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We consider the approximate solution of the control problem with minimum energy for an object
described by the heat equation, with the process described by the linear equation of parabolic
type and the system controlled by impulsive external influences. Our optimal control problem
deals with finding a control parameter belonging to the class of admissible controls that provides
the desired temperature distribution in a finite time with minimal energy consumption (energy con-
sumption is described by the quadratic functional). Previous works dedicated to optimal impulse
control problems have mostly used the Pontryagin’s maximum principle. However, from a practi-
cal point of view, this approach does not lead to satisfactory results. This is due to the fact that
the corresponding boundary value problems in this case have no solution in a traditional class of
absolutely continuous trajectories. In this work, we propose a method based on the moment rela-
tions. We seek for the approximate solution of the corresponding boundary value problem in the
form of finite Fourier sum and state our optimal control problem in a finite-dimensional phase
space. As a result, we obtain an optimal impulse control problem in a finite-dimensional function
space. Taking into account the given condition for a finite time, we reduce the obtained problem
to the L-problem of moments. Thus, the problem of finding a control parameter is reduced to the
solution of the system of Fredholm integral equations of the first kind, with the norm of the sought
solution not exceeding a given number. By Levi’s theorem, every element of Hilbert space can be
represented by the sum of the elements of two orthogonal subspaces. This assertion makes it
possible to find control parameters in analytical form. We also establish the convergence of the
chosen approximation.

Keywords: optimal impulse control of parabolic system, heat transfer process, Fourier method,

moment problem.

INTRODUCTION

In practice, the control parameters act at given moments of
time, or in isolated spatial points (Dykhta er al., 2003; Ali-
yev et al., 2010). Such problems are called optimal impulse
control problems. In previous works (Bressan et al., 1991;
1994; Dykhta, 1995; Yegorov, 2004), the optimal impulse
control problems for lumped parameter systems have been
considered. These problems have been considered for dis-
tributed parameter systems, when the impulse effect occurs
only in one point (Yegorov, 1978; Mamedov, 2006).

© Authors

In the case of lumped systems, the method of L-problem of
moments has been used to solve the considered problems
(Mamedov et al., 2017). In the simplest cases, the author
succeeded to determine the structure of the set of optimal
solutions. Optimal control problems with nonlocal bound-
ary conditions have also been considered (Abdullayev,
2017; Aida-zade et al., 2017; Abdullayev, 2018; Abdul-
layev et al, 2018; Aida-zade et al., 2020). Similar problems
have been considered for systems with focused parameters
(Dykhta et al., 2014; Sharifov, 2014; Samsonyuk, 2015).
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Proc. Latvian Acad. Sci., Section B, Vol. 77 (2023), No. 5/6.

263



Most of the previous works have considered the optimal im-
pulse control problems with lumped parameters, using
mainly the maximum principle method. This creates some
problems with the construction of conjugate problem and
control parameter. In this work, we treat the optimal im-
pulse control problem with distributed parameters. Namely,
we consider the process of heat transfer in a rod. Impulse
effects occur at the given moments of time and in isolated
spatial points. The quality criterion is a quadratic functional.

We propose a different approach to solving our problem. In
other words, we introduce a concept of a generalised solu-
tion of the corresponding mixed problem and we construct
the finite-dimensional approximation of this solution in the
form of truncated Fourier series. Thus, we obtain the inte-
gral representation for the coefficients of this series. This
provides us with a system of integral equations with respect
to control parameters. Thus, the problem is reduced to find-
ing a vector of minimum length from these moment rela-
tions. Applying the theorem on orthogonal expansion of
normed space, we define every approximation of the control
parameter and the corresponding value of the functional in
analytical form. We also prove the convergence of chosen
approximation. Finally, we give an example to illustrate our
method.

Note that the optimal impulse control problems are one of
the most important parts of optimisation theory. These
problems deal with dynamical processes with discontinuous
trajectories and generalised impulse-type controls. The main
motivation for considering these problems is modelling of
processes controlled during time intervals so short that they
can be idealised into instantaneous time intervals. In prac-
tice, such problems occur in laser technology, robotics,
rocket dynamics, quantum electronics, ecology, economics,
etc. In spite of the practical importance of impulse control
problems, they have been scarcely studied for distributed
systems.

PROBLEM STATEMENT

Let a controlled process be described by the function
u (t, x), which satisfies the equation

@—azaz”ﬁ(m)w(m ) (1)
o axr P

inside the domain Q =[0<x<1,0<¢<T] and the initial
and boundary conditions

u(0,x)=u’(x), @)
out0) _ o OultD) sy =0, 3)
ox Ox

on the boundary Q, where f(t, x), F(t, x, p) and uo(x) are the
given functions, and p is a control parameter.

We will consider the optimal control problems for the fol-
lowing different special cases:
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a)F :ZS(t—ti )p;(x), where 0<t; <t,<..<t, <Tare

i=1
the fixed time points, 6(¢) is the Dirac function, and p,(x),
i = 1, m are the control functions.

The class of admissible controls is defined as the set of all
vector functions p(x) = (P1(x), py(x). ..., p,,(x)) belonging to
the space L (0,1).

L
b) F = ZS(x —x;)p,; (1), where 0 <x; <x, <..<x;<l are
i=1
the given observation points, and pn).j= 1,1, are the con-
trol functions.

The class of admissible controls is defined as a set of all
vector functions p(f) = (P10, py(x). ..., p(?)) belonging to
the space L) (0,7).

m. L
) F =) > 8(t—t,)-8(x—x,)p, (1), where 0 <1, <1, < ...

i=1 j=1

<t < T are the given time points, 0 <x; <x,<..<x, <1
are the observation points, and pij ’s are the numerical pa-
rameters. Admissible control parameters are arbitrary real
numbers.

Thus, in every one of the above cases it can be assumed that
the admissible controls belong to the class of quadratically
summable functions. Therefore, if f(¢,x)e L,(Q),
u’(x)eL,(0,1), then every admissible control defines a
unique generalised solution of the boundary value problem
(1)-(3), which possesses the following properties (Mame-
dov, 2006):

) u(t,x)eL,(Q)

2) formally calculated derivative
for almost every € [0,T]

ou(t,x)

belongs to L,(0,1)

3) for every function ®(t,x)e WzI (Q), the function u(t,x)
satisfies the integral identity

1 i1l

[ ut)wex ) dx — [ [ fucr.x)
{0

0

o(t,x) du 0

ot ox Ox

+[f(t,x)+ F(t,x.p)®}dxdt + ocf u(t,Dd(t1)dt=0, (4)

a1

where ¢ and f, are arbitrary time moments with
0<1<t, < T

4) for every function g(x)e L,(0,1), the equality
1

lim j [u(t, x ) — u’ (x)]g(x )dx = 0 (5)
0

holds.

Let @(x) be a given function from L, (0,1). The considered
optimal control problem consists in finding the control
function such that the corresponding solution u(t,x) of the
problem (1)—(3) satisfies the condition

wT,x)=0¢(x) (6)
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and provides the minimum of the functional
Ip1=[p|’. (7)

In particular, in case a) the functional (7) becomes

1 m
1P1= [Pl ) = 2o p7 (x)dx, ®)
1

0 i=

in case b)

T
191=1p1}, 0, = | 20} (1), ©)
0

!
j=1
and in case c)

m L
Ipl1=>.> p;. (10)

i=1 j=1

Thus, we see that in every case the quality criteria are the
quadratic functionals. As the set of values is bounded from
below, we can assert the existence of minimal values of
these functionals.

APPLYING THE L-PROBLEM OF MOMENTS

Consider in L, (0,1)) the orthonormal system of functions

COSA X
X,(x)= =
V ('0/1

of the boundary value problem

,n=L12,...,where A ’s are the eigenvalues

X"(x)+MX(x)=0, 0<x<1,
X'(0)=0, X'(1)+aX(1)=0, (11)

and the positive roots of the equation ArgA =a, while
2 2
a+o”+A
®, =———— is a normalising factor. Taking this into
2o +A)
account, we will seek the approximate solution of the prob-
lem (1)—(3) in the form of finite Fourier series

uN(t,x)ziunN(t)Xn(x), uflv(t):j u" (1,)X, (x)dx. (12)

Now let us consider each case separately.

a) Let the function F in the equation (1) be defined as in a).
Let us multiply both sides of the equation (1) by X, (x) and
integrate over x from O to 1. Considering the boundary con-
ditions (3), (11) and the form of the function F, we see that
the coefficients . (¢) satisfy the following system of ordi-
nary differential equations:

d N t m
M?T() — a2 u (1) + Y 8(1—1,)p, + £, (D)
t i=1
n=12,...,N. (13)
As the function (12) must satisfy the condition (2), we have

u’ (0)=u, (14)
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where f (1), p;, and u) are the Fourier coefficients of the
functions f{t, x), P(x) and u’ (x), respectively. Then the
functional (8) becomes

171=Y 1,15} 1Ip1=Yp} (15)

As the Fourier coefficients u” (¢) are defined from the sys-
tem (13) independently of each other, it suffices to consider
the minimisation problem for the functional /,[p]

Thus, the problem is reduced to determining the numerical
parameters p =(p,,, Psys--» P ) € E™ such that the corre-
sponding solutions of the problem (13)—(14) satisfy the con-
ditions

u' (T)=0, (16)

and the functional /, [p]takes the smallest possible value for
every fixed n, where ¢, ’s are the Fourier coefficients of the
function @(x).

By Cauchy formula, the solution of the equation (13) with
the initial condition (14) can be represented as follows:

( o 242
u, (1) = u;)e_u%;, +_[ [f,, (1)+ 26(1 —t,)p,, }e‘” (=) g,
0 i=1
Then the condition (16) can be rewritten as follows:
2,2 T n 2.2
e 4 _[ [fn(t)+ Zﬁ(t_ 1P, :lea‘?»‘,,(Tt)dt =0
P i=1

Hence, we obtain the following system of equations:

D pae T =y n=12,..,N, (17)
i=1
where
2,2 L 2,2
Y, —ule = [ £ (e, (18)
0

Thus, every admissible control, which provides satisfaction
of condition (16), certainly satisfies the moment relations
(17).

Denote

-2 (T- a2 (T-
(6 a“n;, ( !), e a( ’m))_

Do =(DisDapsees Pom » €, =

ceey

Then the moment relations (17) can be rewritten as follows:

(Pre,)=V, 19)

Consequently, we are required to find the vector I;n of mini-
mal length, which satisfies the condition (19).

Denote by H the subspace of the space E", consisting of ele-
ments of the form

6}1 =a nEn 2 (20)
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where o, is an arbitrary real coefficient, and the vector ¢, is
defined by (19). Then, by Levi’s theorem, every element
p, € E™ can be uniquely represented in the following form
(Yegorov, 2004):

ﬁnzgn—‘rgn; anEH’ gnJ-H’
and
‘ﬁn = qn + gn 3

Hence it follows that

(p,.e,)=(q,.e,)

where the component ¢, of the element p, does not affect
whether this element satisfies the condition (19). Also, from
(20) it follows that the component g, does not affect the
norm of the element p,,.

Thus, if the considered optimal control problem has a solu-
tion, then it belongs to H, i.e. it can be represented in the
form

_ _ 232 (m J—
p,=a,e, or p, =o, e i=T"m (1)

n

To determine the unknown coefficient in the obtained rela-
tion, let’s substitute it in (19).

(angn’gn):\vn or (x‘n(En’En):\un'
Hence, we obtain

— \Ijﬂ — W”
n - = m :
(e,.e,) Ze—Zazkz,,(T—tk)

k=1

(04

and

o (T
pn=————— i=T,m n=TN. (22)
zefzazxﬁ(mk)

k=1

b) In this case, the function F in the equation (1) is defined
as in b). Then, similar to the case a), to define the coeffi-
cients u' (¢) we obtain the following system of ordinary dif-
ferential equations:

dul (1) _

7 —a2xiu;v(t)+2/jxn(x,-)pi(t>+fn(t>,

n=12,...,N, (23)
with the initial condition (14).

Thus, the corresponding optimal control problem is reduced
to determining the vector function

p)=(p, (1), p,(t),.... p, (1)) € L}(0,T)

such that the corresponding solution of the problem (13)-
(14) satisfies the conditions (14) and the functional (9) takes
the smallest possible value.
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By Cauchy formula, the solution of the system (23) with the
initial condition (14) can be represented as follows:

n, t : 242
u) (=u)e " + [ [f,,(r)+ X, (x, )p,.(r)}ea RO g,
0 i=1

Then from (16) it follows that

252 1 L 242
ule +I[fn(r)+ > X, (x, )pi(t)}e“ a0 gy

0 i=1

or
I 2,2
[ Y pX, e dr=y,, n=12..N. (24
o =1
where vy is defined by (18).

Consequently, every admissible control that provides satis-
faction of the condition (16) must satisfy the moment rela-
tion (24).

Denote

p()=(p, (1), py(t),.... p, (1)),
En(t) = (Xn (x] )eia%z”(]—it) ""’Xn (xl )efazkzn(T*/) )

Then, using scalar product in L’2(O,T), the relation (24) can
be rewritten as follows:

(p(t),e,(t)=vy,, n=12,..,N, (25)

Thus, we are required to find the vector function p(z) with
minimal norm satisfying the condition (25).

Denote by H the subspace of the space L} (0,7 ) consisting
of elements of the form

g" ()= a,e(), (26)
k=1

where o, are the unknown coefficients, and the vectors
e, (t) are defined by (25). Then, again by Levi’s theorem,
every element p(t)e L}(0,T) can be uniquely represented
in the form

p)=q"(®)+g" (1), q"(t)eH, g"(t)LH,
and

[l =la" @f+[g" @)

Hence it follows that

(p(0),e,(1)=(q" (1), €,(1)).

So, if the considered optimal control problem has a solu-
tion, then it belongs to H, i.e. it has the form (26):

N - 242
ﬁ(t)=20ckék(t) or Pi(f)Zzaka(x,-)e’“ MT-n
k=1 k=1

i=T,1 (27

To determine the unknown coefficients a,, let’s substitute
the value (26) in (25). Then we obtain the following system
of algebraic equations
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Z(er1(t)7 ek (t))(x‘ k = \‘rl n’
or

N

d Mo, =y, n=12..N, (28)
k=1

where

I L 2052 2
M, =(e, (1), e, (1) = DX, (x, X, (x,)e T gy

0 i=l

The matrix M :{Mnk}’;:::x is obviously symmetric, and its

determinant is the Gram determinant of the vectors e;(%),
e5(1),..., en(t). As these vectors are linearly independent, the
determinant of the matrix M is different from zero, and the
system (28) has a unique solution.

Thus, in this case the optimal control is defined in the form
(27), where the coefficients are the solution of the system
(28).

¢) In this case, the function F in the equation (1) is defined
as in ¢). Then, similar to previous cases, to define the coef-
ficients u () we obtain the following system of ordinary
differential equations:

? 27\‘2/1 n(t)+zzs(t t )X(x )pU +fn(t)

n=12,..,N, (29)
with the initial condition (14).

Then, the optimal control problem is reduced to determin-
ing the numbers Pijp i=12,..m;j=12,..1 such that the
corresponding solution of the equation (29) with the initial
condition (14) satisfies the conditions (16) and the func-
tional (10) takes the smallest possible value.

By Cauchy formula, the solution of the equation (29) with
the initial condition (14) has the following form:

2,2
—a A\t

u¥(t)y=u'e +

g

it

N 0 -
u, (t)=u,e

Ms

28(’5—1‘ X, (xp; +f, (r)j R g (30)

L
j=1

Then

aZAiT +

+ZZXH(X )pl]e a1 (T-1;) +J'f (l)e"” (T gy

i=1 j=1

From the condition (16) it follows that the control parame-
ters satisfy the following moment relations:

m_ 1 22 (7o
22X, (ppye T =y, 3D

i=1 j=1
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where vy, ’s are defined by (18). To rewrite the equality (31)
in the form of scalar product, let’s introduce the following
vectors:

Po=(Piyseeos Pis Parseeos Papseees Ponts oo Pt

_ n n n n
vn _(vll"“’vll’VZI""’VZI’ ml’ ml)

where V;- :X,,(x,' )E_azﬁ'(T_t') .
Then the moment relation (31) can be rewritten as follows:

PV =V,. (32)

Consequently, we are required to find the vector of minimal
length, which satisfies the condition (32). Similar to the pre-
vious cases, we seek the solution of the obtained problem in
the form

pn =a’nvn’

where o, are the unknown coefficients, and to find them we
substitute this value in the equality (32). Then we obtain

(a’n n’V ):Wn Orar1(‘7n"7n):\vn

Hence

_ Wn _ \‘Vn
(VmV ) AN -2a°%,(T—1;)
ZZ&my
i=l j=
and the control parameters are

_ —a®1% (T-t;)
p; =X, (x;)e”

Note that the convergence of the chosen approximation fol-
lows from the convergence of the Fourier series.

CONVERGENCE OF THE CHOSEN APPROXIMATION

In cases a) and b), every component of the approximation of
optimal control coincides with the exact solution. Therefore,
it suffices to consider the case b). We can write

T o0
N = —a®)3 (T-1) <
/ (t)HLZ(O_T) _,[ Zakxk(x,-)e dr<
0

k=N+1

T o0 o0
J’ z X (x gfzazxi(rfx)dt:
0 k=N+

k=N+1

e (1-e?M )<

Z(sz(x)Z

k=N+1 kN+1227\42
< Zax (x,)- 271 -
k=N kv 2a7N,

The right-hand side of the obtained inequality converges to
zero as N — oo, because each factor is a remainder term of a
convergent series, i.e.

lim|p.(0-p @), =0.

L,(0,T)
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Example. To illustrate the efficiency of the suggested algo-
rithm, let’s consider the following model problem of opti-
mal control:

4
u, =u, +» 3(t—1)p,(x)+ f(t,x);0<t<1,0<x<1; (33)

i=1

uw0,x)=u’(x) (34)
u (,0)=0, u (t1)-15ut1)=0, (35)
where

t,=0,2i; f(t,x)=(2cosx+Bx> —2B)e’ —Bx>+2B)e ",
u’(x)=2cosx =Px*, B =2sinl+3cos1.

The optimal control problem consists in finding the admis-
sible control p(x)=(p,(x),p,(x),p;(x),p,(x)) such that
the corresponding solution u(z, x) of the problem (33)—(35)
satisfies the condition

u(l,x) =@(x), (36)

where @(x)=(cosx +Px*)chl and the functional

It is easily seen from Figure 1 that the permissible error be-
comes significantly less after the third iteration.

DISCUSSION OF RESULTS

The obtained results show that for some classes of optimal
pulse control problems with distributed parameters the
method of moments is more efficient. Unlike the maximum
principle method, our method allows constructing an effi-
cient algorithm for iterations of control parameter.

The results of numerical experiment show the constructiv-
ism of this method and provide a possibility to obtain fairly
high accuracy results.

CONCLUSIONS

We studied the approximate solution of the minimum en-
ergy control problem for a parabolic system. The system is
controlled by the impulsive external influences. In different

L& [P[p]=20.164, I®[p]=18.785, I¥[p]=15.543,
1lp1=] 3 pi (x)dx (37
o i=l () 4
2 di
takes the smallest possible value. PO
. . 4.0 1 » @,
The analytic solution of the considered problem has the fol- 3.5 e N
lowing form: N 7 9%
) 4 , . " =
u(t,x)=(cosx +Px’)cht+ Y 8(t—t)x*; p,(x)=3x;i =1, 4. 25 o)
i=1 Z 4 vi
The following numerical values have been obtained (Table 1.5 g
1, Fig. 1), where u(")(t, x) is a corresponding n-th iteration 14
of the approximate solution of the boundary value problem 0.5
(33) — (35), control parameter and minimising functional, N — >
N * * * p 5 .
while u (1, x), p (x) and I [p] are the exact values of these 0.1 02 03 04 05 06 0.7 08 09 1.0 x
quantities. Tables 1-3 show the results of numerical calcu- ) o ,
. Fig. 1. Graph of iterations for control parameter
lations.
Table 1. First iteration results
u® (t.x)
Xi
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
15}
0.1 5.108 5.311 5.650 6.138 6.787 7.610 8.621 9.831 11.255
0.2 5.156 5.347 5.652 6.070 6.604 7.254 8.020 8.903 9.906
0.3 5.229 5.437 5.786 6.288 6.955 7.801 8.838 10.079 11.539
0.4 5.240 5.319 5.518 5.837 6.278 6.840 7.524 8.332 9.265
0.5 5.433 5.653 6.023 6.554 7.260 8.154 9.248 10.557 12.092
0.6 5.566 5.780 6.127 6.605 7.217 7.963 8.844 9.862 11.018
0.7 5.726 5.965 6.367 6.945 7.713 8.682 9.867 11.280 12.936
0.8 5.907 6.143 6.529 7.064 7.749 8.586 9.576 10.719 12.019
0.9 6.117 6.382 6.831 7.476 8.330 9.406 10.718 12.280 14.105
P’ @ =p" @) =p’(x)
1.701 2.345 2.761 2.897 3.179 3.620 3.751 3.792 4.103
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Table 2. Second iteration results

u® (t.x)
&i
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
S
0.1 4.108 4.311 4.650 5.138 5.787 6.610 7.621 8.831 10.255
0.2 4.156 4.347 4.652 5.070 5.604 6.254 7.020 7.903 8.906
0.3 4.229 4.437 4.786 5.288 5.955 6.801 7.838 9.079 10.539
0.4 4319 4518 4.837 5.278 5.840 6.524 7.332 8.265 9.323
0.5 4.433 4.653 5.023 5.554 6.260 7.154 8.248 9.557 11.092
0.6 4.566 4.780 5.127 5.605 6.217 6.963 7.844 8.862 10.018
0.7 4.726 4.965 5.367 5.945 6.713 7.682 8.867 10.280 11.936
0.8 4.907 5.143 5.529 6.064 6.749 7.586 8.576 9.719 11.019
0.9 5.117 5.382 5.831 6.476 7.330 8.406 9.718 11.280 13.105
@ =p ) = p (x)
1.052 1.421 1.988 2.317 2.616 3.251 3.274 3.510 3.682
Table 3. Third iteration results
u? (t.x)
Li
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
S
0.1 3.108 3.311 3.650 4.138 4.787 5.610 6.621 7.831 9.255
0.2 3.156 3.347 3.652 4.070 4.604 5.254 6.020 6.903 7.906
0.3 3.229 3.437 3.786 4.288 4.955 5.801 6.838 8.079 9.539
0.4 3.319 3.518 3.837 4278 4.840 5.524 6.332 7.265 8.323
0.5 3.433 3.653 4.023 4.554 5.260 6.154 7.248 8.557 10.092
0.6 3.566 3.780 4.127 4.605 5.217 5.963 6.844 7.862 9.018
0.7 3.726 3.965 4.367 4.945 5.713 6.682 7.867 9.280 10.936
0.8 3.907 4.143 4.529 5.064 5.749 6.586 7.576 8.719 10.019
0.9 4.117 4.382 4.831 5.476 6.330 7.406 8.718 10.280 12.105
P @ =p" ) =p’ ()
0.751 1.207 1.496 1.756 2.098 2.278 2.261 2.971 3.105

cases, using the L-problem of moments, we succeeded to
find optimal control in analytical form.

To illustrate the convergence of the chosen approximation,
we gave an example and conducted numerical calculations.
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APTUVENS OPTIMALAS IMPULSA KONTROLES PROBLEMAS RISINAJUMS, KAS SAISTITS AR SILTUMA VADITSPEJU

Darba tiek pétita minimalas energijas kontroles aptuvena risinajuma probléma objektam, kas aprakstits ar siltuma vienadojumu. Speciali
tiek analiz€ts gadijums, kad process ir atkarigs no t.s. impulsivam ekstremalitatém. Autori atrod analitisko vienadojumu dazam ipasam
kontroles parametru vértibam un pierada to konvergenci izvélétajam aproksimacijam.
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