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ON [�1, �2]-LOWER SUPERDENSE SETS

Stanis�law Kowalczyk — Ma�lgorzata Turowska

Institute of Exact and Technical Sciences, Pomeranian University in S�lupsk, Poland

ABSTRACT. The main goal of the paper is to characterize the families of [�1, �2]-
-lower superdense subsets of R, which generalize well-known notions of density

topology (in our paper, denoted by L�
1 ) and T∗ topology. Dense sets preserve den-

sity, i.e., if E ∈ L�
1 , then for every measurable F ⊂ R, E ∩ F possesses the same

lower and upper density as F at every x ∈ E ∩ F. On the other hand, elements
of T∗ preserve positive lower density, i.e., if E ∈ T∗,F is measurable, x ∈ E∩F and
d (F, x) > 0, then d (E∩F, x) > 0. Taking arbitrary 0 ≤ �1 ≤ �2 ≤ 1, �2−�1 < 1,

we can define subsets E ⊂ R which preserve [�1, �2]-lower density, i.e., if F is
measurable, x ∈ E∩F and d (F, x) is greater or not less than �2, then d (E∩F, x)
is greater or not less than �1. We can define four types of superdense sets, but
three of them are equal. Even though the definition and properties of [�1, �2]-lower
superdensity and T∗ topology are similar and all of them consist of very big sets,

these families are essentially different. In the paper, we focus on basic properties,
characterizations of superdense sets and relationships between [�1, �2]-lower su-
perdense sets for different indices [�1, �2]. We apply the notion of [�1, �2]-lower
superdensity to find adders of �-lower continuous functions.

1. Introduction

Density of subsets of R is very old and very well-known property, see, e.g.,
[1–3, 5, 7, 8, 10, 12, 13]. Elements of density topology play essentially important
role, i.e., the sets which lower density at every point is equal to 1. In [13],
a very wide bibliography on density topology can be found. One of the most
important property of elements of density topology L�

1 is preserving lower and

upper density, i.e., if E ∈ L�
1 , then intersection E ∩ F possesses the same lower

and upper density as F for every measurable F and every x ∈ E∩F. In [5,9,12],
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another type of sets preserving density was studied. Elements of T ∗ topology
preserve positive lower density, i.e., if

E ∈ T ∗, F is measurable and d (F, x) > 0,

then

d (E ∩ F, x) > 0 for every x ∈ E ∩ F.

Some types of generalized continuity connected with the notions of density
were studied in [2,7,8,10]. Families of �-lower continuous functions are examples
of so-called A-continuous functions and path continuous functions with respect
to family A. In [2,10], one can find many examples of generalized continuities and
path continuities defined in this way. In the case of �-lower continuous functions,
the family A is defined in terms of lower density.

In the paper, we introduce families

L(�1, �2) and L∗(�1, �2) of [�1, �2] and [�1, �2]
∗-lower superdense sets.

As in the case of density topology and T ∗ topology, the [�1, �2]-lower superdense
sets have large lower density at every of their points and preserve some aspects
of density if intersection with arbitray measurable set is taken. We also apply
[�1, �2]-lower superdense sets to find adders for �-lower continuous functions.

2. Preliminaries

The key concept of our paper is the density of subsets of R. The density
of a measurable set is a very old mathematical concept. Its intensive research
began in the 1920’s. Let λ be the Lebesgue measure in R. By S we denote
the class of Lebesgue measurable subsets of R. Let E ∈ S and x ∈ R. According
to [2], the numbers

d+(E, x) = lim inf
t→0+

λ(E ∩ [x, x+ t])

t
and

d
+
(E, x) = lim sup

t→0+

λ(E ∩ [x, x+ t])

t

are called the right lower density of E at x and the right upper density of E

at x, respectively. The left lower d−(E, x) and the left upper d
−
(E, x) densities

of E at x are defined analogously. If

d+(E, x) = d
+
(E, x) or d−(E, x) = d

−
(E, x),

then we call these numbers the right density or the left density of E at x, re-
spectively.
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The numbers

d (E, x) = lim inf
t→0+,k→0+

λ(E ∩ [x− t, x+ k])

k + t
,

d (E, x) = lim sup
t→0+,k→0+

λ(E ∩ [x− t, x+ k])

k + t

are called the upper and the lower density of E at x, respectively. It is easy to
check that

d (E, x) = max{d+
(E, x), d

−
(E, x)}

and

d (E, x) = min{d+(E, x), d−(E, x)}.

If d (E, x) = d (E, x), then we call this number the density of E at x and denote
it by d(E, x). If d(E, x) = 1, then we say that x is a point of density of E.
For every � ∈ [0, 1) let

L� = {E ∈ S : d (E, x) > � for every x ∈ E}.
Similarly, for every � ∈ (0, 1] let

L�
� = {E ∈ S : d (E, x) ≥ � for every x ∈ E}.

A particularly important role is played by L�
1 , which creates a topology called

the density topology. Density topology has been the subject of intensive sci-
entific research for many years (see [13]). As we mentioned before the defini-
tions presented above come from Bruckner’s monograph [2]. It is worth not-
ing that the symmetric definition of lower and upper density is also considered
in the literature.

In the paper, we consider �-lower continuous functions for different � ∈ [0, 1].
The �-lower continuity is a kind of generalized continuity. Families of �-lower
continuous functions are examples of so-called A-continuous functions and path
continuous functions with respect to the family A = {Ax : x ∈ R}, where Ax

is a family of subsets of R containing x, for example, [6, 11]. Let I be an open
interval. Then, continuity of the function f : I → R at x ∈ I means that the
pre-image f−1

((
f(x)− ε, f(x) + ε

))
contains an element of Ax for every ε > 0.

Meanwhile, path continuity at x ∈ I means that there is a set E ∈ Ax such that
f restricted to E is continuous in ordinary sense at x. Of course, path continu-
ity with respect to A implies A-continuity, and sometimes they are equivalent.
In [2], one can find many examples of generalized continuities defined in this
way. In the case of �-lower continuous functions, the family A is defined in terms
of the lower density.
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In this paper, we study properties of [�1, �2] and [�1, �2]
∗-lower superdense

sets. These concepts are close and symmetric to notions of density topology and
T ∗ topology, i.e., [�1, �2]-lower superdense sets have large lower density at every
of its points and preserve some values of lower density under taking an inter-
section of sets. Nevertheless, despite symmetric definitions and properties, there
are huge differences between these families of sets. The families of

[�1, �2] and [�1, �2]
∗-lower superdense sets

L(�1, �2) and L∗(�1, �2) for 0 ≤ �1 ≤ �2 ≤ 1, �2 − �1 < 1

form monotone families of subsets of the real line, i.e.,

L(�1, �2) ⊂ L(�′1, �2) and L∗(�1, �2) ⊂ L∗(�′1, �2)

for every 0 ≤ �1 < �′1 ≤ �2 ≤ 1

and

L(�1, �
′
2) ⊂ L(�1, �2) and L∗(�1, �

′
2) ⊂ L∗(�1, �2)

for every 0 ≤ �1 ≤ �2 < �′2 ≤ 1.

In the final part of the paper, we use [�1, �2]-lower superdense sets to find
adders of �-lower continuous functions.

In Section 3, we recall basic properties of density. We also provide some im-
portant technical lemmas concerning constructions of supersets A ⊂ B with the
desired lower density of B.

The main part of the paper, Section 4, presents properties of [�1, �2]-lower
superdense sets, i.e., sets whose intersection with each set with a lower density
at least �2 at each point has a lower density at least �1 at each point. There are
four types of [�1, �2]-lower superdense sets possible: depending on whether we
choose sharp or weak inequalities. The very important Theorem 4.1 shows that
three of these four types of superdensity are equivalent. The family of [�1, �2]-
-lower superdense sets for these three cases is denoted by L(�1, �2). The case,
where we are looking for sets whose intersection with every sets with a lower
density at each point not less than �2 gives a set with a lower density at each point
greater than �1 gives the second type of [�1, �2]-lower superdense sets, which we
denote by L∗(�1, �2). At the end of Section 4, we show some properties of the

families L(�1, �2) and L∗(�1, �2). It turns out that the first one contains L
�
1−�2+�1

and the second one contains L1−�2+�1
. Unfortunately, in most cases there is no

equality in these inclusions. Only if �1 = �2 or �2 = 1, we have equalities,
which is proved in Theorem 4.6. We also present relationships between families
of [�1, �2]-lower superdense sets for different values of �1 and �2.
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Section 5 is devoted to adders of families of �-lower continuous functions.
First, we present a general definition of the concept of an adder A(X/Y ) of the
families of functions X and Y , i.e.,

A(X/Y ) = {f : f + g ∈ X for every g ∈ Y }.
Then, we define and provide some basic properties of

A(LC�1
/LC�2

), A(LC�
�1
/LC�2

),

A(LC�
�1
/LC�

�2
) and A(LC�1

/LC�
�2
).

In Theorem 5.13, we characterize the adders

A(LC�1
/LC�2

), A(LC�
�1
/LC�2

), A(LC�
�1
/LC�

�2
),

and in Theorem 5.15, we characterize

A(LC�1
/LC�

�2
).

It turns out that these adders consist of functions that are L(�1, �2)-continuous
or L∗(�1, �2)-continuous. At the end of the section, in Remark 1, we show that
multipliers of �-lower continuous functions have a more complex structure than
adders and they are their subsets, in most cases the proper ones.

The last section is devoted to adders of path continuous functions, where
paths are taken from L� or L�

� . Given two families of real functions X and Y ,
we can consider all functions g : R → R such that the product f ·g (the sum f+g)
belongs toX whenever f belongs to Y . Such a function g is said to be a multiplier
(an adder) of the set X over the set Y. Multipliers are a generalization of the
maximal multiplicative classes and adders are a generalization of the notion
of maximal additive classes of a given family of functions. In [4], one can find
many interesting results concerning multipliers,

X/Y = {f : f · g ∈ X for every g ∈ Y }.
In Theorem 6.1, we characterize

A(LC�1
/LPC�2

) and A(LC�
�1
/LPC�2

).

We do not know full characterizations of

A(LPC�1
/LC�2

), A(LPC�1
/LC�

�2
) and A(LPC�1

/LPC�2
).

In Theorem 6.2, we present some estimations for these adders.

It is worth mentioning that when we talk about measurability, we mean
the Lebesgue measure. Moreover, we only consider real functions defined
on an open (possible unbounded) interval I.
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3. Properties of density

We will now introduce the basic properties of the lower density and introduce
important technical lemmas needed later in the paper. The following properties
of the lower density are immediate consequences of the definitions.

����������� 3.1	 Let E,F ∈ S. Then,
(1) d+(E ∩ F, x) ≥ d+(E, x) + d+(F, x)− 1.

(2) d+(E ∪ F, x) ≥ d+(E, x) + d+(F, x).

(3) d+(E ∪ F, x) ≤ d+(E, x) + d
+
(F, x).

(4) d+(E, x) = 1− d
+
(R \ E, x).

(5) If d+(F, x) = d
+
(F, x) and E ⊂ F , then d+(F \E, x) = d+(F, x)− d

+
(E, x).

(6) If d+(E, x) = d
+
(E, x) and E ⊂ F , then d+(F \E, x) = d+(F, x)− d+(E, x).


��������� 3.2	 A set E ⊂ R is called the interval set to the right of the
point x ∈ R if it is of the form

E = {x} ∪
∞⋃

n=1

[an, bn],

where x < · · · < bn+1 < an < bn < · · · < b1 and limn→∞ an = x.


���� 3.3	 If E = {x}∪⋃∞
n=1[an, bn] is the interval set to the right of the point

x ∈ R, then

d+(E, x) = lim inf
n→∞

∑∞
k=n+1(bk − ak)

an − x
and

d
+
(E, x) = lim sup

n→∞

∑∞
k=n(bk − ak)

bn − x
.

P r o o f. The formulas follow immediately from the fact that for t ∈ [an, bn]
we have

λ(E ∩ [x, an])

an − x
≤ λ(E ∩ [x, t])

t− x
≤ λ(E ∩ [x, bn])

bn − x

(we apply an obvious inequality a+c
b+c ≥ a

b for 0 < a ≤ b and c ≥ 0) and

for t ∈ [bn+1, an] we have

λ(E ∩ [x, an])

an − x
≤ λ(E ∩ [x, an])

t− x
=

λ(E ∩ [x, t])

t− x
=

λ(E ∩ [x, bn+1])

t− x

≤ λ(E ∩ [x, bn+1])

bn+1 − x
. �

The following two propositions are obvious.
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����������� 3.4	 Let E1, E2, F1, F2 ∈ S and d (E1 \ E2, x) = d (E2 \ E1, x) =

0 = d (F1 \ F2, x) = d (F2 \ F1, x) for some x ∈ R. Then, d (E1 ∪ F1, x) =
d (E2 ∪F2, x), d (E1 ∩F1, x) = d (E2 ∩F2, x), d (E1 ∪F1, x) = d (E2 ∪F2, x) and

d (E1 ∩ F1, x) = d (E2 ∩ F2, x).

����������� 3.5	 Let E1, E2, F ∈ S, d+(E1, x) = 1 and d
+
(E2, x) = 0

for some x ∈ R. Then, d+(E1 ∩ F, x) = d+(F, x), d
+
(E1 ∩ F, x) = d

+
(F, x),

d+(E2 ∪ F, x) = d+(F, x) and d
+
(E2 ∪ F, x) = d

+
(F, x).

������� 3.6	 For every E ∈ S and every x ∈ E one can find a sequence
of closed intervals ([an, bn])n≥1 such that x < · · · < bn+1 < an < bn < · · · < b1,

limn→∞ an = x and d
+
(
⋃∞

n=1[an, bn] \ E, x) = 0 = d
+
(E \ ⋃∞

n=1[an, bn], x).
In particular,

d
+

( ∞⋃
n=1

[an, bn], x

)
= d

+
(E, x) and d+

( ∞⋃
n=1

[an, bn], x

)
= d+(E, x).

P r o o f. For every n ≥ 1 let En = E ∩ [x + 1
n+1 , x+ 1

n ], Fn be a closed subset

of En such that λ(En \ Fn) < 1
2n and let ((ank , b

n
k ))k≥1 be a set of connected

components of [x+ 1
n+1 , x+ 1

n ] \ Fn. Take n ≥ 1. Then,

∞∑
k=1

(bnk − ank) = λ

([
x+

1

n+ 1
, x+

1

n

]
\ Fn

)
.

We can find kn > 1 for which
∑∞

k=kn+1(b
n
k − ank) <

1
2n . Let

Gn =

[
x+

1

n+ 1
, x+

1

n

]∖ kn⋃
k=1

(ank , b
n
k ) and G = {x} ∪

∞⋃
n=1

Gn.

Obviously, G is the interval set to the right of x,

G \ E ⊂
∞⋃

n=1

∞⋃
k=kn+1

(ank , b
n
k)

and

(E \G) ∩ [x, x+ 1] ⊂
∞⋃

n=1

(En \ Fn).

Therefore, for t ∈ [x+ 1
n+1 , x+ 1

n ] we have

λ((G \ E) ∩ [x, t])

t− x
≤
∑∞

k=n
1
2k

1
n+1

=
1

2n−1

1
n+1

=
n+ 1

2n−1

and
λ((E \G) ∩ [x, t])

t− x
≤
∑∞

k=n
1
2k

1
n+1

=
n+ 1

2n−1
.

Hence, d (G \ E, x) = d (E \G, x) = 0. �
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���� 3.7	 Let E ∈ S and x ∈ E. For every � ∈ (d+(E, x), 1] there exists
F ∈ S such that E ⊂ F and d+(F, x) = �.

P r o o f. By Theorem 3.6, we can find a sequence of closed intervals ([an, bn])n≥1

such that x < · · · < bn+1 < an < bn < · · · < b1, limn→∞ an = x and

d
+

( ∞⋃
n=1

[an, bn] \ E, x

)
= 0 = d

+

(
E \

∞⋃
n=1

[an, bn], x

)
.

Then,

d+

( ∞⋃
n=1

[an, bn], x

)
= lim inf

n→∞

∑∞
k=n+1(bk − ak)

an − x
.

Choose � ∈ (
d+(E, x), 1

]
and let (nm)m≥1 be any increasing sequence

of natural numbers for which limm→∞
bnm+1

−x

anm−x = 0 and

d
+

( ∞⋃
n=1

[an, bn], x

)
= lim

m→∞

∑∞
k=nm+1(bk − ak)

anm
− x

.

Without any loss of generality, we may assume

nm+1∑
k=nm+1

(bk − ak) < �(anm
− anm+1

) for every m.

Then, for every m ≥ 1 we can find xm ∈ [anm+1
, anm

] such that

λ

(
[anm+1

, xm] ∪
nm+1⋃

k=nm+1

[ak, bk]

)
= �(anm

− anm+1
).

It is easy to see

d+

( ∞⋃
n=1

[an, bn] ∪
∞⋃

m=1

[anm+1
, xm], x

)
= �.

Hence, it is sufficient to take F = E ∪⋃∞
m=1[anm+1

, xm]. �


���� 3.8	 Let E ∈ S and x ∈ E. For every � ∈ (d+(E, x), 1] there exists
F ∈ S such that

d+(F, x) = d
+
(F, x) = � ,

d+(F ∩ E, x) = �d+(E, x)

and

d+(F \ E, x) = �
(
1− d

+
(E, x)

)
.
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P r o o f. By Theorem 3.6, we can find a sequence of closed intervals ([an, bn])n≥1

such that x < · · · < bn+1 < an < bn < · · · < b1, limn→∞ an = x,

d
+

( ∞⋃
n=1

[an, bn] \ E, x

)
= 0 = d

+

(
E \

∞⋃
n=1

[an, bn], x

)
.

Then,

d
+

( ∞⋃
n=1

[an, bn], x

)
= d

+
(E, x) = lim sup

n→∞

∑∞
k=n(bk − ak)

bn − x
.

Choose �∈ (d+(E, x), 1]. For every n≥1 fix mn∈N for which bn−an

mn
< an−x

n and
an−bn+1

mn
< bn+1−x

n and choose

(cni )
mn
i=0, (dni )

mn
i=1, (eni )

mn
i=0, (fn

i )
mn
i=1

such that
an = cn0 < dn1 < cn1 < · · · < dnmn

< cnmn
= bn,

bn+1 = en0 < fn
1 < en1 < · · · < fn

mn
< enmn

= an,

cni+1 − cni = bn−an

mn
,

eni+1 − eni = an−bn+1

mn
,

dni+1 − cni = �(cni+1 − cni ),

fn
i+1 − eni = �(eni+1 − eni )

for all n and all proper i. Let

F = {x} ∪
∞⋃

n=1

(
mn−1⋃
i=0

[cni , d
n
i+1] ∪

mn−1⋃
i=0

[eni , f
n
i+1]

)
.

Clearly,

λ(F ∩ [x, cni ]) = �(cni − x) for n ≥ 1 and i ∈ {0, . . . ,mn}.
Moreover,

�− 1

n
≤ �−

an−x
n

t− x
≤ �(cni−1 − x)

t− x
≤ λ(F ∩ [x, t])

t− x
≤ �(cni − x)

t− x

≤ �+
an−x

n

t− x
≤ �+

1

n

for every t ∈ [cni−1, c
n
i ], n ≥ 1 and i ∈ {1, 2, . . . ,mn}. Similarly, λ(F ∪ [x, eni ]) =

�(eni − x) for n ≥ 1 and i ∈ {0, . . . ,mn} and

�− 1

n
≤ �−

an−x
n

t− x
≤ �(eni−1 − x)

t− x
≤ λ(F ∩ [x, t])

t− x
≤ �(eni − x)

t− x

≤ �+
an−x

n

t− x
≤ �+

1

n

for every t ∈ [eni−1, e
n
i ], n ≥ 1 and i ∈ {1, 2, . . . ,mn}.

67



S. KOWALCZYK—M. TUROWSKA

Hence,

d+(F, x) = lim inf
t→x+

λ(F ∩ [x, t])

t− x
= � and d

+
(F, x) = lim sup

t→x+

λ(F ∩ [x, t])

t− x
= �,

i.e., d+(F, x) = � .

Let A =
⋃∞

n=1[an, bn]. Obviously,

λ(F ∩A ∩ [x, cni ]) = �λ(A ∩ [x, cni ])

for every n ≥ 1 and i ∈ {0, . . . ,mn}. Then,
λ(F ∩A ∩ [x, t])

t− x
≤ �λ(A ∩ [x, cni ])

t− x
≤ �λ(A ∩ [x, t])

t− x
+

an−x
n

t− x

≤ �
λ(A ∩ [x, t])

t− x
+

1

n

and

λ(F ∩A ∩ [x, t])

t− x
≥ �λ(A ∩ [x, cni−1])

t− x
≥ �λ(A ∩ [x, t])

t− x
−

an−x
n

t− x

≥ �
λ(A ∩ [x, t])

t− x
− 1

n

for t ∈ [cni−1, c
n
i ], n ≥ 1, i ∈ {1, 2, . . . ,mn}. Analogously,

λ(F ∩A ∩ [x, eni ]) = �λ(A ∩ [x, eni ]) for n ≥ 1 and i ∈ {0, . . . ,mn}.
Moreover,

λ(F ∩A ∩ [x, t])

t− x
≤ �λ(A ∩ [x, eni ])

t− x
≤ �λ(A ∩ [x, t])

t− x
+

an−x
n

t− x

≤ �
λ(A ∩ [x, t])

t− x
+

1

n

and

λ(F ∩A ∩ [x, t])

t− x
≥ �λ(A ∩ [x, eni−1])

t− x
≥ �λ(A ∩ [x, t])

t− x
−

an−x
n

t− x

≥ �
λ(A ∩ [x, t])

t− x
− 1

n

for t ∈ [eni−1, e
n
i ], n ≥ 1, i ∈ {1, 2, . . . ,mn}. Then,

d+(F ∩ A, x) = lim inf
t→x+

λ(F ∩A ∩ [x, t])

t− x
= �d+(A, x).

Since d
+
(A \ E, x) = d

+
(E \A, x) = 0, we obtain

d+(F ∩ E, x) = d+(F ∩ A, x) = �d+(A, x) = �d+(E, x).
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Now, we take

B = [x, b1] \A =

∞⋃
n=1

(bn+1, an).

Obviously,
d

+(
B \ (R \ E), x

)
= d

+(
(R \ E) \B, x

)
= 0.

Clearly,

λ(F ∩B ∩ [x, cni ]) = �λ(B ∩ [x, cni ]) for every n ≥ 1 and i ∈ {0, . . . ,mn}.
Moreover,

λ(F ∩B ∩ [x, t])

t− x
≤ �λ(B ∩ [x, cni ])

t− x
≤ �λ(B ∩ [x, t])

t− x
+

an−x
n

t− x

≤ �
λ(B ∩ [x, t])

t− x
+

1

n

and

λ(F ∩B ∩ [x, t])

t− x
≥ �λ(B ∩ [x, cni−1])

t− x
≥ �λ(B ∩ [x, t])

t− x
−

an−x
n

t− x

≥ �
λ(B ∩ [x, t])

t− x
− 1

n

for t ∈ [cni−1, c
n
i ], n ≥ 1, i ∈ {1, 2, . . . ,mn}. Analogously,

λ(F ∩ B ∩ [x, eni ]) = �λ(B ∩ [x, eni ]) for every n ≥ 1 and i ∈ {0, . . . ,mn}.
Moreover,

λ(F ∩B ∩ [x, t])

t− x
≤ �λ(B ∩ [x, eni ])

t− x
≤ �λ(B ∩ [x, t])

t− x
+

an−x
n

t− x

≤ �
λ(B ∩ [x, t])

t− x
+

1

n

and

λ(F ∩B ∩ [x, t])

t− x
≥ �λ(B ∩ [x, eni−1])

t− x
≥ �λ(B ∩ [x, t])

t− x
−

an−x
n

t− x

≥ �
λ(B ∩ [x, t])

t− x
− 1

n

for t ∈ [eni−1, e
n
i ], n ≥ 1, i ∈ {1, 2, . . . ,mn}. Then,

d+(F ∩B, x) = lim inf
t→x+

λ(F ∩B ∩ [x, t])

t− x

= �d+(B, x) = �d+(R \A, x) = �d+(R \ E, x).

69



S. KOWALCZYK—M. TUROWSKA

Finally,

d+(F \ E, x) = d+(F \A, x)
= d+(F ∩B, x) = �d+(R \ E, x) = �

(
1− d

+
(E, x)

)
,

by Proposition 3.1. The proof is completed. �


��������� 3.9	 For � ∈ [0, 1) let

L� = {E ∈ S : d (E, x) > � for every x ∈ E}
and

U� = {E ∈ S : min{d+
(E, x), d

−
(E, x)} > � for every x ∈ E}.

Similarly, for � ∈ (0, 1] let

L�
� = {E ∈ S : d (E, x) ≥ � for every x ∈ E}

and

U�
� =

{
E ∈ S : min{d+

(E, x), d
−
(E, x)} ≥ � for every x ∈ E

}
.

4. [�1, �2]-lower superdensity

We now introduce the notion of [�1, �2]-lower superdensity and present its
basic properties. To this end, we start with an important theorem showing
the equivalence of certain conditions.

������� 4.1	 Let 0 < �1 ≤ �2 < 1, E ∈ S and x ∈ E. The following properties
are equivalent:

(1) For every F ∈ S containing x, if d (F, x) > �2, then d(E ∩ F, x) > �1.

(2) For every F ∈ S containing x, if d (F, x) ≥ �2, then d(E ∩ F, x) ≥ �1.

(3) For every F ∈ S containing x, if d (F, x) > �2, then d(E ∩ F, x) ≥ �1.

P r o o f.

(1)⇒(3) Implication is obvious.

(2)⇒(3) Assume that condition (2) is fulfilled. Take F ∈S such that d (F, x)>�2.
Obviously, d (F, x) ≥ �2. By condition (2), we obtain d (E ∩ F, x) ≥ �1.

(3) ⇒ (1) Suppose, on the contrary, that there exist E ∈ S and x ∈ E that
satisfy (3) but do not satisfy (1). Then, we can find F ∈ S such that

x ∈ F, d (F, x) > �2 and d(E ∩ F, x) ≤ �1.

Without loss of generality, we may assume that d+(E ∩ F, x) ≤ �1.
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By Theorem 3.6, we can find a sequence of closed intervals

([an, bn])n≥1

such that

x < · · · < bn+1 < an < bn < · · · < b1, lim
n→∞ an = x

and

d
+

( ∞⋃
n=1

[an, bn] \ (E ∩ F ), x

)
= 0 = d

+

(
(E ∩ F ) \

∞⋃
n=1

[an, bn], x

)
.

Take any α ∈ (0, d (F, x) − �2). For every n ≥ 1 let cn = (1 − α)bn + αan,
i.e.,

bn − cn = α(bn − an) and cn − an = (1− α)(bn − an).

Define

Gα =

∞⋃
n=1

[an, cn], Hα =

∞⋃
n=1

[cn, bn]

and

Fα = F \Hα.

Then,

d+(Gα, x) = lim inf
n→∞

∑∞
k=n+1(ck − ak)

an − x
= lim inf

n→∞ (1− α)

∑∞
k=n+1(bk − ak)

an − x

= (1− α)d+(E ∩ F, x)

and

d
+
(Hα, x) = lim sup

n→∞

∑∞
k=n(bk − ck)

bn − x
= lim sup

n→∞
α

∑∞
k=n(bk − ak)

bn − x

= αd
+
(E ∩ F, x) ≤ α.

Hence,

d+(Fα, x) ≥ d+(F, x)− d
+
(Hα, x) ≥ d+(F, x)− α > �2

and

d+(E ∩ Fα, x) = d+(Gα, x) = (1− α)d+(E ∩ F, x) < d+(E ∩ F, x) ≤ �1.

The set Fα witnesses that (3) does not hold for E and x, a contradiction.

(3) ⇒ (2) Suppose, on the contrary that there exist E ∈ S and x ∈ E that
satisfy (3) but do not satisfy (2). Then, we can find F ∈S such that x∈F,

d (F, x) ≥ �2 and d(E ∩ F, x) < �1.

Without any loss of generality, we may assume that

d+(E ∩ F, x) < �1.
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By Theorem 3.6, we can find a sequence of closed intervals ([an, bn])n≥1

such that
x < · · · < bn+1 < an < bn < · · · < b1, lim

n→∞ an = x

and

d
+

( ∞⋃
n=1

[an, bn] \ F, x
)

= 0 = d
+

(
F \

∞⋃
n=1

[an, bn], x

)
.

In particular,

�2 ≤ d+(F, x) = lim inf
n→∞

∑∞
k=n(bk − ak)

an−1 − x
.

Therefore, we may assume

bn−x >

∞∑
k=n

(bk−ak) >
�2

2
(an−1 −x) and

bn − x

an−1 − x
>

�2

2
for every n > 1.

Fix any positive α < �2

2 (�1 − d+(E ∩ F, x)). For every n ≥ 2 let

cn = (1− α)bn + αan−1 and dn = αan + (1− α)bn,

i.e., cn − bn = α(an−1 − bn), bn − dn = α(bn − an) and cn − dn = α(an−1 − an).

Define
Gα =

∞⋃
n=2

[bn, cn] and Fα = F ∪Gα ∪ (−∞, x).

Then, d−(Fα, x) = 1 and

d+(Fα, x) = lim inf
n→∞

∑∞
k=n+1(ck − ak)

an − x

= lim inf
n→∞

∑∞
k=n+1(dk − ak) +

∑∞
k=n+1(ck − dk)

an − x

≥ (1− α) lim inf
n→∞

∑∞
k=n+1(bk − ak)

an − x
+ α lim inf

n→∞

∑∞
k=n+1(ak−1 − ak)

an − x

= (1− α)d+(F, x) + α = d+(F, x) + α
(
1− d+(F, x)

)
> d+(F, x).

Therefore, d (Fα, x) > d (F, x) ≥ �2. On the other hand,

d
+
(Gα, x) = lim sup

n→∞

∑∞
k=n(ck − bk)

cn − x
= lim sup

n→∞

[
α

∑∞
k=n(ak−1 − bk)

an−1 − x
· an−1 − x

cn − x

]

≤ αd+(R \ F, x) 2
�2

≤ α
2

γ2
< �1 − d+(E ∩ F, x)

and

d+(E∩Fα, x) ≤ d+(E∩F, x)+d
+
(Gα, x) < d+(E∩F, x)+�1−d+(E∩F, x) = �1.

Thus,
d (Fα, x) > �2 and d+(E ∩ Fα, x) < �1.

A contradiction, because E satisfies condition (3). The proof is completed. �
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��������� 4.2	 Let 0 ≤ �1 ≤ �2 ≤ 1 and �2 − �1 < 1. For 0 < �1 ≤
�2 < 1 we say that a set E ∈ S is [�1, �2]-lower superdense at x ∈ E if it
satisfies one of the conditions of Theorem 4.1. For 0 ≤ �2 < 1 we say that
E ∈ S is [0, �2]-lower superdense at x ∈ E if it satisfies the first condition
of Theorem 4.1. For 0 < �1 ≤ 1 we say that E ∈ S is [�1, 1]-lower superdense
at x ∈ E if it satisfies the second condition of Theorem 4.1. We say that E ∈ S is
[�1, �2]-lower superdense if it is [�1, �2]-lower superdense at each of its point.
We denote the set of all [�1, �2]-lower superdense subsets of R by L(�1, �2).

��������� 4.3	 If E ∈ S and x ∈ E is the density point of E, then E is
[�1, �2]-lower superdense at x for every 0 ≤ �1 ≤ �2 ≤ 1 and �2 − �1 < 1.

��������� 4.4	 Let 0 < �1 ≤ �2 < 1 and E ∈ S. If E /∈ L(�1, �2), then
there exist x ∈ E and F ∈ S such that d (F, x) > �2 and d (E ∩ F, x) < �1.

��������� 4.5	 Let 0 < �1 ≤ �2 < 1 and E ∈ S be [�1, �2]-lower superdense
at some x ∈ E. There exists F ⊂ E such that x ∈ F and F belongs to L(�1, �2).

P r o o f. It suffices to take F to be the union of {x} and the set of the density
points of E. �
������� 4.6	 L�

1−�2+�1
⊂ L(�1, �2) for every 0 ≤ �1 ≤ �2 ≤ 1 and �2 − �1 < 1.

Moreover, L�
1 = L(�, �) for � ∈ (0, 1) and L�

� = L(�, 1) for � ∈ (0, 1].

Otherwise, the inclusion L�
1−�2+�1

⊂ L(�1, �2) is proper.

P r o o f. First, we show L�
1−�2+�1

⊂ L(�1, �2) for 0 ≤ �1 ≤ �2 < 1. Let E ∈
L�

1−�2+�1
and x ∈ E. Then, d (E, x) ≥ 1 − �2 + �1. Choose F ∈ S such that

d (F, x) > �2. Then,

d (E ∩ F, x) ≥ d (E, x) + d (F, x)− 1 > 1− �2 + �1 + �2 − 1 = �1,

by Proposition 3.1 (1). Since F and x are arbitrary, E ∈ L(�1, �2). Therefore,

L�
1−�2+�1

⊂ L(�1, �2) for 0 ≤ �1 ≤ �2 < 1.

Now, we show L�
� ⊂ L(�, 1) for � ∈ (0, 1]. If F ∈ S and d (F, x) = 1,

then d (E ∩ F, x) = d (E, x) ≥ � for every E ∈ L�
� . Hence,

L�
� ⊂ L(�, 1) for every � ∈ (0, 1].

Take any � ∈ (0, 1) and let E /∈ L�
1 , i.e., d (E, x) = 1 − d (R \ E) < 1

for some x ∈ E. We may assume d+(E, x) < 1.

By Lemma 3.8, applying for R \ E, we can find F1 ∈ S such that

d
+
(F1, x)=d+(F1, x)=�

and
d+
(
F1 \ (R \ E), x

)
=d+(F1 ∩E, x)=�

(
1− d

+
(R \ E, x)

)
< �.

73



S. KOWALCZYK—M. TUROWSKA

Let F = (−∞, x] ∪ F1. Then,

d (F, x) = � and d+(F ∩E, x) < �.

Hence, E /∈ L(�, �) and the equality L�
1 = L(�, �) for � ∈ (0, 1) is proved.

Now, take any � ∈ (0, 1] and let E /∈ L�
� , i.e., d (E, x) < � for some x ∈ E.

Let F = R. Then, d (F, x) = 1 and d (F∩E, x) = d (E, x) < �. Hence, E /∈ L(�, 1)
and the equality L�

� = L(�, 1) for � ∈ (0, 1] is proved.

Finally, we show that for 0 ≤ �1 < �2 < 1 the inclusion is proper. Take any
η ∈ (0, 1) and let

Eη = (−∞, 0] ∪
∞⋃

n=1

(an, bn),

where 0 < · · · < bn+1 < an < bn < · · · , limn→∞ an = 0, bn+1 − an+1 =
η(an − an+1) for every n ≥ 1 and limn→∞ bn−an

an
= ∞. Since every x ∈ Eη,

x �= 0, is the density point of Eη, Eη is [�1, �2]-lower superdense at every x �= 0.
Moreover,

lim
n→∞

an+1

an
≤ lim

n→∞
an+1

bn+1 − an+1
= 0,

lim
n→∞

bn+1

an
= lim

n→∞

(
η

(
1− an+1

an

)
+

an+1

an

)
= η

and

d+(Eη, 0) = lim inf
n→∞

∑∞
k=n+1(bk − ak)

an
= lim inf

n→∞
ηan
an

= η.

Let

γ =
1− η + η�2

�2
=

(1− η)(1− �2) + �2

�2
and cn = γan for every n ≥ 1

(since limn→∞ bn−an

an
=∞, we may assume bn

an
>γ for all n and then an<cn<bn

for every n ≥ 1).

Let us take F ∈ S such that d (F, 0) ≥ �2. We estimate d (F ∩ Eη, 0).

Obviously, d−(F ∩ Eη, 0) = d−(F, 0) ≥ �2 > �1. Fix n ≥ 1 and take any
x ∈ [bn+1, bn]. If x ∈ [bn+1, cn], then

λ((F ∩ Eη) ∩ [0, x])

x
≥ λ((F ∩ Eη) ∩ [0, bn+1])

cn
≥ λ(F ∩ [0, bn+1])− an+1

cn

≥ λ(F ∩ [0, bn+1])

bn+1

bn+1

cn
− an+1

an

=
λ(F ∩ [0, bn+1])

bn+1

bn+1

γan
− an+1

an
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and if x ∈ [cn, bn], then

λ((F ∩Eη) ∩ [0, x])

x
≥ λ(F ∩ [0, x])−∑∞

k=n(ak − bk+1)

x

≥ λ(F ∩ [0, x])

x
− λ((R \ Eη) ∩ [0, an])

an
· an
cn

=
λ(F ∩ [0, x])

x
− λ((R \ Eη) ∩ [0, an])

an

1

γ
.

Since

lim sup
n→∞

λ((R \ Eη) ∩ [0, an])

an
≤ d

+
(R \ Eη, 0) = 1− d+(Eη, 0) = 1− η,

lim inf
n→∞

λ(F ∩ [0, bn+1])

bn+1
≥ d+(F, 0) ≥ �2,

lim
n→∞

bn+1

an
= η, lim

n→∞
an+1

an
= 0 and lim inf

x→0+

λ(F ∩ [0, x])

x
= d+(F, 0) ≥ �2,

we conclude

d (F ∩ Eη, 0) ≥ min

{
�2η

γ
, �2 − 1− η

γ

}
.

We check equality �2η
γ = �2 − 1−η

γ . Actually, �2η = γ�2 − 1 + η if and

only if γ�2 = 1 − η + η�2 if and only if γ = 1−η+η�2

�2
, i.e., 1

γ = �2

1−η+η�2
.

Therefore,

d (F ∩Eη, 0) ≥ η�2
2

1− η + η�2
.

In particular, d (F ∩Eη, 0) > 0 and Eη ∈ L(0, �) \ L�
1−� for every � ∈ (0, 1) and

every η ∈ (0, 1− �). Hence, the inclusion L�
1−� ⊂ L(0, �) is proper.

Now, we assume �1 > 0. Define function ϕ : (0, 1) → (0,∞) by

ϕ(t) =
t�2

2

1− t+ t�2
=

�2
2

1
t − 1 + �2

.

Then, ϕ is strictly increasing, d+(F ∩Eη, 0) ≥ ϕ(η) and

ϕ

(
�1

�2
2 + �1 − �1�2

)
=

�2
2

�2
2+�1−�1�2

�1
− 1 + �2

= �1.

It remains only to show the inequality

�1

�2
2 + �1 − �1�2

< 1− �2 + �1.
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Rearranging this inequality, we obtain

�1 < �2(�2 − �1) + �1 − �2(�2 − �1)
2 − �1(�2 − �1),

0 < (�2 − �1)
2 − �2(�2 − �1)

2

and finally,

0 < (�2 − �1)
2(1− �2).

The last inequality is obvious. We have showed that the inequality

d (F ∩ Eη, 0)>�1

holds for every η∈( �1

�2
2+�1−�1�2

, 1−�2+�1

)
and every F ∈S satisfying d (F, 0)≥�2.

Therefore,

Eη ∈ L(�1, �2) \ L�
1−�2+�1

for η ∈
(

�1

�2
2 + �1 − �1�2

, 1− �2 + �1

)

and the inclusion L�
1−�2+�1

⊂ L(�1, �2) is proper for 0 ≤ �1 < �2 < 1. �
������� 4.7	 Let 0 ≤ �1 ≤ �2 ≤ 1, �2 − �1 < 1. Then,

(1) L(�1, �2) � U�
1−�2+�1

.

(2) If E ∈ L(�1, �2), x ∈ E and d (E, x) = d (E, x) = α then α ≥ 1− �2 + �1.

P r o o f.

(1) Let E ∈ S and E /∈ U�
1−�2+�1

. Then,

min{d−(E, x), d
+
(E, x)} < 1− �2 + �1 at some x ∈ E.

We may assume that d
+
(E, x) < 1− �2 + �1. Let

F = (−∞, x] ∪ (R \ E).
Obviously,

E ∩ F ∩ (x,∞) = ∅ and d+(F, x) = 1− d
+
(E, x) > �2 − �1.

If d+(F, x)≥�2, then we immediately get E /∈L(�1, �2), because d
+(E ∩F, x)=0.

If d+(F, x) < �2, then, by Lemma 3.7, we can find F ′∈ S such that

d+(F ′, x) = �2 and F ⊂ F ′.

Then,

d+(E ∩ F ′, x) = d+(F ′\ F, x) ≤ d+(F ′, x)− d+(F, x) < �2 − (�2 − �1) = �1,

which witnesses E /∈ L(�1, �2). Hence, L(�1, �2) ⊂ U�
1−�2+�1

.

Let E = (−∞, 0] ∪⋃∞
n=1

(
1

(2n+1)! ,
1

(2n)!

)
. Obviously,

d(E, x) = 1 for every x ∈ E \ {0}, d+(E, 0) = 0 and d
−
(E, 0) = d

+
(E, 0) = 1.

Hence,
E ∈ U�

1−�2+�1
.
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Let us take F = R. Then, d (F, 0) = 1 and d+(E ∩ F, 0) = d+(E, 0) = 0.

Thus, E /∈ L(�1, �2), and the inclusion L(�1, �2) ⊂ U�
1−�2+�1

is proper.

(2) It follows immediately from (1) and Theorem 4.6. �


��������� 4.8	 Let 0 ≤ �1 < �2 ≤ 1. We say that E ∈ S is [�1, �2]
∗-lower

superdense at x ∈ E if for every F ∈ S containing x such that d (F, x) ≥ �2

implies d(E ∩ F, x) > �1. We say that E is [�1, �2]
∗-lower superdense if it is

[�1, �2]
∗-lower superdense at each of its point. By L∗(�1, �2), we denote the set

of all [�1, �2]
∗-lower superdense subsets of R.

������� 4.9	 Let 0 ≤ �1 < �2 ≤ 1. Then, L1−�2+�1
⊂ L∗(�1, �2).

Moreover, L� = L∗(�, 1) for � ∈ (0, 1) and L1−�2+�1
� L∗(�1, �2), if �2 �= 1.

P r o o f. (Proof of this theorem is very similar to the proof of Theorem 4.6).
First, we show L1−�2+�1

⊂ L∗(�1, �2) for 0 ≤ �1 < �2 ≤ 1. Let E ∈ L1−�2+�1
and

x ∈ E. Then, d (E, x) > 1− �2 + �1. Choose any F ∈ S such that d (F, x) ≥ �2.
Then,

d (E ∩ F, x) ≥ d (E, x) + d (F, x)− 1 > 1− �2 + �1 + �2 − 1 = �1,

by Proposition 3.1 (1). Therefore,

L1−�2+�1
⊂ L∗(�1, �2) for 0 ≤ �1 < �2 ≤ 1.

Now, take any � ∈ (0, 1) and let E /∈ L�, i.e., d (E, x) ≤ � for some x ∈ E.
Let F =R. Then, d (F, x)=1 and d (F ∩E, x)=d (E, x)≤�. Hence, E /∈ L∗(�, 1),
and the equality L� = L∗(�, 1) for � ∈ (0, 1) is proved.

Finally, we show that for 0 ≤ �1 < �2 < 1 the inclusion is proper.
In the proof of Theorem 4.6, we constructed for every η ∈ (0, 1) a set Eη ∈ S
such that every x ∈ Eη, x �= 0, is a point of the density of Eη, d

+(Eη, 0) = η
such that for every F ∈ S satisfying d (F, 0) ≥ �2, we have d (F ∩ Eη, 0) > �1

for every η ∈
(

�1

�2
2+�1−�1�2

, 1− �2 + �1

)
. Therefore,

Eη ∈ L∗(�1, �2) \ L1−�2+�1
for η ∈

(
�1

�2
2 + �1 − �1�2

, 1− �2 + �1

)

and the inclusion L1−�2+�1
⊂ L∗(�1, �2) is proper for 0 ≤ �1 < �2 < 1. �

������� 4.10	 Let 0 ≤ �1 < �2 ≤ 1. Then,

(1) L∗(�1, �2) � U1−�2+�1
.

(2) If E ∈ L∗(�1, �2), x ∈ E and d (E, x) = d (E, x) = α, then α > 1− �2 + �1.

Proof of this theorem is very similar to the proof of Theorem 4.7 and
we omit it.
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������� 4.11	 For every 0 ≤ �1 < �2 ≤ 1, �2 − �1 < 1, we have L∗(�1, �2) �
L(�1, �2).

P r o o f. The inclusion follows directly from the definitions. Let E = (−∞, 0] ∪⋃∞
n=1(an, bn), where 0 < · · · < bn+1 < an < bn < · · · , limn→∞ an = 0 and

d+(E, 0) = d
+
(E, 0) = 1 − �2 + �1. Then, E /∈ L∗(�1, �2) and E ∈ L(�1, �2),

by Theorem 4.10 (2) and Theorem 4.7 (2). �

������� 4.12	

(1) For every 0 ≤ �1 < �′1 ≤ �2 ≤ 1, �2 − �1 < 1, we have L(�1, �2) � L(�′1, �2).

(2) For every 0 ≤ �1 < �′1 < �2 ≤ 1, we have L∗(�1, �2) � L∗(�′1, �2).

(3) For every 0 ≤ �1 ≤ �2 < �′2 ≤ 1, �′2 − �1 < 1, we have L(�1, �2) � L(�1, �
′
2).

(4) For every 0 ≤ �1 < �2 < �′2 ≤ 1, we have L∗(�1, �2) � L∗(�1, �
′
2).

P r o o f. All inclusions follow directly from the definitions. For every c ∈ (0, 1)
let

Ec = (−∞, 0] ∪
∞⋃

n=1

(an, bn),

where

0 < · · · < bn+1 < an < bn < · · · , lim
n→∞ an = 0 and d+(Ec, 0) = d

+
(Ec, 0) = c.

If c = 1 − �2 +
�1+�′

1

2 , then Ec ∈ L(�1, �2) ∩ L∗(�1, �2) by Theorem 4.6 and
Theorem 4.9, and Ec /∈ L(�′1, �2)∪L∗(�′1, �2) by Theorem 4.7 and Theorem 4.10.

Similarly, if c=1− �2+�
′
2

2 +�1, then Ec∈L(�1, �
′
2)∩L∗(�1, �

′
2) by Theorem 4.6 and

Theorem 4.9, and Ec /∈ L(�1, �2)∪L∗(�1, �2) by Theorem 4.7 and Theorem 4.10.
�

������� 4.13	 Let 0 ≤ �1 < �2 < 1 and 0 < �′1 < �′2 ≤ 1 be such that
�1 < �′1 and �2 < �′2. If 1 − �2 + �1 < 1 − �′2 + �′1, then L(�1, �2) �⊂ L(�′1, �

′
2)

and L∗(�1, �2) �⊂ L∗(�′1, �
′
2).

P r o o f. For every c ∈ (0, 1) let Ec be the set constructed in the proof of the

previous theorem. If c =
1−�2+�1+1−�′

2+�′
1

2 , then Ec ∈ L(�1, �2) ∩ L∗(�1, �2) and
Ec /∈ L(�′1, �

′
2) ∪ L∗(�′1, �

′
2). �

�������� 4.14	 Let 0 ≤ �1 < �2 < 1 and 0 < �′1 < �′2 ≤ 1 be such that
�1 < �′1, �2 < �′2 and 1 − �2 + �1 < 1 − �′2 + �′1. Do the following inclusions
L(�′1, �

′
2) ⊂ L(�1, �2) and L∗(�′1, �

′
2) ⊂ L∗(�1, �2) hold?
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5. Adder spaces of family of functions determined
by lower density

Given two real function classes X and Y, can we identify all functions g :
I → R such that the sum f + g belongs to X whenever f belongs to Y ?
Such a function g is said to be an adder of the set X over the set Y.


��������� 5.1	 Let X and Y be two sets of functions from I to R. We call
the set A (X/Y ) = {g : I → R : f + g ∈ X for all f ∈ Y }
the adder of X over Y .

The following properties of A (X/Y ) are immediate consequences of the def-
inition.

����������� 5.2	 Let X, X1, X2, Y, Y1, Y2 be sets of real-valued functions
defined on I. The following statements are true:

(1) If X1 ⊂ X2, then A (X1/Y ) ⊂ A (X2/Y ).

(2) If Y1 ⊂ Y2, then A (X/Y2) ⊂ A (X/Y1).

(3) If 0 ∈ Y, then A (X/Y ) ⊂ X.

(4) If Y ⊂ X and X is closed under addition, then X ⊂ A (X/Y ).

(5) If Y ⊂ X and Y is closed under addition, then Y ⊂ A (X/Y ).

(6) If 0 ∈ X ∩ Y and X is closed under addition, then A (X/Y ) = X if and
only if Y ⊂ X.

Now, we find the adders of the �-lower continuous functions. We start with def-
initions of these classes of �-lower continuous functions and their basic properties.


��������� 5.3	 Let � ∈ [0, 1). We say that f : I → R is LC�-continuous
at x ∈ I if for every ε > 0 there exists a measurable set E ⊂ {y ∈ I : |f(x) −
f(y)| < ε} such that d (E, x) > �. The set of points at which f is LC�-continuous
is denoted by LC�(f) and LC� denotes the set of functions f : I → R which are
LC�-continuous at every x ∈ I.


��������� 5.4	 Let � ∈ (0, 1]. We say that f : I → R is LC�
� -continuous

at x∈I if for every ε>0 there exists a measurable E ⊂ {y∈I : |f(x)− f(y)|<ε}
such that d (E, x) ≥ �. The set of points at which f is LC�

� -continuous is denoted

by LC�
� (f) and LC�

� denotes the set of f : I → R which are LC�
� -continuous

at every x ∈ I.

In particular, LC�
1 consists of approximate continuous functions.


���� 5.5	 Let f : I → R. If for every x ∈ I and every ε > 0 there exists
a measurable set A ⊂ {y ∈ I : |f(x)− f(y)| < ε} for which d (A, x) > 0, then f
is measurable.
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P r o o f. Let us suppose, on the contrary, that there exists nonmeasurable f that
satisfies the assumption. Then, we can find α ∈ R such that

E = {x ∈ I : f(x) < α}
(or E = {x ∈ I : f(x) > α}, but, in this case, the proof is analogous) is nonmea-
surable. Then, F = I \E = {x ∈ I : f(x) ≥ α} is also nonmeasurable. There ex-
ist measurable E′ ⊂ E and F ′⊂ F such that E \ E′ and F \ F ′ contain no set
of positive measure. Then, E′ ∪ F ′ and G = (E \ E′) ∪ (F \ F ′) are measurable.
Since E \ E′ is nonmeasurable, it has positive outer measure. By the Lebesgue
Density Theorem, we can find x0 ∈ E \ E′, which is a density point of G.
Since x0 ∈ E, f(x0) < α. Let ε = α − f(x0). By assumption, we can find

a measurable set A ⊂ {y ∈ I : |f(x0) − f(y)| < ε} for which d (A, x0) > 0.
Obviously, A ⊂ E. Since E \ E′ contains no subset of positive measure,

d (A ∩ E′, x0) = d (A, x0) > 0. Moreover, λ
(
(A ∩ E′) ∩G

)
= 0. Therefore,

1 = d (G, x0) = 1− d (R \G, x0) ≤ 1− d (A ∩ E′, x0) < 1,

which is a contradiction. �
��������� 5.6	 LC�

� for � ∈ (0, 1] and LC� for � ∈ [0, 1) consist of measurable
functions.

������� 5.7	 Let � ∈ (0, 1], f : I → R be measurable and x ∈ I. Then, f is

LC�
� -continuous at x ∈ I if and only if there exists a measurable set E ⊂ I such

that x ∈ E, f restricted to E is continuous at x and d (E, x) ≥ �.

P r o o f. First, let us assume the existence of a measurable set E ⊂ I such that
x ∈ E, f restricted to E is continuous at x and d (E, x) ≥ �. Choose any ε > 0.
By continuity of f restricted to E, there is δ > 0 such that

E ∩ (x− δ, x+ δ) ⊂ {y ∈ I : |f(x)− f(y)| < ε}.
Therefore,

d
({y ∈ I : |f(x)− f(y)| < ε}, x) ≥ d

(
E ∩ (x− δ, x+ δ), x

)
= d (E, x) ≥ �

for every ε > 0, which means LC�
� -continuity of f at x.

Now, assume that f is LC�
� -continuous at x. Let

En =

{
y ∈ I : |f(x)− f(y)| < 1

n

}
.

Then, d+(En, x) ≥ � for n ≥ 1. Hence, we can find a decreasing sequence (xn)n≥1

converging to x such that λ(En∩[x,t])
t−x > � − 1

n for every t ∈ (x, xn]. Let E+ =

{x} ∪⋃∞
n=1(En ∩ [x+ xn+1−x

n , xn]). Obviously, f restricted to E+ is continuous
at x. Moreover,

λ(E+∩ [x, t])

t− x
≥ λ(En ∩ [x+ xn+1−x

n , t])

t− x
≥ λ(En ∩ [x, t])− xn+1−x

n

t− x
> �− 2

n
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for every t ∈ [xn+1, xn]. This proves d+(E+, x) ≥ �. In a similar way, we
can construct a measurable E− ⊂ (−∞, x] such that x ∈ E−, f restricted
to E− is continuous at x and d−(E−, x) ≥ �. Then, E = E+ ∪ E− witnesses

LC�
� -continuity of f at x. �


��������� 5.8	 Let � ∈ [0, 1). We say that f : I → R is LPC�-continuous
at x ∈ I if for every ε > 0 there exists a measurable set

Eε ⊂ {y ∈ I : |f(x)− f(y)| < ε}
such that limε→0+ d (Eε, x) > �. The set of points at which f is LPC�-continuous
is denoted by LPC�(f) and LPC� denotes the set of f : I → R which are
LPC�-continuous at every x ∈ I.

������� 5.9	 Let � ∈ (0, 1], f : I → R and x ∈ I. Then, f is LPC�-continuous
at x ∈ I if and only if there exists a measurable set E ⊂ I such that x ∈ E, f
restricted to E is continuous at x and d (E, x) > �.

P r o o f. Let a measurable E ⊂ I be such that x ∈ E, f restricted to E is
continuous at x and d (E, x) > �. Choose any ε > 0. There exists δ > 0 such
that

E ∩ (x− δ, x+ δ) ⊂ {y ∈ I : |f(x)− f(y)| < ε}.
Hence,

d
({y ∈ I : |f(x)− f(y)| < ε}, x) ≥ d

(
E ∩ (x− δ, x+ δ), x

)
= d (E, x),

and
lim

ε→0+
d
({y ∈ I : |f(x)− f(y)| < ε}, x) ≥ d (E, x) > �,

which means LPC�-continuity of f at x.

Now, assume f is LPC�-continuous at x and let

En =

{
y ∈ I : |f(x)− f(y)| < 1

n

}
for n ≥ 1.

Then, limn→∞ d+(En, x) = c > �. Hence, we can find a decreasing sequence

(xn)n≥1 converging to x such that λ(En∩[x,t])
t−x > c− 1

n for every t ∈ (x, xn].

Let

E+= {x} ∪
∞⋃

n=1

(
En ∩

[
x+

xn+1 − x

n
, xn

])
.

Obviously, f restricted to E+ is continuous at x. Moreover,

λ(E+∩ [x, t])

t− x
≥ λ(En ∩ [x+ xn+1−x

n , t])

t− x
≥ λ(En ∩ [x, t])− xn+1−x

n

t− x
> c− 2

n

for every t ∈ [xn+1, xn]. This proves d+(E+, x) ≥ c > �. Similarly, we can
construct a measurable set E−⊂ (−∞, x] such that x ∈ E−, f restricted to E−
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is continuous at x and d−(E−, x) ≥ c > �. Then, E = E+∪ E− possesses all
required properties. �
����������� 5.10	 Let 0 < �1 < �2 < 1. Then,

LC�
1 ⊂ LPC�2

⊂ LC�2
⊂ LC�

�2
⊂ LPC�1

⊂ LC�1
⊂ LC�

�1
⊂ LPC0 ⊂ LC0.


��������� 5.11	 Let 0 ≤ �1 ≤ �2 ≤ 1, �2 − �1 < 1. We say that f : I → R
is L�1,�2

-continuous at x ∈ I if for every ε > 0 there exists a measurable
E ⊂ {y ∈ I : |f(x)− f(y)| < ε} which is [�1, �2]-lower superdense at x. The set
of points at which f is L�1,�2

-continuous is denoted by L�1,�2
(f) and L�1,�2

denotes the set of functions f : I → R which are L�1,�2
-continuous at every x ∈ I.


��������� 5.12	 Let 0 ≤ �1 < �2 ≤ 1. We say that f : I → R is L∗
�1,�2

-
-continuous at x ∈ I if for every ε > 0 there exists a measurable set

E ⊂ {y ∈ I : |f(x)− f(y)| < ε}
which is [�1, �2]

∗-lower superdense at x. The set of points at which f is
L∗
�1,�2

-continuous is denoted by L∗
�1,�2

(f) and L∗
�1,�2

denotes the set of func-

tions f : I → R which are L∗
�1,�2

-continuous at every x ∈ I.

Obviously, L�1,�2
and L∗

�1,�2
consist of measurable functions.

������� 5.13	

(1) L�1,�2
= A

(
LC�

�1
/LC�

�2

)
for 0 < �1 ≤ �2 ≤ 1.

(2) L�1,�2
= A

(
LC�

�1
/LC�2

)
for 0 < �1 ≤ �2 < 1.

(3) L�1,�2
= A (LC�1

/LC�2
) for 0 ≤ �1 ≤ �2 < 1.

(4) If the function f : I → R is measurable and f /∈ L�1,�2
, then there exists

g ∈ LPC�2
such that

• f + g /∈ LC�
�1

for 0 < �1 ≤ �2 < 1;

• f + g /∈ LC0 for 0 = �1 ≤ �2 < 1.

P r o o f. First, we show that L�1,�2
is contained in all considered adders.

Choose 0 ≤ �1 ≤ �2 ≤ 1, �2 − �1 < 1, and f ∈ L�1,�2
. Take any g1 ∈ LC�

�2

(only for �1 > 0), g2 ∈ LC�2
(only for �2 �= 1), x ∈ I and ε > 0. Then,

d
({

y ∈ I : |g1(x)− g1(y)| < ε

2

}
, x
)
≥ �2,

d
({

y ∈ I : |g2(x)− g2(y)| < ε

2

}
, x
)
> �2

and
E =

{
y ∈ I : |f(x)− f(y)| < ε

2

}
is [�1, �2]-lower superdense at x.

82



ON [�1, �2]-LOWER SUPERDENSE SETS

Let
F1 = {y ∈ I : |(f + g1)(x)− (f + g1)(y)| < ε}

and

F2 = {y ∈ I : |(f + g2)(x)− (f + g2)(y)| < ε}.
Then,

F1 ⊃ E ∩
{
y ∈ I : |g1(x)− g1(y)| < ε

2

}
and

F2 ⊃ E ∩
{
y ∈ I : |g2(x)− g2(y)| < ε

2

}
.

Since E is [�1, �2]-lower superdense at x, d (F1, x) ≥ �1 and d (F2, x) > �1.
Since the choice of x ∈ I is arbitrary and ε > 0 is arbitrarily chosen, we conclude

f + g1 ∈ LC�
�1

and f + g2 ∈ LC�1
.

Therefore, L�1,�2
is a subset of all considered adders.

Now, take any measurable f /∈ L�1,�2
. We can find x ∈ I, ε > 0 and E ∈ S

such that
d (E, x) > �2 (or d (E, x) = 1 if �2 = 1)

and

d
(
E ∩ {y ∈ I : |f(x)− f(y)| < ε}, x) < �1

(or d
(
E ∩ {y∈I : |f(x)− f(y)| < ε}, x)=0 if �1 = 0). Without any loss of gen-

erality, we may assume

d+
(
E ∩ {y ∈ I : |f(x)− f(y)| < ε}, x) < �1

(or d+(E ∩ {y ∈ I : |f(x)− f(y)| < ε}, x) = 0 if �1 = 0).

By Theorem 3.6, there exists a sequence of closed intervals ([an, bn])n≥1

such that

x < · · · < bn+1 < an < bn < · · · < b1, lim
n→∞ an = x,

d
+

( ∞⋃
n=1

[an, bn] \ E, x

)
= 0 = d

+

(
E \

∞⋃
n=1

[an, bn], x

)
.

Hence,

d+

( ∞⋃
n=1

[an, bn], x

)
= d+(E, x) > �2 or d+

( ∞⋃
n=1

[an, bn], x

)
= 1 if �2 = 1.

We can easily find a sequence of closed intervals ([cn, dn])n≥1 such that

x < · · · < dn+1 < cn < an < bn < dn < cn−1 < · · · < d1

and

d
+

( ∞⋃
n=1

([cn, an] ∪ [bn, dn]), x

)
= 0.
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For every n ≥ 1 there exists αn ∈ R such that

λ({y ∈ [dn+1, cn] : |f(y)| ≥ αn − ε}) < an+1 − x

2n
.

Hence,

d
+

( ∞⋃
n=1

{y ∈ [dn+1, cn] : |f(y)| ≥ αn − ε}, x
)

= 0.

Define g : I → R by

g(t) =

⎧⎪⎪⎨
⎪⎪⎩
0 for t ∈ (I ∩ (−∞, x]) ∪⋃∞

n=1[an, bn] ∪ (I ∩ [d1,∞)),

αn for t ∈ ⋃∞
n=1[dn+1, cn],

linear on every interval [cn, an], [bn, dn], n = 1, 2, . . .

Obviously, g is continuous at every point except x. Moreover,

{y ∈ I : g(y) = g(x) = 0} ⊃ ((−∞, x] ∩ I
) ∪ ∞⋃

n=1

[an, bn]

and

d
({y ∈ I : g(y) = g(x) = 0}, x) = d+

( ∞⋃
n=1

[an, bn], x

)
= d+(E, x) > �2

(or d ({y ∈ I : g(y) = g(x) = 0}, x) = 1 if �2 = 1). Hence, g ∈ LPC�2
(or g ∈

LC�
1 if �2 = 1).

On the other hand, let

A =

∞⋃
n=1

[an, bn] \ E,

B =

∞⋃
n=1

([cn, an] ∪ [bn, dn])

and

C =

∞⋃
n=1

{y ∈ [dn+1, cn] : |f(y)| ≥ αn − ε}

Then,

{y ≥ x : |(f+g)(y)−(f+g)(x)| < ε} ⊂ (E∩{y ≥ x : |f(x)−f(y)| < ε})∪A∪B∪C
and d

+
(A, x) = d

+
(B, x) = d

+
(C, x) = 0. Therefore,

d+
({y ∈ I : |(f + g)(y)− (f + g)(x)| < ε}, x)

≤ d+
(
(E ∩ {y ∈ I : |f(x)− f(y)| < ε}), x) < �1

(or d+
({y ∈ I : |(f + g)(y)− (f + g)(x)| < ε}, x) = 0 if �1 = 0).
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This shows f + g /∈ LC�
�1

(or f + g /∈ LC0 if �1 = 0). Hence,

f /∈ A
(
LC�

�1
/LC�

�2

)
∪ A

(
LC�

�1
/LC�2

)
∪ A (LC�1

/LC�2
)

for the appropriate �1, �2. The proof is completed. �

��������� 5.14	

(1) LC�
1 = A

(
LC�

� /LC�
�

)
for � ∈ (0, 1], LC�

� = A
(
LC�

� /LC�
1

)
for � ∈ (0, 1)

and LC�
1−�2+�1

� A
(
LC�

�1
/LC�

�2

)
for 0 < �1 < �2 < 1.

(2) LC�
1 = A

(
LC�

� /LC�

)
for � ∈ (0, 1) and LC�

1−�2+�1
� A

(
LC�

�1
/LC�2

)
for 0 < �1 < �2 < 1.

(3) LC�
1 = A (LC�/LC�) for � ∈ (0, 1] and LC�

1−�2+�1
� A (LC�1

/LC�2
)

for 0 ≤ �1 < �2 < 1.

������� 5.15	 Let 0 ≤ �1 < �2 ≤ 1. Then, A
(
LC�1

/LC�
�2

)
= L∗

�1,�2
.

P r o o f. (The proof is very similar to the proof of Theorem 5.13.) Take any

f ∈ L∗
�1,�2

, g ∈ LC�
�2
, x ∈ I and ε > 0. Then,

d
({

y ∈ I : |g(x)− g(y)| < ε

2

}
, x
)
≥ �2 and E =

{
y ∈ I : |f(x)− f(y)| < ε

2

}
is [�1, �2]

∗-lower superdense at x.

Let F = {y ∈ I : |(f + g)(x)− (f + g)(y)| < ε}. Then,
F ⊃ E ∩

{
y ∈ I : |g(x)− g(y)| < ε

2

}
.

Since E is [�1, �2]
∗-lower superdense at x, d (F, x) > �1. Therefore,

L∗
�1,�2

⊂ A
(
LC�1

/LC�
�2

)
.

Now, take any measurable f /∈ L∗
�1,�2

. We can find x ∈ I, ε > 0 and E ∈ S
such that

d (E, x) ≥ �2 and d+
(
E ∩ {y ∈ I : |f(x)− f(y)| ≤ ε}, x) ≤ �1.

By Theorem 3.6, there exists a sequence of closed intervals ([an, bn])n≥1 such that

x < · · · < bn+1 < an < bn < · · · < b1, lim
n→∞ an = x,

d
+

( ∞⋃
n=1

[an, bn] \ E, x

)
= 0 = d

+

(
E \

∞⋃
n=1

[an, bn], x

)
.
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Hence,

d+

( ∞⋃
n=1

[an, bn], x

)
= d (E, x) ≥ �2.

Let ([cn, dn])n≥1 be a sequence of closed intervals such that

x < · · · < dn+1 < cn < an < bn < dn < · · · < d1

and

d
+

( ∞⋃
n=1

([cn, an] ∪ [bn, dn]), x

)
= 0.

For each n ≥ 1 let αn ∈ R be such that

λ
({y ∈ [dn+1, cn] : |f(y)| ≥ αn − ε}) < an − x

2n
and

d
+

( ∞⋃
n=1

{y ∈ [dn+1, cn] : |f(y)| ≥ αn − ε}, x
)

= 0.

Define g : I → R by

g(t) =

⎧⎪⎪⎨
⎪⎪⎩
0 for t ∈ (I ∩ (−∞, x]) ∪⋃∞

n=1[an, bn] ∪ (I ∩ [d1,∞)),

αn for t ∈ ⋃∞
n=1[dn+1, cn],

linear on every interval [cn, an], [bn, dn], n = 1, 2, . . .

Similarly, as in the proof of Theorem 5.13, we show g ∈ LC�
�2

and

d
({y ∈ I : |(f + g)(y)− (f + g)(x)| < ε}, x)

≤ d
(
E ∩ {y ∈ I : |f(x)− f(y)| < ε}, x) ≤ �1.

This shows f + g /∈ LC�1
and f /∈ A

(
LC�1

/LC�
�2

)
. The proof is completed. �

��������� 5.16	

LC� = A
(
LC�/LC�

1

)
for � ∈ [0, 1)

and
LC1−�2+�1

� A
(
LC�1

/LC�
�2

)
for 0 ≤ �1 < �2 < 1.

Remark 1	 Multipliers of �-lower continuous functions have more complicated
structure than adders. For example, we will show that for 0 < �1 < �2 < 1
we have

A
(
LC�

�1
/LC�

�2

)
= L�1,�2

� LC�
�1
/LC�

�2
.

P r o o f. Repeating arguments from the proof of Theorem 5.13, we can easily
show the considered inclusion. Let ([an, bn])n≥1, ([cn, dn])n≥1 be two sequences
of closed intervals such that

0 < · · · < dn+1 < cn < an < bn < dn < · · · < d1,
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lim
n→∞ an = 0, d

+

( ∞⋃
n=1

[an, bn], 0

)
= d+

( ∞⋃
n=1

[an, bn], 0

)
= �1

and

d
+

( ∞⋃
n=1

[cn, dn], 0

)
= d+

( ∞⋃
n=1

[cn, dn], 0

)
= �1.

Define f : R → R by

f(x) =

⎧⎪⎪⎨
⎪⎪⎩
0 for x ∈ (−∞, 0] ∪⋃∞

n=1[an, bn],

1 for x ∈ [ d1, ∞) ∪⋃∞
n=1[dn+1, cn],

affine on every interval [cn, an], [bn, dn], n ≥ 1.

Clearly, f is continuous at every point except 0. Moreover,

d
({x ∈ R : |f(x)| < ε}, 0) = �1 for every ε ∈ (0, 1).

Therefore,
f ∈ LC�

�1
and f /∈ LC�

� for any � > �1.

Take any g ∈ LC�
�2
. Obviously, f ·g is LC�

�1
-continuous at every x �= 0. Moreover,

d
({x ∈ I : (f · g)(x) = (f · g)(0) = 0}, 0) ≥ d

({x ∈ I : f(x) = 0}, 0) = �1.

Therefore, f · g is LC�
�1
-continuous at 0,

f · g ∈ LC�
�1

and f ∈ LC�
�1
/LC�

�2
for every �2 ∈ [�1, 1).

On the other hand, �1 < 1− �2 + �1 and, by Theorem 4.7, f /∈ L�1,�2
. �

6. Adder spaces of family of path continuous functions

In the last section of the paper, we study adders of �-lower path continuous
functions.

������� 6.1	

(1) A
(
LC�

�1
/LPC�2

)
= L�1,�2

for every 0 < �1 ≤ �2 < 1.

(2) A (LC�1
/LPC�2

) = L�1,�2
for every 0 ≤ �1 ≤ �2 < 1.

P r o o f. Since LPC�2
⊂ LC�

�2
, we obtain

A
(
LC�

�1
/LC�

�2

)
⊂ A

(
LC�

�1
/LPC�2

)
according to (2) of Proposition 5.2.
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By Theorem 5.13,

A
(
LC�

�1
/LC�

�2

)
= L�1,�2

.

Finally,
L�1,�2

⊂ A
(
LC�

�1
/LPC�2

)
for 0 < �1 ≤ �2 < 1.

Similarly, since

LPC�2
⊂ LC�2

, we get A(LC�1
/LC�2

) ⊂ A(LC�1
/LPC�2

)

according to (2) of Proposition 5.2. By Theorem 5.13,

A(LC�1
/LC�2

) = L�1,�2
.

Finally,

L�1,�2
⊂ A(LC�1

/LPC�2
) for 0 ≤ �1 ≤ �2 < 1.

Let f /∈ L�1,�2
(for corresponding �’s). Then, by (4) of Theorem 5.13, there

exists a function g such that

f+g /∈LC�
�1

for 0<�1≤�2<1 or f+g /∈ LC0 for 0≤!�1≤�2<1.

Hence,

f /∈A(LC�
�1
/LPC�2

) for 0<�1≤�2<1 or f /∈A(LC�1
/LPC�2

) for 0≤�1≤�2<1.

�
������� 6.2	

(1)
⋃

�∈(�1,�2)

L�,�2
⊂A

(
LPC�1

/LC�
�2

)
⊂A (LPC�1

/LC�2
)⊂A (LPC�1

/LPC�2
)⊂L�1,�2

for every 0 ≤ �1 < �2 < 1.

(2) A (LPC�/LPC�) = L�,� = LC�
1 and A

(
LPC�/LC�

1

)
= LPC�

for � ∈ [0, 1).

P r o o f.

(1) According to the first two points of Proposition 5.2,

A
(
LPC�1

/LC�
�2

)
⊂ A (LPC�1

/LC�2
) ⊂ A (LPC�1

/LPC�2
)

⊂ A (LC�1
/LPC�2

) ⊂ L�1,�2
for 0 ≤ �1 < �2 < 1.

Take any f ∈⋃�∈(�1,�2) L�,�2
. There exist �0 ∈ (�1, �2) for which f ∈L�0,�2

.

Since LC�
�0

⊂ LPC�1
, we obtain

L�0,�2
= A

(
LC�

�0
/LC�

�2

)
⊂ A

(
LPC�1

/LC�
�2

)
,

by Proposition 5.2. Therefore,

f ∈ A
(
LPC�1

/LC�
�2

)
.
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(2) The equality L�,� = LC�
1 follows directly from Corollary 5.14.

The inclusion LC�
1 ⊂ A (LPC�/LPC�) for � ∈ [0, 1) is obvious.

The inclusion A (LPC�/LPC�) ⊂ L�,� follows from (4) of Theorem 5.13.

Obviously, LPC�⊃A
(
LPC�/LC�

1

)
for �∈ [0, 1).

Take ε>0, measurable g: I→R, f ∈ LC�
1 and x ∈ I. Then,

{t ∈ I : |(f + g)(t)− (f + g)(x)| < ε}
⊃
{
t ∈ I : |f(t)− f(x)| < ε

2

}
∩
{
t ∈ I : |g(t)− g(x)| < ε

2

}
.

Since f ∈ LC�
1 , we obtain

d
({

t ∈ I : |f(t)− f(x)| < ε

2

}
, x
)
= 1.

Then, by (1) of Proposition 3.1, we obtain

d
({t ∈ I : |(f + g)(t)− (f + g)(x)| < ε}, x)
≥ d

({
t ∈ I : |f(t)− f(x)| < ε

2

}
∩
{
t ∈ I : |g(t)− g(x)| < ε

2

}
, x
)

≥ d
({

t ∈ I : |f(t)− f(x)| < ε

2

}
, x
)
+ d

({
t ∈ I : |g(t)− g(x)| < ε

2

}
, x
)
− 1

= d
({

t ∈ I : |g(t)− g(x)| < ε

2

}
, x
)
.

Therefore,

LPC� ⊂ A
(
LPC�/LC�

1

)
and finally, LPC� = A

(
LPC�/LC�

1

)
for every � ∈ [0, 1). �

�������� 6.3	 Let f ∈ LC�
1−�2+�1

be continuous at every point except some
x ∈ I,

d
({t ∈ I : f(x) = f(t)}, x) = 1− �2 + �1

and

d
({t ∈ I : |f(x)− f(t)| > ε}, x) = �2 − �1

for every ε > 0. Then,

f ∈
⋃

�∈(�1,�2)

L�,�2
\ L�1,�2

and L�1,�2
�
⋃

�∈(�1,�2)

L�,�2
.

Is there any equality in (1) of Theorem 6.2?
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