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ABSTRACT. In this paper, we investigate the Hyers-Ulam-Rassias stability
property of a quadratic functional equation. The even and odd cases for the cor-
responding function are treated separately before combining them into a single
stability result. The study is undertaken in a relatively new structure of modular
spaces. The theorems are deduced without using the familiar Ag-property of that
space. This complicated the proofs. In the proofs, a fixed point methodology is
used for which a modular space version of Banach contraction mapping principle
is utilized. Several corollaries and an illustrative example are provided.

1. Introduction

Functional equations are considered interesting in mathematics because
of their theoretical importance as well as their applications to various prob-
lems [10,[36,42]. Here, we consider such an equation to investigate its stability
property .

The type of stability investigated for the functional equations considered here
is known as Hyers-Ulam-Rassias stability which is of a very general character and
is applicable to diverse branches of mathematics [7,9,20]. The concept has its

© 2023 Mathematical Institute, Slovak Academy of Sciences.

2020 Mathematics Subject Classification: 39B52, 39B725.

Keywords: quadratic functional equation, Hyers-Ulam-Rassias stability, even function, odd
function, modular space.

Licensed under the Creative Commons BY-NC-ND 4.0 International Public License.

47



P. SAHA—N. C. KAYAL—B. S. CHOUDHURY— S. DUTTA—S. P. MONDAL

origin in the mathematical question of Ulam [46] raised in 1940 and its extensions
as well as partial answers given in the works of Hyers [I8]and Rassias [37]. In the
most general terms, following Gruber [16], we can say that a mathematical entity
will have the stability of the above kind with respect to a class of mathematical
objects if it has an actual approximation from that class (or a subclass of it) when
it behaves approximately like the objects of that class. Particularly functional
equations of various kinds have been considered for the investigation of Hyers-
Ulam-Rassias stability properties [8,[13L[15,19L25L29]39,40,48].

Recently, research on stability properties of equations has focused on differ-
ent types of equations, such as rational functional equations [35], multiplicative
inverse functional equations [43], fractional differential equations [2,[28], inte-
gral equations [6L24], mixed type functional equations [12,33], etc. Our study
framework is modular spaces [30-3234,138,[44L47]. It is a linear space on which
a modular function with specific properties is defined. Such a function intro-
duces another structure into the linear space, thus extending its range. Several
studies in different areas of functional analysis have successfully extended this
structure. References [261[27] give technical details of the space mentioned above.
In this paper, we establish Hyers-Ulam-Rassias stability result for the quadratic

functional equation [3}[4}1TL14]4T]
flra+sy) + f(re — sy) = 2r% f(z) + 25° f(y) (1.1)

where 7, s are some positive integers, in modular spaces without As-conditions.
The notion of Hyers-Ulam-Rassias stability that we consider here is somewhat
different from that described by Gruber, as noted above. As an example, in one
of our theorems we prove that under suitable conditions, an approximate qua-
dratic function can have an approximation by an additive function. The method
we use here is a fixed point method in which an extension of Banach’s contraction
mapping principle to modular spaces is utilized.

The present problem is to investigate whether the Hyers-Ulam-Rassias sta-
bility of a functional equation remains valid in the wider scope of modular spaces.
Particularly, it is interesting to derive results without using As-conditions.
The approach we adopt here is a fixed point approach. There are other ap-
proaches for the establishment of Hyers-Ulam-Rassias stabilities [5] 21 22].
The advantage of the present approach is that the version of Banach’s contrac-
tion mapping principle for modular spaces can be directly applied to the prob-
lem. It is already known that fixed point methods have successful applications
in problem of Hyers-Ulam-Rassias stabilities in linear spaces. With the advent
of new fixed point results on modular spaces, some examples of which are in
references [17,23[45], it is possible that the methodology of the present paper
will be extended by considering these results in stability problems of functional
equations on modular spaces.
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FIXED POINT APPROACH TO STABILITY QUADRATIC FUNCTIONAL EQUATION
2. Preliminaries

In this section, we give the definitions that are essential for the discussion.
In 1959, Nakano [32] and Musielak and Orlicz [31] defined a modular on a linear
space to construct a modular structure on the space.

DEFINITION 2.1 ([46]). Let X,Y be vector spaces over a field K (here R or C).
A function f: X —Y is called an even function if f(—xz)= f(x) for all z € X and
f is called an odd function if f(—z) = —f(z) for all z € X.

DEFINITION 2.2 ([31]). Let X be a vector space over a field K (R or C). A gen-
eralized functional m: X — [0, oo] is called a modular if for arbitrary =,y € X,

(M1) m(z) =0 if and only if x = 0,
(M2) m(ax) =m(z) for every scalar o with || = 1,
(M3) m(z) < m(x)+ m(y) whenever z is a convex combination of x and y.
The corresponding modular space, denoted by X,,, is then defined by
X i={x € X :m(\x) —» 0as A — 0}.

If (M3) is replaced with (M3)’

m(azx + By) < am(z)+ fm(y) ifandonlyif a+F=1 and «,5>0,
then we say that m is a convex modular.

Remark 2.3. In case the modular m is convex, one has m(z) < dm((1/0)x)
for all x € X,,, provided that 0 < < 1.

DEFINITION 2.4 ([31]). Let X,, be a modular space and let {z} be a sequence
in X,,. Then,

(i) {xx} is m-convergent to a point x € X,, and write zj, — x if m(xp—z) — 0
as k — oo;

(ii) {zx} is called m-Cauchy if for any ¢ > 0 one has m(zy — x;) < €
for sufficiently large k,l € N;

(i) A subset K C X,, is called m-complete if any m-Cauchy sequence
is m-convergent.

A particular feature of the space, which one encounters and which often makes
analysis difficult, is that the convergence of a sequence {zj} to z does not im-
ply that {cx} converges to cx, where ¢ is chosen from the corresponding scalar
field. For that reason, many mathematicians have established some additional
conditions that a modular must satisfy to avoid such difficulties. A condition
of the type mentioned above is called As-condition. A modular m is said to sat-
isfy the Ag-condition if there exists £ >2 such that m(2z) <xm(x) for all z € X,,.
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Some authors have changed the notion so that only x > 0 is required and called
it a As-type condition. In fact, these two notions coincide. There are still a num-
ber of equivalent notions related to the As-conditions. The modular m has the
Fatou property if and only if m(z) < limy_, o m(zx) whenever the sequence {x}
is m-convergent to z. For further details and proofs, we refer the reader to [30].
In [I], Abdou proved a series of fixed point theorems in modular spaces where the
modulars do not satisfy As-conditions. Our results are derived without assuming
the As-conditions.

DEFINITION 2.5 ([26]). Given a modular space X,,, a nonempty subset C' C X,,,
and a mapping T : C'— C'. The orbit of T" around a point x € X, is the set
O(z) := {=, Tz, T%z,.. .}.

The quantity
Om () :=sup{m(u —v) : u,v € O(x)}

is called the orbit diameter of T at x, In particular, if 6,,(z) < oo, one says that
T has a bounded orbit at x.

DEFINITION 2.6 ([20]). Let m be a modular defined on a vector space X.
Let C C X,, be nonempty. A mapping T : C — C is called m-Lipschitzian if
there exists a constant L > 0 such that

m(T(x) = T(y)) < Lm(x —y),Va,y € C.
If L <1, then T is called m-contraction.

The following result is a modular version of Banach contraction mapping
principle.

THEOREM 2.7 ([1]). Assume X,, is m-complete. Let C be a nonempty m-closed
subset of X,,. Let T : C'— C be an m-contraction mapping. Then, T has a fived
point z if and only if T has an m-bounded orbit. Moreover, if m(x — z) < oo,
then {T*(x)} m-converges to z, for any x € C.

The above theorem allows us to conclude that if z; and zo are two fixed points
of T such that m(z; — z2) < oo, then we have z; = z5. In particular, if C' is
m-bounded, then T has a unique fixed point in C.

3. The generalized Hyers-Ulam stability for (LTI
in modular spaces

Throughout this paper, we assume that the convex modular m has the Fatou
property.
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THEOREM 3.1. Let V be a vector space and X, be an m-complete conver mod-
ular space. Suppose that a mapping f:V — X,,, which is even, satisfies f(0)=0
and the functional inequality

m(Af(rz + sy) +4f(re — sy) — 8 f(z) = 85* f(y)) < ¢(2.,y) (3.1)
forallz,y € V and somer,s € N, where ¢ : V2 — [0, 00) is a mapping satisfying
¢(22,2y) < 4Lo(2,y) (3-2)

forall x,y € V and some L with 0 < L < 1.
Then, there exists a unique quadratic mapping @Q : V — X,,, such that

m(2Q(@) - f(#)) € gy viee) (33)

v =g [o(7.8) +o (1.0) +0 (0.)]
forall z,y € V.

where

Proof. Consider the set
M={g:V — X, :9(0) =0}
and define a mapping m on M by
m(g) = inf{c>0:m(g(z))< cyp(z,2)}, g€ M.

Now, we prove that m is a convex modular on M. It is sufficient to show that
m satisfies the following condition

| lag + Bh) < am(g) + Bin(h),
! a+p=1 and «,5>0.
Let € > 0 be given. Then, there exist ¢; > 0 and ¢ > 0 such that
1 <m(g) + e, ca <m(h)+e
and
m(g(z))< eryp(a,x),  m(h(z)) < ctp(, x)
forallz € V.Ifa+ =1and a, > 0, then
m(ag(z) + Bh(x)) < am(g(x))+Bm(h(z))
< (cra+ caf)Y(x,xz) forall x € V.
Therefore,
m(ag + fh) < cra+ coff
< (arm(g) + Bm(h)) + (e + B)e
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Since € > 0 is arbitrary, m(ag + Sh) < am(g) + Bm(h). Thus, we have a convex
modular space M. O

Let {gx} be a m-Cauchy sequence in M. Let € > 0 be given. Then, there
exists p € N such that m(gr — g;) < € for all k,1 > p. Then,

m(gr(x) — gi(z)) < ep(x,x) forall z €V and k,I>p. (3.4)

This shows that {gx(x)} is a m-Cauchy sequence in X, for each fixed z € V.

Since X, is m-complete, {gi(z)} is m-convergent in X, for each fixed z € V.
Hence, we can define a function g : V' — X, by

g(z) = lim gx(z),x € V.
k—o00

Clearly, g € M. Since m has the Fatou property, taking limit as [ — oo in (3.4,

we get
m(gi(z) — g(x)) < ep(x,z) forall z €V and k> p.

Thus, m(gr —g) < € for all k > p and so {gx} is Mm-convergent sequence in My,.
Hence, My, is complete.
Define

1
J: My — My, by Jg(z) = Zg(Qx) for all g € My;;, and xz € V.
Let g, h € M;; and € > 0. Then,
m(g(x) — h(z)) < (m(g — h) + €)¢(z,x) forall z € V.

Now,
m(Jg(x) — Jh(z)) =m <ig(2x) — ih(2x)>
< ym(9(22) — h(21))
< 1 (g~ h) + (2, 20)
< L(m(g — h) + €)¢p(z, ) forall z € V.
Therefore,

Taking € — 0T, we get
(Jg — Jh) <Lin(g —h) for all g,h € M.

That is, J is an m-contraction. Putting y = 0 in B1]), we get
m(8f(rz) —8r*f(z)) < ¢(x,0) forall z€V. (3.5)

Again, putting = 0 in 3], we get
m(8f(sy) —8s°f(y)) <  ¢(0,y) forall yeV. (3.6)
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Now,

m(f(re + sy) + f(re — sy) — 2f (rz) — 2f(sy))

< m(4f(7“x + sy) +4f(re — sy) — 8r*f(x) — 832f(y))

N

m(8f(ra) — 87 £(2) + m (81 (s9) ~ 85 (1))

PNy

+

<

[¢(z,y) + ¢(x,0) + ¢(0,y)] forall z,y eV [by @BI),B.3), BA)].

1=

Replacing  with ¥ and y with £, we obtain
m(f(z+y)+ f(z —y) - 2f(x) - 2f(y))
Y o2+ o(02)
= (x,y) forall z,yeV. (3.7)
Putting y = = in (37), we get
m(f(2z) — Af(z)) < P(w,x)  forall z €V, (3.8)

Replacing = with 2z in [3.8)), we get
m(f(2%z) — 4f(22)) < (2z,2z) forall z € V. (3.9)

o (122 50)

Now,

< 4i2m(f(22x) —4f(2x)) + im(f(%) —4f(2))
< Fv(20.20) + JU@0) by EF), @)
Iem1 .
=1 Z V@', 2%) forallz e V. (3.10)

@
I
=)

By Principle of mathematical induction, we can easily see that

k
1 . )
" <f(if) —f<w>> Sp2 gv@me) dorallzeV and kel
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Thus,

kg x,1) A
i=0

1

S m’l/)(l‘,x) for all = c V and k S N

(3.11)
Now, for any k,l € N, we get

({22 _ 1)

2.4k 2.4
(122 ) 3 (1221

<1
=11-1)

Y(z,z) forall x eV [by BII)].

Therefore,
m| J* lf —J! 1f <1 frallkieN
2 2’ )) = 41-1I) ’ '
This shows that J has a bounded orbit at % f. Then, by Theorem 2.7

(i) the sequence {J’c (%f)} is m~convergent to some Q) € My, i.e.,

1
i 7 k — — =
klgr(;m(J (2]”) Q) 0,
(ii) @ is a fixed point of J and so, J(Q) = Q, i.e.,

iQ(2x) — Qz) forall z€V.

This implies limy,_,oo m(J*3 f(z) — Q(z)) =0, i.e.,

lim m <ﬁf(2%) — Q(@) =0 forall zeV.

k—o0
Replacing  with 22 and y with 2%y in B.7), we get
m(f(25 @+ 1) + /(2" @ — ) - 2/(2") - 2/(2"y)) < B(2"a,2%y)
for all x,y € V and k € N.

54



FIXED POINT APPROACH TO STABILITY QUADRATIC FUNCTIONAL EQUATION
Now, for all z,y € V and k € N,
m (ﬁ 25z + ) + F (25 —y)) — 2f(2"2) - 2f(2'“y)]>
< 5 (7@ +9) + (28— 9) - 2(2h) - 2£(2hy)
< 5 (e, 2t)

1
Since p has the Fatou property and 0 < L < 1, taking limit as k — oo, we get

m(Q(z+y)+Q(z —y) —2Q(x) —2Q(y)) =0 forall z,y € V.

Thus,
Qlz+y)+Qr —y) =2Q(z) +2Q(y) forallz,ycV,

that is, @) is quadratic.
Again, since m has the Fatou property, by BI1I]) we get
1
m(2Q(z) — f(z)) £ ———(z,z) forall z€V. (3.12)
4(1-1L)
To prove the uniqueness of @, let @’ be another fixed point of J satisfying (3.12)).
Now,

m(Q) ~ 7@ + 3/(@) - Q' (@)

Sm(2Q() — f(2) + 3m(2Q (@) - f(2)
1

< mw(x,x) for all z €V [by BIZ)].

It implies that m(Q — Q') < 4(1—1_L) < 0o. Since J is an m—contraction, we get
m(Q - Q") =m(J(Q) - J(Q)) < Lin(Q - Q)

which implies that ~ , ) ,
m@Q—-Q) =0, ie, Q=Q"
This completes the theorem.

m(Q(z) — Q'(x))

IN

COROLLARY 3.2. Let V be a linear space and X,, be an m-complete convex
modular space. Suppose that a mapping f : V — X,,, which is even, satisfies
£(0) =0 and the functional inequality

m(4f(re + sy) + 4f (rz — sy) — 8 f(2) 8521 (y)) < ¢

for all x,y € V and some r,s € Nye > 0. Then, there exists a unique quadratic
mapping Q : V — X,, such that

m(2Q(z) — f(z)) < i forallz e V.
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Proof. Define ¢(z,y) = € for all z,y € V and take L = 1. Then, it is clear
that ([B.2)) is satisfied. Thus, applying Theorem B.I] we have the above result.

COROLLARY 3.3. Let V be a normed linear space and X, an m-complete convex
modular space. Suppose that a mapping f : V — X,,, which is even, satisfies
£(0) =0 and the functional inequality

m(4f(re + sy) + 4f(re — sy) — 8% f () = 85 f(y)) < e([l2|” + [|y|”)

forall x,y € V and somer,s € N,e > 0,0 < p < 2. Then, there exists a unique
quadratic mapping Q : V. — X, such that

1 1
m(2Q(z) — f(z)) < ﬁ L—p + S—p] |x||P forall zeV. O

Proof. Define ¢(z,y) = e(||lz|? + ||y||?) for all x,y € V and take L = 2P~2.
Then, it is clear that ([B2)) is satisfied. Thus, applying Theorem [B] we have
the above result. O

The next theorem is for odd functions.

THEOREM 3.4. Let V be a linear space and X,, be an m-complete convex
modular space. Suppose that a mapping f : V. — X, which is odd, satisfies
the functional inequality

m(4f(re + sy) +4f(re — sy) — 8% f(x) — 85 f(y)) < ¢(z,y)
forallz,y € V and somer,s € N, where ¢ : V2 — [0, 00) is a mapping satisfying
#(2z,2y) < 2LP(x,y) for all x,y € V and some L with 0 < L < 1. (3.13)

Then, there exists a unique additive mapping A : V — X, such that

m(2A(x) - 1(#) < g pyU(@.) (3.14)
where
Y(w,y) = i {¢ (%, %) +¢ (%,0) +¢ (0, %)] forallz,y € V.

Proof. Proceeding analogously as in Theorem [B.1] the result can be proved. [

COROLLARY 3.5. Let V be a linear space and X,, be an m-complete convex
modular space. Suppose that a mapping f : V. — X,,, which is odd, satisfies
the functional inequality

m(4f(ra + sy) +4f(re — sy) — 8r2f(x) — 8s2f(y)) <e

for all x,y € V and some r,s € N,e > 0. Then, there exists a unique additive
mapping A : V — X,,, such that

m(2A(z) — f(z)) < % forallz e V.
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Proof. Define ¢(z,y) = € for all x,y € V and take L = % Then, it is clear
that (313 is satisfied. Thus, applying Theorem B4 we have the above result.
O

COROLLARY 3.6. Let V' be a normed linear space and X,, be an m-complete
convexr modular space. Suppose that a mapping f : V. — X,,, which is odd,
satisfies the functional inequality

m(4f(re + sy) + 4f(re — sy) — 8% f () = 85 f(y)) < e([l2|” + [[y|")

forall x,y € V and some r,s € N;e > 0,0 < p < 1. Then, there exists a unique
additive mapping A : V. — X, such that

€ 1 1
_ L P
m(24(z) — f(2)) < 22— 29 Lp + 31’] |z||P for all x € V.
Proof. Define ¢(z,y) = €(||z||? + ||y||) for all z,y € V and take L = 2P~1,
Then, clearly, (3.13) is satisfied. Thus, applying Theorem [3:4] we have the above
result. (]

THEOREM 3.7. Let V be a linear space and X, be an m-complete convexr mod-
ular space. Suppose that a mapping f : V — X, which satisfies f(0) = 0 and
the functional inequality

m(4f(re + sy) +4f(re — sy) — 8 f(z) = 85 f(y)) < ¢(x,y)
for all z,y € V and for some r,s € N, where ¢ : V2 — [0,00) is a mapping
satisfying
¢(2x,2y) < 2Lp(x,y)

forallx,y € V and some L with 0 < L < 1. Then, there exist a unique quadratic
mapping Q : V — X, and a unique additive mapping A : V. — X, such that

m (A(x) +Q(x) — ff)) < 8(13L)w(w,x)

where . i )
v =glo(5 ) +e(-5-0)
o <$’0> +é (7;0) +é (0’ %) + ¢ (07*%)} forall z,y € V.

Proof. Let
f(a) = L@ D)

2
Then,

fz) = (=)

5 forall x € V.

and  fo(r) =

f(@) = fe(x) + fo(x) forall x V.
Clearly, f. is even and f, is odd and f.(0) = f,(0) = 0.
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Replacing 2 with —x and y with —y in B1]), we get

m(4f(—rz — sy) +4f(—rz + sy)—8r’f(—x) — 832f(—y))

< ¢(—z,—y) forall z,ye V.

Now,

m(4fe(mc + sy) +4f(rx — sy) — 8r2fe(x) — 832fe(y))

+

2
=0(z,y) say, for all z,y e V.
Now,

0(2z,2y) =

N = DN =

<

ie.,

0(2z,2y) < 2L0(x,y) < 4L0(x,y)

m(4f(re + sy) + 4f (re — sy) — 8% f(z) — 85> f(y))
m(4f(—rz — sy) + 4f(—rz + sy) — 8r* f(—x) — 85> f(—y))

[0(x,y) + ¢(—z, —y)]  [by BI) and B.13)]

[¢(2.’IJ, 2y) + ¢(*2.’IJ, 723/)]

forall z,y e V.

(3.15)

By Theorem [B.] there exists a unique quadratic mapping @ : V' — X, such that

where

+
Ay
~—
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Again,
m(4f0(m: +sy) +4f,(re — sy) — 87’2f0(x) — 832f0(y))

< m(4f(7“x + sy) + 4f(re — sy) — 8rf(x) — 832f(y))

DO | =

+ %m(élf(—Tx — sy) +Af (—rz + sy) — 8r*f(—z) — 8s* f(—y))

< 310 9) + 6z, —y)] by @) and @II)
=0(x,y) forall z,yeV.

So, by Theorem B4l there exists a unique additive mapping A : V — X,,
such that

m(2A(z) — fo(2)) < ﬁw(x,x) for all x € V. (3.17)
Now,

(4 + ) - 17

< Sm(2AW) — fo(2)) + 5m(2Q0) - 1.(+))

1 1 1
<3 lsnm e | Yo by @0, @)
3

= mw(x,x) forallz € V.

This completes the proof. O

COROLLARY 3.8. Let V be a linear space and X,, be an m-complete convex
modular space. Suppose that a mapping f : V. — X, satisfies the functional
inequality

m(4f(7“x +sy) +4f(re — sy) — 8T2f<l‘) — 832f(y)) <e

for all x,y € V and some r,s € Nye > 0. Then, there exist a unique quadratic
mapping Q : V — X, and a unique additive mapping A : V. — X, such that

m (A(x) +Q(z) — @) < El)—g forall z € V.
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Proof. Define 1
m(z,y) =€ forall z,y €V andtake L = 3

Then, it is clear that ([BI3) is satisfied. Thus, applying Theorem 37 we have
the above result. ([l

COROLLARY 3.9. Let V be a normed linear space and X,, be an m-complete con-
vex modular space. Suppose that a mapping f : V — X, satisfies the functional
inequality

m(4f(re + sy) + 4f(re — sy) — 8% f () = 85 f(y)) < e([l2|” + [[y|I")

forall x,y € V and some r,s € N;e > 0,0 < p < 1. Then, there exists a unique
quadratic mapping Q : V — X,, and a unique additive mapping A : V — X,
such that

m (A<x> Q) I

2

1 1
> = 8(236 { + _] l|z||P forall x € V.

—2r) e gp

Proof. Define
o(z,y) = e(||z]|? + ||y||P) for all z,y € V and take L = 2P~

Then, clearly ([BI3)) is satisfied. Thus, applying Theorem B.7] we have the above
result. (]

ExaMPLE 3.10. Let (X, |.]|) be a commutative Banach algebra and X,,
be an m-complete convex modular space, where m(z) = ||z||. Define

f:X = X,, by f(x)=az®+ Al|z||ze forall zc X,
where a € R, A € RT and z¢ is a unit vector in X. Then,
m(4f(rz + sy) +4f(re — sy) — 8r° f(z) — 8s*f(y))
< 8A[r(r — D]l = s(s = Dllyll]
for all z,y € X and some r,s € N. Let

1
o(x,y) =8A[r(r — 1)||z|]| — s(s — )||y||] for all z,y € X and take L = o

Clearly, ([32)) is satisfied. Thus, all the conditions of Theorem B.] are satisfied.
Then, there exists a unique quadratic mapping @ : X — X,, such that

m(2Q(x) — f(z)) <4A(r+s—2)||z|| forall z € X.
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