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ABSTRACT. In the work, we focus on designing and analyzing a simple math-
ematical model of epidemic outbreaks involving vaccination in a heterogeneous
population composed of two age groups. The model is based on the framework
of matrix population models. It is designed to include the fundamental phenom-
ena of interest while also making it as explicit as possible for examination using
methods of real function analysis. Our aim is to examine differences between sep-
arable and non-separable mixing and answer the question, how many vaccines
are needed to achieve herd immunity. Additionally, we aim to gain a better un-
derstanding of some controversies in vaccination prioritization where a superficial
view could lead to misconceptions and subsequent poor decisions.

1. Motivation

During the COVID-19 crisis, we found ourselves in a situation where several
types of vaccines became available in rapid succession during the ongoing pan-
demic [28]. Their quantity was limited, and at the national levels, it was necessary
to determine the priority of vaccination across the population [30], [17], [3]. Based
on the observation of more severe cases among the older population (over 60 years
old) compared to the rest of the population, the prioritization of vaccination
often shifted from critical infrastructure workers to age groups [9], [30], [22], [3].
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The effectiveness and safety of vaccines were tested in standard double-blind
trial studies. However, due to the acute epidemiological situation, long-term
observation of the vaccine’s impact was not possible [26], [29], leading to var-
ious doubts about the correctness of their deployment. Many vaccine proper-
ties, protective effects, as well as some very rare adverse effects, were gradually
discovered.

The scale of the epidemic at the national level often led to such high numbers
of forced hospitalizations that there was a risk of exceeding the capacities of an
already long-strained and exhausted health-care system. Therefore, authorities
often resorted to various non-medical measures that often severely damaged the
economy. With the arrival of inexpensive antigen tests, testing campaigns were
launched, but the advent of vaccines and later the arrival of less deadly rapidly
spreading variants marked a significant improvement in the situation.

In the vaccination campaign, there was often a media advocacy for age priori-
tization [30], [22]. The argument put forward was that, “Vaccines protect against
severe disease and hospitalization, and older people have the highest risk of hos-
pitalization.” From this, and the fact that hospitals indeed had a higher pro-
portion of older age groups, it was deduced that older age groups should be the
main recipients of the vaccine. This argument was even questionably turned into
a claim that, “younger age groups should not actually get vaccinated. That the
vaccine reliably helps only against severe disease and hardly prevents disease
transmission, thereby accelerating the already well-documented asymptomatic
spread, which is known in the case of COVID-19.” Possibility that the vaccines
against COVID-19 reduce symptoms but the infectivity is suppressed only leakily
is presented in [26].

Claims about the negative effect of the vaccination campaign may seem rea-
sonable at first glance, but a deeper analysis of these phenomena reveals that
even incomplete protection can significantly help mitigate the epidemic.

Currently, several extensive scientific studies have confirmed the effectiveness
and safety of COVID-19 vaccination [28]. It has been shown that vaccines not only
provide protection against severe outcomes (hospitalization) and symptomatic
cases but also have the ability to slow down the spread of the virus [25].

The effort to understand the SARS-CoV-2 pandemic is just one motivation.
Another motivation for this study is the problem that lies ahead of us, which
is the growing anti-vaccine movement that has been gaining strength for some
time. Despite the unprecedented success of the development, production, and
global distribution of COVID-19 vaccines in modern medicine, the COVID-19
crisis itself, pressure for vaccination campaigns, and the possible loss of trust
in government and healthcare authorities due to chaotic crisis management could
accelerate the further spread of anti-vaccine sentiment also for other disease [29].
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Diseases that were nearly eradicated through vaccination may re-emerge, es-
pecially in local communities with low vaccination rates, leading to outbreaks.
These diseases are often highly contagious, exhibit different courses in children
and adults, and are frequently deadly. This once again emphasizes the need
to understand populations as interconnected, differently vaccinated subpopu-
lations and to study how the dynamics of subpopulations and various vaccine
characteristics alter a community’s local resistance to outbreaks [29].

In such a scenario, it can be assumed that whole population is fully susceptible
before an outbreak, and the effectiveness of vaccines remains very stable, often
lifelong.

It is evident that in epidemiology, intuition can lead to incorrect decisions.
In such situations, it is not advisable to rely on intuition but to use a mathe-
matical model to get insight in such phenomena.

Therefore, this work focuses on design and analyzing a simple discrete de-
terministic mathematical model capable of assessing the effects of vaccination
strategy with regard to the rate of hospitalization growth. This model should be
able to provide a rough answer to questions like: when should each subpopula-
tion be vaccinated and when not, how to allocate a limited quantity of vaccines
among subpopulations (what vaccination strategy to employ), and how many
vaccines are needed to achieve a herd immunity of whole population?

2. Scope of work

The overall impact of the vaccine on the population (society) depends not
only on its individual effectiveness but also on its distribution in space, time,
and across subpopulations of varying quality (considering risk groups). We will
assume that the vaccine’s individual-level properties are specified (known), and
we will consider a sufficiently large, spatially well-localized population with good
mixing (e.g., a city). We will primarily focus on the impact of vaccine distribu-
tion among subpopulations. The model will be primarily designed to analyze the
outbreak of an epidemic under current local conditions. We will pay particular
attention to a short period far from the endemic state when we can neglect the
decrease in the susceptible population, and the epidemic will exhibit exponen-
tial (geometric) growth. With this in mind, in the following text, by the term
“vaccination strategy” we will mean precisely the distribution of vaccines among
subpopulations at the moment and place of the epidemic outbreak.

For the model proposal, let us assume:

e A closed, well-mixed population (with over 10,000 individuals).

e Two age groups: people under 60 years old and people over 60 years old.
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e Both groups will have defined rates of vaccination coverage, susceptibility
to infection, infectivity rate, and probability of hospitalization.

e Both groups will have defined vaccine’s effects: reduction in susceptibility,
reduction in infectivity, reduction in the probability of hospitalization.

e Interactions of subpopulations will be determined by a 2-dim. contact ma-

trix [8], [24].
e There is no immunity in the population due to prior infection.
e Only a limited quantity of vaccines is available.

e The vaccination campaign will take place before the outbreak of infection.

e The vaccine does not lose its effectiveness over time.

We will distinguish four subpopulations that will arise from initially divid-
ing the entire population into two groups: individuals under 60 years old and
individuals over 60 years old. Each of these groups will then be further divided
into vaccinated and unvaccinated subpopulations.

The model will consist of two parts. The first part will be a model of trans-
mission that depends on the proportional representation of these four subpopu-
lations in the overall population, the course of the disease, the impact of the age
and the vaccine on the transmission, as well as on the average contact between
subpopulations. The second part will be a simple proportional hospitalization
model that takes into account the severity of symptoms and the ability of the vac-
cine to mitigate the severity of the disease, thereby reducing the need for medical
care.

To construct the model, we will use a matrix framework developed for the
field of modeling of population dynamics [5], [4], [2], [23], [10]. First, we will
prepare the theory of matrix models of disease transmission in a homogeneous
population in the time domain and generation domain [5]. Furthermore, we will
theoretically explore matrix models of disease transmission in a heterogeneous
population (with separable and non-separable mixing [14], [13], [1], [12], [6]) and
investigate the conditions under which results from the generation domain can
be interpreted in the time domain ([19], [27]). Then, we will propose a sim-
ple parametrization of the disease course and the vaccine’s impact for both
age groups [16], [I1]. At this point we will incorporate some specific features
of COVID-19 [T6], [T1], [28]. As the final step of model derivation, the proposed
parameters will be incorporated into the prepared theoretical framework, lead-
ing us to an explicit analytical formula for calculating the reproductive number
and the stable composition of the generation.
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3. Model of transmission in a homogeneous population

Let us first assume a homogeneous population without division into different
subpopulations. Let the disease lasts for IV days.

The course of the disease will be determined by a time-discrete reproduction
function represented by the vector f = (f1, fo, -+ fu, ---, fN)T, fn €RY,
that specifies the average number of people infected on each day n of the
disease, and a time-discrete transport function represented by the vector ¢t =
(t1, tay cooy by oony tN_l)T, tn € (0, 1], which, for each day of the disease,
determines the probability of transition of an infected individual to the next
day of the disease. Furthermore, let us assume an vector of infected v(z) =
(v1(z), va(z), ..., va(x), ..., vn(z))7T, representing the number of infected in-
dividuals for each day x of the epidemic. The temporal evolution of the model
is represented by a linear transformation:

v(x 4+ 1) = Pv(z),

where P is a non-negative projection matrix. In the trivial case of an unstruc-
tured population, it will be a Leslie matrix.

f1 fN—l fN f1 fN—l fN 0o ... 0 0
t1 ... 0 0 0o ... 0 0 1 ... 0 0
= . . . . +
0 ... ty—1 O 0o ... 0 0 0 ... tny—1 O
P F T

This matrix can naturally be decomposed into the fertility matrix F' > 0 and
the transport matrix 7' > 0, where vazl T;,; < 1. For a given initial vector v(0),
the value of the infected vector on a given day x will be determined by

v(z) = P*v(0).

The early development of the epidemic can be characterized by the daily
growth (sometimes mentioned as geometric growth rate or only simply as growth
rate). For a general initial vector v(0), the oscillations of v(z) could occur. Due to
P > 0 the spectrum of the matrix P > 0 the Perron-Frobenius theorem [I5], [20]
is satisfied. Let us, mark eigenvalues P, \,,. If we will assume that greatest eigen-
value of P, Apax = max(|A,|) is strictly greater than the others, the oscillations
will be damped. In such a case, only a transient phenomenon will occur, which
will dissipate faster when the ratio of the absolute values of the largest and
second largest eigenvalues is greater. As x grows, the dominant eigenvalue pre-
vails in the limit. Therefore, the asymptotic growth rate r will be determined
by the spectral radius of the matrix p(P) = Apax. Besides stabilizing growth,
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the structure of the infected vector wvgia, Will approach to right eigenvector cor-
responding to this largest eigenvalue (Perron vector). In the case of v(0) = vgtap,
the transition process is eliminated, and the limiting behavior is achieved imme-
diately after the onset of the epidemic.

The value of r can be determined from the characteristic polynomial of the
matrix, which can be rewritten into the form of the well-known discrete Euler-

-Lotka equation [5]:
N

1= 1" fuln, (3.1)
n=1
where [,, are elements of vector [ € (0, 1}N what representing the survival func-
tion until the Nth day of the disease. This vector is uniquely linked to the vector
of transport by the relationship:
n—1
h=1 lLs1=]] ). (3.2)

j=1

In general, if » < 1, there will be no epidemic. In the opposite case, if r > 1,
geometric growth will occur. This parameter is possible use also for comparing
of severity of two different situations.

In the time domain, a new state of infected individuals for the next day
is generated from the currently infected population distributed over individual
days of the disease. Currently infected individuals are a mixture of new cases
and cases that have aged by one day.

In addition to the time domain, it is possible to study the epidemic in the do-
main of successive generations (generation domain). The kth generation refers
to the set formed by infected individuals who arose from a cascade of k in-
fectious transmissions from patient zero (generation zero). Similar to the state
of the epidemic in time being represented by the vector of infected individuals
v(z), in the generation domain, the state of the epidemic in the kth genera-
tion is represented by a vector determining the composition of generation g(k).
In general, this vector has the same dimension as v(z).

For matrix models that are decomposable into fertility and transport matrices,
it is possible to derive a relationship for calculating the so-called Next Generation
Matrix (NGM) [5], [2].

G=FI-T)"" (3.3)
(I represent unitary matrix.)

Given the assumptions F, T > 0, will also hold G > 0. This matrix has

a similar meaning in the generation domain as the projection matrix in the

time domain. P can be decomposed in many ways, thus structure of G depends
on matrices F' and T, not P itself [7].
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Analogously to evolution of the vector of infected in time domain, there is
also an implicit formula for the evolution of the kth generation:

g(k +1) = Gyg(k),

and similarly, there is an explicit formula for generational development:

g(k) = G"g(0). (34)

In the generation domain, the details of the ongoing disease are lost. This
causes successive generations not to mix with each other. Thanks to this,
the matrix G and also the vector g(k) can be significantly reduced what simplifies
some analyses.

Just as with the projection matrix in the time domain, it is also possible to in-
troduce an assessment of the epidemic growth here with NGM in the generation
domain through the average intergenerational growth rate R = p(G) (reproduc-
tion rate). Similarly to time domain, oscillations can be expected also here, and
assuming that the magnitude of largest real eigenvalue of NGM is strictly greater
than the magnitude of the other eigenvalues, it will only be a transient phenom-
enon [20]. In such a case, the reproduction rate asymptotically stabilizes, along
with the structure of the generation, which will be identical to the structure
of the right eigenvector corresponding to the dominant eigenvalue of the ma-
trix GG. The transient phenomenon can be avoided by giving the zero generation
a stable generation structure directly. However, if we manage to determine all
eigenvalues, it will be possible to model the transient phenomenon in detail.
This will prove to be significant only after introducing a heterogeneous popula-
tion.

It is essential to note that if we assume a nonzero duration of the disease,
despite the stabilization the next generation in time, each subsequent generation
will always have a greater time variance than the one before it, which can slightly
complicate the interpretation of growth between the two domains (see [19]).

If we apply the relation for NGM (3.3) to the Leslie matrix, we get:

g: l g: l N l
fn® - o S
n=1 b n=N-—1 tv—1 n=N in
G = 0 0 0

0 0 0

The form of the matrix G allows us to start the generational development from
the zero generation composed of infected individuals in various stages of the dis-
ease. However, typically, the zero generation consists of one patient zero or it
can be an asymptotic stable distribution of generations, suppressing the tran-
sient phenomenon. Since all rows of GG except the first are zero, after the first
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evaluation of ([34]) from zero generation to the first, all components are zeroed
out except the one representing the state in which newly infected individuals
are generated. The NGM matrix G as well as the vector g(k) can be reduced
without losing information about the asymptotic growth. This reduction does
not change the spectral radius of the matrix.

If the model contains multiple mutually generating populations of different
types, the only relevant components of the vector g(k) will correspond to the
states in which newly infected individuals of those types are generated. Thus,
every Nth row and Nth column of the matrix G will be selected, as well as every
Nth component of vector g(k).

If we apply these concepts to GG for the Leslie matrix, we are left with a reduced
matrix 1x1 whose spectral radius is directly the value of that one matrix element.
Thus, the reproduction rate is determined by:

N
R = p(G) = Z fuln.
n=1

If we take the biological definition of the basic reproduction number as the
“average number of secondary infections generated by a typical infected indi-
vidual during the entire period of his infection in a fully susceptible popula-
tion” [23], [7], then we can easily show that in Leslie’s models, an infected
individual infects, on average, f,l, people on the nth day of the disease —
this is the product of the probability that the infected person remains sick until
the nth day and the average number of new infections generated on that day.
Thus, over the course of the entire disease, an infected person will infect exactly
25:1 fnln individuals. This implies that in Leslie’s model, the reproduction rate
is directly interpretable as the basic reproduction number. Such interpretation
is also preserved in [2], [23] and also in all extensions of the model presented
in this work.

4. Model of transmission in a heterogeneous population

Let us assume a heterogeneous population divided into M subpopulations.
Let the disease lasts N days, with the preliminary assumption that the course
of the disease will be different for different subpopulations. The upper left in-
dexes 1,7 indicates the subpopulation, and the lower right index n indicates
the number of days since infection.

. . > N
Let us assume the existence of fertility vectors “/f € RZ ", vectors of trans-
ports 7t € (0, 1]V =1 and vectors /1 € (0, 1]V, where i,5 € {1, ..., M}.
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We construct the projection matrix of the model from simpler submatrices
of the form

Bify L Bify_y Bify 0 ... 0 0
B 0 0 0 ) Ity ... 0 0
7I7JF: . . . ) JT: . . . )
0o ... 0 0 0 ... Jty_1 O
and then
Lvp .. LMp r .. 0
P = : : | :
Mip Y (4.1)
SE L MR 0o ... T
o T

The matrix P is nonnegative with size N = MN. On block diagonal of ]5, there
are submatrices with nonzero fertilities and transports (these submatrices model
the persistence of populations and their self-generation). Submatrices outside
the main diagonal have only nonzero fertilities (these matrices model the mutual
generation of subpopulations).

If a more complex matrix model is composed of Leslie-type matrices, this
model can also be naturally decomposed into a transport matrix and a fertility
matrix and the approach resulting in ([B.3) will be valid also here [5], [23].

ézﬁﬁfﬂA. (4.2)
After substituting (1) into this equation and making adjustments, we obtain
LR (1=17)"" ... WMp. (1-MT)}
G= : . :
MAp. ([=1T)".. MMp. (1 _MT)"!

Thus G can be understood as a matrix composed of submatrices in the form
of NGMs corresponding to special Leslie matrices. Therefore, the findings from
the previous chapter can be also applied to them.

- ijp Il - ijp Iln iy
z_:l fnjll 7%; L fnle71 fN
0 0 0
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All matrices “/G for a fixed i have all their rows zero except the first one, so all
rows (i — 1) N +k (where k € {2, ..., N}) of matrix G will be zero, and for the
analysis of the asymptotic reproduction rate, we will be able to remove them.
Each matrix “/G is thus reduced to a matrix 1 x 1 with the element

N N

i’le,l = Zldfn% = Zi7jfnjln~

n=1 n=1

Therefore, the spectral radius of the NGM G of the composite model can be
obtained by calculating the spectral radius of the reduced matrix:

N N
1,1G1’1 1,MGL1 ngll,lfnlln nXZ:ILMf”Ml”
G- _ |
MiGy, ... MMG, JXV: Mipa f: MM g My
n=1 n=1
p(@) = p(G). (4.3)

The individual elements of the reduced matrix G can be interpreted as spectral
radii of special Leslie matrices. Along with the reduction of the matrix, it is also
necessary to reduce the composition vector g(k). This reduced vector will be
denoted g(k) in agreement with the notation of the reduced matrix.

At this stage of model derivation, further modifications and simplifications
will require specifying (constraining) the shape of vectors »7 f, 71 or 7.

From an epidemiological perspective, the current generation (vector g(k)) con-
sists of infected individuals of various types, and when the NGM is multiplied
by this vector from the right, it results in scalar products of (k) with the rows
of the matrix G. Thus, the characteristics of the healthy (susceptible) population
affecting the generation of new infections, such as susceptibility to infection, vac-
cination coverage, or the protective effect of vaccines by reducing susceptibility,
manifest themselves as scaling of the NGM rows. Conversely, the characteristics
of the currently infected population related to the generation of new infections
(such as infectivity and the protective effect by reducing infectivity) are reflected
in the scaling of the NGM columns. (It corresponds to the well-known separable

mixing, see [14], [12] and others.)

So there is an opportunity to separate the effects, which enable further
adjustments.
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For example, we can directly assume that the matrix Gis separable éi, j=aib;,
i.e., it can be expressed as an outer product of vectors

a=(ar, ..., ap)" and b= (b, ..., bar)".
aiby ... aiby ai
G = = (b1 - by ) =ab’. (4.4)
apmbr ... aybym apnr

By iterating the matrix, we get

9

GF=G- G- G=aplab? - ab’ =aR*" 1" = RF1ap”. (4.5)
R

It means that the reproduction rate (spectral radius) R of separable G is deter-
mined by the scalar product of the vectors a and b, thus

M
R="ab;. (4.6)
=1

In the case of a separable model all rows are linearly dependent and the ma-
trix G has precisely one eigenvalue different from zero, which is A = R.
Due to

(abT) a=a (bTa) =aR,

the a has to be eigenvector corresponds to \. In this case, the transient phenome-
non is limited only to the first iteration, after which the vector of the composition
of the generation acquires a stable structure gstap = a/||a||. Let us have the vec-
tor of the composition of subpopulations of the zeroth generation g(0). Then the
explicit equation for g(k) will be

29(1) = Gg(0),
g(k) = g(R""

In the case that §(0) is precisely one patient zero from the jth subpopulation,
g(1) will be directly the jth column of matrix G.

(4.7)

Let us now move on to the more complex non-separable case in which we
consider the interaction of subpopulations based on the given contact matrix

for two age groups:
A €11 Ci12
C= . (4.8)
C21 €22
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Such a matrix can result from direct sociological studies during epidemic or
be modeled based on the analysis of contact patterns in various communities

8], 124].

Assume that the subpopulations are constructed by dividing the total popu-
lation with a cascade of binary decisions. For example, the total population is
first divided into people over 60 and under 60 years old, and then each of these
groups is further divided into vaccinated and unvaccinated subgroups. With-
out loss of generality, the matrix G and the vector of compositions of genera-
tion g(k) can be rearranged so that, with respect to one selected characteristic
(for example, age), blocks are formed in the matrix G.

Subsequently, if we assume that the rate of interaction in the population is
specified by just one characteristic, such as age, but is independent of vaccina-
tion, then the influence of the contact between infected and susceptible indi-
viduals from different subpopulations will manifest as scaling of the prepared
blocks of this NGM matrix. So, let us introduce additional scaling parameters
for contact modeling.

Cll,iE{l,...,M/Q}, jE{l,...,M/Q},
Clg,iE{l,...,M/Q}, jE{M/2+1,,M},

KZiJ‘Z (49)
oty i€ (M/241, ... MY, jel{l,...,M/2},
Comy i€ {M/2+1, ... M}, je{M/2+1, ... M}.

If we now apply all the ideas mentioned so far to é, the elements will be
Gy = aibjri,

and the matrix will take the form

a1b1011 alb%cu alb%_i_lclg aleclg

aMblcu aMchu aMbM_,’_lClg aMchlg
2 2 2 2 2 2

oY
Il

a M bicor...am buc a bu Co9...QM byc
| 1€21 R 21 %_’_1 ! 22 | M €22

aMb1021 aMb%cm aMb%_,’_lCQQ (leMCQQ
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This matrix can be decomposed into the product of three matrices

ci1 ... €11 Ci12 ... C12
a1 0 ’ ’ ’ : ’ ’ bl 0
v C11 ... C11 C12 ... C12
G =
c21 ... C21 Coo2 ... (22
0 anr 0 bM
A B
c21 ... C21 Co2 ... (22
C

From theory [15], [18], we know that if we have the spectrum of the product
of several matrices in a specified order, then after a cyclic permutation of these
matrices in the product, we obtain a matrix that is similar, and its spectrum is
the same as that of the original matrix. Therefore, as a consequence, we have
p(ACB) = p(CBA). If we multiply the matrices in a new order, we obtain

a1b1011 aMbMCH a M 1bM 1€12 .- (IMbM012
2 2 2 T 2 T
o a1b1011 a%b%cu a%+1b%+1012 e (ZMbM612
Grot=CBA=
a1b1021 aMbM621 aM+1bM+1022 (IMbMCQQ
2 2 2 2
a1b1021 aMbM621 aM+1bM+1022 (IMbMCQQ
2 2 2 2

In this new matrix, it can be noticed that all rows within the width of a single
block are the same. This means that G, has at least M — 2 zero eigenvalues
in its spectral decomposition.

If we start evolving §(k 4+ 1) = Gg(k) by any nonzero vector §(0), after the
first iteration, the elements corresponding to the same rows will be the same.
After the following iterations and all subsequent ones, we will obtain vectors
that will have the same values on elements corresponding to the same rows.
This means that the same rows can be replaced with a single row. Since the
matrix should be square to allow its iterated powering, it is necessary to replace
the corresponding columns with one column in such a way that the total number
of newly generated individuals in the replacement row remains the same as
in the original ones. This can be achieved by replacing the corresponding columns
with their sum.
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In this way, the matrix érot can be reduced to the matrix G € R2%2;

aibicir + -+ anrjabarjacin, anrjor1barjaiicie + o+ anbacre

arbicor + -+ + aneburjacar, anjor1byyayice + -0+ anmbarcon
(4.11)
whose two eigenvalues complete the spectral decomposition of the original
matrix Gyo. Since all the other eigenvalues are zero, it follows that the spectral
radius is p(G) = p(G).
By introducing the substitution
X = (Ilbl R aM/2bM/2 and Y = aM/2+1bM/2+1 + -+ (IMbM, (412)
we can simplify it to the trivial form

R c1 X  c12Y
G=|( U, (4.13)
1 X c22Y

whose eigenvalues can be obtained as roots of the characteristic polynomial.
611X - A 612Y

A4+ = root
Cle 622Y - A

1
=3 <C11X + c20Y = \/(CnX + szy)zf 4XY (cr1c00 — 012021)>
1
= 5 <611X + CQQY + \/(CllX — CQQY)2+ 4XY612621> . (414)

Of course, the spectral radius will be the larger of these two values. Since all
parameters are real and non-negative, p(é) = A;. Furthermore, it can be noticed
that if ¢12 = 0 or cp1 = 0, then G is reducible and AL =max (c11 X, c22Y).
In irreducible case
c12ZONCo ZONX AZO0NY #0,

the eigenvector g1 corresponding to eigenvalues A1 will be

gr = (1, Ty)",
. ArenX (4.15)
£ 012Y '

If we know eigenvalues, we can determine the corresponding rlght eigenvectors
of the original matrix G by solving the system of equations Ggi = Ay0+.
With some effort, it can be found that the vectors satisfying such system of equa-
tions have the form

o T
g+ = (a1, ..., any2, Yeanyoir, -, Yaan) . (4.16)
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The sought reproductive number will be R = p(é) = Ay and the stable
generation structure will be determined by Gstab = G+ /|G |-

To study the transient behavior of the generation composition, knowledge
of the spectrum of the matrix G can be utilized. Assuming that G > 0 and
Ay > A_, the matrix G will be diagonalizable.

Let us consider an arbitrary nonnegative column vector representing the com-
position of subpopulations of the zeroth generation g(0). If we multiply the ma-
trix from the right by this vector, we obtain a vector in the form

g T
g(l) :Al(al, cees Qpg/2, \IllaM/2+1, e \IllaM) s where Al,\Ill e R™.
The structure of the vector will remain the same even for g(k), k > 1. Thus we
will have -

_é(k) :Ak(al, ceey ANy2, \PkaM/2+1, ey \I'kaM) . (417)

The transition phenomenon from the second generation will depend solely
on the evolution of the parameters Ay, ¥;. From the shape of the vector g(1),
we obtain

g1 (1 g 1 J 1
Ay = 91( ) and \Ijlng/Z-i-l( ) _ ai QMV/2+1( )
ai (IM/2+1A1 an /241 g1(1)
If we are able to find parameters A;, A_ such that
G1) = Ay Asds + A NG, (4.18)
then for the kth generation
(k) = G 1g(1) = Ay A g + AN Py (4.19)

By substituting known values A, A_ and expressing equation [@IS) for the
first and M /2 + 1th element of g(1), §+,§—, we obtain two equations with two
unknowns Ay, A_:

A1(I1 = A+>\+(11 + A_)\_al,
All:[/laM/2+1 = A+>\+\IJ+(IM/2+1 + A_A_\IJ_G,M/2+1.
Solving it, we get

Ay (W) — ) A A -y

Ay = 1— =) .
P ) A (V- 0)

Upon substituting the found values of A, A_ into ([{I9), we obtain the
expression for the kth generation:

y Uy -0 | e SN
k)=A———)\ Ay—— L Fty 4.20
g(k) gL et g g (4.20)
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From this equation, through the first and M /2 + 1-th elements of the vectors
g+ and ¢_, we can determine an explicit relationship for Ag, Wy:

g1(k) (U =T )M (B W) A P
Ay = =M\ ;
aj \IJ+ —W_

_ Gupna(R) Wy (U WA O (U — WA

- Apangos (U — U ) AP (T, — W) A_F!

Now, it is straightforward to deduce that under assumption Ay > A
increases, Ag+1/Ax will approach Ay, and ¥y, will approach W, .

Wy

_,as k

At this point, we are able to explicitly describe the transient process, the
asymptotic reproduction rate, and the structure of the stable composition of the
generation for separable and non-separable model. Now, let us take a closer look
at the relations between the generation domain and the time domain.

5. Relationship between the generation domain and the
time domain

We assume that in the time domain, the asymptotic behavior will be governed
by the dominant eigenvalue of the nonnegative projection matrix (@I, which
represents the growth rate of newly infected individuals. In the generation do-
main, the asymptotic behavior will be governed by the dominant eigenvalue
of NGM ([4.3]), which represents reproduction rate or the reproduction number.

Using the reproduction number R, it is possible to test whether an epidemic
will occur or be suppressed. R > 1 indicates that an epidemic will occur,
while R < 1 indicates the opposite, that there will be no epidemic outbreak.
The threshold value R = 1 occurs at same moment as the growth rate r = 1.
In general, when course of the disease is changing, it is not always the case
that an increase in R necessarily leads to an increase in r. Therefore, if we can
calculate R for two different scenarios in the generation domain, it is generally
not possible to determine which situation is worse in terms of the epidemic’s
severity based solely on their comparison. For a broader discussion, we recom-
mend [27], where the authors address this issue for continuous models, however
their findings are applicable to discrete ones as well.

Due to this, we have decided to explore the conditions under which comparing
R could replace the comparison of the growth rates of newly infected individuals.
If we will assume that the development of number of newly infected proportion-
ally affects the number of hospitalizations the comparison of the reproduction
rates (in the generation domain) would resolve also comparison of growth rates
of hospitalizations. This is one of the main objectives of the work.
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Similar to previous chapters, we will first focus on the case of a simple Leslie
model and then move on to a complex model for a heterogeneous population.

If we normalize the average daily increments of new infections caused by an
infected person by the number of transmission that this infected person causes
throughout the entire duration of the disease (which is the reproduction number

R= 25:1 fuln), we obtain the generation time distribution:

N
n=1

Using Euler-Lotka equation ([B1]) and the distribution w, we can determine
the relationship between the growth rate and the reproduction number:

R= (i T_"wn> . (5.2)

n=1
From this equation it can be demonstrated that if w is conserved then this
transformation is monotonic.

N —1
dR d n
ar = (Z’“ “’)

n=1
N 2N N 2N
= ( r_”wn> —nr ", = (Z r_”wn> Z nr=" " w,,
n=1 n=1 n=1 n=1
(5.3)
al dR
r>0,wn>0$2nr_n_lwn>0$—>0:>RT<:>TT.
— dr

Due to monotonicity it can be also easily shown that r =1 R = 1.
Now let us move on to a heterogeneous population. Assume a matrix of con-
stants I/’ = M x M with elements ¢; ; > 0 and assume that

i7jfn = ei,jfn and jln = ln
Then, the elements of NGM ([&3]) can be written in the form
N

N
éi,j = Z ianjln = €i,j Z fnln
n=1

n=1

In this case, it will be possible to factor out 25:1 fnly from the matrix. Since it
is a constant, the spectral radius of this matrix will be

N
p(G) = p(E) fuln.
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Therefore,

N
R=p(E)>_ fuln. (5.4)

Furthermore, G and E share the same normalized eigenvector corresponding
to the largest eigenvalue, so gstap can be obtained directly from FE.

Now, let us apply the same assumptions to a model of a heterogeneous pop-
ulation in the time domain.

For a heterogeneous population, we assume a vector of infected individuals
in the form o = (*o1, ..., '0n, ..., Moy, ... ,MT)N)T. The upper left index
indicates the subpopulation, and the lower right index indicates the number
of days since infection.

The eigenvalues of the projection matrix for a heterogeneous population (E.T])

shall satisfy the equation I:’fzstab = MAlgtap. Expanding this matrix equation
yields N algebraic equations for each i € {1, ..., M}.

M N

> tneiifa = "0,

j=1n=1

Dyly = "DoX,  olz = "3\ - “Oy_1ly = DN,

Each ™%,, can be expressed in terms of ™9, and substituted into the first equa-
tion. After this adjustment, we obtain one equation for each i € {1, ---, M}

in the form
M N

Z ijhei,jfnln)\_n ='9y.

j=1n=1

It can be noticed that the terms in the composite sum depend either on one
summation index or the other, allowing us to write the sum as a product of sums.
In this way, we obtain M equations in the form:

M N
Zj{}lei,j (Z fnln)\_n> = 7;1~)1.
j=1 n—1

—_———

X1
This system of equations can be rewritten in matrix form E¥ = Ad, where
o T . . N .
U= (lvl, ey le) can be interpreted as the eigenvector and A as the eigen-

value of the matrix E. Since we assume that both P and F are non-negative ma-
trices with a dominant eigenvalue strictly greater than the others, we can write

A=p(P)=r and X=p(E).
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Therefore, the spectral radius of the matrix F is:

N ~1
P (E) = (Z fnlnr_n> . (5'5)

Substituting (2.3 into (54]) and using the definition for the distribution of the
generation time w,, (5.]), we obtain, after adjustments,

N —1
R = (Z wnr_"> .
n=1

This is equivalent to equation (.2), and thus, the procedure (B3] applies to it.
This means that in the case of a heterogeneous population model, if the dis-
tribution of the generation time does not depend on the subpopulation type
(can be factored out before the NGM matrix) and remains unchanged, will r
monotonically increase with respect to R (R 1< r 1).

Considering that both © and gg;ap are eigenvectors corresponding to the largest
eigenvalue of the matrix F, the composition of both newly infected and currently
infected subpopulations will approach the stable generation structure gsiap, over
time. If we use this structure as the probability distribution of subpopulation
occurrence in the zeroth generation, the transient phenomenon will be elimi-
nated, and both newly infected individuals and currently infected individuals will
exhibit the predetermined stable composition of subpopulations immediately
after the outbreak of the epidemic.

It’s worth to mention that if the distribution of the generation time were
different for different columns of the matrix G, variability in the coefficients € ;
would affect the distribution of the generation time for the entire population, and
the monotonicity of r with respect to R (and other results) could be violated.
This should be taken into account when parameterizing the transmission model.

6. Model parametrization

We assume the entire population is divided by age into people over 60 and
under 60 years old, and by vaccination status into unvaccinated and vaccinated
individuals. This results in four subpopulations created by combining these two
characteristics. We consider the subpopulation “unvaccinated over 60 years” as
the reference and it will be represented by the first element of the vector g(k)
(index 1). The second element of the vector (index 2) corresponds to the subpop-
ulation “vaccinated over 60 years.” The third element of the vector (index 3) will
represent the subpopulation “unvaccinated under 60 years,” and the last fourth
element of the vector (index 4) will belong to “vaccinated under 60 years”.
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We assume a respiratory disease similar to COVID-19 [16], [11], [26]. We want
the model to be easily interpretable and parameterizable. For COVID-19, we know
that immediately after infection, the infected person is non-infectious and with-
out clinical symptoms. This period is referred to as the exposure phase (E).
This is followed by the preclinical phase (Ip.), during which the infected person
is infectious but still without symptoms, and only after that does the infec-
tious phase with symptoms (I¢) occur. By its end, the infected person becomes
non-infectious again. In the case of COVID-19, the infection primarily spreads
through asymptomatic transmission. In addition to transmissions that occurred
during the preclinical phase, it is appropriate to assume the existence of less
infectious but fully asymptomatic cases which pass through a single subclinical
phase (Ig.) instead of the preclinical and clinical phases.

We will evaluate the epidemiological situation based solely on the reproductive
number R obtained as the spectral radius of NGM (.3)). The individual elements
of this matrix G;; = Zgzli’jfnjln depend on reproduction (fertility) *7 f,,
and the survival function 7,,. Therefore, we will introduce a simple parametric
model for these functions and demonstrate how the parameters of this model
are related to age and vaccination status, of both the infected and susceptible
populations, so this shows how such properties influence the individual elements
of the matrix G.

The model will depend on the following parameters:
tg — The day of infectivity onset,
ts — The day of symptoms onset,
tr — The day of recovery,

p — Probability of transmission in contact of symptomatic and susceptible,
k — The avg. num. of contacts per day for a person without symptoms,
d — The relative reduct. in infectiousness of asymptomatic to symptomatic,

q — The probability of asymptomatic case development,
s — The fraction of symptomatic who remain active after symptoms onset,

where,
tg < tg < tgr, tpe =tsg —tg and tc =tr —ts.

In our simplified model, fertility f(n) will have the shape of a discrete rect-
angular function that takes a value

Hp[(l*(])*qu], Tle{tE,..., tRil}v

f(n) = { (6.1)

0, otherwise.
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The survival function [(n) will have a stepwise shape, taking a value of 1 within
the interval n € {—o0, ..., ts — 1} and a value of s(1 — ¢) + ¢ within the in-
terval n € {ts, ..., +oo}. This value represents the probability of an infected
individual remaining in the active population after a portion of symptomatic
cases self-isolate. (The survival function should change to 0 at tg, but given that
reproduction also changes to 0 on that day, the result will be the same.)

By substituting f(n) and I(n) into the equation for Cvr‘i,j (see (£3)), we obtain:

N tg;—1 " fn I,
Gig = "l = D wigpiy (1= ) + di jg5] - 2
n=1 n=tp;
trs -1 I fn I,
+ 3 kipig (=) +dias] - (551 — ) + )
n=tg;

= i Pig (1 — ;) + di jq5] (tsj — tms ;)
+ ki Pig (1= a5) + di ] (s;(1 — q5) + q5) (tra; — ts;)

= ki i (1 —q;) + dijqs] [(tsj — teij) + (s;(1 — ;) + ¢;) (trij — ts;)]

Zi,j

= Ri,jPij%i5- (6.2)

(Parameters tg, s, and ¢ appear in the expression /1, and are therefore dependent
only on j. Other parameters, on which 71,, does not depend, can vary in i and
also in j.)

As you can see, the model of element of the NGM matrix G can be expressed
as the product of individual influences.

Now, it is necessary to map parameters to the structure of NGM G of the
separable model (4], which uses a; and bj, or to the structure of the non-
separable model ([4.I0), which uses a;, b; and the values of ci1, 12, 21, 22
(see ([AF)). Some influences can be extracted from the matrix. The product
of these extracted constants will be denoted as Ryqf.

In the matrix model, the properties of the non-infected (susceptible) pop-
ulation are reflected in the rows (in the parameters a;), while the properties
of the infected population are reflected in the columns (in the parameters b;).
First, we will propose the basic structure of a;, bj, and as we proceed with ad-
ditional influences, we will gradually expand these parameters with additional
corrections.

For the susceptible population, the essential factor is the resistance to infec-
tion. For the infected population, it is the level of infectivity. With vaccination,
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the infectivity of the infected population should decrease, and the resistance
of the susceptible population should increase.

pi,; is a direct parameter of the model f(n), see (G.1]), and can be divided
into the product of a reference value p (which corresponds to the unvaccinated
population over 60 years old) and corrections due to vaccination « and age ~
for the susceptible population, and corrections due to vaccination 5 and age
0 for the infected population. Assuming that the reference value will be the
maximum, we have «,3,v,5 € [0, 1]. The value p will appear in all matrix
elements and can be extracted.

In the case of b;, the first index corresponds to the reference subpopulation, so
b1 = 1. The second subpopulation is only vaccinated compared to the reference,
S0 by = (. The third subpopulation is only younger than the reference, so b3 = ¢,
and the fourth subpopulation is both younger and vaccinated than the reference,
so by = f30. Like b;, the coefficients in a; will have the first index corresponding
to the reference subpopulation, so a; = 1. The value as = «, ag = 7 and fourth
subpopulation is both younger and vaccinated than the reference, so as = avy.
At this point, we have proposed the basic structure a;, b;.

In addition, in a;, we can also consider the different effects of the vaccine on
age groups by adding a coefficient o for reducing susceptibility due to vaccination
at an older age. In this case, ay = ao.

z;; can be influenced by both the susceptible and infected populations.
However, it is not a direct parameter of the model, see (6.2)), so it cannot be
trivially decomposed into a product of influences. To maintain the separable
model scheme, it is necessary to keep this parameter variable only with respect
to the matrix columns. The possibility of incorporating z; into the coefficients b;
significantly enriches the behavior of the proposed model. On the other hand, all
parameters influencing the shape of the generation time distribution (except scal-
ing) are concentrated inside of z;. If we want to further use the results obtained
in the chapter [§] we need to prevent this variability. Therefore, we will assume
that z; will not change, i.e., z; = z, and that it can be extracted from the matrix.

For the coefficient in front of the matrix, we will obtain the product of the
reference transmission probability p and the coefficient z, i.e., the constant

Brot = p[(1 = q) +dg][(ts —tr) + (s(1 —q) +¢) (tr —ts)].  (63)

Now let us take a closer look at parameterizing the vaccination strategy, which
will influence the probability of contact between vaccinated and unvaccinated
(susceptible) individuals within different age groups.

Assume that the number of infected individuals is negligible compared to the
size of the entire population, and there won’t be enough vaccines to vaccinate the
entire population. This leads to the problem of how to distribute them among
age groups.
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The vaccination strategy will be fully determined by three parameters:
e the proportion of people over 60 years old in the total population
¢= N60+/Na117
e the vaccination coverage of people aged 60 and over
Q1 = Vso+/Neo+ € [0, 1],
e the vaccination coverage of people under 60 years old
Qg = Vio—/Neo— € [0, 1].

For the purposes of this work, it will sometimes be convenient to use another
triplet, namely
C) Y= Qla

and the overall vaccination coverage

w = Van/Nan.
If we express w through the parameters ¢, ¢ = €1 and {25, we obtain

Van _ <1 B N60+> Veo— n Neo+ Veo+
Nan Nan / Neo—  Nan Neo+

w =

= (1=¢) 2 + (.

Now, assuming that no one is vaccinated from the younger population 25 = 0,
we get the minimum value w = (y, on the contrary, if whole younger population
is vaccinated €2y = 1, we get the maximum value

w=(p+1-¢.
Therefore,

we w, @ =g, p¢+1-¢] <o, 1]. (6.4)

Based on the parameters (, w, ¢ we can reversely express the conditional prob-
abilities of occurrence of vaccinated in each age groups:

P (vaccinated|age > 60) = Q1 = Vior/Neo+ = @,

Vall _ Veo+ Neo+
P (vaccinated|age < 60) = Qy = ]‘\/,if;: = Mo Reor Mui Wl—_ézc,
Nan
(6.5)
Using the complements €2; and 25, we can then determine the conditional prob-
abilities of occurrence of unvaccinated: P (unvaccinated|age > 60) = 1 —

P (unvaccinated|age < 60) = 1 — 5. At this point, we have not yet determined
the a priori probabilities of encounters between different age groups. The prob-
lem of how to determine them is closely related to modeling contacts between
age groups.
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Since we have two variants of the heterogeneous population model available:
separable and non-separable, two approaches are possible: k is a direct parameter
of the model f(n), see (6.0]), which allows us to decompose it into the influence
of the infectious and susceptible populations. This approach would lead to a sep-
arable model ([£4]). Similarly, it is possible to map it by blocks and determine
the average numbers of contacts for the elements G from an externally specified
contact matrix €' using ([#Q)). This procedure would lead us to a non-separable
model ([{I0). The structure of the non-separable model is designed precisely
to allow the utilization of realistically available contact parameters from socio-
logical studies [8], [24], while preserving the possibilities of a separable model
for other phenomena.

As a first approach, the ratio of the number of young and old active people
to the total number of active people during the pandemic can be used as a prior
probability. However, as an initial estimate, it is also possible to use the ratio
of people over and under 60 years to the total population.

N
80t — ¢, Oy = P(age < 60) =

©, = P(age > 60) =
! (age = 60) Nan Nan

As a consequence, the overall probabilities of occurrence for individual
subpopulations are obtained as the product of these a priori and the condi-
tional probabilities (G.5]). Such overall probabilities determine the occurrence
of the susceptible (healthy) population and thus will scale the individual rows
of the matrix G. For this reason, they can be considered as additional scaling
coefficients in a;.

Furthermore, it should be noted that each type of infected individual may
encounter a different number of people on average during the day. The number
of contacts of the older population is denoted as ¢; and that of the younger pop-
ulation as cy. It is necessary to assume that these values, as well as ©; and O,
do not reflect the normal state of the community but rather the state during an
ongoing epidemic. If the community responds to the outbreak by closing schools
or restaurants or advises the population over 60 to minimize contact with oth-
ers, these changes from usual behavior should be reflected in these parameters.
In these parameters, it is also possible to incorporate the impact of psychological
phenomena, such as a reduction in contact due to fear of infection or an increase
in contact due to trust in the protective effect of the vaccine. In the case of vac-
cines with low efficacy, this allows for modeling the effect of false assurance.
An analysis of these influences and their impact on the individual coefficients,
however, is beyond the scope of this work. Regardless of that, the average
number of contacts ¢; and cy are a property of the infected populations and
they will therefore appear as additional scaling of the columns of the matrix G.
They can also be considered as additional scaling coefficients in b;.
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In such a case, the NGM matrix will take the form
é pu—

61@1 (1—91) 61@1 (1—91) B 62@1 (1—91) (5 02@1 (].—Ql) 5(5
6191910{0' 61@1(215010 0291915(10' 626)1(2156010
6192 (1792) Yy 6192 (1*92) ﬂ’y 02@2 (1*(22) (5’}/ 6292 (1792) 5(5’7
102820y 1020 Bary 2028200y 2028 oy

ref

(6.6)
(The meaning of all basic parameters of model and their ranges is summarized
in Table 1.)

The matrix G is separable G = ab” (see (@A),
a = (@1 (1 — Ql) y @191aa, @2 (1 — QQ)’)/, GQQQOZ’V)T,
b= (Cla 0157 6257 6255)T7

thus (£.6) can be used, from which we obtain the formula for the reproductive
number

R = Ryt (a-b)
= Rref [@1(1 — Ql)Cl + @191&0’015 + @2(1 — QQ)’}/CQ(S + @292&’76266]
= Ryet {61@1[1 — Ql(l — OéO'B)] + 62@2’)/(5[1 — Qg(l — Oéﬁ)]} . (67)

The vector of stable structure of the generation will be gstap = a/||al|.

Another approach to the prior probability of meetings between different age
groups is to directly specify the contact matrix between age groups C [&3).
Since we have divided the subpopulations by age, the 4 x 4 matrix G can be
interpreted as a 2 x 2 block matrix (see ([@I0)). The elements of the provided
contact matrix will directly determine the scaling coefficients for the individual
blocks of the matrix G.

The contact matrix will replace the prior probability of contact between
different age groups ©1, O, as well as the average number of contacts of age
groups ci, cz. It is necessary to explicitly incorporate the influence of condi-
tional probabilities €21, €25 into the coefficients a;.

The shape of the matrix G in this case will be:
C11 (lfﬂl) C11 (lfﬂl) ﬁ C12 (1*91) 0 C12 (lfﬂl) 5(5

é R CquOéO' 6119150[0' 61291(5050' 6129155040'
= Lref
C21 (1—92) Y C21 (].—Qg) 5’}/ C22 (1—92) (5’)/ Co2 (].—Qg) 5(5’}/
co1§aay c21822 Bary c228d200y 22802 B0y

(6.8)
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In this approach, the matrix is non-separable, and ([I4]) can be applied to it.
The final structure of vector of parameters a and b will be

a=((1-), Qao, (1-0)7, Qay)’,

b=(1, B, 8 B5)".

For the non-separable model, the following relationships hold: (£12), ([{I4),
(#15), (EI0) from which we obtain a sequence of explicit relationships:

X =0 (0B —1)+1, ¥ =45 [ (af — 1) + 1], (6.9)
1 2
A= 5 <011X + oY + \/(CllX — C22Y) + 4XY612621> s (610)
/\ — CuX
V=——- 6.11
X (.11
Gr = ((1=9Q1), Qao, U (1-Qy)y, ¥Q0a9)" (6.12)

The sought reproduction number will then be:
R = Ryet, (6.13)
and vector of stable structure of generation will be

gstab = .é-i—/”f]-i—“

For clarity and readability of the proposed models, we provide Table 1 of all
basic parameters of both models, their interpretation, and their possible ranges.
e Considering the primary parameters of the model, X, Y € [0, 1].

e Both models have a reproduction number depending on the parameters a,
B, 7, 6 only through the products a3 and ~4d.

e In the separable model (6.6), gstab does not depend on 3, § or the param-
eters of the contact model ¢y, ¢s.

We will address further properties of the models in the Chapter B Before
that, we will first introduce a simple model of hospitalization.
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TABLE 1.
List of Parameters
Description
a € [0,1] Proportional reduction in susceptibility due to vaccination
B €10,1] Proportional reduction in infectivity due to vaccination
~v € [0,1] Proportional reduction in susceptibility due to lower age
0 €10,1] Proportional reduction in infectivity due to lower age
o€ [0,1] Correction for susceptibility reduction due to vaccination for older
Q1 € ]0,1] || Probability of vaccinated individuals in the population above 60
Q5 € [0,1] || Probability of vaccinated individuals in the population below 60
©1 € [0,1] || Probability of people above 60 in the active population
©2 € [0,1] || Probability of people below 60 in the active population
c € RS_ Avg. num. of daily contacts for ind. above 60
Cco € RS‘ Avg. num. of daily contacts for ind. below 60
c11 € RS_ Avg. num. of daily contacts for ind. above 60 with others above 60
c12 € RS' Avg. num. of daily contacts for ind. below 60 with others above 60
Co1 € RS_ Avg. num. of daily contacts for ind. above 60 with others below 60
Coo € RS' Avg. num. of daily contacts for ind. below 60 with others below 60
Reet € RS || p[(1—q) +dg] [(ts — tr) + (s(1 — ) + @) (tr — ts)], see [E3)

7. Simple model of hospitalization

We assume that during the outbreak of the epidemic (and in its earlier stages),
it is reasonable to neglect the reduction in susceptibility and assume a geometric
growth in the number of infected cases with a growth rate coefficient r. During
this phase, the growth rate of newly hospitalized will be the same as the growth
rate of newly infected, whereas the probability and delay of hospitalization will
be reflected only by the scaling of the development of the number of newly
infected cases. If the current number of hospitalizations is modeled as the integral
(sum) of the difference between the daily admissions to and discharges from
the hospital, then the current number of hospitalizations will also be a scaled
geometric progression of newly infected cases with a growth rate 7.

Taking into account the results presented in the Chapter Bl we can conclude
that by comparing the reproduction numbers, we can directly compare the
growth coefficients r. If the proportions of subpopulations in the newly infected
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population of the kth generation stabilize with the increase of k, then the com-
position of the subpopulations of newly infected individuals on each day of the
epidemic will also approach these ratios. As a consequence of that, the compo-
sition of the newly hospitalized (and also currently hospitalized) will stabilize
to a composition derived by scaling the newly infected from each subpopulation
by the rate of hospitalization of that subpopulation.

Individual hospitalization rates can then be modeled using the reference hos-
pitalization rate 7, the vaccine-induced reduction coefficient u, the age-induced
reduction coefficient v, and the additional reduction in hospitalization due to vac-
cination at older ages oy:

m=mn, Te=oupn, nz=vn, nis=pvy, where n, p, v, oy €0, 1.
(7.1)
Therefore, the stable structure of subpopulations in the currently hospitalized
population in both the separable and non-separable models will be:

v

hstab,i - nigstab,ia 1€ {17 ) M} . (72)

The described model is suitable for analyzing the effectiveness of the vaccine
against hospitalization of the infected individuals. It illustrates the fundamental
difference between the protective effect of the vaccine against transmission, which
exhibits geometric growth during the outbreak of the epidemic, and protection
against hospitalization of the infected, which manifests as additional scaling
of the number of infected cases.

8. Analysis of the model

We designed the model to include the fundamental phenomena of interest
while also making it as explicit as possible for examination using methods of real
function analysis. Our goal was to achieve a better understanding of certain
controversial phenomena where a superficial view might lead to misconceptions
(and wrong decisions). First, we will demonstrate the relationship between the
separable and non-separable models of transmission. After that, we will focus
on the conditions for achieving herd immunity, and, finally, we will examine the
impact of the contact patterns of the young population on the optimal vaccine
distribution.

8.1. Relation between separable and non-separable models

If the course of the disease and the effects of the vaccine were independent
of age, and age was not considered during vaccination, it would still not be
possible to reduce the proposed models to a single age group due to the different
model of contacts.
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From ([{I4), it follows that if the determinant of the contact matrix (Z.8])
is zero, the C can be written in the form of an outer product, and the eigen-
value A_ will be 0. In such a case, this model becomes separable. The closer
the non-separable model ([@I0) is to the separable case, the smaller the ratio
of the absolute values of the two largest eigenvalues A_ /Ay, and the faster the
generation composition will converge to a stable generation structure.

Considering that different age groups tend to interact more with their peers [§],
it is natural to assume separability violation ci1ca2 — c12¢21 > 0. In such a case,
from ([AI4]), we obtain that A, A_ > 0. Thus, the transition phenomenon caused
by A_ will not oscillate. It will only contribute a positive increment to the overall
behavior driven by the dominant eigenvalue A.. Therefore, by neglecting the
transition phenomenon A_ = 0 in ([£20), we obtain a lower estimate of the
growth or decline of newly infected cases per generation.

If Cis separable, it is possible to make a unique mapping of the both contact
models
c11 =011, c12=0102, c21 =0O3c1, C22 = Oacs. (8.1)

Of course, in such case, the ©1, ©5 may no longer be interpretable as represen-
tation of age groups in the overall population.

In the case of a separable model with v = 1, o =1, O = Qg = Q,
age groups can be merged, and the model will contain only a subpopulation
of vaccinated and unvaccinated individuals.

G = Rt (01 + ©5) (1-9Q)(c1 +c26) (1 —9Q)B(c1 + c2d)
= Iiref (©1 2 Qa(cl+026) Qa5(01+626) .

In this case, if the ratio of older to younger individuals in the population
is ©1/0,, this ratio will also be preserved in the infected population.

If we wanted to merge age groups in case of the non-separable model, the
necessary simplifications would lead to its transition into a separable model,
where the mapping of contact models ([81]) can be utilized, and the subsequent
steps and results will be the same as in the case of separable model.

8.2. Herd immunity in a heterogeneous population

In this subsection, we will demonstrate how to analytically solve the problem
of finding the optimal strategy for achieving herd immunity in the non-separable
model. For the following considerations, we assume that under normal conditions
without intervention (vaccination), an epidemic would occur

R(Ql =0, Q2ZO> > 1.
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All primary parameters of the model are known and the proportional repre-
sentation of people over 60 years in the total population ¢ = Ngo4 /N, is also
determined. We assume that all parameters will be chosen in such a way as
to prevent division by zero during the calculation.

To verify whether a vaccination strategy that achieves herd immunity, i.e.,
R < 1 exists, we can construct a strategy based on the parametrization using w, ¢
that leads to the greatest reduction in the overall reproductive number, and
test whether at least under this strategy, the required condition R < 1 is met.
If it turns out that even this strategy does not achieve the desired goal, then
herd immunity cannot be achieved in such a heterogeneous community under
the given vaccine properties. The most effective strategy corresponds to € =
1, Q5 = 1 what is equivalent to parametrization ¢=1, w = 1, see page 2111
By inserting this parametrization into the separable model (G.7]) or into the non-
separable model ([6.9), (€I0), and (6I3), we obtain Ryin = R. If Ry > 1,
then there is no such w, ¢ for which herd immunity can be achieved. (Of course,
in the opposite case Ry < 1, such a strategy will exist and additional analysis
is required.)

In case that herd immunity is attainable, we can seek the optimal boundary
for achieving them, i.e., seek a pair of wWopt, Yopt, for which the epidemic outbreak
threshold R = 1 is achieved using the minimum number of vaccines for the entire
population.

We will now formally describe the solution procedure. First, we express w
under the assumption R = 1 as a function of ¢: wr—1(¢). The minimum
of this function in the allowed domain defined by the bounds ¢ € [0, 1],
we ¢, p¢+1—¢] € [0, 1] will either be an extreme of the function within
this domain or be the value of this function at the boundary of the domain.
Therefore, it is necessary to determine the intersection of the function wyi, =
WR=1(Pmin) With the line wyin = (@min (solving a system of two equations),
similarly, intersection of the function wpmax = wWr=1(¢Ymax) With another line
Wimax = PmaxC + 1 — ¢, and test whether @min, @max € [0, 1]. Subsequently, we
determine wy = wr=1(¢ = 0) and test whether wy € [0, 1 — (] and determine
w1 = wr=1(p = 1) and test whether wy € [(, 1]. The positions of the local
extremes @y, @_ are determined from the equation dwr—1/9p = 0. Then we
determine the corresponding wi = wr—1(¢+), and test whether these local ex-
tremes are located within the allowed domain ¢4 € [0, 1], wy € [, ©(+1—].
In addition to its own constraints, it is also necessary to verify, for each pair
of candidates, the conditions under which the analyzed function wr—1(p) was
derived. Then, the smallest of the values wiin, Wmax, wWo, w1, w4, w— which
satisfies all constraints will be the sought global minimum.
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Before further derivation, let us first introduce substitutions that will simplify
the notation and reduce the total number of operations required for the calcu-
lation (the notation for auxiliary variables will be valid only in this chapter).

S 1-¢
acB -1’ aff —1’

Q=

B = RZ6 (cricee — c12021),

0
C=cnRy9, D=cuRy, E=Ry \/@

X = %’0 +1=¢p(acf—1)+1 (the notation is consistent with (G.9))).
The calculation will depend on «, 3, ¢ only through auxiliary variables U, @,
on v, 0, ci1, Ci2, €21, C22, R, only through auxiliary variables B, C, D, E,
and on ¢ only through the auxiliary variable X. By substituting Q; = ¢,
Qs = (w—¢()/(1 =), and R =1 into the non-separable model (consist of (G.1),

©9), (610), [6I3)) and isolating w, we obtain the relationship for wr—1(p):

DX(p) -1
=U(X(p) —1 — 1. 8.2
o=V - )+ Fra—g 1) (5.2
This formula was derived under the assumption R = Ay = 1 from which
a nontrivial condition for its validity follows:
28 w—¥¢
0<2-D|=+1)-C 1. 8.3
<20 () -o (g% ) 6
For finding intersections wr—1 with the boundaries of the domain, we obtain
Uu/1-cC
min — & -1 ; min — min» 0 < pmin < 17 8.4
@ : <D —5 ) Wrnin = (p @ (8.4)
UleO-c)-cd-=q ]
Pmax = -1 ) Wmax:@maXC‘i‘l*Ca 0< Pmax < 1,
¢ [Q (D—B) =B (1-()
(8.5)
D—-1
o = 0, w0=Q<B_C—1>, 0<wy<1-¢, (8.6)
DC+U(D-1)
=1 = -1 <w < 1. 8.7
©1 ;w1 <+Q{BC+U(BC) ]7 (<w < (8.7)
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For finding the extremes, we set the derivative 6%3:1 = a“ég(zl %—X = 0.
© ©
Since X is a linear function with respect to ¢, than ¢ will only appear as
a parameter of X in this equation. Therefore, it is advantageous to solve this
equation for X and, finally, express the sought-after parameters ¢4 in terms
of X4+ = X. The described procedure leads to explicit relationships:

C+E U(Xg—1) DXy —1
Xy =—— = =U(Xy—1 — -1
+ B 5 Y+ C 3 W4 ( + )+Q BXi*C 5
0<¢ps <1, @o<wy<eC(+1-C¢. (8.8)

It is still necessary to retrospectively verify the condition (83)) for each indi-
vidual pair of candidates and finally determine the one for which the minimum
value of w is achieved. This pair wopt, Yopt Will be the sought-after global mini-
mum and will determine the optimal strategy for achieving herd immunity.

Now let us take a closer look at the optimal strategy for achieving herd im-
munity in the situation where vaccinating the younger population is not recom-
mended for other valid reasons (e.g., due to dangerous side effects). In such cases,
the herd immunity is achievable only if Ry, < 1for Q3 =1, Qs =0 (¢ = 1,
w = (). Seeking optimal parameters wopt, @opt Will be reduced to finding 2y = ¢
under the condition Qs = (w — ¢()/(1 — () = 0, see ([G.), that achieves R = 1.
This corresponds to substituting w = ¢¢ into (82), which is identical to the
calculation in (84]). Therefore, in this situation, provided that the constraints
0 < @min < 1 and condition (B3] are met, the optimal strategy for achieving
herd immunity is determined by the pair @opt = @mins Wopt = §Pmin-

In opposite case, where vaccinating the older population is not recommended,
herd immunity is achievable only if

Rmin<1 for 91:0, QQ:]_ ((p:O, w:l_C)’

and seeking optimal parametrization is reduced to calculation (86]). So, in this
case, provided that the constraints 0 < wy < 1 — ¢ and condition ([83) are met,
the optimal strategy is determined by the pair @opt = 0, Wopt = wo.

At the end of this subsection, let us briefly examine also the optimal vacci-
nation strategy for the separable model. In subsection Bl we concluded that
by substituting

c11 = O1c1, c12 =010z, c21 = Ozcy, 22 = Oy,

will be separable model only a special case of the non-separable model. Substi-
tuting R = 1 into (6.1) and expressing w yields that in the case of the separable
model, the function wr—1(p) will be linear. In addition, the determinant of the
matrix will be det (C’) = 0, and therefore, the auxiliary variable

B = R%v6 (c11622 — c12¢91) = 0.
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With this in mind, to find the global minimum within the valid range w, ¢,

it is sufficient to check [84), (83), (BQ), B7) for B = 0.

8.3. Impact of contact of younger population on optimal vaccine
redistribution

Let us examine the conditions under which
2 > @1 = R(p2) > R(p1), @2, p1 €0, 1], 0<w<L

We will focus on increasing the contact rate of the younger population, ¢, or ca2,
and seek additional sufficient conditions under which the reproductive number
with respect to the vaccination of the older population would be monotonically
increasing. This would mean that, in the case of a limited number of vaccines,
prioritizing the vaccination of the older population at the expense of the younger
population would result in a higher reproductive number. The following analysis
will be carried out under the assumption that none of the model parameters will
be 0.

At first, we focus on impact of contact rate of younger ¢, in separable model.

By substituting (6.5]) into (G.7)

Rlp) = R {101 [1 = ¢ (1~ a08)] + 206 [ 1= =2 (1= ap)| |

and making adjustments, we obtain that R(y) is a linear:

R(p) = ¢ Ryet 1 E C02@275 (I1-af)—c101(1— aaﬁ)]
OR/0¢
_ .
+ Ryef [ €101 + 20270 (1 —w af)] ,

Now, it is easy to use the condition dR/0p = 0, to determine the decision
boundary for cs:

1-(O1c1 (1 —aop)
¢ ©2y0(1—ap)’

Cedge =

Assuming

@17 @27 Cv w, «, 67 e 67 o€ (07 1)7 C1, Rref > 07
the condition OR/Jy > 0 will be met precisely when ¢z > cedge-
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Similarly, it can be shown that in the non-separable model (G.8)), it is possible
to establish a condition under which a sufficient increase in the contact rate
parameter of the younger population with itself coo will result in the same effect
of monotonic growth of A (and therefore growth of R = R\ is automati-
cally also presented). While in the separable model, the monotonicity switches
suddenly at co = Cedge, in the non-separable model, there can be an extreme
on the interval ¢ € [, ] € [0,1].

First, we will transform (6.9) into linear functions with respect to ¢ and
introduce auxiliary local parameters a, b, ¢, d (there should be no confusion
with the same notation in other chapters).

X(p) = vlaof-)+1=placf-1)+ 1 =ypa+b,
M b
Y(p) = 70[Q2(aB—1)+1]
= 6 [ (af - 1) +1
bl } (8.9)
= wyd L — (0t 40
1— ~1
— o (v6 1“; + 76 (wafg + 1) = ge+d.
c d

Assuming ¢, «, 3, v, d, o € (0,1) the parameters a, b, ¢, d will be bounded.
Furthermore, we assume cy1, c12, co1, c22 > 0. Taking into account all the
conditions for the ranges of primary model parameters, we will have a < 0,
b =1, ¢ > 0 (nothing can be said about d from its formula yet), X(¢) > 0,
Y () > 0, and therefore, G > 0, see [{@I3).

If we can show that for any ¢, it is possible to find cog such that OA/dp > 0,
then there exists a finite oo that ensures 9A/Jdp > 0 over the entire allowed
interval ¢ € [0, 1].

By substituting the functions X (¢) and Y (¢) into (6.10) and differentiating
with respect to ¢, we obtain:

Q __c11a+caac
dp 2
1 1 [011 (npa + b) — C22 ((pC + d)] (611(1 — CQQC) + 2 [2(/?(16 + (ad + bC)] C12C21

\/[011 (pa +b) — caa (e + d))* + 4 [p2ac + @ (ad + be) + bd] ¢19¢91

We will simplify the expression to have a common denominator. Consid-
ering G > 0, the second root in the denominator is a positive real number.
Due to this the condition dA/Jdp >0 will be met precisely when the numerator
is greater than 0:
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0 <:(611a‘+'6226) X
————
Q1

\/[cu (pa+b) — caa (pc+ d)]2 + 4 [p2ac+ ¢ (ad + be) + bd] c12¢21

Q2
+ [c11 (pa + b) — a2 (pe + d)] (110 — co2¢) + 2 [2pac + (ad + be)] eraca1 -
Qs Qa

We will now divide the expression on the right into 4 parts: @1, Q2, Q3, Q4.
Since all the parameters are bounded, the values of these expressions will also
be bounded.

The product Q1Q2 > 0 < (Q1 >0 and Q2 > 0) or (@1 <0 and Q2 <0).
Since @2 is directly the expression from the denominator for which we already
know that Q2 € R, Q2 > 0 then Q:Q2 > 0 & @1 > 0. This occurs if the con-
dition co9 > —ciia/c is satisfied (where ¢ # 0 directly follows from ¢ > 0).
Therefore, there exists a sufficiently large cos such that the product Q1Q-
will be positive.

Now let us examine the condition for co5 to satisfy the inequality Q3 4+ g > 0
where ¢ € R. (Its fulfillment will automatically ensure Q3 > 0.) After rearrang-
ing, we obtain

Q3 = co’c (pc +d) — cazery [c(pa+b) — a (e + d)] + c11%a (pa +b) .
If it were true that ¢ (@c + d) > 0, then

lim e992c (pc+d) — cogcrr [c(pa+b) — a(pe+d)] + c112a (pa + b) +¢q

Co2—>0Q

[c(pa +b) —alpc+d)] +6112a(<ﬂa+b)+q}
2

C22 C22
=c(pc+d) lim e’ = oco.
N—— o0

So, if ¢(pc+d) > 0, then there exists, coo for any chosen ¢ € R*, a suffi-
ciently large such that Q3 + ¢ > 0. From the previous analysis, it follows that if
coo > —c1a/c and ¢ (pc+d) > 0, then 0 < Q1Q2 + Q3 + q.

The condition ¢ (¢c+d) > 0 will be satisfied precisely when (¢ > 0 and
wc+d > 0)or (¢ <0 and ¢c+d < 0). We know that ¢ > 0 directly follows from
the ranges of the basic model parameters, but we cannot directly determine the
signum of d from its formula (89]). However, we know that the entire expression
pc+d =Y (p) > 0 (see again (89)) ensures the validity of ¢ > 0 and pc+d > 0.
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Since the expression ()4 depends only on bounded parameters and it is in-
dependent of cos, here is possible to choose g such that ¢ = Q4. In this case,
0<@QQ2+ Q3+ q=Q1Q2 + Q3 + Q4 and therefore ON/dp > 0.

Thus, we have shown that under the given assumptions, there exists a suf-
ficiently large coo such that over the entire interval ¢ € [p, @] € [0,1], the

reproductive number with vaccination of the older population will monotoni-
cally increase. Therefore,

Jegz > 0; 2 > @1 = R(pa, c22) > R(p1,c22); w291 € [0, C [0,1].

Assuming that the distribution of generation time will be the same for all
subpopulations and it will not change in time, a higher reproductive number lead
to a higher growth rate of infected individuals (see Chapter (). Thus, for Ry >
R1 = 7o > r1. If the number of hospitalizations is proportional to the number
of infected individuals in individual subpopulations, then an increase in the
reproductive number will also increase the growth rate of hospitalized individuals
(for details, see Chapter [7]). This means that with a higher reproductive number
Ry, after some time, the total number (as well as the numbers for individual
subpopulations) of infected or hospitalized individuals will begin to exceed the
corresponding numbers achieved with a lower reproductive number R;. When we
connect this behavior with the result of this subsection, we conclude that with
a sufficiently high contact rate of the younger population coo during a sufficiently
long period of the exponential phase of the epidemic, hospitalization of individual
sub-populations as well as overall hospitalization is minimized when we prioritize
the vaccination of the younger population over the older population.

This result is all the more surprising that this state can be achieved even
with higher infectivity and susceptibility of the older population compared
to the younger population d, v < 1, with the condition that the vaccine in the
older population reduces their higher transmissibility (o < 7§) below the trans-
missibility of vaccinated younger population.

This state can even be achieved despite the higher probability of hospital-
ization of the elderly, coupled with a higher effectiveness against hospitalization
of the elderly, which would compensate for this probability by reducing it below
the hospitalization rate of the vaccinated younger population.

This shows that worse disease progression parameters, higher proportional
representation of the elderly in the hospitalized population, or higher vaccine
effectiveness against infection or hospitalization of the elderly may not be suffi-
cient and valid arguments for prioritizing the vaccination of the older population.
Simply because all these circumstances can be overcome by a sufficiently high
difference in the contact rates of the younger population compared to the older
population.
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Of course, this analysis does not provide information about the level of contact
rate and the time at which this predicted behavior will manifest. These questions
remain open for further investigation. Nevertheless, this behavior of epidemic is
not just a mathematical curiosity. For illustration, such a situation in the context
of COVID-19 was investigated in articles [9], [30], [17].

9. Conclusion and future work

In this work, we proposed a simple matrix model for the outbreak of an
epidemic suitable for analyzing the distribution of vaccines among age groups.
The contact pattern of the general population favors interactions within age
groups, making the contact matrix non-separable. Therefore, we proposed two
model variants using separable and non-separable mixing.

The effects of the vaccine are parameterized by the reduction in infectivity, the
reduction in susceptibility, and the reduction in hospitalization of the infected.
These parameters may differ for both age groups.

The proposed non-separable model is rich enough to capture non-trivial qual-
itative and quantitative phenomena during the epidemic outbreak. On the other
hand, this matrix model is simple enough to be rewritten as a sequence of ex-
plicit relationships and subjected to the analysis of a real variable, which we
consider a significant advantage.

In our work, we encountered challenges related to the relationship between
generation and time domains and the issue of transient phenomena. We primarily
focused on transient phenomena caused by population heterogeneity. Given the
scope of this work and the complex relationship between the time domain and
the generation domain in modeling an epidemic in a heterogeneous population,
we have given up on the explicit reconstruction of the course of the epidemic
over time. Despite these challenges, we were able to achieve that the behavior
in the generational domain, the determination of the reproduction number, can
be used not only for analyzing the epidemic outbreak but also for comparing
the steepness of the epidemic with respect to the growth of hospitalizations over
time. If the geometric growth of hospitalizations in one scenario is higher than
in another, regardless of the shift or initial conditions, after some time, the more
rapidly increasing hospitalizations will surpass those with slower growth.

In the model analysis, we focused on the differences between the separable
and non-separable models and the impact of contact rates on the optimal vac-
cine distribution among age groups. Moreover, we showed that, under certain
circumstances, all the advantages of vaccinating the older population can be
outweighed by the higher contact rate of the younger population.
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Our work primarily concentrated on two age groups, assuming a worse disease
course for the older population. However, the model can also be used when the
younger population is more at risk [21] or when the population is divided based
on criteria other than age. Additionally, contact rates of vaccinated and unvacci-
nated could incorporate also correction due to sociological effects like fear from
infection and false assurance from vaccination. Model can be applied to analyze
the effects of other medical and non-medical epidemic measures, such as lock-
downs, isolating vulnerable communities, or mass use of protective equipment
like masks or respirators. The interpretation of parameters may differ, but the
mathematical structure of the model will not change.

Some challenges remain open: How to explicitly model the transition from
the generation domain to the time domain? How to parameterize such a model
based on available real measurements during an epidemic? How to cope with
population partially immunized due to prior infection? It might also be inter-
esting to examine the contact rate and the time at which hospitalization rates
worsen when the older population is prioritized.

To answer these questions, it may be necessary to examine the proposed model
numerically as well.

Acknowledgement. Funded by the EU NextGenerationEU through the Reco-
very and Resilience Plan for Slovakia under the project No. 09105-03-V02-00084.

REFERENCES

[1] AGUR, Z.—DANON, Y. L.—ANDERSON, R. M.—COJOCARU, L.— MAY, R. M.:
Measles immunization strategies for an epidemiologically heterogeneous population:
the israeli case study, the Israeli case study. In: Proc. R. Soc. Lond. Ser. B: Vol. 252
(1993), no. 1334, pp. 81-84, https://doi.org/10.1098/rspb.1993.0049.

[2] ALLEN, L. J—VAN DEN DRIESSCHE, P.: The basic reproduction number in some
discrete-time epidemic models, J. Difference Equ. Appl. 14 (2008), 1127-1147,
https://doi.org/10.1080/10236190802332308,

[3] BISWAS, R. K.—AFIAZ, A—HUQ, S.—FARZANA, M.—KABIR, E.: Public opinion
on COVID-19 vaccine prioritization in bangladesh: Who gets the vaccine and whom do
you leave out?, Vaccine, 41 (2023), n. 34, 5018-5028,
https://doi.org/10.1016/j.vaccine.2023.06.050.

[4] BOTSFORD, L.—WHITE, J—HASTINGS, A.: Population Dynamics for Conservation,
Oxford University Press, Oxford, 2019.

[5] CASWELL, H.: Matrix Population Models: Construction, Analysis, and Interpretation,
Sinauer Associates, Oxford University press, 2001.

[6] CHOE, S.—LEE, S.: Modeling optimal treatment strategies in a heterogeneous mizing
model, Theor. Biol. Med. Model. 12 (2015), no. 1, Paper no. 28,
https://tbiomed.biomedcentral.com/articles/10.1186/s12976-015-0026-x/|

226


https://doi.org/10.1098/rspb.1993.0049
https://doi.org/10.1080/10236190802332308
https://doi.org/10.1016/j.vaccine.2023.06.050
https://tbiomed.biomedcentral.com/articles/10.1186/s12976-015-0026-x

[7]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

A SIMPLE MATRIX MODEL OF EPIDEMIC OUTBREAK

CUSHING, J.—DIEKMANN, O.: The many guises of RO (a didactic note), Journal
of Theoretical Biology 404 (2016), 295-302,
https://doi.org/10.1016/7.jtbi.2016.06.017

DEL VALLE, S—HYMAN, J.—HETHCOTE, H—EUBANK, S.: Mizing patterns be-
tween age groups in social networks, Social Networks 29 (2007), 539-554,
https://doi.org/10.1016/j.socnet.2007.04.005.

EYAL, N.—GHEAUS, A.—GOSSERIES, A.—MAGALHAES, M.—NGOSSO, T.—
STEUWER, B.—TANGCHAROENSATHIEN, V.—TRIFAN, I—WILLIAMS, A.:
Coronavirus disease 2019 (COVID-19) vaccine prioritization in low- and middle-income
countries may justifiably depart from high-income countries’ age priorities, Clin. Infect.
Dis. 75 (2022), pp. S93-S97, https://doi.org/10.1093/cid/ciac398.

GHOSH, D.—SANTRA, P. K.—MAHAPATRA, G. S. —ELSONBATY, A.—
ELSADANY, A. A.: A discrete-time epidemic model for the analysis of transmission
of COVID19 based upon data of epidemiological parameters, Eur. Phys. J. Spec. Top. 231
(2022), 3461-3470, https://doi.org/10.1140/epjs/s11734-022-00537-2.

HERNANDEZ ACOSTA, R. A—ESQUER GARRIGOS, Z. —MARCELIN, J. R.—
—VIJAYVARGIYA, P.: COVID-19 pathogenesis and clinical manifestations, Infect. Dis.
Clin. North Am. 36 (2022), 231-249, https://doi.org/10.1016/3.idc.2022.01.003!

HETHCOTE, H. W.—VAN ARK, J. W.: Epidemiological models for heterogeneous
populations: proportionate mixing, parameter estimation, and immunization programs,
Mathematical Biosciences 84 (1987), 85-118,
https://doi.org/10.1016/0025-5564(87)90044-7.

HILL, A. N.—GLASSER, J. W.—FENG, Z.: Implications for infectious disease models
of heterogeneous mizing on control thresholds, J. Math. Biol. 86 (2023), no. 4, Paper
no. 53, https://doi.org/10.1007/s00285-023-01886-9.

HILL, A. N.—LONGINI, I. M., JR.: The critical vaccination fraction for heterogeneous
epidemic models, Math. Biosci. 181 (2003), 85-106,
https://doi.org/10.1016/50025-5564(02)00129-3.

HOGBEN, L.: Handbook of Linear Algebra. 2nd ed. Chapman and Hall/CRC,
New York, 2014, https://wuw.routledge.com/Handbook-of-Linear-Algebra/Hogben/p/
/book/9781466507289.

HU, B.—GUO, H.—ZHOU, P.—SHI, Z.-L.: Characteristics of SARS-CoV-2 and
COVID-19, Nature Reviews Microbiology, 19 (2021), 141-154,
https://doi.org/10.1038/s41579-020-00459-7.

JENTSCH, P. C—ANAND, M.—BAUCH, C. T.: Prioritising COVID-19 vaccination
in changing social and epidemiological landscapes: a mathematical modelling study,
The Lancet Infectious Diseases, 21 (2021), 1097-1106,
https://doi.org/10.1016/51473-3099(21)00057-8.

JOHNSON, C. R.—BRU, R.: The spectral radius of a product of nonnegative matrices,
Linear Algebra and its App. 141 (1990), 227-240,
https://doi.org/10.1016/0024-3795(90)90320-C.

LEBRETON, J.: Age, stages, and the role of generation time in matriz models, (Spe-
cial Issue on Theoretical Ecology and Mathematical Modelling: Problems and Methods.)
Ecological Modelling 188 (2005), 2229,
https://doi.org/10.1016/j.ecolmodel.2005.05.003|

227


https://doi.org/10.1016/j.jtbi.2016.06.017
https://doi.org/10.1016/j.socnet.2007.04.005
https://doi.org/10.1093/cid/ciac398
https://doi.org/10.1140/epjs/s11734-022-00537-2
https://doi.org/10.1016/j.idc.2022.01.003
https://doi.org/10.1016/0025-5564(87)90044-7
https://doi.org/10.1007/s00285-023-01886-9
https://doi.org/10.1016/S0025-5564(02)00129-3
https://www.routledge.com/Handbook-of-Linear-Algebra/Hogben/p/
/book/9781466507289
https://doi.org/10.1038/s41579-020-00459-7
https://doi.org/10.1016/S1473-3099(21)00057-8
https://doi.org/10.1016/0024-3795(90)90320-C
https://doi.org/10.1016/j.ecolmodel.2005.05.003

(20]

(21]

(22]

23]

(24]

(25]

(26]

(27]

(28]
29]

(30]

I. MRACKA

LI, C.-K.—SCHNEIDER, H.: Applications of Perron-Frobenius theory to population
dynamics, J. Math. Biol. 44 (2002), https://doi.org/10.1007/s002850100132,

MONTO, A. S—DAVENPORT, F. M.—NAPIER, J. A.—FRANCIS, T., JR.: Effect
of vaccination of a school-age population upon the course of an A2-Hong kong influenza
epidemic, Bull. World Health Organ. 41 (1969), 537-542.

MUNZERT, S—RAMIREZ-RUIZ, S.—CALI, B—STOETZER, L. F. —GOHDES, A.—
-LOWE, W.: Prioritization preferences for COVID-19 vaccination are consistent across
five countries, Humanit. Soc. Sci. Commun. 9 (2022), Paper no. 439,
https://doi.org/10.1057/s41599-022-01392-1.

NANCY HERNANDEZ-CERON, Z. F.— VAN DEN DRIESSCHE, P.: Reproduction
numbers for discrete-time epidemic models with arbitrary stage distributions, J. Difference
Equ. Appl. 19 (2013), 1671-1693, https://doi.org/10.1080/10236198.2013.772597.

PREM, K.—COOK, A. R.—JIT, M.: Projecting social contact matrices in 152 coun-
tries using contact surveys and demographic data, PLoS Comput. Biol. 13 (2017),
Paper no. €1005697, https://doi.org/10.1371/journal.pcbi.1005697.

SSENTONGO, P—SSENTONGO, A. E—VOLETI, N.—GROFF, D.—SUN, A. —BA,
D. M.—NUNEZ, J.—PARENT, L. J.—CHINCHILLI, V. M.—PAULES, C. I.: SARS-
-Co V-2 vaccine effectiveness against infection, symptomatic and severe COVID-19: a sys-
tematic review and meta-analysis, BMC Infectious Diseases, 22 (2022), Paper no. 439,
https://doi.org/10.1186/s12879-022-07418-y.

SWAN, D. A.—BRACIS, C.—JANES, H—MOORE, M.—MATRAJT, L. —REEVES,
D. B—BURNS, E—DONNELL, D.—.COHEN, M. S. —SCHIFFER, J. T.—DIMITROV,
D.: COVID-19 wvaccines that reduce symptoms but do mot block infection need higher
coverage and faster rollout to achieve population impact, Sci. Rep. 11 (2021), Paper
no. 15531, https://doi.org/10.1038/s41598-021-94719-y!

WALLINGA, J.—LIPSITCH, M.: How generation intervals shape the relationship
between growth rates and reproductive numbers, Proc. Biol. Sci. Vol. 274 (2007),
pp. 599-604, https://doi.org/10.1098/rspb.2006.3754.

WHO: https://www.who.int/emergencies/diseases/novel-coronavirus-2019,

WONG, L. P.—LIN, Y..—ALIAS, H—BAKAR, S. A—ZHAO, Q.—HU, Z.: COVID-19
anti-vaccine sentiments: Analyses of comments from social media, Healthcare (Basel), 9
(2021), Paper no. 1530, https://doi.org/10.3390/healthcare9111530.

YANG, C.—YANG, Y.—LI, Y.: Assessing vaccination priorities for different ages and
age-specific vaccination strategies of COVID-19 using an SEIR modelling approach, PLoS
One, 16 (2021), Paper no. €0261236, https://doi.org/10.1371/journal.pone.0261236.

Received September 30, 2024 Mathematical Institute
Revised November 25, 2024 Slovak Academy of Sciences
Accepted December 1, 2024 Stefdnikova 49

228

SK-814 738 Bratislava
SLOVAKIA

E-mail: mracka@mat.savba.sk


https://doi.org/10.1007/s002850100132
https://doi.org/10.1057/s41599-022-01392-1
https://doi.org/10.1080/10236198.2013.772597
https://doi.org/10.1371/journal.pcbi.1005697
https://doi.org/10.1186/s12879-022-07418-y
https://doi.org/10.1038/s41598-021-94719-y
https://doi.org/10.1098/rspb.2006.3754
https://www.who.int/emergencies/diseases/novel-coronavirus-2019
https://doi.org/10.3390/healthcare9111530
https://doi.org/10.1371/journal.pone.0261236

	1. Motivation
	2. Scope of work
	3. Model of transmission in a homogeneous population
	4. Model of transmission in a heterogeneous population
	5. Relationship between the generation domain and the time domain
	6. Model parametrization
	7. Simple model of hospitalization
	8. Analysis of the model
	8.1. Relation between separable and non-separable models
	8.2. Herd immunity in a heterogeneous population
	8.3. Impact of contact of younger population on optimal vaccine redistribution

	9. Conclusion and future work
	REFERENCES

