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Abstract: Article deals with the calculation issues of deflection and stress in the rail and pins, which are a part of 

the anchoring design for rack-railway tracks. The rack-railway track, is intended for the transport of excessively 

heavy loads and people inside mines. A longitudinal track dip can be up to ± 35deg. Practical application is focused 

on the calculations of pins and rails, for which a novel combination of analytical approaches and FEM is used, 

with dynamic loading and the theory of beams on an elastic foundation. The methodology is explained in details 

and the first results are listed. Everything stated in this article can be used to design transport systems not only in 

mining/underground constructions.  
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1 Introduction 

A rack-railway (also a rack-and-pinion railway or cog-railway) is a steep grade rail-way with 

a toothed rack rail, usually between the running rails. The first rack-railway was the Middleton 

Railway between Middleton and Leeds in West Yorkshire in England, UK, in the year 1812. 

Between the years 1903 and 1909, the McKell Coal and Coke Com-pany in Raleigh County in 

West Virginia installed a 35000 feet (i.e. 10700 m) long Morgan rack-rail track in its mines. 

Finally, a large number of different rack systems have been developed. Today, the most popular 

of rack-railways use the Abt system. 

Good rail-track standards are fundamental for the safe and efficient operation of rail transport 

systems underground in mines. The design and layout of a rail track needs to be incorporated 

into the overall planning of the mine to ensure that practical payloads and an acceptable 

transport times are achievable. In particular, mine roadways should be de-signed to have 

adequate clearances, suitable gradients and the largest practical radii on curves. A careful 

selection of rail-track components, the use of competent tracklayers, and installing a track to a 

suitable specification etc. will enhance safety and significantly re-duce future maintenance 

needs. 

For more information about rack-railways, see references [1–4]. 

The rack-railway track (manufacturer Ferrit , see Fig. 1 and references [1], [4] and [5], is in-

tended for the transport of heavy loads in mines (an environment with a potentially ex-plosive 

atmosphere, containing methane and coal dust). The loads are transported by underground 
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track, see Fig. 2(a), consisting of sections, see Fig. 2(b). In the middle of each section a toothed 

rack is welded, transmitting the peripheral forces of a lantern wheel in the electrohydraulic truck 

of a mining train (i.e. transfer cars) onto a track. The maximum longitudinal grade with an 

electric traction mean is ± 35deg and the maximum longitudinal grade with a rack-railway 

diesel locomotive is ± 25deg. The maximum lateral grade of the track is ± 10deg. The wheelbase 

for rails is 600/900 mm. 

   

(a)                                                                          (b) 

Fig. 1 Rack-railway track (a) Whole system, see [6], (b) Detail – an example of a train unit 

 

(a)  

(b)  

Fig. 2 (a) System of joined sections of a rack-railway track placed on a footwall (ground 

plan) and (b) the perspective projection and design of one section 

 

A rack-railway track (i.e. the system of sections placed on a footwall) is secured by anchor 

pins with DS /m/ diameter, see Fig. 2 and 3. These pins are inserted into the footwall (in turns 

on both sides of these sections) using pre-drilled holes filled with an adhesive. After this 

adhesive hardens sufficiently rigid and reliable mounts for rail tracks are formed. 
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The following text pays attention to the calculation of stresses and deflections in the rail 

sections and to the anchor pins for mining tracks (i.e. mechanics). Calculations, car-ried out 

depending on the angle of track inclination, shall be valid for the theory of beams on an elastic 

Winkler foundation. An original analytical solution is used in accordance with the theory of the 

2nd order in mechanics combined with the Finite Element Method (FEM) solution, according 

to the theory of the easier 1st order in mechanics. Theory of 2nd order and its advantages are 

explained and applied in [7,8]. 

However, there is not enough information about stresses and deflections in the min-ing rail 

sections and their anchor pins, see [6,9–12]. There were not find the exact refer-ences about the 

keywords “mining”, “rack-railway track” “anchoring”, “stress, strain or deformation” and 

“calculation/solution”. From this reason, the authors wrote this article. 

Load in our solved problem is defined by an emergency (extreme) situation that is linked to 

the sudden braking in stopping the train (the so-called hard stop). The results can be used as a 

method to design rails, pins and section mountings in the mines or other types of rail roads. 

 

Fig. 3 One rail-section (section) placed on a footwall and secured by anchor pins 

 

For an explanation of the 1st order theory in solid mechanics, it is a simpler and common 

approach for most engineering problems in mechanics, because the force and momentum 

equilibrium of a solid is analysed using a non-deformed system. 

The theory of the 2nd order addresses a solid body equilibrium using a deformed sys-tem 

(i.e. the influence of the load usually changes the dimensions of such a solid, includ-ing the 

distribution of forces, their operation and moment effects). The advantage of the 2nd order 

theory is its greater accuracy, but the disadvantage is a more complex solution, as the 

configurations of the deformed system are also unknown. Because the more precise relations in 

the theory of the 2nd order are already derived for pins, it is useful to use them, see the following 

Chapter 2 (Tab. 1 to 3). Generally, the best-known application of the 2nd order theory are 

problems based on the Euler method for the buckling (i.e. stability) of beams. 

First basic information presented in article was published in [6]. However, the ownership of 

copyright of [6] remains with the decision of main authors of this article and therefore a few 

pictures and tables were “reused” with small modification and with ap-propriate citation. 

2 The anchor pin as a beam on an elastic foundation (deformations and loads) 

Based on the design of the sections placement under the angle α /deg/, see Fig. 3 and 4, we 

can envision an anchor pin with a diameter DS as a semi-infinite beam partially placed on the 
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elastic (bilateral Winkler) foundation and loaded with general force F /N/ (including the 

horizontal force F1 = F cos α /N/ and vertical force F2 = F sin α /N/). 

 

Fig. 4 A pin as a semi-infinite beam partially placed on an elastic foundation (a) External 

loading of a beam, (b) Loading by forces F_1 and F_2 

 

The forces F1 and F2 result from interactions with rails sections, on which the dynamic load 

acts from the fully loaded and braking train (the hard stop). An analysis of the dynamic load is 

given in Chapter 3. The specific values of F1 and F2 are determined from the results of FEM 

calculations, see Chapters 4 and 5 of this article. 

More information on the elastic foundation can be found in the literature [5,13-20]. Semi-

infinite beams, as well as the infinite beams on elastic foundations, usually well represent the 

replacement of real long beams (i.e. the error of the model calculation is negligible). A semi-

infinite beam, as a suitable approximation of a pin, thus provides a simple and fast solution with 

a minimal error. 

For stiffness of the anchor pin subsoil, 𝑘𝑆 /Pa/ applies according to Winkler 𝑘𝑆 =  𝐾𝑆DS, where 

𝐾𝑆 /Nm-3/ is a module of the subsoil (material parameter), see Fig. 3 and 4. 

In the following subchapters, there are important analytical solutions for intervals 𝑥1 ∈
(0;  L) and 𝑥2 ∈ (0;  ∞) , i.e. the application of a beam of semi-infinite length partially 

supported by an elastic foundation and loaded via combination of compression and bending or 

tension and bending. 

2.1 Loading by combination of compression and bending 

In accordance with the knowledge, experience and results from the literature [5,13–16], from 

the theory of the 2nd order we can derive general relations for the horizontal deflection of the 

pin 𝑣 /m/ and relations for slope 
𝑑𝑣

𝑑𝑥
 /rad/, bending moment 𝑀𝑜 /Nm/, shearing force 𝑇 /N/ and 

the normal force 𝑁 /N/, see Tab. 1 and 2. These relationships apply in local coordinate systems 

𝑥 = 𝑥1 ∈ (0;  L) m and 𝑥 = 𝑥2 ∈ (0;  ∞) m, defined in Fig. 4 and Tab. 1 and 2. It is clear that 

the section 𝑥1  is free of any subsoils (i.e. without an elastic foundation) and that section 𝑥2  is 

surrounded by an elastic foundation (i.e. surrounded by foot-wall), L /m/ is the length of the 

protruding end of this pin. 
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Table 1 Anchoring pin loading by combination of compression and bending – section without 

an elastic foundation [6]. 

 

𝑥 = 𝑥1 ∈ (0;  L) ,  𝑁 = −F2 < 0 ,  𝜔 = √
𝑘𝑆

4𝐸𝐽ZT

4
 ,  𝜔R = √𝜔2 +

|𝑁|

4𝐸𝐽ZT
 ,  𝜔R3 = √

|𝑁|

𝐸𝐽𝑍𝑇
 

𝜔I = √𝜔2 −
|𝑁|

4𝐸𝐽ZT
 ,   A17 = 

2F1𝜔2

F2𝜔R3[2𝜔I𝜔R3 sin 𝜔R3L+(𝜔R3
2 −2𝜔2) cos 𝜔R3L]

 ,   𝑇 = −F1 

𝐴11 = 
F1(2𝜔R3[(𝜔I+L𝜔2)𝜔R3

2 −2L𝜔4] cos 𝜔R3L+[(4L𝜔I+2)𝜔2𝜔R3
2 +4𝜔4−𝜔R3

4 ] sin 𝜔R3L)

2F2𝜔2𝜔R3[(2𝜔2−𝜔R3
2 ) cos 𝜔R3L−2𝜔I𝜔R3 sin 𝜔R3L]

 

𝑣 = A11 + A17 sin 𝜔R3𝑥 − 
F1𝑥

F2
 ,   

𝑑𝑣

𝑑𝑥
 = A17𝜔R3 cos 𝜔R3 𝑥 − 

F1

F2
 ,   𝑀𝑜 = A17F2 sin 𝜔R3𝑥 

Table 2 Anchoring pin loading by combination of compression and bending – section with an 

elastic foundation. 

 

𝑥 = 𝑥2 ∈ (0;  ∞) ,   −2√𝑘𝑆𝐸𝐽ZT < 𝑁 < 0 ,   𝑁 = −F2 ,  𝜔 = √
𝑘𝑆

4𝐸𝐽ZT

4
 ,   𝜔R = √𝜔2 +

|𝑁|

4𝐸𝐽ZT
 

𝜔I = √𝜔2 −
|𝑁|

4𝐸𝐽ZT
 ,   𝜔R3 = √

|𝑁|

𝐸𝐽𝑍𝑇
 ,   𝐴3 = 

F1𝜔R3[(2𝜔2−𝜔R3
2 ) sin 𝜔R3L+2𝜔I𝜔R3 cos 𝜔R3L]

2F2𝜔2[(2𝜔2−𝜔R3
2 ) cos 𝜔R3L−2𝜔I𝜔R3 sin 𝜔R3L]

 

A4 = 
F1𝜔R3[𝜔R3

3 cos 𝜔R3L−2𝜔I(2𝜔2−𝜔R3
2 ) sin 𝜔R3L]

4F2𝜔2𝜔R[2𝜔I𝜔R3 sin 𝜔R3L+(𝜔R3
2 −2𝜔2) cos 𝜔R3L]

 ,    𝑣 = 𝑒−𝜔I𝑥(A3 cos 𝜔R 𝑥 + A4 sin 𝜔R 𝑥) 

𝑀𝑜 = −𝐸𝐽ZT 
𝑑2𝑣

𝑑𝑥2 ,   𝑇 = 𝑁 
𝑑𝑣

𝑑𝑥
 −𝐸𝐽ZT 

𝑑3𝑣

𝑑𝑥3 

The positive horizontal deflection v is in the direction of the coordinate axis Y. 

In Table 1 and 2, there are the integration constants A_3, A_4, A_11 and A_17 /m/, the 

quadratic moment of the transversal area of this pin cross-section J_"ZT" =(πD_S^4)⁄"64"   

/m4/, the modulus of elasticity of this pin material E /Pa/ and constants ω, ω_R, ω_I and ω_"R3"  

/m-1/. The relationships of Tab. 1 and 2 are valid for the combined stress of pressure and 

bending. The value of the normal pressure force then lies within the interval -2√(k_S EJ_"ZT"  

)< N<0 , which suits common practice, see references [5,13,14]. 

The relationships listed in Tab. 1 and 2 are therefore the solution of the two linear differential 

equations of the 4th order 
𝑑4𝑣

𝑑𝑥4 + 
𝑁

𝐸𝐽ZT

𝑑2𝑣

𝑑𝑥2 = 0 for 𝑥 =  𝑥1  ∈  (0;  L) and 
𝑑4𝑣

𝑑𝑥4 + 
𝑁

𝐸𝐽ZT

𝑑2𝑣

𝑑𝑥2 +𝑘𝑆𝑣 =

0 for 𝑥 =  𝑥2  ∈  (0;  ∞). When working out the solutions the four zero integration constants 

(in Tab. 1 and 2, they are already used to simplify relations, i.e. not directly presented) and also 

the four non-zero integration constants A3, A4, A11 and A17. All integration constants were 

determined from the following boundary conditions 

𝑀𝑜(𝑥1 = 0) = 0 ,           𝑇(𝑥1 = 0) = −F1 , (1) 
  

𝑣(𝑥1 = L) = 𝑣(𝑥2 = 0),            
𝑑𝑣

𝑑𝑥
(𝑥1 = L) =

𝑑𝑣

𝑑𝑥
(𝑥2 = 0),

𝑀𝑜(𝑥1 = L) = 𝑀𝑜(𝑥2 = 0),           𝑇(𝑥1 = L) = 𝑇(𝑥2 = 0),   
 } (2) 

  

𝑣(𝑥2 → ∞) = 0 ,             𝑣′(𝑥2 → ∞) = 0. (3) 
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For more information, see reference [5,13,14]. 

2.2 Loading by combination of tension and bending 

Similarly, according to the literature [5,13–15], the general relations for the combined 

tension and bending can be derived. This is a solution of two differential equations of the 

4th order 
𝑑4𝑣

𝑑𝑥4 − 
𝑁

𝐸𝐽ZT

𝑑2𝑣

𝑑𝑥2 = 0for 𝑥 =  𝑥1  ∈  (0;  L) and 
𝑑4𝑣

𝑑𝑥4 − 
𝑁

𝐸𝐽ZT

𝑑2𝑣

𝑑𝑥2 +𝑘𝑆𝑣 = 0 for 

𝑥 =  𝑥2  ∈  (0;  ∞), where the boundary conditions are defined by relationships (1) to (3). The 

normal tensile force values are within the interval 2√𝑘𝑆𝐸𝐽ZT >  𝑁 > 0, see Tab. 3 and 4. Like 

the above, A3, A4, A12 and A14. /m/ are integration constants. 

Table 3 Anchoring pin loading by combination of tension and bending – section without an 

elastic foundation 

 

𝑥 = 𝑥1 ∈ (0;  L) ,  𝑁 = F2 > 0 ,  𝜔 = √
𝑘𝑆

4𝐸𝐽ZT

4
 ,  𝜔R = √𝜔2 +

|𝑁|

4𝐸𝐽ZT
 ,  𝜔R3 = √

𝑁

𝐸𝐽𝑍𝑇
 

𝐴12 = 
F1(2𝜔R3[(𝜔R+L𝜔2)𝜔R3

2 +2L𝜔4] cosh 𝜔R3L+[𝜔R3
4 +(4L𝜔R+2)𝜔2𝜔R3

2 −4𝜔4] sinh 𝜔R3L)

2F2𝜔2𝜔R3[(2𝜔2+𝜔R3
2 ) cosh 𝜔R3L+2𝜔R𝜔R3 sinh 𝜔R3L]

 

A14 = 
2F1𝜔2

F2𝜔R3[2𝜔R𝜔R3 sinh 𝜔R3L+(𝜔R3
2 +2𝜔2) cosh 𝜔R3L]

 ,   𝑣 = A12 + A14 sinh 𝜔R3𝑥 − 
F1𝑥

F2
 

𝑑𝑣

𝑑𝑥
 = A14𝜔R3 cos 𝜔R3 𝑥 − 

F1

F2
 ,   𝑀𝑜 = −A14F2 sinh 𝜔R3𝑥 ,   𝑇 = −F1 

Table 4 Anchoring pin loading by combination of tension and bending – section with an elastic 

foundation [6] 

 

𝑥 = 𝑥2 ∈ (0;  ∞) ,  2√𝑘𝑆𝐸𝐽ZT > 𝑁 > 0 ,   𝑁 = F2 ,   𝜔 = √
𝑘𝑆

4𝐸𝐽ZT

4
 ,   𝜔R = √𝜔2 +

|𝑁|

4𝐸𝐽ZT
 

𝜔I = √𝜔2 −
|𝑁|

4𝐸𝐽ZT
 ,   𝜔R3 = √

𝑁

𝐸𝐽𝑍𝑇
 ,  𝐴3 = 

F1𝜔R3[(2𝜔2+𝜔R3
2 ) sinh 𝜔R3L+2𝜔R𝜔R3 cosh 𝜔R3L]

2F2𝜔2[2𝜔R𝜔R3 sinh 𝜔R3L+(2𝜔2+𝜔R3
2 ) cosh 𝜔R3L]

 

A4 = 
F1𝜔R3[𝜔R3

3 cosh 𝜔R3L−2𝜔R(2𝜔2−𝜔R3
2 ) sinh 𝜔R3L]

4F2𝜔2𝜔I[2𝜔R𝜔R3 sinh 𝜔R3L+(2𝜔2+𝜔R3
2 ) cosh 𝜔R3L]

 , 𝑣 = 𝑒−𝜔R𝑥(A3 cos 𝜔I 𝑥 + A4 sin 𝜔I 𝑥) 

𝑀𝑜 = −𝐸𝐽ZT 
𝑑2𝑣

𝑑𝑥2 ,    𝑇 = 𝑁 
𝑑𝑣

𝑑𝑥
 −𝐸𝐽ZT 

𝑑3𝑣

𝑑𝑥3 

When comparing images from Tab. 1, 2 and Tab. 3, 4, there is external force F2 clearly 

acting in the opposite direction, which causes a tensional load (for normal force 𝑁 > 0) and a 

compressive load (for 𝑁 < 0). 

2.3 Bending stiffness of pins 

For maximum deflection 𝑣MAX𝑁<0
 /m/ (at the end of a beam in points 𝑥1  = 0 m) it is applied 

for the compression + bending loadings (i.e. situation when 𝑁 < 0), as in Tab. 1. 

𝑣MAX𝑁<0
= 𝑣(𝑥1 = 0) = A11 (4) 
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Similarly, for maximum deflection 𝑣MAX𝑁>0
 /m/ (at the end of a beam in points 

 𝑥1  =  0 m) for the tension + bending loadings (i.e. situation when 𝑁 > 0), as in Tab. 3 

Then you can determine the bending stiffness of pin 𝑘bend /Nm-1/, i.e. the equivalent 

nonlinear spring constant replacing the pin activity on the rails sections) 𝑘bend = 
F1

𝑣MAX𝑁<0

 or 

𝑘bend = 
F1

𝑣MAX𝑁>0

 , see Tab. 5. 

Table 5 Relations for the bending stiffness of the pin for cases combining bending and 

tension/compression 

 Bending stiffness of pins 𝒌bend 

Compression 

𝑵 < 𝟎 

2F𝜔2𝜔R3[(2𝜔2 − 𝜔R3
2 ) cos 𝜔R3L − 2𝜔I𝜔R3 sin 𝜔R3L]sinα

2ωR3[(ωI + Lω2)ωR3
2 − 2Lω4] cosωR3L + [(4LωI + 2)ω2ωR3

2 + 4ω4 − ωR3
4 ] sinωR3L

 

Tension 

𝑵 > 𝟎 

2F𝜔2𝜔R3[2𝜔R𝜔R3 sinh 𝜔R3L + (2𝜔2 + 𝜔R3
2 ) cosh 𝜔R3L]

2𝜔R3[(𝜔R + L𝜔2)𝜔R3
2 + 2L𝜔4] cosh 𝜔R3L + [𝜔R3

4 + (4L𝜔R + 2)ω2𝜔R3
2 − 4𝜔4] sinh 𝜔R3L

 

In our cases, and from the above stated, it is clear that the bending stiffness of a beam is 

nonlinear but nearly linear and also dependent on external force F, angle α, on the geometry, 

on the material properties of pins and on the material properties of the elastic foundation in the 

footwall. 

A deeper analysis and application for bending stiffness are explained in the 2nd part (follow-

up) of this article, see 10. Bending stiffness is suitable for the substitution of the pins using 

springs, which is advantageous for numerical solutions using FEM. 

3 Load on rails and sections 

For a more precise analysis of the mining train dynamic behaviour, and the sections (rails) 

and pins, there is usually not enough information and there is not even much willingness in 

mining companies to deal with this issue. This is mainly due to the low volume of mine train 

production, often targeted only for a single location with a specific purpose and also short-term 

use in one part of a mine (i.e. the entire transport system in mines often changes and moves 

with regard to the current needs of mining). However, the following procedure may be 

considered sufficient. 

The dynamic load is related to extreme situations, i.e. related to sudden braking at the 

maximum operating speed of a mining train (the so-called hard stop). 

 

Fig. 5 Mass and gravitational force distribution acting in the rail of the mining train 

(horizontal movement, the vehicle consists of seven parts with partial weights m1 to m5) 

The basic preconditions for the solution can be explained as follows. A train unit (i.e. train 

consisting of several trucks) is considered to be a moving system of mutually linked mass points 

(i.e. the common concept of dynamics) with a total weight of 
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mtotal =  m3 +  m4 +  ∑ mi
5
i=1  /kg/, where mi /kg/ are the weights of individual trucks in this 

train (a part with some cargo, a part with a driver, a part with an engine, 2 braking sections, 2 

propellers, and a part without a driver), see Fig. 5. 

For the resulting gravitational force of a train then applies Gtotal =  mtotalg /N/, where 

g /ms-2/ is acceleration due to gravity. As shown in Fig. 5, the partial gravitational forces Gi =
 mig nwheeli

⁄  /N/ can be determined, where nwheeli
 /1/ is the number of wheels in contact with 

the rails on a relevant section (truck) of this train (i.e. nwheel1
 =  16, nwheel2,3,4,5

 =  4). Hence, 

a simplistic but acceptable prerequisite is the uniform distribution of load forces Gi at the point 

of contact with the rail under ith truck. 

It is assumed that there is equally slowed movement of a train during braking, with 

knowledge of initial maximum train speed v0 /ms-1/ and the length of breaking distance 

sstopHORIZ  
/m/ at a horizontal travel (i.e. when the angle α = 0 deg, see Fig. 5). For the horizontal 

travel of the train it is therefore possible to derive the relationship for deceleration aHORIZ =

 − v0
2 (2 sstopHORIZ

)⁄  /ms-2/, the time of stopping tstopHORIZ
=  2 sstopHORIZ

v0⁄  /s/ and the size 

of the total dynamic forces FtotalHORIZ 
=  γFmtotal|aHORIZ| /N/, where γF /1/ is the dynamic 

coefficient respecting the potential increase in dynamic forces due to real inequalities and the 

asymmetry of the section system, the irregularity of propulsion, the distribution of loads, and 

contact of the wheels and rails of the section. 

The next derivation of the dynamic behaviour when the train is braking is based on the 

transferability of the dynamic behaviour in a horizontal line on an inclined line. For the resulting 

braking force FtotalBREAK 
/N/ then there are the sufficiently enough valid relations entered in 

Tab. 6. 

Table 6 Generalized relations for the braking force. [6] 

 The total braking dynamic force from the train 

The decline of the train 

 

FtotalBREAK
= FtotalHORIZ

+ γFG sin 𝛼 =                               

= γFmtotal[v0
2 (2 sstop,HORIZ

)⁄ + g sin 𝛼] 

Horizontal travel 

 

FtotalBREAK
= FtotalHORIZ

= γFmtotal v0
2 (2 sstopHORIZ

)⁄  

The ascend of the train 

 

FtotalBREAK
= FtotalHORIZ

− γFG sin 𝛼 =                               

= γFmtotal[v0
2 (2 sstopHORIZ

)⁄ − g sin 𝛼] 

From the results of Tab. 6, it is clear that the maximum braking forces transferred to the 

sections occur, when driving on decline gradients (downward travel of a train after dip, i.e. 

 > 0 deg) and it is on a decline gradient (extreme load forces) and horizontal travel is aimed 

to work more. 

Dynamic braking pressure is transmitted through the braking trucks into sections of two 

braking places using forces Fdyn =  γrailFtotalBREAK 
4⁄  /N/ and tilting moment (tilting couple) 

Mdyn =  Fdynrdyn /Nm/, where γrail /1/ is the loss coefficient, which respects the possible 
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dynamic losses (damping, friction between a footwall and sections, dynamic effects do not act 

only in four places of rails, etc.) and rdyn /m/ is the arm of the tilting moment, see Fig. 6. It is 

obvious that γrail  1 and also that rdyn are related to the position of the centre of gravity for 

the entire system, and its distance from the rail section centreline. 

 

Fig. 6 Transmission of dynamic effects to sections when a train is braking  

using two braking elements 

In accordance with the theory of beams on the elastic Winkler foundation, see [5,13–16], 

you can replace the rails and the sections on the footwall with an equivalent stiffness 

ksect =   𝐾sectbsect /Pa/, see Fig. 7, where 𝐾sect /Nm-3/ is the module of a section subsoil and 

bsect /m/ is the width of the section rails. 

 

Fig. 7 Placement of sections on a footwall and the static  

load of sections from its own weight. 

Section load from the own weight of the section msect /kg/, see Fig. 7, can be defined using 

equal continuous load qsect = msectg (2Lsect)⁄  /Nm-1/ which acts on both rails along the whole 

length of the section Lsect /m/. It is clear that qsect acts independently on each rail, in the vertical 

direction (i.e. in the direction of gravitational acceleration). 

4 Applying the Finite Element Method 

It is assumed that the train is in the middle of a designed rail section with a selected length 

11 × 2Lsect, see Fig. 8. All rail loads have already been explained in the preceding chapters. 

According to the considerations stated in the previous chapters, it is possible to create a plane 

beam model for a sufficiently long section of rails with 11 anchoring pins, see Fig. 2, 8 and 9 

(ANSYS software, FEM). It is assumed that all the static and dynamic loads are captured by 11 

pins on the right side of the section, 11 pins on the left side of the section, the rail sections, and 

the placement of a footwall (elastic foundation). 

For practical reasons the rail is equipped with spring fixings on both ends (an attempt to 

include the effect of the real rail end point using axial stiffness 𝑘end /Nm-1/), see Fig. 8. 
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The pins can also be simply replaced using springs located in the axial direction of the rails 

(rigidity 𝑘bend, see Chapter 2). The train is located in the middle of a track section ,with the 

length 11 × 2Lsect, see Fig. 8. 

 

Fig. 8 Designed section of a rail banked under general angle  

 

 

Fig. 9 Top view on the sections system placed on a footwall [6] 

The spacing of anchoring pins, resulting from the assignment, is explained in Fig. 8 and 9. 

The examples of calculation models for solutions using FEM are shown e.g. in Fig. 10 (angle 

of slope inclination 𝛼 = 0 to 25 deg). 

In the ANSYS program the plane beam elements "Beam54" were used together with spring 

elements "Combin14". 

5 The processing of results 

Calculations using FEM are carried out according to the theory of the 1st order (i.e. the effect 

of normal forces is taken into account simply only in stiffness 𝑘end and 𝑘bend, see Tab. 5, which 

is acceptable and with little error, in particular for calculations of transverse and longitudinal 

deflections). FEM is used to solve deflections, slope (rotations), bending moments, shearing 

forces and normal forces in the rails of the sections, and also for the force action/reaction F1 

and F2. 

The next step is the processing of the FEM results for the resulting stress on the anchoring 

pins. This is dealt with separately using an analytical approach according to the more accurate 

theory of the 2nd order. The ANSYS program does not allow a direct solution according to the 
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theory of the 2nd order. In other words, the ANSYS program will help to determine forces F1 

and F2 (the forces acting on an anchoring pin, finds a maximum value etc.) and according to 

the relations of Tab. 1, 2 and 3, 4 deflection dependencies, slope, bending moments, shearing 

forces and normal forces can be determined in the anchoring pins. 

(a)  

(b)  

Fig. 10 Examples of beam mesh of finite elements, boundary conditions, and loads (FEM, 

software ANSYS), see [6], (a) Horizontal position, (b) Decline position 

Hence, our presented approach (i.e. combination of analytical approach and numerical FEM 

Ansys approach) should be more accurate in comparing to only simple beam FEM Ansys 

software approach. 

From the known values of the bending moments and normal forces the extreme stresses 

𝜎max,min /Pa/ can be determined for combined stress (i.e. tension/compression and bending) 

according to the known relations of strength and elasticity of materials, see, e.g. [7], 

𝜎max,min = max min (
𝑁

𝜋DS
2

4

±
𝑀𝑜

𝜋DS
3

32

) = max min [
4

𝜋DS
2 (𝑁 ±

8𝑀𝑜

DS
)] (6) 

The practical results are the main topic of the second part in this article. An example of 

processing the results is given in Fig. 11 and 12. 
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Fig. 11 Resulting maximum stress 𝜎max in a rail section for the inclination angle  = 0 deg 

and  = 25 deg (FEM, ANSYS software, hard stop) 
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Fig. 12 Behaviour of horizontal deflections in anchoring pins according to Tab. 3, 4 and FEM 

for inclination angles  = 0, 5 and 10 deg [6] 

6 Discussion and other possible methods of solution 

The above-stated authors’ procedure for dealing with complex tasks of the mechanical 

interaction between a mining-rack railway track, and sections with rails and its anchoring pins, 

is practical and sufficient. However, for a deeper examination and further development there 

are several possible improvements. 

A further innovative approach is also the use of probabilistic methods. The team of authors 

has extensive experience with the application of the Simulation-Based Reliability Assessment 

(SBRA) Method, which uses the direct Monte Carlo method in biomechanics, mining, civil and 

mechanical engineering. However, probabilistic method can be also used in the rack-railway 

tracks. Its advantage is that the inputs and outputs are given by bounded histograms, which 

respect the real variability of physical quantities (i.e. the geometry of structure, the placement 

of the structure on the mining amended the placement on footwall damaged by mining 

activities, material behaviour, dynamics and static load, etc.). The disadvantage is the multiple 

repetition of calculations for predefined random inputs (simulation method), which places 

greater demands on computing and is a time-consuming solution. For a closer look, see for 

example the solution of other types of jobs in references [21–24] and in the example of Fig. 13. 

The application of the SBRA Method, as the current trend of a stochastic mechanics, associated 

with the probability assessment on reliability, will be the subject of the future solution for these 

jobs, see [25–29]. 

Research of residual stresses in rack-railway track could be solved too, see [6,30,31]. 

One of the possible solutions is also to implement repeated measurements on a real mining 

track. But there is no room for such measurements, for the technical and economic reasons 
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listed at the beginning of Chapter 3 (i.e. the low volume of mining trains production often 

designed only for a single location, for a short-term use in some current part of a mine; complex, 

expensive and the time-consuming preparation of measurement associated with potential 

downtimes). Yet it is clear that this experiment is a suitable and desirable contribution to the 

solution of such complex issues. For example, see [32–35]. 

 

Fig. 13 Distribution function and the histogram of the parameter DS = 25 ± 5‰ mm 

(SBRA Method Anthill, software, the result of 107 Monte Carlo pseudorandom simulations) 

It is also possible to offer the solution of applying load in the curves and switches of the 

rack-railway tracks, which is a more complex task. 

It is also possible to use the shell or space (3D) model using the volume elements of the 

Finite Element Method, see [27]. This will bring a more complex and challenging solution to 

the demanding tasks of the mechanical contact between the sections and footwalls, and the 

sections and pins. However, the elegance and speed of calculating the presented analytical-

numerical model will disappear. 

The presented Bernouli-beam approach does not consider the influence of transversal factor. 

Therefore, in a further study, the Timoshenko-beam can be considered or other types of elastic 

foundations can be applied, for example, see [36–39]. 

CONCLUSION 

This article presents an original and relatively simple method of determining the deformation 

and tensions in the pins and rails of the sections systems placed on footwalls (analytical-

numerical model). The placement of the rack-railway track sections and anchoring pins is 

replaced by the popular linear bilateral Winkler model of elastic foundation. 

The whole system bears the static load from the own weight of the rack-railway structure 

design, and also the dynamics from the weight of the mining train, and the braking force and 

braking moment caused by breaking trucks (a hard stop - an unfavourable situation load in 

emergency situations). 

The new part here is the combination of analytical approaches according to the theory of the 

2nd order beams placed on the elastic foundation (the issue of anchoring pins) and numerical 

approaches (FEM, ANSYS software) according to the lower theory of the 1st order (the issue 

of rails) which are mutually interconnected. 

The application of elastic foundation is very suitable for all mine placements on footwalls or 

in footwalls. 
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The theory is clarified and the overall analysis of the load, and of the peripheral conditions, 

and dynamics of loading is explained. The same is true also for the calculation of stress and 

deformation for the entire complex system. 

From the perspective of the strength and elasticity of materials the entire system is loaded 

predominantly by the combination of tension/compression and bending. 

This procedure is possible, after its modification, to use for horizontal lifting mining systems, 

see for example Fig. 14a, or for design calculations of similar structures outside the field of 

mining engineering, see for example Fig. 14b. 

 

Fig. 14 Suspended mining locomotive and Singapore Sentosa monorail 

Non-traditional interconnection of the analytical approach and FEM brings new and fresh 

insights into the often neglected and not very often published issues. 
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