
characterizations of superdense sets and relationships between [g1, p2]-lower su-
perdense sets for different indices [o1, 02]. We apply the notion of [o1, o2]-lower
superdensity to find adders of g-lower continuous functions.

1. Introduction

Density of subsets of R is very old and very well-known property, see, e.g.,
[TH3LEL 7,8, M0, 12, T3]. Elements of density topology play essentially important
role, i.e., the sets which lower density at every point is equal to 1. In [13],
a very wide bibliography on density topology can be found. One of the most
important property of elements of density topology Ll’ is preserving lower and
upper density, i.e., if £ € L?, then intersection E N I possesses the same lower
and upper density as F' for every measurable F' and every x € ENF. In [BO/[12],
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another type of sets preserving density was studied. Elements of T™ topology
preserve positive lower density, i.e., if

EeT* F is measurable and d(F,x) >0,

then
d(ENF,z) >0 forevery z € ENF.

Some types of generalized continuity connected with the notions of density
were studied in [2[7)8[I0]. Families of g-lower continuous functions are examples
of so-called A-continuous functions and path continuous functions with respect
to family A. In [2[T0], one can find many examples of generalized continuities and
path continuities defined in this way. In the case of g-lower continuous functions,
the family A is defined in terms of lower density.

In the paper, we introduce families

L(01,02) and L*(p1,02) of [o1,02] and [01, 02]*-lower superdense sets.

As in the case of density topology and T™ topology, the [p1, 02]-lower superdense
sets have large lower density at every of their points and preserve some aspects
of density if intersection with arbitray measurable set is taken. We also apply
[01, 02]-lower superdense sets to find adders for g-lower continuous functions.

2. Preliminaries

The key concept of our paper is the density of subsets of R. The density
of a measurable set is a very old mathematical concept. Its intensive research
began in the 1920’s. Let A be the Lebesgue measure in R. By & we denote
the class of Lebesgue measurable subsets of R. Let £ € S and x € R. According
to [2], the numbers

d*(E,z) = lim inf AMEN [z, 2 +1])
t—0+ t
and
t—0+ t

are called the right lower density of £ at x and the right upper density of E

at x, respectively. The left lower d~ (F, x) and the left upper d (E,z) densities
of F at = are defined analogously. If

dY(E,z)=d (E,z) or d (E,2)=d (E,z),
then we call these numbers the right density or the left density of E at x, re-

spectively.
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The numbers

t—0t k—0t k+t

_ E —t k
d(E,z) = limsup AMENfz =tz +H)
t—0+,k—0+ k+t

are called the upper and the lower density of E at x, respectively. It is easy to
check that

d(E,z) = max{d (E,z),d (E,z)}
and
d(E,z) =min{d"(E,z),d (E,z)}.

If d(E,z) = d(FE, ), then we call this number the density of £ at 2 and denote
it by d(E,x). If d(E,z) = 1, then we say that z is a point of density of E.
For every o € [0,1) let

L,={Ee€S:d(E,z)>p forevery x € E}.
Similarly, for every o € (0,1] let
¢ _ .
Ly ={EP€S:d(E,r) > forevery z € E}.

A particularly important role is played by Ll’, which creates a topology called
the density topology. Density topology has been the subject of intensive sci-
entific research for many years (see [13]). As we mentioned before the defini-
tions presented above come from Bruckner’s monograph [2]. It is worth not-
ing that the symmetric definition of lower and upper density is also considered
in the literature.

In the paper, we consider g-lower continuous functions for different ¢ € [0, 1].
The p-lower continuity is a kind of generalized continuity. Families of g-lower
continuous functions are examples of so-called A-continuous functions and path
continuous functions with respect to the family A = {A,: © € R}, where A,
is a family of subsets of R containing x, for example, [6L11]. Let I be an open
interval. Then, continuity of the function f: I — R at x € I means that the
pre-image f~!((f(x) —¢, f(z) +€)) contains an element of A, for every & > 0.
Meanwhile, path continuity at © € I means that there is a set ¥ € A, such that
f restricted to E is continuous in ordinary sense at z. Of course, path continu-
ity with respect to A implies A-continuity, and sometimes they are equivalent.
In [2], one can find many examples of generalized continuities defined in this
way. In the case of p-lower continuous functions, the family A is defined in terms
of the lower density.

61



S. KOWALCZYK—M. TUROWSKA

In this paper, we study properties of [01, 02] and [o1, 02]*-lower superdense
sets. These concepts are close and symmetric to notions of density topology and
T* topology, i.e., [01, 02]-lower superdense sets have large lower density at every
of its points and preserve some values of lower density under taking an inter-
section of sets. Nevertheless, despite symmetric definitions and properties, there
are huge differences between these families of sets. The families of

[01,00] and [p1, 02]*-lower superdense sets
L(01,02) and L*(01,02) for0<po1 <o2<1,00-01<1

form monotone families of subsets of the real line, i.e.,

L(o1,02) C L(0y,00) and L*(01,02) C L*(01, 02)
for every 0 < o1 < 0] <02 <1

and

L(p1,05) C L(p1,02) and L*(p1,05) C L*(01,02)
for every 0 < o1 < 02 < 05 < 1.

In the final part of the paper, we use [p1, 02]-lower superdense sets to find
adders of p-lower continuous functions.

In Section [3, we recall basic properties of density. We also provide some im-
portant technical lemmas concerning constructions of supersets A C B with the
desired lower density of B.

The main part of the paper, Section Ml presents properties of [0, 02]-lower
superdense sets, i.e., sets whose intersection with each set with a lower density
at least g9 at each point has a lower density at least p; at each point. There are
four types of [p1, 02]-lower superdense sets possible: depending on whether we
choose sharp or weak inequalities. The very important Theorem [£.1] shows that
three of these four types of superdensity are equivalent. The family of [o1, 02]-
-lower superdense sets for these three cases is denoted by L(o1, 02). The case,
where we are looking for sets whose intersection with every sets with a lower
density at each point not less than g, gives a set with a lower density at each point
greater than g; gives the second type of o1, g2]-lower superdense sets, which we
denote by L*(p1,02). At the end of Section [ we show some properties of the
families L( o1, 02) and L* (01, 02). It turns out that the first one contains L1’—92+91
and the second one contains L;_,,4,,. Unfortunately, in most cases there is no
equality in these inclusions. Only if o1 = 02 or 93 = 1, we have equalities,
which is proved in Theorem We also present relationships between families
of [01, o2]-lower superdense sets for different values of g1 and gs.
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Section [l is devoted to adders of families of p-lower continuous functions.
First, we present a general definition of the concept of an adder A(X/Y) of the
families of functions X and Y, i.e.,

AX/)Y)={f: f+g€ X for every g € Y}.
Then, we define and provide some basic properties of

A(LCy, /LCo,),  A(LCY, /LC,,),

A(cct jcct) and  A(LC,,/LCY).
In Theorem 513, we characterize the adders
A(LC,, /LCy,), A(LCY /LC,,), A(LC/LCt),
and in Theorem B.10] we characterize
A(LC,,/Lct).

It turns out that these adders consist of functions that are L(g1, 02)-continuous
or L*(o1, 02)-continuous. At the end of the section, in Remark [I, we show that
multipliers of p-lower continuous functions have a more complex structure than
adders and they are their subsets, in most cases the proper ones.

The last section is devoted to adders of path continuous functions, where
paths are taken from L, or Lg. Given two families of real functions X and Y,
we can consider all functions g: R — R such that the product f-g (the sum f+g)
belongs to X whenever f belongs to Y. Such a function g is said to be a multiplier
(an adder) of the set X over the set Y. Multipliers are a generalization of the
maximal multiplicative classes and adders are a generalization of the notion
of maximal additive classes of a given family of functions. In [4], one can find
many interesting results concerning multipliers,

XY ={f:f-ge€ X forevery g€ Y}.
In Theorem Bl we characterize
A(LC,, /LPC,,) and A(LCE /LPC,,).
We do not know full characterizations of
A(LPC,, /LCy,), A(LPC,, /LCE) and A(LPC,, /LPC,,).

In Theorem [6.2] we present some estimations for these adders.

It is worth mentioning that when we talk about measurability, we mean
the Lebesgue measure. Moreover, we only consider real functions defined
on an open (possible unbounded) interval I.
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3. Properties of density

We will now introduce the basic properties of the lower density and introduce
important technical lemmas needed later in the paper. The following properties
of the lower density are immediate consequences of the definitions.

ProPOSITION 3.1. Let E,F € S. Then,

(1) d(ENF,z)>d"(E,z)+d"(F,z) - 1.

(2) d(FUF,z) >d"(E,z)+d"(F,z).

(3) d(EUF,z) <d'(E,z)+d (F z).

4) d'(E,z)=1-d (R\ E,z).

(5) If d*(F, 2) =d (F,x) and E C F, then d*(F\ E,z) = d'(F,z) —d (E, z).
(6) Ifd*(E,z) =d (E,x) and E C F, then d"(F\ E,z) = d*(F,z) — d*(E, z).
DEFINITION 3.2. A set £ C R is called the interval set to the right of the
point z € R if it is of the form

[ee]

E={z}U (Jlan,bu),

n=1
where © < -+ < bp41 < a, <b, <--- < by and lim,, o a, = 2.

LEMMA 3.3. If E = {z}UJ,—[an, by] is the interval set to the right of the point
x € R, then

* (b —a
d+(E,9€) = lim inf Ek*n-i-l( k k)
oo ap — T
and
- o o
d+(E, x) = lim sup M.
n—roo bn — X
Proof. The formulas follow immediately from the fact that for ¢t € [a,,b,]
we have

MEN [z, a,]) - ME N[z, t]) - AME N[z, by])
ap — - t—x - b, —x
(we apply an obvious inequality ‘giz > ¢ for 0 < a < band ¢ > 0) and
for ¢t € [by+1,a,] we have

MNE N[z, a,]) - AMEN [z, a,])  MEN[z,t])  MEN[x,byg1])

ap — T t—ux - t—x a t—x
_ MEN [, bu))

. O
bni1—

The following two propositions are obvious.
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PROPOSITION 3.4. Let By, Ey, F1,F, € S and d(Ey \ By, x) = d(Fy \ By, ) =
0 =d(F\ Fp,n) = d(Fy \ Fi,x) for some v € R. Then, d(F, U Fy,x) =
d(ByUFy,2), d(EyNEF,2) =d(EaNFy,x), d(EyUF,x) =d(EyUFy,x) and
E(ElﬂFl,.’IJ):E(EzﬂFQ,IIJ).

PROPOSITION 3.5. Let By, By, F € S, d'(F1,z) = 1 and d (Ez,z) = 0
for some x € R. Then, d*(Ey N F,x) = d'(F,z), E+(E1 NFzx) = E+(F,x),
dY By UF,z) = d'(F,z) andd (B2 UF,z) =d (F,x).

THEOREM 3.6. For every E € S and every x € E one can find a sequence
of closed intervals ([an, bn])n>1 such that © < -+ < bpiq < ap < by < --- < by,

[ee]

limy oo an = 2 and d (U [an,be] \ E,z) = 0 = d (E\ U [an, bn), ).

In particular,
ar ( U [an, bn],x> = EJF(E,x) and d* ( U [an, bn],x> =d¥(E, ).
n=1 n=1
Proof. Foreveryn >1let E, = ENz+ %_H,x + 1], F, be a closed subset

of E, such that A(E, \ F},) < 3= and let ((af,b}))r>1 be a set of connected

components of [x + %_H, x+ +]\ F,,. Take n > 1. Then,

i(bﬁ—a’g):Aqstr%H,HH \Fn>.

k=1
We can find k,, > 1 for which Y22, (b — af) < 5. Let

ko 0o
# N\ Uty and 6= o
k=1 n=1

Obviously, G is the interval set to the right of x,

G\ECU U (ay,by)

n=1 k=k,+1

|

and

(BE\NG)N[z,z+1 (En \ Fn).

\|(::8

Therefore, for t € [z + =, 2 + +] we have

MG\E)N [ ) _ Yitngr _zr _n+l

S
and ~ 1
MENG) N[ f]) _ Sinde _n1
t—x " on—1"
Hence, d (G \ E,z) =d(E\ G,z) = 0. O
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LEMMA 3.7. Let E € S and x € E. For every o € (dY(E,x),1] there exists
F € S such that E C F and d*(F,z) = o.

Proof. By Theorem[3.6] we can find a sequence of closed intervals ([ay, by])n>1
such that z < -+ < bpy1 < ap < b, <--- < by, lim, o0 a, = 2 and

E+<D[an,bn]\E,x> :0:E+<E\ G[an,bn],x>.

n=1

Then,

n—00 Ay, — T

) - -
d+ (U [a’nabn]al‘> = lim inf Zk:"-ﬁ-l( k ak:)'
n=1

Choose o € (d"’(E,x),l} and let (n,)m>1 be any increasing sequence

. . —x
of natural numbers for which lim,, o —2*—" =0 and

anm —x
o0 o0
- _ b, —a
d+ ( U [(Zn, bn]> x) - hm Zk_n7n+1( k k) .
m—00 Ay, — T
n=1 m
Without any loss of generality, we may assume
MNom+1
Z (bx — ax) < o(an,, — an,,.,) for every m.
k=n,,+1

Then, for every m > 1 we can find z,, € [ap,,. ,,@n,,] such that

MNm 41

A ([anm+1,xm] U U [ak,bk]> = 0(an,, = Gnyppyy)-

k=n.m+1
It is easy to see

d+<U[a“’b”] U U [anm+1,xm],x> =o.

n=1 m=1
S

Hence, it is sufficient to take F' = EUU,,_[an,. 1+ Tm]- O

LEMMA 3.8. Let E € S and v € E. For every o € (dY(E,x),1] there ewists
F €S such that

d"(F,z)=d (F,z) =0,
d(FNE,z) = od"(E,z)

and

dHF\ E,x) = o(1-d (E,x)).
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Proof. By Theorem[3.6] we can find a sequence of closed intervals ([ay, by])n>1
such that v < --- < bpy1 < ap < b, <--- < by, limy00 ay, = 7,

E+(G[an,bn]\E,x> =o:g+<E\ G[an,bn],x>.

n=1

Then,

n—1 n—oo n — L

—t > s 9 Zoozn(bk — ak)
d (U [an,bn],x> =d (E,z) = limsup kb—

Choose o€ (d(E, z),1]. For every n>1 fix m,, €N for which Qun;—:ﬂ < #2=% and

n=bus1 - bnt1=2 o1q choose
My n
(e )iz, (di )iz, (e, (f)iy

such that
ap =cp <dy <cf <---< dy <cp =by,

bnpr=eg < fI' <ef <---< [, <en, =an,

G — ¢ = b"n::"’

ey — € = a":nl:bﬂv

d?—i—l - C’zr'L Q(C’zr}-l-l -G )7
i1 e = Q<ezn+1 —ef)

for all n and all proper i. Let

F={z}U U ( U [ci dit ] U U lef, z'n+1]>-

n=1 \ i=0 i=0
Clearly,
MF N[z, cl])=o(c]} —x) for n>1and i€ {0,...,my,}.
Moreover,
Sl mE el ma) POt _ o =)
n t—x t—x t—x t—x
Ay —T 1
<ot—"—<o+-—
t—x n

for every t € [} 1,c}'], n > 1and i € {1,2,...,m,}. Similarly, \(F U [z, e]']) =
o(el—x) forn>1and i€ {0,...,m,} and

Qfl<gf% olef s —x) _AFN[x.8]) _ olef — =)
n - t—x t—ux - t—2x - t—=x
Ap—T
- 1
<o+ <o+ -—
t—ux n

for every t € [el' ;,el'],n>1and i € {1,2,...,m,}.
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Hence,
d(F,z) = liminf w =p and E+(F, x) = lim sup w = o,
t—at - bt t—x
ie, d"(F,x)=p.
Let A =J,—;[an, by]. Obviously,
AMFNAN[x,c?]) = oNAN [z, c]])

for every n > 1 and ¢ € {0,...,my}. Then,

n

AMEFNAN][x,t]) - oNAN [z, ) - oN(AN [z,1]) N an=m

t—x - t—=x - t—o t—x
SQA(Am[z,t]) +l
t—ux n
and
MENAN (1) _ oMAN[z c))) | oMAN[rf]) 2=
t—x - t—x - t—x t—x
AAN[z,f) 1
B t—x n

fort e el (e, n>1,i€{1,2,...,m,}. Analogously,
AMENAN[z,e}]) = o (AN [z,el]) for n>1 and i€ {0,...,my}.
Moreover,

AFNAN[ef]) _ oMAO [z ef]) _ oMAN[rf]) | 2

n

t—x - t—x - t—x t—x
< Q)\(Aﬁ [x,t]) l
t—x n
and
MENAN[f]) _ oMAN[mel]) | pAANfw]) 2=
t—x - t—x - t—x t—x
MAN[z,t]) 1
= 0 - —
t—x n
fort e [el q,el],n>1,i€{1,2,...,my,}. Then,
dY(FN A z) = liminf AMFNAD ) = od*(A, ).

t—at t—x
Since E+(A \E,x) = E+(E \ A, z) =0, we obtain
dNFNE,z)=d(FNAz) =od(Az) = od"(E,x).
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Now, we take -
B =[x, b))\ A= (bns1,an).
n=1

Obviously, . .
d (B\(R\E),z) =d (R\ E)\ B,z) =0.
Clearly,
MFNBNO[z,cl]) = oAN(BN[x,cl]) forevery n>1and i€ {0,...,m,}.

Moreover,

n

AMENBN[x,t]) - oAN(B N [z, cl]) - oN(B N [z,]) N an—x
o t—x t—x
AB N [z,t]) +l

t—x n

t—ux - t—ux

and

MFNBN|[z,t]) - oAN(B N[z, 4]) - oMBN[z,1]) 2=t

n

t—x - t—x - t—x t—x
ABN[z,4) 1
- t—ux n

fort € [el {,cM,n>1,1€{1,2,...,m,}. Analogously,

i—17 1

MENBN[z,el]) =oNBN[z,el']) forevery n>1 and i€ {0,...,my}.

Moreover,

AMFNBN[z,f]) _ ABNO[z.ef])  ABA[e,f]) =7

n

t—ux - t—2x - t—ux t—x
ABN t 1
_ B 1
t—x n
and
MFNBOf]) _ oABO[we))  o\BAl 1) =
t—x - t—ax - t—x t—x
ABN[r,1]) 1
- t—ux n

fort e el q,el],n>1,i€{1,2,...,my,}. Then,

AF N BNz, 1)
t—x

d*(F N B,r) = liminf
t—azt

= Qd+(B,.Z') = Qd-‘r(R\Avx) = Qd+(R \ va)'
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Finally,
AN (F\E,x)=d"(F\ Ax)
= d'(FNB,x) = od"(R\ B,2) = o(1 - (E,x)),
by Proposition 3.1l The proof is completed. O
DEFINITION 3.9. For ¢ € [0,1) let
L,={E€S:d(E,z)>p forevery z € E}

and
U,={E€S: min{EJr(E,x),E_(E,x)} > o forevery x € E}.

Similarly, for o € (0,1] let

¢ _ .
Ly ={FE€S:d(E,x) >0 forevery z € E}
and
UQ’ = {E €S: min{EJr(E,x),E_(E,x)} > forevery x € E}

4. [01, 02]-lower superdensity

We now introduce the notion of [, g2]-lower superdensity and present its
basic properties. To this end, we start with an important theorem showing
the equivalence of certain conditions.

THEOREM 4.1. Let0 < 01 < p3 <1, E €S andx € E. The following properties
are equivalent:

(1) For every F € S containing x, if d(F,xz) > 02, then d(ENF,x) > p1.
(2) For every F € S containing x, if d (F,x) > 02, then d(E N F,z) > p1.
(3) For every F € S containing x, if d(F,xz) > 02, then d(ENF,x) > p1.
Proof.

(1) =(3) Implication is obvious.

(2) =(3) Assume that condition (2) is fulfilled. Take F €S such that d (F, x) > 0.
Obviously, d (F,x) > o2. By condition (2), we obtain d (E N F,x) > ;.

(3) = (1) Suppose, on the contrary, that there exist £ € S and = € E that
satisfy (3) but do not satisfy (1). Then, we can find F' € S such that

xeF, d(F,xz)>py and d(ENF,z)<op.
Without loss of generality, we may assume that d(E N F,z) < 1.
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By Theorem B.8] we can find a sequence of closed intervals
([anvbn])n21
such that
< <bppr1 <ap<b, <---<by, lima,=2x
n—oo
and
E*( (@, bn] \ (EﬂF),x) =0=d ((EmF)\ U [an,bn],x> .

n=1 n=1
Take any « € (0,d(F,x) — 02). For every n > 1 let ¢, = (1 — «)b, + aay,
ie.,

by, —cn = alb, —ap) and ¢, —a, = (1 —a)(b, — an).

Define
Ga = U[anacn]a Hoc = U[Cnabn]
n=1 n=1
and
Fo=F\ H,.
Then,

o0 o o b B
(G ) — liminf 2= T g gy Zkmnen (B a0)

n—00 Ay, — T n—o00 Ay — T

=(1—-a)d(ENF,zx)

and

= v (b — (b —
d+(Ha, x) = lim sup Lie=nlbr — k) = lim sup QM

n—00 b, —x n—00 b, —x

= a3+(Eﬂ F,z) < a.
Hence,

. d*(Fa,z) > d*(F,x) —d (Hy,x) > dY(F,z) —a > 0
an

dN(ENF,,z)=d (Gua,2) =1 —a)d(ENF,z) <d(ENF,z) < o.

The set F, witnesses that (3) does not hold for E and z, a contradiction.

(3) = (2) Suppose, on the contrary that there exist £ € S and = € E that
satisfy (3) but do not satisfy (2). Then, we can find F €S such that x € F,

d(va)ZQQ and d(EﬂF,.’IJ)<Q1.
Without any loss of generality, we may assume that

d+(EﬁF,l‘) < 01.
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By Theorem B.6, we can find a sequence of closed intervals ([a,,b,])n>1
such that
< <bpr1 <ap<b,<---<by, lima,=x

n—o0

a*( - [an,bn]\F,x> :0:E+<F\ G[an,bn],x>.

and

In particular, N
b —
02 < d(F,z) = lim inf Dtemn (06 — ar)

n—00 Ap_1—
Therefore, we may assume

S 02 by — 02
by —x > Z(bk—ak)> ?(an_l—x) and p— >3 for every n > 1.

Fix any Ifo_sriltive a < 2(py —d(ENF,z)). For every n > 2 let
cn=(1—-a)b, +aa,—1 and d, =aa, + (1 —a)by,,
ie., ¢, — by, = alan—1 —by), by, —d,, = a(b, — ay) and ¢, — d,, = a(an-1 — ay).
Define 0
Gy = U [bn,cn] and Fo, =FUG,U (—00,x).
n=2
Then, d” (F,,x) =1 and

d+(Fa, x) = liminf Zk:n-i-l(ckr —ag)

n—00 Gy — T
= lim inf Db (A — a) + 352 (er — di)
n—00 ap, —
OO_ b, —a OO_ ar 1 —a
2 (1 - CV) lim inf Zkin-‘_l( F k> + o lim inf Zkfn-l-l( k—1 k)
n—oo Ay — T n— 00 an — T

=(1—-a)d"(F,z)+a=d"(Fz)+a(l —d"(F,z)) > d"(F ).
Therefore, d (F,,z) > d(F,z) > p2. On the other hand,

_ o0 —b > 1—b o1 —
d+(Ga,x) = lim sup M = lim sup azk:"(ak 1~ k) R S
n—00 Chn — T n—00 Up—1 — T Cp — T
2 2
<ad"(R\ F,2)— <a— <o —d(ENF,x2)
and 02 72

dNENF,,2) < dNENF,2)+d (G, z) < d(ENF,z)+ 01 —d(ENF,z) = o1.

Thus,
d(F,,z)> 0o and gl+(EﬂFa,x) < 01.

A contradiction, because F satisfies condition (3). The proof is completed. [
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DEFINITION 4.2. Let 0 < 91 < po < 1 and 9o — 01 < 1. For 0 < o1 <
02 < 1 we say that a set E € S is [p1, 02]-lower superdense at x € FE if it
satisfies one of the conditions of Theorem [l For 0 < g2 < 1 we say that
E € S is [0, go]-lower superdense at x € FE if it satisfies the first condition
of Theorem 1l For 0 < p; < 1 we say that E € S is [p1, 1]-lower superdense
at x € F if it satisfies the second condition of Theorem [£.1l We say that E2 € S is
[01, 02]-lower superdense if it is [01, g2]-lower superdense at each of its point.
We denote the set of all [p1, 02]-lower superdense subsets of R by L(g1, 02).

COROLLARY 4.3. If E € § and x € FE is the density point of E, then E is
[01, 02]-lower superdense at x for every 0 < o1 < 92 <1 and g3 — 01 < 1.

COROLLARY 4.4. Let 0 < o1 < 9o < 1l and E € S§. If E ¢ L(01,02), then
there exist x € E and F € S such that d (F,x) > 02 and d(ENF,x) < 01.

COROLLARY 4.5. Let 0 < 91 < 9o < 1 and E € S be |01, 02]-lower superdense
at some x € E. There exists F C E such that x € F and F belongs to L(p1, 02).

Proof. It suffices to take F' to be the union of {z} and the set of the density
points of E. O

THEOREM 4.6. L1’—92+gl C L(o1, 02) forevery0 < o1 < 02 < 1andgs — 01 < 1.
Moreover, L¥ = L(p,0) for ¢ € (0,1) and Lg = L(o,1) for o € (0,1].

Otherwise, the inclusion Lf_gz_,_m C L(p1, 02) is proper.

Proof. First, we show L1’—92+gl C L(o1,02) for 0 < 91 < 02 < 1. Let E €

LY ., and x € E. Then, d(E,z) > 1 — g3 + ¢1. Choose F' € S such that

d(F,z) > 02. Then,
d(EﬁF,l‘) ZQ(E,x)—l—d(F,x)—l > 1_Q2+Ql+92_]—:Q17
by Proposition [3] (1). Since F and z are arbitrary, E € L(p1, 02). Therefore,
LY 0 CL(o1,02) for 0<o <gy<l.

Now, we show L% C L(o,1) for ¢ € (0,1]. If F € S and d(F,z) = 1,

then d (E N F,z) = d(FE,x) > g for every E € L$. Hence,
L® C L(o,1) for every g € (0,1].
Take any ¢ € (0,1) and let E ¢ L%, ie, d(E,2) = 1—-d(R\ E) < 1

for some = € E. We may assume d*(F, z) < 1.
By Lemma B.8 applying for R\ E, we can find F} € S such that

d'(Fr,z)=d"(Fy,2)=0
and
dH(F\ (R\ E),2)=d*(F N E,2)=p(1-d (R\ E,x)) < 0.

73



S. KOWALCZYK—M. TUROWSKA

Let F = (—o0, x| U Fy. Then,
d(F,z)=p and d (FNE,z)<o.

Hence, E ¢ L(p, 0) and the equality L* = L(o, 0) for ¢ € (0,1) is proved.

Now, take any o € (0,1] and let E ¢ L’, ie., d(E,z) < o for some x € E.
Let F = R. Then, d (F,z) = land d (FNE, x) = d(E,x) < p. Hence, E ¢ L(p,1)
and the equality LZ = L(p,1) for p € (0,1] is proved.

Finally, we show that for 0 < 91 < 02 < 1 the inclusion is proper. Take any
n € (0,1) and let

(o]
E, = U an, n ,
n=1
where 0 < -+ < bpg1 < ap < by < -+, limpooan = 0, bpr1 — Apy1 =
n(an — ant1) for every n > 1 and llmn_>oo b"a dn = oo. Since every x € En,

x # 0, is the density point of E,, E, is [01, 02]-lower superdense at every x # 0.

Moreover
. Ap41 . An+4+1
lim —_—

< lim
n—oo @, n—=00 bpt1 — Gpt1

lim 2L gy (1= God) g Sntr)
n—o0 (U n— oo K Qnp, Ay "

o (b —
d (EU,O) = lim inf Zk‘”"'l( ) — lim inf non _ n.

n—oo Ay n—00 (A

:0’

and

Let
1—- 1—-n)(1 -
= ntne: (1= ) 02) + 02 and ¢, =~vya, forevery n>1
02 02

(since limy, oo Qﬂa_—aﬂ =00, We may assume gﬂ >~ for all n and then a,, <c, <b,
n n

for every n > 1).

Let us take F' € S such that d(F,0) > go. We estimate d(F N E,,0).
Obviously, d” (F N E,,0) = d”(F,0) > 02 > p1. Fix n > 1 and take any
x € [bnt1,bn]. If © € [bpt1, ¢y, then

AENEy) N[0,2])  AMENE) N[0, bps1]) o AF N[0, b 41]) = anr

T Cn C?’L
> AMEN0,bpt1]) bpg1 ansa
o bn-l—l Cn 79
_ A N [0,bp41]) brga _ Ont1
bn+1 Yan 29
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and if = € [c,, by], then

M(FNE)N[0,a])  AFN[0,2]) ~ Y5 (ar — bra)

>
x - x
S AENz])  ARN Ey) N[0, an])  an
- X 47 Cp,
_AEN,2) MR\ Ey) N[0,an]) 1
x an v
Since
R\ E n —
hmmmA« \7ﬂﬁm”]>gd7R\E”m=1f¢WE”m=1fn,
n—oo a?”L
hnﬁnfigiﬁigﬁhiﬂlQEQ+QZO)Zgh,
hmbmdzn, lim 221 — 0 and hmmﬂxiﬂﬁﬁhzdﬂR0%>m,
n—o0 Ay n—oo  Ap r—0t+ €T

we conclude

We check equality % = 0o — 1;—" Actually, p2m = oo — 1 + 1 if and

only if yo2 = 1 — n + noe if and only if v = P”@%, ie., % = 1—ne-in92'
Therefore, )
d(FNE,0>—1%2
L=n+neo2

In particular, d(F' N E,,0) >0 and E, € L(0,0) \ Lf_g for every p € (0,1) and
every 1 € (0,1 — p). Hence, the inclusion Ll’_g C L(0, p) is proper.
Now, we assume g7 > 0. Define function ¢: (0,1) — (0,00) by

Cl-tttee 11400

t 2 2
SD(t) QQ QQ

Then, ¢ is strictly increasing, d"(F N E,,0) > ¢(n) and

<p< 01 >: 03 — o
05+ 01— 0102 W71+92

It remains only to show the inequality

01

- < 1—p2+ 01.
Q§+Q1—Q1Q2
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Rearranging this inequality, we obtain

01 < 02(02 —01) + 01 — 02(02 — 91)2 —01(02 — 01),

0< (02— 91)2 — 02(02 — 91)2
and finally,

0< (02— 01)*(1— 02).
The last inequality is obvious. We have showed that the inequality
d(FNEy0)>0
holds for every n e (971 1792+Q1) and every F €S satistying d (F,0) > o2.

0010102’

Therefore,
01
E, € L(o1,00) \ LY_ for 77€<—>1_92+Q1>
n ( )\ 1—p2+01 Q%"’“Ql — 0102
and the inclusion L1’—92+91 C L(o1, 02) is proper for 0 < g1 < go < 1. O

THEOREM 4.7. Let 0 < p1 < 02 <1, 05 — 01 < 1. Then,
(1) Llor 02) ULy,
(2) If E € L(01,02), x € E and d(E,z) = d(E,x) = a then @ > 1 — 03 + 01.

Proof.

(1) Let E€ Sand E ¢ U . Then,

02+01
min{a_(E,x),E+(E,x)} <1—p2+ 01 atsome z € E.
We may assume that EJF(E, x) <1— 09+ 01. Let

Obviously, F = (-00,2]U(R\ E).

ENFN(z,00) =0 and d'(F,z)=1-d (E,z)> 02— 01.

If d(F,z)> 0o, then we immediately get E ¢ L(01, 02), because d/(ENF,x)=0.
If d7(F,z) < 02, then, by Lemma B we can find F’€ S such that

df(F,z) =9, and F CF.
Then,
d(ENF,2)=d"(F'\ F,a) < d"(F\,z) = d"(F,z) < 02 — (02 — 01) = 01,
which witnesses E ¢ L(p1, 02). Hence, L(o1, 02) C Ul’_
Let E = (—o00,0] U Ule(m, ﬁ) Obviously,

o2+to1”

d(E,x) =1 for every z € E\ {0}, d"(E,0) =0 and d (E,0)=d (E,0) = 1.

Hence,

¢
Ee U1—£)2+Q1'
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Let us take F = R. Then, d(F,0) = 1 and d"(E N F,0) = d"(E,0) = 0.
Thus, E ¢ L(o1, 02), and the inclusion L(p1, 02) C Ul’_mﬂ71 is proper.

(2) It follows immediately from (1) and Theorem O

DEFINITION 4.8. Let 0 < p1 < 02 < 1. We say that E € S is [p1, 02]*-lower
superdense at © € FE if for every F' € S containing x such that d(F,z) > oo
implies d(F N F,x) > p1. We say that F is [o1, 02]*-lower superdense if it is
[01, 02]*-lower superdense at each of its point. By L*(o1, 02), we denote the set
of all [o1, 02]*-lower superdense subsets of R.

THEOREM 4.9. Let 0 < 01 < po < 1. Then, Li_44o C L*(01,02).

Moreover, L, = L*(0,1) for 0 € (0,1) and L1y, S L*(01,02), if 02 # 1.

Proof. (Proof of this theorem is very similar to the proof of Theorem [4.0]).
First, we show Li_ 4,14, C L*(01,02) for 0 < g1 < go <1.Let E € L1_p,4,, and
x € E. Then, d(E,z) > 1 — g3 + 01. Choose any F € S such that d (F,z) > 0.
Then,

d(ENFz)>2d(E,z)+d(Fx)-1>1-0+o+o—-1=o,
by Proposition [3] (1). Therefore,
Li_gyq0, CL*(01,02) for 0 <1 <o <1

Now, take any ¢ € (0,1) and let E ¢ L,, i.e., d(E,z) < p for some = € E.
Let F=R. Then, d(F,z)=1and d (FNE,z)=d(F,z)<p. Hence, E ¢ L*(p,1),
and the equality L, = L*(p, 1) for o € (0,1) is proved.

Finally, we show that for 0 < p; < p2 < 1 the inclusion is proper.
In the proof of Theorem [£0] we constructed for every n € (0,1) a set E, € S
such that every x € E,, x # 0, is a point of the density of E,, d+(E77, 0)=n
such that for every F' € S satisfying d (F,0) > 02, we have d (F'N E,,0) > o1

for every n € ( @

Fro—oiel 02t 91>. Therefore,

01

E, € L*(01,02) \ L1 for n e <—,
n ( )\ 02+01 Q% + 01 — 0102

1—92+Q1>

and the inclusion Li_,,1,, C L*(01,02) is proper for 0 < p; < g2 < 1. O

THEOREM 4.10. Let 0 < o1 < 02 < 1. Then,

(1) L*(e1,02) & Ur—gyte -
(2) If E € L*(01,02), * € E and d(E,z) = d(E,z) = , then o > 1 — g3 + 0.

Proof of this theorem is very similar to the proof of Theorem [T and
we omit it.

7



S. KOWALCZYK—M. TUROWSKA

THEOREM 4.11. For every 0 < g1 < 02 <1, 02 — 01 < 1, we have L*(01,02) &
L(o1, 02)-

Proof. The inclusion follows directly from the definitions. Let F = (—o0c, 0] U

Un” (an, by), where 0 < -++ < bpyq1 < @y < by < -+, limy 00 a, = 0 and
d+(E,O) = EJF(E, 0) =1— 02+ 01. Then, E ¢ L*(01,02) and E € L(p1, 02),
by Theorem (2) and Theorem (7] (2). O

THEOREM 4.12.

(1) Forevery 0 < o1 < 0} <02 <1, 02— 01 <1, we have L(o1, 02) 2 L(0}, 02).
(2) For every 0 < o1 < ¢} < 02 <1, we have L* (01, 02) 2 L*(0}, 02).
(3) Forevery 0 < 01 < 02 < 05 <1, 0 — 01 < 1, we have L(o1,02) G L(01, 05).
(4) For every 0 < o1 < 02 < 05 < 1, we have L* (o1, 02) & L* (01, 05).

Proof. All inclusions follow directly from the definitions. For every ¢ € (0, 1)
let

(@

E, = (—00,0]U

where n

0< +<bpis <ap<by<--,lima,=0 and d"(E,,0)=d (E.,0)=c.
n—oo

(anabn)a

1

Ife=1-0+ 91;@’1’ then E. € L(o1,02) N L*(01, 02) by Theorem and
Theorem {9, and E. ¢ L(0}, 02) UL*(0}, 02) by Theorem .7 and Theorem [A.10)
Similarly, if c= 1—%4—@1, then E. € L(o1, 05)NL*(01, 05) by Theorem L6 and
Theorem L9 and E. ¢ L(o1, 02)UL*(01, 02) by Theorem .71 and Theorem .10

O

THEOREM 4.13. Let 0 < 91 < 9o < 1 and 0 < ¢} < o5 < 1 be such that
01 < 0) and o2 < 5. If 1 — 0o + 01 < 1 — 05 + 0}, then L(01,02) ¢ L(¢}, 05)
and L*(01, 02) ¢ L* (01, 05)-

Proof. For every ¢ € (0,1) let E. be the set constructed in the proof of the
previous theorem. If ¢ = 1_92+91;1_92+91 , then E. € L(o1, 02) N L*(01, 02) and
Ec ¢ Lo, 05) U L™ (e, 05)- O

QUESTION 4.14. Let 0 < p; < 02 < 1 and 0 < ¢} < ¢, < 1 be such that
01 < 0}, 02 < 0y and 1 — 02 + 01 < 1 — 0y + 0. Do the following inclusions
L(Qllv 9/2) C L(Qh 92) and L*(Qllv 9/2) C L*(le 92) hold?
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5. Adder spaces of family of functions determined
by lower density

Given two real function classes X and Y, can we identify all functions g:
I — R such that the sum f + g belongs to X whenever f belongs to Y7
Such a function g is said to be an adder of the set X over the set Y.

DEFINITION 5.1. Let X and Y be two sets of functions from I to R. We call
the set AX/Y)={g: T >R: f+ge X foral feY)
the adder of X over Y.

The following properties of A (X/Y') are immediate consequences of the def-
inition.
ProPOSITION 5.2. Let X, X1, X5, Y, Y1, Y5 be sets of real-valued functions
defined on I. The following statements are true:
1) If X1 C Xa, then A(X;/Y) C A(X2/Y).
2) If Y1 CYs, then A(X/Ys) C A(X/Y1).
3) If0 €Y, then A(X/Y) C X.
4) If Y C X and X is closed under addition, then X C A(X/Y).
5) If Y C X and Y is closed under addition, then Y C A(X/Y).

)

6) If 0 € X NY and X is closed under addition, then A(X/Y) = X if and
only if Y C X.

(
(
(
(
(
(

Now, we find the adders of the p-lower continuous functions. We start with def-
initions of these classes of p-lower continuous functions and their basic properties.

DEFINITION 5.3. Let o € [0,1). We say that f: I — R is LC,-continuous
at © € I if for every € > 0 there exists a measurable set £ C {y € I: |f(z) —
f(y)| < e} such that d (E, z) > 0. The set of points at which f is LC,-continuous
is denoted by LC,(f) and LC, denotes the set of functions f: I — R which are
LCy-continuous at every x € I.

DEFINITION 5.4. Let ¢ € (0,1]. We say that f: I — R is LC®-continuous
at x € I if for every € >0 there exists a measurable F C {yel: |f(z)— f(y)|<e}
such that d (E, ) > o. The set of points at which f is LC’g—continuous is denoted
by LC’Q’(f) and ECZ denotes the set of f: I — R which are LC’g—continuous
at every x € 1.

In particular, ECf consists of approximate continuous functions.

LEmMMA 5.5. Let f: I — R. If for every x € I and every € > 0 there exists
a measurable set A C {y € I: |f(z) — f(y)| < €} for which d(A,z) > 0, then f
is measurable.
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Proof. Let us suppose, on the contrary, that there exists nonmeasurable f that
satisfies the assumption. Then, we can find o € R such that
E={zel: f(z)<a}

(or E={x e I: f(x) > a}, but, in this case, the proof is analogous) is nonmea-
surable. Then, FF = I\ E ={z € I: f(x) > a} is also nonmeasurable. There ex-
ist measurable £/ C E and F’ C F such that E\ E’ and F'\ F’ contain no set
of positive measure. Then, E' U F'and G = (E'\ E') U (F'\ F’) are measurable.
Since E'\ E’ is nonmeasurable, it has positive outer measure. By the Lebesgue
Density Theorem, we can find xg € F \ E’, which is a density point of G.
Since zg € E, f(xo) <a. Let ¢ = o — f(xg). By assumption, we can find
a measurable set A C {y € I: |f(z0) — f(y)| < e} for which d(A4,z) > 0.
Obviously, A C FE. Since E \ E’ contains no subset of positive measure,
d(ANE' ) = d (A, x0) > 0. Moreover, A\((AN E’) N G) = 0. Therefore,

1 :d(G7‘r0) =1 *E(R\G,{Ijo) < 1 7E(ADE/7:IJO) < 17
which is a contradiction. O

COROLLARY 5.6. ECg for o € (0,1] and LC, for o € [0,1) consist of measurable
functions.

THEOREM 5.7. Let 9 € (0,1], f: I — R be measurable and x € I. Then, f is
ECg—contmuous at x € I if and only if there exists a measurable set E C I such
that © € E, f restricted to E is continuous at © and d (E,x) > o.

Proof. First, let us assume the existence of a measurable set E2 C I such that
x € E, f restricted to F is continuous at x and d (E,z) > p. Choose any ¢ > 0.
By continuity of f restricted to E, there is 6 > 0 such that
EN(e-8u+8)C{yel: |f(z) - fly) <=}

Therefore,

d{y € It |f(z) = f(y)| <e}z) 2 d(EN(z = b, +6),2) =d(E,x) > ¢
for every € > 0, which means LC’g—continuity of f at x.

Now, assume that f is LCg—continuous at x. Let

By ={ue I 1@ - sl < 3 |

Then, QJF(En7 x) > o forn > 1. Hence, we can find a decreasing sequence (z,,)n>1
converging to x such that w > 0 — % for every t € (z,z,]. Let Et =
{eyUU, 2 (Bn N[z 4 === 1,]). Obviously, f restricted to E™ is continuous
at x. Moreover,

MNETN [z,1]) - ME, N[z 4 22 4]) - MER N[z, ]) — =2 . 2
n

t—x t—x t—ax
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for every t € [ni1,%,). This proves d(Et z) > o. In a similar way, we
can construct a measurable E- C (—oo, ] such that © € E~, f restricted
to E~ is continuous at x and d (E~,x) > p. Then, E = ETU E~ witnesses
ECg—continuity of f at x. O

DEFINITION 5.8. Let o € [0,1). We say that f: I — R is LPC,-continuous
at x € [ if for every € > 0 there exists a measurable set

E.Cc{yel:|f(x)— f(y)l <e}

such that lim. g+ d (E.,x) > p. The set of points at which f is LPC,-continuous
is denoted by LPC,(f) and LPC, denotes the set of f: I — R which are

LPC,-continuous at every x € I.

THEOREM 5.9. Let o € (0,1], f: I - R andx € I. Then, f is LPC,-continuous
at x € I if and only if there exists a measurable set E C I such that x € E, f
restricted to E is continuous at x and d(E,z) > o.

Proof. Let a measurable E C I be such that x € E, f restricted to E is
continuous at z and d (E,x) > p. Choose any € > 0. There exists 6 > 0 such
that
En(z—dx+6) c{yel:|f(z)—flyl<eh
Hence,
d({y el: |f(.’1)) 7f(y)| < 5}7:1:) 24(Eﬂ(.%’*6,(1)+6),$) :d(va)v
and
lim d(fy € I: |f (@) = f(y)| < e},z) 2 d(E,x) > o,

which means LPC\,-continuity of f at .
Now, assume f is LPC,-continuous at x and let

En:{yel:\f(x)—f(y)\<%} for n > 1.

Then, lim,, d+(En,x) = ¢ > p. Hence, we can find a decreasing sequence
(y)n>1 converging to x such that w
Let 0o

Et={z}uU U (Enn [x—l—Wxn])

n=1

1
> ¢ — o for every t € (x,,)].

Obviously, f restricted to ET is continuous at x. Moreover,

ME* O [, t]) MEn N [x+ =2 1]) - MEn N [z, t]) — T2 S, 2
t—x n

t—2x t—2x

for every t € [2,.1,%,]). This proves d"(Et,z) > ¢ > p. Similarly, we can
construct a measurable set E~ C (—o0, x| such that x € E~, f restricted to E~
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is continuous at x and d" (E~,z) > ¢ > p. Then, E = ETU E~ possesses all
required properties. O

PROPOSITION 5.10. Let 0 < 91 < 02 < 1. Then,
£eY C LPC,, C LC,, C LCE C LPC,, C LC, C LC C LPCy C LCo.

DEFINITION 5.11. Let 0 < o1 < 02 <1, 02 —p1 < 1. We say that f: I - R
is Ly, g,-continuous at = € I if for every € > 0 there exists a measurable
Ec{yel:|f(x)— f(y)| <e} which is [g1, 02]-lower superdense at z. The set
of points at which f is L,, o,-continuous is denoted by L, o,(f) and L, ,,
denotes the set of functions f: I — R which are L,, ,,-continuous at every x € I.

DEFINITION 5.12. Let 0 < 07 < 92 < 1. We say that f: I — R is 1.0

-continuous at x € I if for every € > 0 there exists a measurable set
Ec{yel:|f(x)-fly)l<e}

which is [p1, 02]*-lower superdense at x. The set of points at which f is

Ly, ,,-continuous is denoted by Lj , (f) and L} , denotes the set of func-

tions f: I — R which are L} , -continuous at every z € I.

Obviously, Ly, ,, and L} . consist of measurable functions.
THEOREM 5.13.
(1) Loppn = A(LCY/LC,) for0< o1 <o < 1.

2) Loypn = A (LCY/LC,,) for0< o1 < 02 < 1.

(
(3) Loy,oo = A (LCy, /LCy,) for0< 01 <02 <1
(4) If the function f: I — R is measurable and f ¢ Ly, o,, then there exists
g € LPC,, such that
o fH+ggLCy for0<oi<or<l;
o f+g¢ LCy for0=p1 <2 <1.
Proof. First, we show that L, ,, is contained in all considered adders.

Choose 0 < g1 < 2 <1, 00—01 <1, and f € L, ,,- Take any g; € £Cg2
(only for g1 > 0), g2 € LC,, (only for g # 1), x € I and € > 0. Then,

d({velln@-awl<3}e)> e

d({y €1:|g2(x) — g2(y)| < %}71') > 02

and c

E:{yelﬂﬂ@*f@”<§}

is 01, 02]-lower superdense at x.
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Let
Fr={yel:|(f+g)=)—(f+g)w)l<e}
and
F={yel:|(f+g)(x)—(f+92)y)| <e}
Then, c
FoEn{yel: ln@ -anwl <3}
and

P o En{y el lga(e) - 2w)| < 5

Since E is [g1, 02]-lower superdense at xz, d(Fy,x) > o1 and d(Fs,z) > p1.
Since the choice of € I is arbitrary and € > 0 is arbitrarily chosen, we conclude

fHgieLC® and f+go€ LC,,.

Therefore, £L,, o, is a subset of all considered adders.
Now, take any measurable f ¢ L, ,,. Wecanfind z € [, e >0and E € S
such that
d(va)>92 (Ord(va):llfQZZI)
and
dEn{yel:|f(z)-f(y)] <e}z) <o
(or d(ENn{yel:|f(z)— f(y)| <e},z)=0if oy = 0). Without any loss of gen-
erality, we may assume

d(En{yel:|f(z) - fy)l <e}z) <o

(or d(EN{y € I:|f(z) = f(y)l <e},2) = 0if 01 = 0).
By Theorem B.6] there exists a sequence of closed intervals ([a,,bn])n>1
such that

< <bpr1 <ap<b, <---<by, lima,=ux,
n—oo

E*(G[an,bn]\E,x> =0= E+<E\ G[an,bn],x>.

Hence,

d+<U [(In,bn],l’) = d-‘r(va) > 02 oOr d+<U [(In,bn],l’) =1lif go =1
n=1 n=1

We can easily find a sequence of closed intervals ([¢,,, dy])n>1 such that

‘r<"'<dn+1<Cn<an<bn<dn<cn_1<~-~<d1

and
oo

a* ( U ([ens an] U [b, dn]),x> = 0.

n=1
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For every n > 1 there exists a,, € R such that

py1 — X
M € dupr,eal: [F0)] = 0 — &) < 222
Hence,

ar (U [y € [dns1s el [F®)] 2 an — }) —o.
Define g: I — R byn 1
0 for t € (IN(—o0,z]) UU,—lan, bn] U (I N[dy,0)),
g(t) =< ay for t € U,— [dnt1, cnl,
linear  on every interval [c,, ay], [bn,dn], n=1,2,...

Obviously, g is continuous at every point except x. Moreover,

{yeI: g(y) = g(x) = 0} D (=00, a] N I) U | [an, bs]
and - e
d({y el: g<y) = g(x) = 0}750) = d—‘r(U [anabn]al‘> :d—"_(E,l‘) > 02

(ord({y€l:g(y)=g(x)=0},2)=1if po =1). Hence, g € LPC,, (or g €
£ctif o, =1).
On the other hand, let

A= Jlan,bn] \ E,

B = U ([ens an] U [bn, dn])
and "O—O

C= U{y € [dns1,cnl: |f(Y)] = an — €}
Then,

{y =z |(f+9)(y)—(F+9) (@) < e} € (En{y = z: |f(x)—f(y)| < e})UAUBUC
and E+(A, x) = E+(B, x) = E+(C, x) = 0. Therefore,
d"({y e I: |(f +9)(y) — (f + 9)(@)] < e}, 2)
<d(En{yel:|f(z) - f(y)l <e})z) <o
(or d*({y € I+ [(f + 9)(y) — (f + 9)(@)| < e},2) = 0 if 1 = 0).
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This shows f + g ¢ Ecgl (or f4 g ¢ LCy if p1 = 0). Hence,
féA (ﬁcgl /5032) UA (ﬁcgl /ﬁcgz) UA(LC,, /LC,,)

for the appropriate 01, 02. The proof is completed. O

COROLLARY 5.14.

(1) cct = (EC’/EC’) for o € (0,1], £C* = (ﬁcg/ﬁcf) for 0 € (0,1)
and ECl_gz_“)1 S A (EC;I/EC&) for0< 01 < 02 < 1.

(2) cct = A(zcg/zcg) for o € (0,1) and £CY_, ., (cc’ /zcm)
for 0 < 01 < 09 < 1.

(3) LCY = A(LC,/LC,) for o € (0,1] and £CY_, ., G A(LC,/LC,,)
for 0 < o1 <9 < 1.

THEOREM 5.15. Let 0 < o1 < 02 < 1. Then, A (£Cy, /£CY,) = £, .-

Proof. (The proof is very similar to the proof of Theorem [.131) Take any

fEE1gz,geﬁcgz,xEIand€>0.Then,

d({yer:l9@) = g)l < S}x) 202 and E={yel:|f(x)~fO) <5}

is [01, 02]*-lower superdense at .
Let F'={y e I:|(f+g)(@)—(f+9)(y)| <e}. Then,

FDEﬂ{yEI:IQ(ﬂﬁ)—g(y)K%}-

Since E is [01, 02]*-lower superdense at x, d (F,z) > p1. Therefore,

Lr . CA (z:cm /ﬁcgz) .

01,02

Now, take any measurable f ¢ L*
such that

d(B,x) >0 and d"(En{yel:|f(x) - fly)l <e}z) <o

or0or Wecan find z € I, e >0and E €S

By Theorem[3.0] there exists a sequence of closed intervals ([ay, b,])n>1 such that

< <bpr1 <ap<b, <---<by, lim a, ==z,
n—o0

_+<D[an,bn}\E,x> :0:E+<E\ G[an,bn},x>.

n=1
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Hence,

d-‘r([j [(In,bn],l’) = d(va) > 02.

Let ([cn,dy])n>1 be a sequence of closed intervals such that

T < <dppr <cp <ap <bp, <d, <---<d;

ar ( L (e @n] U [bn, dn]),x> =0.

n=1

and

For each n > 1 let «,, € R be such that
My € [dntr,enl: [f(y)] = an —e}) <

Ap — X

2n

and
a* (U{y € [dns1,cal: |f(W)] = ay — 5},9[;) =0.

Define g: I — R by
0 for t € (IN(—o0,z]) UUr—[an, by] U (IN[d1,00)),
g(t) =< an, for t € U,—[dn+1, cnl,
linear on every interval [c,,, ay], [bn,dn], n=1,2,...

Similarly, as in the proof of Theorem (.13} we show g € £Cg2 and

d{y e I: |(f +9)(y) — (f + 9)(x)| < e}, z)
<d(En{yel:|f(z) - f(y)l <e},z) <o

This shows f + g ¢ LC,, and f ¢ A ([ZC,_,1 /[ZC;). The proof is completed. O
COROLLARY 5.16.

£C,=A (zcg/zcg) for 0€[0,1)
and

LCy gy CA (ﬁcgl/ﬁcg2) Jor 0< 01 <02 < 1.

Remark 1. Multipliers of g-lower continuous functions have more complicated
structure than adders. For example, we will show that for 0 < g1 < 00 < 1

we have
Q1

A(L£C$,/LCY) = Lovn G £C8,/LCE,.

Proof. Repeating arguments from the proof of Theorem I3l we can easily
show the considered inclusion. Let ([ay, by])n>1, ([cn,dn])n>1 be two sequences
of closed intervals such that

0<  <dpy1 <cp<ap<b, <d, <---<dy,
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nh—>Holoan = 07 E+<U [an,bn},0> = d+<U [(In,bn},()) = 01

and %) o)
E—‘r( [Cnadn}a()) = d—‘r( [Cnadn]>0> = 01.
n=1 n=1

0 for z € (=00, 0| UU,—[an, by,
flz)y=<1 for z € [dy, 00) U [dn+1, Cnl,
affine  on every interval [c,, ay], [bn, dy], n > 1.
Clearly, f is continuous at every point except 0. Moreover,

d({z € R: |f(z)| <e},0) =01 forevery e € (0,1).

Therefore, . .
feLcy and f¢LC) forany o> or.

Take any g € LC ZZ. Obviously, f-g is LCgl—continuous at every x # 0. Moreover,
d({zeI: (f-g)(x) = (f 9)(0)=0}0) 2 d({z € I: f(z) =0},0) = o1.

Therefore, f - g is LC’gl—continuous at 0,
frge€ EC;I and f € ECgl/Ecg2 for every o9 € [01,1).

On the other hand, o1 <1 — g3 + 01 and, by Theorem A7) f ¢ Ly, 0,- u

6. Adder spaces of family of path continuous functions

In the last section of the paper, we study adders of g-lower path continuous
functions.

THEOREM 6.1.
(1) A (EC;/EPC,_,J = Ly, 0, for every 0 < o1 < g2 < 1.
(2) A (LCy,/LPCy,) = Ly, 0, for every 0 < o1 < oo < 1.

Proof. Since LPC,, C ECZ2, we obtain
A(Les,/ees,) c A(ces, /P, )
according to (2) of Proposition
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By Theorem (T3]
A(L£C$,/£C,) = Lo oa

Finally,
Loves © A(LCS/LPC,,) for 0< 01 < 05 < 1.

Similarly, since

LPC,, C LCy,, weget A(LC,, /LC,,) C A(LC,, /LPC,,)
according to (2) of Proposition By Theorem [5.13]
A(ECQI /‘chz) = EQl,Qz'

591,92 C A(ﬁCQI/EPCQZ) for 0 S 01 S 02 < 1.

Finally,

Let f ¢ L,, 4, (for corresponding ¢’s). Then, by (4) of Theorem I3 there
exists a function g such that

fHg¢Lcd for 0<o1<pa<1 or f+g¢ LCo for 0<lp < pp<1.
Hence,

feA(LCE /LPC,,) for 0<o1<p2<1 or f¢A(LC,, /LPC,,) for 0< 01 <02 <1.

O
THEOREM 6.2.

(1) U Ly A(LPC,, [£CE,)CA(LPC,, /£C,,)C A(LPC,, /LPC,)C Ly

0€(01,02)

for every 0 < o1 < p2 < 1.
(2) A(LPC,/LPC,) = Ly, = LCY and A ([ZPC,_,/LIC’) = LPC,

for o €10,1).
Proof.

(1) According to the first two points of Proposition [5.2]
A (m?cgl /5032) C A(LPC,, /LC,,) C A(LPC,y, /LPC,,)
C A(LC,, /LPC,,) C Ly .0, for0<p1 <2 <1.
Take any f €U ye(,,.00) Lo.0o- There exist g € (01, 02) for which f € Ly, 4,
Since ECZO C LPC,,, we obtain

Qo

Lopes = A(LCH /2CY,) € A(LPC,, /LCY,).,
by Proposition Therefore,
feA (mvc,_,l /z:ch) .
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(2) The equality £, , = LC? follows directly from Corollary G4l
The inclusion £C¥ ¢ A (LPC,/LPC,) for ¢ € [0,1) is obvious.
The inclusion A (LPC,/LPC,) C L,,, follows from (4) of Theorem [5.13

Obviously, .
LPC,> A (z:7>c,_,/z:c1 ) for 0€[0,1).

Take & >0, measurable g: I - R, f € £C* and € I. Then,
{tel:|(f +9)t) — (f +9)(@)] <€}
S{terifw-r@l<spn{terlg® -g@l <}
Since f € £C?¥, we obtain
d({teI:1/t) ~ f@)] < 5}.) = 1.
Then, by (1) of Proposition 31} we obtain
d({t € I: |(f + 9)(t) — (f + g) ()] < e}, )

zg({te] (1) — 5} {te] 9(1) g(a;)\<§},x)
Zd({telr\f( |<§},) d({terslo) -~ g(a) < 5 }oa) ~1
d({te] lg(t) \<§},x>

Therefore,

LPC,C A (mac,_, /z:c:) and finally, LPC, = A (mac,_, /z:c:)
for every o € [0, 1). O

UESTION 6.3. Let f € £C* be continuous at every point except some
1—02+01 Y
zel,

d({tel: f@@) = fO}a) =1 02+ o1
and
d({teI:|f(z) = f(t) > e} z) =02~ 0
for every € > 0. Then,
fe U L0 \ Lo ,0z and Lo 05 ; U Lo,or-
0€(e1,02) 0€(01,02)

Is there any equality in (1) of Theorem [G.2?
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