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APPROACH TO THE SUMMABLE IDEAL BY
O’MALLEY DENSITY OF SPECIAL TESTING SETS
ON THE REAL LINE

MALGORZATA FILIPCZAK — GRAZYNA HORBACZEWSKA

Faculty of Mathematics and Computer Science, University of Lodz, Lédz, POLAND

ABSTRACT. The summable ideal for a harmonic series is described by the
O’Malley density of subsets of the real line generated by sequences of reals.
Since this approach leads to a special kind of summable ideals, we investigate
the relationship between them and we find conditions under which summable
ideals for specific series coincide with one for the harmonic series.

1. Introduction

It is known that the density ideal of subsets of the set N of all positive in-
tegers can be defined using the classical notion of density of subsets of the real
line ([I1]). An analogous relationship between f-density on R ( [3]) and ideals
of simple density on N defined in [I] was considered in [4]. In the same regard,
summable ideals and O’Malley density were studied in [6] and in [4]. The com-
mon idea in these papers was as follows: a set A C N belongs to the considered
ideal if and only if zero is a right-hand dispersion point in some sense of a specific
interval subset of R defined for the sequence 1/n, namely, of the set

U1

i€A

In [5], more general “testing sets”

Dz, (A) := U [Tit1, 7]
i€A
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defined for decreasing sequences (z,,) tending to zero were considered for the case
of the density ideal. Conditions for the sequences (z,) at which our approach
gives the density ideal were found. The main aim of this paper is to under-
take analogous considerations for the summable ideal for a harmonic series.
In this case, the problem is reduced to investigating the relationship between
different summable ideals and finding the conditions under which summable
ideals for specific series coincide with one for the harmonic series.

2. Summable ideal and O’Malley density
Let us remind that for any divergent series of positive numbers ZnEN A,

a family
Ly, = {ACN: Zan<oo}

is a proper ideal on N called a summable ideal generated by the series ) . 4 a

In this paper, we would like to focus our attention on a summable ideal

for a harmonic series, i.e.,
1, = {A CN: Z - < oo}

nEA

:Y

Inspired by a result from [T1] for the density ideal and classical density, in [6],
the authors proved an analogous result for the ideal Z1 1 . It expresses a connection
between this ideal and a special kind of “sparseness” near zero on the real line
(in O’Malley sense [9]). Namely, the condition

1

1
/;XB(t) < 00,
0

where x g denotes a characteristic function of the set B C R, indicates dispersion
in O’Malley sense of the set B near 0.
To each set A C N we assign a testing set

and we define an ideal
1
1
Tom = ACN Z/zXD(A)(t)dt<OO
0

In [6], it has been shown that
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We are now interested in the effect of changing the testing set by using another
sequence instead of (%) Hence, for any decreasing sequence of real numbers
(zy,) from (0, 1] tending to zero, define:

D(xn)(A) = U [Tiv1, 2]
i€A
and
1

Tn 1
I(OM) = A CN :/ ;XD(:B”)(A) (t)dt < 00
0

An easy calculation shows that these ideals are in fact summable ideals for cer-
tain series:

Igh’/‘[):{ACN:Zln n <—|—oo},

X
neA ntl
ie.,
(Tn) _
IOM _Iln IT"n .

n+1

Hence, obviously Igﬁ) D Fin, where Fin denotes the ideal of finite subsets of N.

The question is for which sequences Igﬁ) is a summable ideal for the harmonic

series Z1.

n

3. Main results

THEOREM 1. [fliminf, .. f—il > 1, then
I6w) = Fin S 7o

Proof. If liminf, x—”i—l > 1, then there exists 8 > 1 and ng € N such that
for every n > ng we have

Tn Tn

>3, so In >Ing > 0.
Tn+1 Tn41
Hence for any infinite set A C N,
In—" = 400, so A¢I&). 0
neA Tn+1

THEOREM 2. [flimsup,, ,, ;%o > 1, then T, \Igﬁ) #0.
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Proof. Let limsup,_, ., 7*== = o > 1. Denote by (xn,) a subsequence of (x,)
such that

T

- ;1 — «a. As in the proof of the previous theorem, we can show that

for any subsequence (xmk) of the sequence (x,,), the series

g In Eis divergent.
Ln;, +1
keN *

Since the summable ideal has the “tall” Property ([2]), which means that
any infinite set B C N contains an infinite subset belonging to Z1, we can find
an infinite subset A of the set of indices of the (z,,), ie., A c {ni:ie N}
belonging to Z:. Then, (xt)iea is a subsequence of (x,,), so A ¢ Igﬁ). O

Of course, different sequences can generate the same summable ideal.
In [6], a simple and useful sufficient condition is given for this.

LEMMA 3. Let ) _Nan and ) N bn be divergent series. If

a a
0 < liminf b—n <limsup — < oo, then I, = Tp,.

n—0o0 Op n—oo UOn

According to the above lemma, we can easily formulate the sufficient condition
for obtaining 71 using different testing set to define Igﬁ), ie.,togetZ, = 71,

where a,, = In %2,
Tn4+1

THEOREM 4. Let (x,) be a decreasing sequence of real numbers from (0,1]
tending to zero. If

0 < liminfnln < limsupnln < 00,
n—00 Tn+1 n—00 Tn+1
then
_ glzn)
I = 15y -

n

Let us note that our considerations have led us to a more general question
concerning summable ideals. We want to find a sufficient and necessary condition
for positive terms of a divergent series ) _nan to have 7. = 7, .

Remark 5. Suppose that series ) an, and)_ b, are divergent. If

a
KeZ, and lim sup — < oo,
neN\K bn
then
Ibn C Ian-
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Indeed, by assumption there exists a positive number M such that a,, < Mb,
for n € N\ K big enough. Hence, for any B € 7, ,

Zan: Z ay + Z an <Man+Zan< .
neb neB\K neBNK neB nekK

Observe that if K = (), we get that if limsup,,cy §* < 0o, then 7, C Z,,,.

PROPOSITION 6. Let lim,, oo b, =0 and ) b, be divergent. If

. a
lim =% =o0, then Za, CT,.
n—o0 n

Proof. It is clear that from the assumptions we immediately have
Zan =o0 and Z,, C Iy,.
neN
We inductively construct the set
Bely\ I,
Since lim,, oo ‘;—: = 00, there exists [; € N such that

dn > 2 forevery n >lj.
bn

Since lim,, o b, = 0, there exist numbers my > [; and k; € N such that

Define

For every i € By, we have a; > 2b;, hence
Z a; > 1.
1€By
Suppose we have defined the finite sequences {1, ..., lp—1}, {m1, ..., mp_1}
and {ki, ..., kp—1} such that forany j=1,...,p—1
mj; > lj,

a .
-~ > 27 forevery n > l;
bn

and

o1



MALGORZATA FILIPCZAK — GRAZYNA HORBACZEWSKA

Since lim,, o 3= = o0, there exists [, > m,,_1 + k,_1 such that

a
= > 2P for every n > lp.
by

Since lim,,_ o b, = 0 and ZZLP b, = oo, there exist numbers m,, > [, and
kp € N such that

1T 1
2_p = Z bz < 2p—1'
i=my
For B, :={mp,m, +1,...,m, + k,}, we have
Zai > 1.
i€B,
Define
o0
B=]J B,
p=1
Since ) ,cpbi < 2, we have B € T;,. On the other hand, ), za; = oo,
hence B ¢ Z,,, . O

COROLLARY 7. Let lim, o b, = 0. If there exists a set M C N such that
Y e bn is divergent and limy, ey ‘g—: = 00, then

Ty, ¢ I, .

Proof. Arrange the elements of M in an increasing sequence M = (myq, ma, .. .).
Sequences (d,,) and (¢, ) defined as follows

dp :=bp, and ¢, :=apm,

fulfil the assumptions of the previous proposition. Therefore, there exists D C N

such that

Zdi < oo and Zci = 00.

i€D i€D
Hence,

B:={m,:neD} el \I,,. O
LeEMMA 8. If (a,) \ 0, andlimsup,, . na, = oo, then there erists a set A C N
such that lim,e o na, = oo and ), ., % = 00.

Proof. According to Olivier’s theorem ([§], v. 80, Theorem), from the assump-
tions we have > | a, = 0.
We construct the necessary set inductively. Since

lim sup na, = oo, there exists ki >4 such that ki -ap, > 22,
n—oo
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e[}

11 k 11
LS (T 2 R |
Zi>k:1<1 <2+>> 2 T

1€A,

Define

Then,

and for any i € A i 1
. 1
ia; > Eakl > §~4.

Suppose we have already defined a finite increasing sequence (k1, ..., k,_1) and
finite sets of indices Ai, ..., Ap—1 such that for every number [ € {1,...,p—1}
(1) minAl > max Aj_q,

(2) ar, by > 241,

11
()216A11>§7k_l’
(4) ia; > ag, - kl > 2! for every i € A;.

Since lim sup,,_, ., na, = 0o, there exists k, > 2k,_1 such that ky-aj, > 2Pt

Let L
e {[] ).

Then, min A, > max A, _; and

1 1 k 1 1
e () =51
GZA i kp< P 2 2k
Moreover, for every ¢ € A,

Finally, defining

o0
A= Ap,
p=1
we obtain
LIS SICEEANE S U
Laj = L2 \2 K, — 4
i€A p=1 p=1
Moreover,
lim na,, = o ]
neA

COROLLARY 9. If (a,) \(0 and limsup,, ., na, = oo, then
I, ¢ 1,
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Note that from the above and Remark Bl for (a,,) N\, 0, we have an equivalence

lim sup na, < oo & Zi CI,,.

n—oo

Using an analogous procedure, we obtain the following results

PROPOSITION 10. Suppose that lim, oo b, = 0 and >
If lim,, o0 %:L =0, then

nen bn 15 dwvergent.

n ; Ian'

COROLLARY 11. Let lim,, b, = 0. If there exists a set M C N such that
> e bn is divergent and limy, ey 32 =0, then

To, ¢ T,

LEMMA 12. Let (a,) N\, O, 220:1 a, be divergent and liminf, .. na, = 0.
Then, there exists a set A C N such that

1
li =0 d — = o0.
Lim. nan an Z ~ =

COROLLARY 13. If (a,) \, 0, Yo7 a, is divergent and liminf,_, na, = 0,
then

CI..

Lo, S I1

We have shown that if (a,) N\ 0, then
Lo, =11
implies
0 < lim inf na, <lim sup na, < oco.
n—oo n—00
Therefore, we can add a new result to Theorem [Fl

THEOREM 14. Let (z,) be a decreasing sequence of real numbers from (0, 1]
tending to zero such that (111 #:1) N 0. If

Ty= 15y,
then
. . xn . .%'n
0 < liminfnln < limsupnln < 0.
n—00 Tn+1 n—00 Tn+1

At this point it is worth emphasising that the implication

Tn

lim sup nIn

<o = I, CI&) =Ty o
n—00 Tn+1 "

Tpn41
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obtained in Theorem M for any decreasing sequence (x,) of real numbers
from (0, 1] tending to zero cannot be reversed. Namely, there exists a decreasing
sequence () of real numbers from (0, 1] tending to zero such that

IZ:C1Ly, =« and limsupnln

n+1 n—00 Tn+1

= o0.
Indeed, we start with an observation that for any sequence (b,) of positive
reals such that > 7 | b, = oo, there exists a decreasing sequence (z,,) tending
to zero such that b, = In “*2— + . It is suffices to define
r1:=1 and =x,:= e~ XS b for >2.

Now, we want to define a sequence (b,,) of positive reals such that

an:oo, limsupnb, =oc0 and Zi CZp, .

n—oo
Let A C N be an infinite set such that Y., _, — 7n < 00. Let
1 .
. Tn if neA,
L if n¢ A

Since nb, = y/n for n € A, we have limsup,,_, . nb, = oo. Consider now any
B ¢ T, . It means that

d bp=o0, but Y by=> byt Y by
neB neB neANB n€B\A
Since the first sum is finite,

Z b, =00, so Z %:oo.

neB\A neB\A
Thus, B\ A ¢ Z1, and consequently, B ¢ Z1. We conclude that Z. C Z,.

Of course, if we add an assumption that (ln—L) N\, 0, the considered
implication “<” holds (compare Corollary [)).

It is interesting that the condition from Theorem (] and Theorem [14]is equiva-
lent to that one from Theorem 5 in [5] concerning the density ideal.
To show this, we need an auxiliary lemma.

LEMMA 15. Let (z,) be a decreasing sequence of real numbers from (0, 1] tending

to zero and let a, = nz’l;ﬂ and b, = nln =~ for n € N. If one of the

sequences (ay,), (by) is convergent to a ﬁmte posztwe lzmzt then the other one is
also convergent and lim,, .. a,, = lim,, o by, .
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Proof. Observe that

Tntl Tn n
ap =n <1 - — and = ,
Tn Tpel N —ap

SO

b, =nln and an:n(l—e_an).

n—a,

Let us now assume that lim, ,.,a, = g > 0. Let ¢ > ¢ > 0. Then, there
exists ng such that for any n > ng we have g — ¢ < a,, < g + €. Hence,

1 n < b, <nl r
nln ——— nlp ——.
n—(g—¢) " n—(g+e)
For any ¢ > 0 we have lim, o zIn = =c.
Indeed,
T
lim zln = lim —< = lim =c.
Tr—r 00 Tr — C Tr—r 00 = r—o0 I — C

x

Therefore, there exists n; > ng such that for any n > n; we have
g—2e<by, <g+2e.
By arbitrariness of ¢, we have lim,,_, b, = g.

Now suppose that lim,, ,, b, = g > 0. Let g > ¢ > 0. Then, there exists ng
such that for any n > ng we have

g—e<b,<g+e.

Hence,
(g=2) (g+e)
n(l—e_qn ><an<n(1—6_qn )

For any a > 0 we have

Indeed,

. —a
= lim e =a = a.

lim =z« (1 — 6_5) = lim Jim.

Tr—00 Tr—00

Therefore, there exists ny > ng such that for any n > n; we have
g—2 <ap<g+2e.

By arbitrariness of e, we have lim,, .~ a, = g. O
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PROPOSITION 16. Let (x,) be a decreasing sequence of real numbers from (0, 1]
tending to zero and let

Tn — Tpt1
ap :=n———— — and b, :=nln
Tn Tn41

for neN.

Then,

0 < liminf a,, < limsupa, < oo
n—0o0 n—00

if and only if
0 < liminf b,, < limsupb,, < co.

n—00 n—00

Proof. Assume that liminf, .. a, > 0 and suppose that liminf, .. b, = 0.
Then, there exists a subsequence (b, ) such that limg_ . b,, =0 and by as-
sumption, liminfy_, . an, > 0, so eventually choosing a subsequence, we have

lim a,, =g > 0.
k—o0
By Lemma [15] limg_,o0 by, = ¢ > 0, which is a contradiction.
Analogously, we will show that if

limsupa, < oo, then limsupb, < co.
n—oo n—oo

Now, it is easy to see that the inverse implication holds. (]
We have thus proved

THEOREM 17. Let (z,) be a decreasing sequence of real numbers from (0,1]
tending to zero. If

.. Tp—x ) T, —T
0 < liminfn="—""*1 < limsupn—2—"FL o,
n—0o0 T n—00 Tp
then
T, =I5,
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