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Reduction methods are widely used to simplify complex models, particularly for Petri
nets, which model discrete event systems. Although effective in limiting combinatorial explo-
sion, these methods have potentially critical flaws, especially by reducing the state space in a
way that may obscure behaviours or states essential to comprehensive analysis. This paper pro-
poses an approach to address these shortcomings by integrating reachability methods into the
reduction process. By leveraging the ability of reachability methods to ensure the attainability
of critical states while maintaining efficient state space reduction, this solution enhances the
accuracy of complex system analysis while optimising computational resources. Two practical
case studies of manufacturing system and task management system illustrate this approach and
demonstrate its potential to improve the rigor of large-scale model analyses.
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1. INTRODUCTION

Discrete Event Systems (DESs) [1] are
widely used in various fields to model pro-
cesses where distinct and isolated events
occur at specific moments, such as railway
traffic control systems [2], computer net-
works [3], industrial production systems
[4], and task scheduling in operating sys-
tems [5]. Before their final deployment,
these systems follow a lifecycle in which
each stage is crucial for validation. One of
the most important stages is the abstraction
of DES through modelling, a process that is
particularly necessary due to the increasing
complexity of these systems [6]. Discrete
Event Modelling (DEM) plays a key role in
control [7], diagnosis [8], and state estima-
tion of DES [9]. Several modelling dimen-
sions can be adopted depending on the
study domain: structural, logical, and tem-
poral modelling, which describes the orga-
nization of system components, functional
behaviours, temporal modelling, and time
constraints, respectively. These dimensions
may overlap within the same DES, making
it important to decide on the adequate mod-
elling formalism due to the complexity and
close interactions between these different
aspects.

Itis therefore essential to select a formal-
ism that can capture these various aspects,
especially for critical systems where tempo-
ral precision is paramount. Among the most
used formalisms for modelling and analys-
ing DES are automata [10] and Petri nets
(PNs) [11], which offer high expressiveness

through various extensions, such as Timed
Petri Nets (TPNs) [12], Untimed Petri Nets
(U-PNs) [13], and Time Interval Petri Nets
(TIPNs) [14].

Modelling not only represents the struc-
ture and behaviour of systems but, when
combined with analysis [15] and simulation
methods [16], also enables the verification
of essential properties, such as performance
estimation, responsiveness, and fault detec-
tion. To this end, different methods exist
for reachability analysis of critical states
depending on modelling formalism chosen.
However, the complexity of DESs lies in
their evolving nature, where frequent state
changes and the creation of new events lead
to a combinatorial explosion of the state
space, making analysis more challenging.
Model reduction methods [17] are therefore
essential to simplify modelling by reduc-
ing the state space, which is particularly
relevant for large-scale complex systems.
However, while these reduction methods
are effective in managing the growing com-
plexity of systems, they can sometimes
introduce ambiguity or inaccuracy in reach-
ability analysis [18]. This issue is particu-
larly problematic in large systems, where
reduction may obscure critical details nec-
essary for precise analysis. It is essential,
therefore, to strike a balance between sim-
plification and accuracy to ensure that the
critical properties of systems remain verifi-
able.

2. PNS FOR FORMAL MODELLING AND ANALYSIS OF DES

Formal modelling is a solution that
helps address multiple problems at an early
stage in the lifecycle of DES. It is based on a

solid and powerful mathematical formalism
that is useful from the specification phase
through to the verification of relevant prop-



erties for DES analysis. Considerable atten-
tion is therefore given to formal modelling
methods [19], specifically model checking
[20], which is highly relevant for system
analysis [21]. The principle involves apply-
ing tests to scenarios that are automatically
generated from formal specifications.

In the literature, some of the most
prominent and widely used formalisms for
DES analysis based on model checking
include automata [22] and PNs [23]. In the
timed automata approach, all system execu-
tions and properties are represented using

2.1. Definition of PN

PN = (PTM,F); PN is a finite group
of n places denoted P, where n > 0; a finite
group of m transitions denoted T, where
m > 0; the firing of transitions F; and each
state is described by an initial marking MO.

Mo: P — N which defines the initial dis-
patching of tokens in the places.

The PN dynamics can be illustrated
through the firing of transitions F(Firing).
When a transition is enabled, the activation
conditions are met. Transition firing helps
simulating the system evolution, analysing
system properties, designing control sys-
tems based on system objectives and con-
straints.

* Incidence Matrix (IM)

It indicates which arcs connect each
place to each transition and conversely. The
elements of the IM describe the weights of
the arcs.

» State Equation (SE)

The SE is an equation that describes the
state of the PN at any time. It can be written
in matrix form 4 * M = b, where A is the
IM, M is the marking, and b is a vector of
boolean values indicating which transitions
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automata [22]. However, when dealing
with complex systems, automaton-based
approaches face an exponential growth of
the state space. Moreover, they are unable
to model a crucial aspect in this field: paral-
lelism. Due to this lack of expressiveness,
PNs have been adopted as a more power-
ful formalism for DES analysis. PNs [24]
are widely used to model DES. They com-
bine mathematical and graphical tools. The
graphical representation of PNs is based
on state and event modelling, represented
respectively by places and transitions.

can be fired. The vector b is determined by
comparing the current marking with the pre-
conditions of each transition. If the condi-
tions of firing of transition are verified, the
corresponding entry in vector b is set to 1;
otherwise, it is 0. The SE helps studying the
system evolution based on the events that
occur. This is done by updating the marking
vector p each time a transition fires.

The simulation process involves the
identification of the highest-priority transi-
tion that can fire, using strategies such as
static priority or dynamic priority and then
updating the marking vector accordingly.

After introducing the important con-
cepts of PNs and defining the IM, it is cru-
cial to focus on reachability analysis meth-
ods for DES.

Once a PN model is defined, it becomes
essential to study the system’s ability to
reach certain states, especially critical states
that ensure the system’s proper operation or
safety.

This type of analysis is based on the
notion of reachability, which refers to the
possibility of reaching a specific marking (a
particular system state) from MO by follow-
ing a sequence of allowed transitions.

Reachability methods [25] play a key
role in evaluating important system prop-



erties, such as liveness (ensuring that the
system does not deadlock), safety (prevent-
ing the system from entering unwanted
states), and deadlock-freeness (ensuring
that no transition remains permanently dis-
abled). Several formal methods [19] exist
to analyse reachability in PNs, including

graph theoretical method [26], linear alge-
braic techniques [27], and temporal logic
framework [28]. Ensuring that the system
behaves as expected according to the given
specifications and application requirements,
these methods allow for formal verification.

2.2. Methods of Reachability or Coverage of PNs

The problem of reachability in PNs is fun-
damental. It consists of determining whether
it is possible to reach a marking M from MO.

Let us consider a PN (N, MO0). We
denote R(MO) as the set of reachable mark-
ings from MO.

Among the reachability methods, also
known as analysis methods, the most com-
mon one is the tree traversal method [29],
where search tree is constructed in which
each node represents a marking, and each
branch represents the crossing of a transi-
tion. This method is simple but can be com-
putationally expensive for large PNs.

The graph coverage method [26], on the
other hand, involves constructing a reach-
able marking graph starting from the initial
marking. Each node represents a reachable
marking, and each arc represents a transi-
tion traversal (reachable marking graph).
For this, standard graph traversal algo-
rithms, such as Dijkstra’s algorithm [30]
and Bellman-Ford’s algorithm [31], are
used. This method is more efficient than the
tree traversal method for large-size PNs.

The linear algebraic method [32]
involves representing the system in the
form of matrices and vectors to solve the
SE. By multiplying MO by the IM, the
resulted vector represents the next vector.
By repeating this operation as needed, all
reachable markings from the initial marking
can be determined. This method can also be
used to determine certain properties of the
system through a direct analysis of the lin-
ear equations derived from the IM, such as
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liveness, safety, and capacity limitation.

Liveness is ensured by the existence of
a marking from which all transitions can
be fired. Safety is guaranteed if there is no
deadlock. Capacity limitation is determined
by the presence of a marking that exceeds
a certain resource limit. The linear alge-
braic method offers a powerful analytical
approach, especially for complex systems,
by focusing on the linear relationships
between states.

In contrast to the graph coverage or tree
traversal methods, which explore the entire
state space by constructing graphs or trees
of all possible transitions, this method relies
on a more compact matrix representation.
It allows for the calculation of reachable
states by solving the SE, without explicitly
constructing the entire set of possible states.
This IM method is particularly effective for
analysing complex and large-scale sys-
tems. Thus, the matrix approach proves to
be a more elegant and efficient method for
analysing reachability in systems modelled
by PN, especially when the system’s com-
plexity makes other methods impractical.

The diagram in Figure 1 illustrates how
a marking tree is built from an initial mark-
ing MO. It follows a recursive process to
explore all markings reachable from MO
by activating transitions. This algorithm
is essential for analysing Petri nets, par-
ticularly to (1) check if a net is bounded
(avoiding infinite growth of the marking);
(2) determine if a reachability condition is
satisfied; (3) identify deadlock situations.



3.3. Methods for Reducing PNs

PN reduction [33] is an essential tech-
nique for simplifying a complex system by
eliminating or merging redundant places,
transitions, or arcs while following reduc-
tion rules [34]. This approach enables a
reduction in the state space dimension.

¢ Place reduction

It involves removing redundant places
or merging those with identical precondi-
tions and postconditions. Transition reduc-
tion eliminates redundant transitions or
merges those with similar effects (i.e., trig-
gered in the same way and having equiva-
lent impacts on the system). This signifi-
cantly reduces the size of the state space,
making analysis simpler and computation-
ally less expensive.

e Hierarchical reduction of subnet-
works

It involves replacing subsets of the
network with a single place or transi-
tion [35], thereby greatly simplifying the
overall model structure. In [36], hierarchi-
cal reduction of PN models is performed
in two steps: first, encapsulating internal

behaviour through external states for infor-
mation exchange; second, constructing an
improved reachability graph, where arcs
between graph states are triggered by rel-
evant transitions.

e Causality reduction

It removes redundant causal arcs that do
not impact the system’s behavioural prop-
erties, while conflict reduction eliminates
unnecessary conflicts that do not alter the
system’s overall behaviour.

These various classical reduction tech-
niques, often used in combination, help
simplify the model. However, while they
are effective in reducing the state space by
merging or eliminating certain components,
they may sometimes introduce approxi-
mations that degrade analysis accuracy.
Reduction methods generally aim to mini-
mise the model size at the cost of trading
off certain essential information, which can
lead to the loss of critical details about sys-
tem behaviour especially in nonlinear sys-
tems or those with complex dependencies.
Therefore, their effectiveness must be care-
fully weighed against the risk of inaccura-
cies in property verification.

3. COUPLING REDUCTION METHODS AND
FORMAL METHODS TO ENSURE REACHABILITY

The behavioural models of DES capture
the dynamic interactions between different
parts of the system. By modelling pos-
sible behaviours using PN, we can better
understand how the system reacts in vari-
ous configurations or states. However, the
state space expands significantly. PN reduc-
tion is a crucial technique to simplify the
structure and reduce system complexity.
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However, this simplification can sometimes
lead to the loss of vital information, particu-
larly in systems with complex interactions,
where certain subtle behaviours may disap-
pear. This can impact essential behavioural
properties such as liveness, conservation,
or safety invariants. The primary challenge
of reduction methods is that they may sim-
plify the model to the extent that some key



behaviours or interactions become hidden.

Powerful reduction methods must
therefore be used with extreme caution to
preserve the integrity of the original model
and ensure the analysis of relevant PN
properties. It is crucial to verify, after each
reduction step, that these properties are still
maintained, especially in complex systems
where even slight loss of information can
obscure critical behaviours.

The linear algebraic technique stands
out for its ability to maintain highly accu-
rate representation of the system while
avoiding the combinatorial explosion of the
state space, without sacrificing precision
[36]. This technique can be integrated with
reachability methods, mitigating the limita-
tions of reduction methods while preserv-
ing a rigorous analysis of essential prop-
erties such as liveness and conservation
[37]. These aspects position the algebraic
approach as a more reliable and compre-
hensive solution for systems where tradi-
tional reduction methods fail to capture the
full complexity.

The proposed technique in this paper
uses the linear algebraic technique. In fact,
using reduction methods coupled with for-
mal methods can help address the limita-
tions posed by classical reduction tech-
niques in the analysis of complex systems.
Our approach enables the efficient manage-
ment of complex systems even when a sys-
tem is very large and intricate by leveraging
formal methods [38] (such as Analytical

Feasibility Tests [39], Deductive Methods

[40], and Model Checking [15]). These

provide a rigorous and systematic means to

verify that the model behaves as expected at
each stage. This allows for automatic veri-
fication that all essential properties are pre-
served after reduction.

Two levels of reduction are used:

» atthe initial PN model level, to simplify
the system while preserving key proper-
ties;

» after the construction of the reachabil-
ity graph, to use successor constraints
applied to the reduced PN [41].

A verification of the accuracy and con-
sistency of the reductions is performed at
each step to ensure that essential states
for system behaviour are not lost during
the reduction, thus maintaining precision.
Systematic verifications are conducted to
guarantee that certain properties (such as
safety, liveness, or the reachability of criti-
cal states) are preserved and respected.

By coupling formal methods with reduc-
tion methods, we ensure that state-space
exploration remains complete, preventing
ambiguities and uncertainties introduced
by simplification. This approach ensures
model precision and reliability while meet-
ing system requirements, from specifica-
tion to development phases. It enables the
construction of correct-by-construction sys-
tems [42].

4. CASE STUDY 1: MANUFACTURING SYSTEM

The system considered contains two
machines, denoted M1 and M2, and three
tasks. Each task undergoes an operation
stage, which is fulfilled on machine M1 or
machine M2. A new task is only initiated
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after the previous task has been completed
and discharged from the system. The ele-
ments of this model are provided in Table 1,
which explains the data. The proposed sys-
tem’s PN model is shown in Fig. 2.



Table 1. Data Explanation

Places Transitions
Pl1:Job 1 tl: M1 starts Proc. Job 1
P2: M1 available t2: M1 starts Proc. Job 2
P3:Job 2 t3: M1 starts Proc. Job 3
P4: M2 available t4: M2 starts Proc. Job 1
P5: Job 3 t5: M2 starts Proc. Job 2
P6: M1 Proc. Job 1 t6: M2 starts Proc. Job 3
P7: M1 Proc. Job 2 t7: M1 finishes Proc. Job 1
P8: M1 Proc. Job 3 t8: M1 finishes Proc. Job 2
P9: M2 Proc. Job 1 t9: M1 finishes Proc. Job 3
P10: M2 Proc. Job 2 t10: M2 finishes Proc. Job 1
P11: M2 Proc. Job 3 t11: M2 finishes Proc. Job 2
t12: M2 finishes Proc. Job 3
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Fig. 1. Algorithm for the design of a covering tree for a PN.
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Fig. 2. PN with initial marking .

4.1. Formal Definition

The formal definition of this system is as follows:

PN = (P, T,F,M0), where

(P1,t1), (P1,t4), (P2,t1), (P2,t2), (P2,t3), (P3,t2), (P3,t5), (P4, t4), (P4,t5), (P4, t6),
(P5,t3), (P5,t6), (P6,t7), (P7,t8), (P8,t9), (P1,t1), (P9,t10), (P10,t11), (P11,t12), (t1, P6)
(t2,P7), (t3,P8), (t4, P9), (t5,P10), (t6, P11),(t7, P1),(t7,P2),(t8, P2), (t8, P3),(t9, P2),
(£9,P5),(£10,P1), (t10, P4), (t11,P3), (t11,P4), (t12, P4), (t12, P5)

o

P = {P1,P2,P3,P4,P5,P6,P7,P8,P9,P10,P11
T = {t1,t2,t3,t4,t5,16,t7,t8,19,t10,t11,t12}
andM0=(11111000000).

It corresponds to the availability of

machinesandthetaskswaitingforprocessing.

The input places of all the transitions in the
PN illustrated in the figure are as follows:

IP(t1) = {P1,P2},IP(t2) = {P2,P3},
IP(13) = {P2, P5}, IP(t4) = {P1, P4},
IP(t5) = {P3,P4},IP(t6) = {P4,P5},
IP(t7) ={P6}, IP(t8) ={P7},
IP(t9) ={P8}, IP(t10) ={P9},
IP(t11) ={P10}, IP(t12) ={P11}.

In a PN, concurrent and non-determin-
istic access activities are identified through
simultaneous and conflicting transitions.

Table 2. Transitions

This type of transition, derived from Fig. 2
of the proposed PN model, is presented in
Table 2.

Conflicting transitions

Simultaneous transitions

(tl’ t4)3(t|a tza t3)9
(tZ’ t5)9 (t45 t55 t(,)a
(t; ty)-

(t,, t)(t,, L) (L, t,).
(t,, t), (t,, 1), (1, 1),
(L, t,)s (L), (8, £
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4.2. Crossing

Several characteristics of a system
(decision-making, simultaneity, synchro-
nization, priorities, etc.) can be modelled

using PNs. The relationship between the
current marking M and MO is erased based
on the reachability properties.

4.3. Property Verification (Boundedness)

A PN is said bounded, if the number of
token is always less than a finite number m
for every reachable marking. The PN shown
in Fig. 2 is bounded because m = 1. Its cov-
ering tree is shown in Fig. 3. The reachable
markings of the PN is illustrated in Table 3.

- Liveness: If the PN has no deadlock,
it is said to be live. The PN illustrated in
Fig. 2 does not have a deadlock state, so it
is live.

4.4.IM and SE

The evolution of systems modelled by
PNs is analysed by a SE. This method is
applied only to pure PNs.

* Definition 1: The IM of a PN with n
transitions and m places is an n x m matrix
defined by:

A =[aij] = O — I, where: O = [a]
represents the number of arcs from transi-
tion 7 to its output place j; [ = [a,] repre-
sents the number of arcs from transition 7 to
its input place ;.

- Reversibility: The PN is reversible if
MO can be reached from all possible mark-
ings. The PN illustrated in Fig. 2 satisfies
this property.

- Persistence: A PN is called persistent
if each pair of activated transitions with
independent triggering remains activated
until it is triggered. The PN illustrated in
Fig. 2 is not persistent.

* Definition 2: The SEis Mn =M __ +
C A", where 4 is the IM and Mn is an m x
1 vector, where the i-th entry represents the
token number in place i immediately after
the n-th firing in a firing sequence.

C, is an n x 1 vector (control vector)
with » — 10 and 1 non-zero entry, 1 in the
Jj-th position, indicating that transition j is
triggered at the n-th firing. The vector Ck
cannot be chosen arbitrarily because only
activated transitions can be triggered. For
each n, C_is constrained by M_ + C A" >
0. The SE is:

VM = ATXouVM =Md — M0O; X=Yki= 1Ci

X is an n X 1 vector of positive integers;
it is called the firing count vector. The num-
ber of times transition i must fire to trans-
form MO into Md is the i-th entry of X. The
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IM A plays a crucial role in the analysis of
the dynamic behaviour and the structure of
a PN.



—

2

]

Fig. 3. Reachability graph of Fig. 2.

4.5. Linear Algebraic Technique

M, =M,_ +CA"

For the PN represented in Fig. 2, the SE

1s as follows:

Table 3. Reachable Markings of Figure 2

P

Pio

Py

Pg

P

Marquage

M,

Mg

My

Mg

Mn

M,

The IM A is

63



=

=

=

°

=

=

2,

l
T e Tecococo— oo

¥
- — - - -2 o oo oo

0
S ccococ-—coooo T
cecoce—~scocseoT o
cce—cocsceocoTeoo
—cocococoToooco o
e e Teoee Toe — oo —
cec e T TTeoo — — —
TocoToeo—ocoo oo
T s s - = o5 o o=

= =
= — =
=
Ld =
=
= —
=
= =
- =
- = -
= = <
= = =
0 — N
. W = —
= s s T oo oo - oo o
T Teceoc -—ocooc oo == . )
= T e e e — = = = = -
- N
= . e - s s s s S
lllll ) - - - — = = == = = o
0 W -
= = =
- R —
e e oo — =2 == = = e = = = — = = = = = 7 -
- ccoc o ~ocococso To
ce s e csoceT = B T e -
— s o ~s s ss= T oo
cc o —~ooossTeo cc e~ oo oo T oo =
_ ==~ == === = ==
cemeccccaTeee 2= — = ===="7T=== =
= - e e e e T e e = = S eEsessSs T ees =SS
& —mos oo o e T o s o ' _
_— e o o e T e o e o o m—Eeese s s sSs S =SS
oo T oo oo _ _
o e T oo T oo - o o — = e T e e T e e - e S -
c e Tee Tee —= e — —
ce =T TT e e e — — — S =TT T e s = = =
o -0 = T e e T e o — o = — = e T e e T e s = a—-o
=T eesTes == — o —_— = I
T T T e e == — = o = T T T ee s -~ — o oo
[ - - = T e e T e e - ==~ = o TEe T es ==~ ==
e e T oo oo —o o - = - -
— o o o o o o o o c = = - - -

T, is fired

T, 1s fired

T, is fired

T, 1s fired

T, 1s fired

frootoooola

0000
1

0010000

0001
0-100-100

0 -1-1

000

1

0

0

1

0 00-100 000

1
1

1

0C0o0-ro000

001000

00

00 00-100

1
1
1

00

0000 0-10
1

0

00000 -1

0

64



In the same manner, we can find all the
other operations and the following brands
of the PN:

e Transition invariant: Y4 (invariant) = 0,

where Y is a vector indicating how many
times each transition in the network has
been performed (the number of firing
transitions drawn into Petri net).

M -1 —1 0 0 Lo 1 0 (o] (o) 0 0
V. 0o -1 —1 0 O © 1 0 o 0 0
3 [¢] —1 (4] (4] —1 (] (8] 1 (8] (8] 0
V. —1 (o] o] —1 [¢] (o] (o] (8] 1 (0] 0
Ve o 0 -1 —-1 0 ©0 © 0 o 1 0
Ve o o 0 -1 —1 o0 o 0 o 0 L,
3 1 1 o o o —1 o 0 o 0 0
Ve o 1 1 o o o —1 o o] 0 0
Yo (o] 1 (4] (4] 1 (o] (o] —1 (8] 0 0
Yo 1 0o 0 1 o o o0 o —1 0 0
¥, o o 1 1 o ] o 0 o —1 o0
lv.]lOo ©0 o 1 1 o o o o 0 -1
-yl —y4 +y7 + y10 = 0;
-yl —y2 —-y3 +y7 +y8 +y9 = 0;
-y2 —y5 +y8 + yll = 0;
—-y4 — y5 —y6 + y10 + y11 + y12 = 0;
-y3 —y6 +y9 + yl2 = (;
yl —y7 = 0;
y2 —y8 = 0;
y3 =y9 = 0;
y4 — y10 = 0;
y5 — yl11 = 0;
y6 —yl2 =0
By solving the equations above, we Thus, the invariant 7— (from Fig. 2) is:
obtain: (00000000000 0).

Pt
3=
o}
I a
Ms
Me
Mz
e
Mo
Mo
B 1
A=

Q00000000000

4.6. Reduction Technique

This method allows simplifying the
study of large systems by reducing their
correspondent PNs, while conserving their
properties (such as safety and bounded-
ness).

Table 4 presents various transforma-
tions applied to Petri nets, illustrated with
representations. In Petri nets, reduction
rules help simplify complex models while
preserving essential properties. Key reduc-
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In the same manner, we can find the
place invariant P— (from Fig. 2) from the
equation:

AXT =0, where X is the weight of each
place and an n-vector as:

(00000000000000).

tion techniques include:

Fusion of Series Places: If two places,
pl and p2, are connected in sequence
through a single transition (p/ — t — p2),
and p/ is the only input to # while p2 is the
only output, these places can be merged into
a single place. This fusion reduces the net’s
complexity without altering its behaviour.

Fusion of Series Transitions: Similarly,
if two transitions, ¢/ and ¢2, are connected



in sequence through a single place (¢/ — p
— ¢2), and ¢/ is the only output of p while
t2 is the only input, these transitions can be
combined into a single transition. This sim-
plification maintains the net’s functionality.
Fusion of Parallel Places: When two
places, p/ and p2, share identical input and
output transitions, they can be fused into a
single place. This reduction streamlines the
net by eliminating redundant places.
Fusion of Parallel Transitions: If two
transitions, ¢/ and ¢2, have the same input

and output places, they can be merged
into a single transition. This consolidation
reduces redundancy and simplifies the net’s
structure.

These reduction techniques are valu-
able for managing the complexity of Petri
nets, ensuring that analyses remain tracta-
ble while preserving the net’s original prop-
erties.

A proposed reduction of the PN illus-
trated in Fig. 2 is shown in Fig. 4.

e

— T\ %7

Fig. 4. Reduction of the PN from Fig. 2.

Table 4. Transformations

Transformation

Pictorial Representation

Fusion of Series Places (FSP)

T -
>

_/i
Fusion of Series Transitions (FST) rl_é e /}//{\
~ w
~
Fusion of Parallel Places (FPP) < S —
- =

Fusion of Parallel Transitions (FPT)

-
s
«

LE-

66



5. CASE STUDY 2: TASK MANAGEMENT SYSTEM

Let us consider a task management sys- »  Two states for the server: busy or available.
tem (Fig. 5) with:
» Two types of tasks: Urgent Tasks and The PN will represent the stages of task
Normal Tasks. processing, with transitions to model state
* Aserver that processes the tasks. changes (task arrival, processing, etc.).

5.1. Initial Model (Complete PN)

The formal model is:

A. Places: * T, Arrival of an urgent task.

¢ P,: Queue of normal tasks T, Start of processing a normal task.
* P, Queue of urgent tasks. + T, Start of processing an urgent task.
¢ P, Available server * T, End of processing.

* P, Occupied server.

» P Task being processed.

5

C. Initial Marking (M):

Mo (Py )=0, My (P, )=0, My (P35 )=1,

B. Transitions:
My (P, )=0, My(Ps )=0.

e T Arrival of a normal task.

P1 (Normal
line)

T2 (urgent arrival)

P2 (Urgent
queue) H

Fig. 5. Initial PN Model — Task System.

T1 (task arrival)

P3 (server
available)

T3 (start of treatment}

T4 (End Processing)

P4 (server
busy)

P5 (current
task)

The IM is defined as follows: The Conservation equations:
We ensure that tokens are conserved in the

P. ] P. P. P. P P, . ..
7 : +i 02 03 (; 05 network by balancing the transitions. The
T, 0 1 11 0 0 0 invariant for the initial model is given by:
T, o0 [ [ [
T, 0 ] 1 ] 11 x1*T1+x2 *T2+x3*T3+x4+xT4=0.
T, 0 [ 0 [ w1 | 1 | 1

T, is fired once to move a token from P, to P..
T is fired once to move a token from P, to P..
T, is fired once to move a token from P, to P,.
T, is fired once to move a token from P, to P..

D. Initial Transition Invariant

The transition invariant corresponds to a fir-
ing sequence that brings the network back to
its initial or stable state. This means that each
transition is executed a specific number of  This ensures that the system remains con-
times to maintain the network’s equilibrium. sistent.

1+T1 +1+T2 +1xT3+1xT4 = 4.

67



5.2. Reduced Model
Reduction Technique Used: Place Fusion

We apply a fusion of similar places to
simplify the processes related to task han-
dling (Fig. 6). The queues for normal tasks
(P,) and urgent tasks (P,) are merged into a
single place (Pqum).

A. Places:

. Pqum: Single task queue
s P,: Available server.

¢ P,: Occupied server.

* P,: Task being processed.

B. Transitions:

¢ T,":Arrival of a task (normal or urgent).
* T,': Start of task processing.

« T,": End of task processing.

C. Initial Marking (M):

My’ (Pqueue )=0, My (P3 )=1, My (P )=
=0, My’ (P5 )=0

T1' (task arrival)

P_queue
(single
queue}

P3 {server
available)

D. IM (Reduced Model)

The IM for the reduced model is defined as
follows:

Pi Ti Pqueue P3 P4 PS
T, +1 0o o
T,' -1 1|+ |+
T, 0 + -1 ] 1

Transition Invariant (after)

In the reduced model, with a single queue
(que), only the transitions 7., 7,’, and T’

are fired:

T 1’ 1s fired to move a token from Pqum to P,.
T, 1s fired to move a token from P toP,
T 3' 1s fired to move a token from P 0P

Reduced Transition Invariant:

With fewer transitions, the invariant becomes:
1*TI’+1*T2°+1*T3 =3,

T2 {Processing)

T3 {End Processing)

P4 (server
busy}

P5 jcurrent
task}

Fig. 6. Reduced PN model.

5.3. Comparison Before and After Reduction

From a model size perspective, the
places number is optimised from 5 to 4, and

the transitions number is optimised from 5
to 3. The token conservation properties are
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satisfied in the network, and the reachable
states in the initial model remain reachable
in the reduced model. Moreover, the transi-
tions remain traversable. Thus, the types of
tasks (urgent/normal) are no longer differ-
entiated in the reduced model, but this does
not disrupt the overall functioning.

6. CONCLUSION

This model demonstrates how a reduc-
tion method (place fusion) can simplify a
PN while preserving essential properties
(conservation, liveness, and reachability).
Formal methods ensure that information
loss 1s minimised, which is crucial for mod-
elling large-scale complex systems.

Through the case studies presented
in this article, an innovative approach is
introduced to overcome the limitations of
classical reduction methods by integrating
reachability methods into the model reduc-
tion process. Using the example presented,
which involves a task management system
modelled by a PN, we demonstrate how
reachability methods enable the preserva-
tion of the reachability of critical states
(such as states where the server is avail-
able or occupied) while achieving a sig-
nificant simplification in the state space. In
the initial model, although it was detailed
and precise, the combinatorial explosion
made analysis and verification resource-
intensive. By applying reduction techniques
based on reachability, we simplified the
model while maintaining its essential prop-
erties of the system. For example, critical
states related to task execution and queue
management (both normal and urgent) were
preserved in the reduced model, ensuring
that key transitions (7,’, 7,’, T,") remained
active and consistent with the expected
behaviour. This integration of reachability
methods offers two major advantages. First,
it provides increased precision, ensuring
that essential states for the system’s analy-
sis are not lost, ensuring consistency in the
analysis. Second, optimisation of compu-
tational resources, where the reduction of
the state space significantly reduces the

69

computational load without compromis-
ing the accuracy the analytical results. Our
approach demonstrates that it is possible to
combine efficient reduction with the preser-
vation of critical information, thereby open-
ing promising perspectives for the study
of large-scale complex systems. Through
the case study presented in this article,
we successfully modelled, using a PN, the
dynamic allocation of three jobs across two
machines. The created PN model is utilised
to configure the SE and the mathematical
model that describes the system behaviour.
The linear algebraic technique, coupled
with reduction methods, is employed to
verify relevant properties. However, these
approaches cannot be applied to all classes
of PNs. The key contribution of this new
approach lies in its ability to balance effi-
cient reduction with analytical precision.
Unlike traditional methods that sometimes
sacrifice essential system properties, our
method guarantees that all key transitions
and states remain verifiable after reduction.
Additionally, it optimises computational
resources by reducing model complexity
while maintaining comprehensive analysis.
In future work, we plan to explore coloured
PNs, which represent a natural evolution
of ordinary PNs, in the field of optimising
modelling tools for complex DES. Specifi-
cally, we aim to integrate both reduction
aspects and greater expressiveness.
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