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Abstract

It is well known that convexity theory and its generalization play an
important role and have many applications in mathematical program-
ming. In the previous article [2], the authors studied E-convex and
semi-E-convex functions. In the present article, we deal with a class
of E-quasiconvex functions and give a weak condition for a lower semi-
continuous function on R™ to be an E-quasiconvex function.
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1 Introduction

Recently, generalizations on convexity have attracted the attention of many re-
searchers. E-convexity is one of them, mainly due to Youness [7], Following this
Yu-Ru Syau and E. Stanley Lee [§] introduced the concept of E-quasiconvex
functions and strictly E-quasiconvex functions. This generalizations is impor-
tant for quantitative and qualitative studies in non linear programming prob-
lems or applied mathematics see 2] [3, 5] 6 8]. In the present paper, we deal
with the lower semi-continuous function on R™ under a weak condition to be an
E-quasiconvex function.
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2 Preliminaries

Let M be a nonempty subset of R™ and let £ be a mapping from : R™ to R™.
We recall:

DEFINITION 1 [7] A set M CR™ is said to be E-convex in R™ if
AE(a) + (1 — N E(b) € M,
for all a,b € M and A € [0,1].

DEFINITION 2 [7] Let M C R™ be a nonempty E-convez set, a real-valued func-
tion f: M — R is said to be E-convexr on M if

FAE(@) + (1 =XNED) <Af(E(a)) + (1 =N f(E(D)),

for all a,b € M and X € [0,1].

DEFINITION 3 [§] Let M C R™ be a nonempty E-convex set, a real-valued func-
tion f: M — R is said to be quasi-E-convex on M if

f(AE(a) + (1 = N)E(b)) < max{f (E(a)), f (E(b))},
for all a,b € M and X € [0,1].

The main tool in this search is the following Proposition concerning the lower
semi-continuous function property which shall be used in the sequel.

PRrROPOSITION 1 [/ A real-valued function f : R™ — R is lower semi-continuous
if and only if YA € R, the set {z € R™: f (z) < A} is closed.

DEFINITION 4 Let a,b € R™. The line segment [a,b] (with endpoints a and b is
the segment

{Aa+(1-XNb:0< A< 1}
If a # b, the interior Ja,b| of [a,b] is the segment

{Ma+1=-Xb:0< A< 1}.

In the same way, we can define [a,b) and (a,b].

3 Main results

PROPOSITION 2 Let E : R™ — R"™ be a linear and idempotent map. The func-
tion f : R™ — R is quasi-E-conver on R™ if and only if the level set K, is
E-convex on R™ for each o € R. Where K, = {z € R": f (E(z)) < a}.
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Proof. Suppose that f is quasi-E- convex, let 21,29 € K4, A € [0,1]. We have

FEAE(z1) + (1= A) E(x2))) = f (AE (z1) + (1 = A) E (22))
< max {f (E(xl))uf (E($2))}7

<.

Thus AE (z1) + (1 — \) E (z2) € K,.
For the converse part, let & = max {f (E(x1)), f (E(z2))}. Then z1,25 € K,,
let A € [0, 1]. Using the fact that K, is E-convex, we get
() + (1 - NVE()) < a.
This completes the proof. O

LEMMA 1 Let E:R™ — R" be a linear and idempotent map.
Consider T € [(E (x), (E (y)]. Then

E(T) =7.
Proof. Let T € [(E(x),(E (y)], then there exist a € [0,1], such that T =

aF (z)+ (1 —a)E (y) . Using the fact that E is linear and idempotent map, we
have

E@) = E(E(z)+(1-a)(E({y)
= aE(x)+(1—-a)E(y)
This completes the proof. O

THEOREM 1 Let E : R™ — R"™ be a linear and idempotent map, and f : R™ —
R be lower semi continuous. Then f is quasi-E-convex if and only if for all
x,y € R™, there exists an o € 10,1[ (o depends on z,y) such that

f(aE(z) + (1 - a)E(y)) < max{f (E(z)), f (E(y))}
Proof. By Proposition , it is sufficient to show that
Ky={zeR": f(E(x)) <A}

is F-convex on R™ for each A € R. By contradiction, suppose that there exists
a real number Ay such that the set {z € R" : f (E(z)) < Ao} is not E-convex.
Thus, there exist ag € 10,1 and z,y € K, such that apE (z)+ (1 — o) E (y) ¢
Ky,.

Let 29 = apE () + (1 — o) E (y), then zp ¢ K),. Using the fact that E is an
idempotent map, we see that F (z),FE (y) € K),. Let

A=Ky, N[(E(z),z] and B= Ky, N[(E (y),zo]
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Since f is a lower semi-continuous function, by Proposition 7 K, is a closed
subset of R™. Consequently, A and B are bounded and closed subsets of R™.
Also we have g ¢ A, and x¢ ¢ B. Thus, there exist Z4 € A and Zp € B such
that,

inl||Z — =|Za—
min (12 — o] = 124 — ol
and
min 17— o]l = 125 — 2ol
Hence, we have
1Z4,Z[N Ky, =0 (1)

On the other hand, by the hypothesis of the theorem, for Z4, Zp € R" there
exists an a € )0, 1] such that,

f(aE(Za) + (1 — )E(Zp)) < max{f (E(Za)), [ (E(ZB))}- (2)
Since Za € Ky,, Zp € K»,. We have,
f(E(Z4a)) < Ao and f (E(Zp)) < Ao (3)
Combining (2) and (3), we obtain,
f(aE(Za) + (1 —a)E(ZB)) < Ao (4)

By Lemma (1)) we have E (Z4) = Z4 and E (Zp) = Zp. Using (4] we get
faZa+(1—a)Zp) < Ao
So,
aZa+ (1 - a)ZB S K)\m

which contradicts (). Thus, we conclude that Ky = {z € R": f (z) < A} is
E-convex on R" for each A € R. 0

COROLLARY 1 Let E: R™ — R™ be a linear and idempotent map, and f : R™ —
R be lower semi continuous . Then f is quasi-E-convez if and only if there exists
an « €10, 1] such that for all x,y € R",

f(aBE(z)+ (1 - a)E(y)) < max{f (E(z)), [ (E(y))}-

If we take I/ = Idgr~ , then we find the known results about quasiconvex func-
tions.

THEOREM 2 Let f : R® — R be lower semi continuous. Then f is quasiconvex
if and only if for all xz,y € R™, there exists an o € |0,1[ (v depends on x,y)
such that

flaz+ (1 —a)y) <max{f(z),f(y)}

THEOREM 3 Let f: R™ — R be lower semi continuous. Then f is quasiconvex
if and only if there exists an o € ]0,1[ such that for all z,y € R™

flaz+ (1 —a)y) <max{f(z),f(y)}
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