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Abstract

It is well known that convexity theory and its generalization play an
important role and have many applications in mathematical program-
ming. In the previous article [2], the authors studied E-convex and
semi-E-convex functions. In the present article, we deal with a class
of E-quasiconvex functions and give a weak condition for a lower semi-
continuous function on Rn to be an E-quasiconvex function.
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1 Introduction
Recently, generalizations on convexity have attracted the attention of many re-
searchers. E-convexity is one of them, mainly due to Youness [7], Following this
Yu-Ru Syau and E. Stanley Lee [8] introduced the concept of E-quasiconvex
functions and strictly E-quasiconvex functions. This generalizations is impor-
tant for quantitative and qualitative studies in non linear programming prob-
lems or applied mathematics see [2, 3, 5, 6, 8]. In the present paper, we deal
with the lower semi-continuous function on Rn under a weak condition to be an
E-quasiconvex function.
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2 Preliminaries
Let M be a nonempty subset of Rn and let E be a mapping from : Rn to Rn.
We recall:

Definition 1 [7] A set M ⊆ Rn is said to be E-convex in Rn if

λE(a) + (1− λ)E(b) ∈ M,

for all a, b ∈ M and λ ∈ [0, 1].

Definition 2 [7] Let M ⊆ Rn be a nonempty E-convex set, a real-valued func-
tion f : M → R is said to be E-convex on M if

f (λE(a) + (1− λ)E(b)) ≤ λf (E (a)) + (1− λ)f (E (b)) ,

for all a, b ∈ M and λ ∈ [0, 1].

Definition 3 [8] Let M ⊆ Rn be a nonempty E-convex set, a real-valued func-
tion f : M → R is said to be quasi-E-convex on M if

f (λE(a) + (1− λ)E(b)) ≤ max {f (E(a)) , f (E(b))} ,

for all a, b ∈ M and λ ∈ [0, 1].

The main tool in this search is the following Proposition concerning the lower
semi-continuous function property which shall be used in the sequel.

Proposition 1 [4] A real-valued function f : Rn → R is lower semi-continuous
if and only if ∀λ ∈ R, the set {z ∈ Rn : f (z) ≤ λ} is closed.

Definition 4 Let a, b ∈ Rn. The line segment [a, b] (with endpoints a and b is
the segment

{λa+ (1− λ)b : 0 ≤ λ ≤ 1} .

If a 6= b, the interior ]a, b[ of [a, b] is the segment

{λa+ (1− λ)b : 0 < λ < 1} .

In the same way, we can define [a, b) and (a, b].

3 Main results
Proposition 2 Let E : Rn → Rn be a linear and idempotent map. The func-
tion f : Rn → R is quasi-E-convex on Rn if and only if the level set Kα is
E-convex on Rn for each α ∈ R. Where Kα = {x ∈ Rn : f (E(x)) ≤ α}.
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Proof. Suppose that f is quasi-E- convex, let x1, x2 ∈ Kα, λ ∈ [0, 1]. We have

f (E (λE (x1) + (1− λ)E (x2))) = f (λE (x1) + (1− λ)E (x2)) ,

≤ max {f (E(x1)) , f (E(x2))} ,
≤ α.

Thus λE (x1) + (1− λ)E (x2) ∈ Kα.
For the converse part, let α = max {f (E(x1)) , f (E(x2))}. Then x1, x2 ∈ Kα,
let λ ∈ [0, 1]. Using the fact that Kα is E-convex, we get

f (λE(x1) + (1− λ)E(x2)) ≤ α.

This completes the proof. �

Lemma 1 Let E : Rn → Rn be a linear and idempotent map.
Consider x ∈ [(E (x) , (E (y)]. Then

E (x) = x.

Proof. Let x ∈ [(E (x) , (E (y)], then there exist α ∈ [0, 1], such that x =
αE (x) + (1−α)E (y) . Using the fact that E is linear and idempotent map, we
have

E (x) = E(α(E (x) + (1− α)(E (y))

= αE (x) + (1− α)E (y)

= x.

This completes the proof. �

Theorem 1 Let E : Rn → Rn be a linear and idempotent map, and f : Rn →
R be lower semi continuous. Then f is quasi-E-convex if and only if for all
x, y ∈ Rn, there exists an α ∈ ]0, 1[ (α depends on x, y) such that

f (αE(x) + (1− α)E(y)) ≤ max {f (E(x)) , f (E(y))} .

Proof. By Proposition (2), it is sufficient to show that

Kλ = {x ∈ Rn : f (E(x)) ≤ λ}

is E-convex on Rn for each λ ∈ R. By contradiction, suppose that there exists
a real number λ0 such that the set {x ∈ Rn : f (E(x)) ≤ λ0} is not E-convex.
Thus, there exist α0 ∈ ]0, 1[ and x, y ∈ Kλ0

, such that α0E (x)+(1−α0)E (y) /∈
Kλ0

.
Let x0 = α0E (x) + (1 − α0)E (y), then x0 /∈ Kλ0 . Using the fact that E is an
idempotent map, we see that E (x) , E (y) ∈ Kλ0 . Let

A = Kλ0
∩ [(E (x) , x0] and B = Kλ0

∩ [(E (y) , x0]
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Since f is a lower semi-continuous function, by Proposition (1), Kλ0 is a closed
subset of Rn. Consequently, A and B are bounded and closed subsets of Rn.
Also we have x0 /∈ A, and x0 /∈ B. Thus, there exist ZA ∈ A and ZB ∈ B such
that,

min
Z∈A

‖Z − x0‖ = ‖ZA − x0‖

and
min
Z∈B

‖Z − x0‖ = ‖ZB − x0‖ .

Hence, we have
]ZA, ZB [ ∩Kλ0

= ∅ (1)
On the other hand, by the hypothesis of the theorem, for ZA, ZB ∈ Rn there
exists an α ∈ ]0, 1[ such that,

f (αE(ZA) + (1− α)E(ZB)) ≤ max {f (E(ZA)) , f (E(ZB))} . (2)

Since ZA ∈ Kλ0
, ZB ∈ Kλ0

. We have,

f (E(ZA)) ≤ λ0 and f (E(ZB)) ≤ λ0. (3)

Combining (2) and (3), we obtain,

f (αE(ZA) + (1− α)E(ZB)) ≤ λ0 (4)

By Lemma (1) we have E (ZA) = ZA and E (ZB) = ZB . Using (4) we get

f (αZA + (1− α)ZB) ≤ λ0.

So,
αZA + (1− α)ZB ∈ Kλ0 ,

which contradicts (1). Thus, we conclude that Kλ = {x ∈ Rn : f (x) ≤ λ} is
E-convex on Rn for each λ ∈ R. �

Corollary 1 Let E : Rn → Rn be a linear and idempotent map, and f : Rn →
R be lower semi continuous . Then f is quasi-E-convex if and only if there exists
an α ∈ ]0, 1[ such that for all x, y ∈ Rn,

f (αE(x) + (1− α)E(y)) ≤ max {f (E(x)) , f (E(y))} .

If we take E = IdRn,, then we find the known results about quasiconvex func-
tions.

Theorem 2 Let f : Rn → R be lower semi continuous. Then f is quasiconvex
if and only if for all x, y ∈ Rn, there exists an α ∈ ]0, 1[ (α depends on x, y)
such that

f (αx+ (1− α)y) ≤ max {f (x) , f (y)} .

Theorem 3 Let f : Rn → R be lower semi continuous. Then f is quasiconvex
if and only if there exists an α ∈ ]0, 1[ such that for all x, y ∈ Rn

f (αx+ (1− α)y) ≤ max {f (x) , f (y)} .



30 BENHADID, BRAHIMI

References
[1] Ayache Benhadid, Results in Semi-E-Convex Functions,Proc. of the 1st Int.

Conference on Mathematics and Applications.(2021)

[2] Ayache Benhadid, Saoudi Khaled, On E-Convex and Semi-E-Convex Func-
tions for a Linear Map E, Applied Mathematical Sciences, 9 (2015), 1043-
1049.

[3] E. A. Youness, Tarek Emam, Strongly E-convex sets and strongly E-convex
functions, Journal of Interdisciplinary Mathematics, 8 (2005), 107-117.

[4] G. Dalmaso, An Introduction to Γ-convergence, BirKhäuser, Boston, (1993).

[5] Najeeb Abdulaleem, E-duality results for E-differentiable vector optimiza-
tion problems involving E-type I functions, Journal of Statistics and Man-
agement Systems, (2021) doi.org/10.1080/09720510.2021.1890907.

[6] Tarek Emam, Nonsmooth semi-infinite E-convex multi-objective program-
ming with support functions,Journal of Information and Optimization Sci-
ences, 42 (2021), 193-209.

[7] Youness. E. A, E-convex sets, E-convex functions, and E-convex program-
ming, J. Optim. Theory Appl, 102 (1999), 439- 450.

[8] Yu-Ru Syau, E. Stanley Lee, Some properties of E-convex functions, Applied
Mathematics Letters, 18 (2005), 1074 - 1080.


	Introduction
	Preliminaries
	Main results

