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Abstract: We construct g-Bernstein-Schurer type operators defined on a triangle with one curved
side. They are extensions of the Bernstein-Schurer type operators, given by Schurer F., to the case of a
curved domain. There are constructed the univariate g-Bernstein-Schurer type operators and their
product operator and are studied some approximation properties of these operators.
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1. Introduction
“Let T, ={(x,y)€R|x20,y>0,x+ y < h},
for heR,_, be the standard triangle” [3].

In paper [3] authors introduce some
interpolation operators on triangle with one
curved side.

“They consider a standard triangle,7,,
having the vertices V, = (4,0),V, =(0,4) and

DOI: 10.2478/kbo-2024-0080

V,=(0,0), two straight sides I,T,, along
the coordinate axes, and the third side
I, (opposite to the vertex 7,), which is
defined by the one-to-one functions f and g,
where g is the inverse of the function f; i.e.,
y=f(x)andx=g(y),

with £(0) = g(0)=h.” [3]
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Figure 1: Triangle ]N"h

In [1] the authors construct Bernstein-type
operators B and B’ on the triangle7,.
The important
properties of the operators B and B are

most approximation

contained in the following theorem

Theorem 1 “[1] If F is a real-valued
function then

l. BF=Fonl,uUrl,,
2. BBF=FonTI, uTl;,,
(Be,

m%ij

)(x,y)zxiyj,i:0,l,j eN,
X(g(y)—X)}yj,

(Br)rrler)(x’ )= {xz +
m

4. (Ble,

n€ij

)(x,p)=x'y’ieN,j=0,1,

(Ble,)(x,y)=x' {yz +M}~
n

2
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In 1962, Schurer F., (see [6]) introduced
and studied the linear positive operators

“B, :C([0,1+ p]) > C([0,1]), defined for

m,p *

any function f e C([0,1+ p]) by:

~ m+p _ k
(B,,/)xX)=> P, ()f (—j (1)
k=0 m
where
- m+p e
Pm,k(X)=(k jxk(l—X) e (2)
are the SO called "fundamental

polynomials" of Bernstein-Schurer.
Note that in (1) and (2), p denotes a non-
negative fixed integer.

Clearly, for p=0 the operators Em,o are the
[6]

classical operators of Bernstein.”



We recall elements of g-Calculus, see,

e.g., [4].

“For any fixed real number ¢ >0, the

q-integer[k]q ,for ke N is defined as:

[k] _ (l—qk)/(l—q), g=#1
1 k , g=1

Set [O]q =0. The g-factorial [k]q! and

3)

g-binomial coefficient Bj are defined

q

as follows

k] [k-1] ..[1] , k=1,2,...
(] 1o UL =10, @

? 1 , k=0
!
H N
ki, [kl '[n-k],!
The g-analogue of (x—a)" is the
polynomial
. ifn=0

(x—a)”={ P

(x—a)(x—qa)...x—q" " a), ifn>1

2

In [5] the authors introduce a generalized
g-Bernstein-Schurer operators as follows:

13

~ | m+p
Bm,p(f:q,x)=2|:k j|xk'
=0 .

m+p—k-1 [k]
1-¢° —L
]1 (1-¢ x)fE[m]qJ
for g (0,1), me N and [ eC([0,1+ p]),
p fixed.”
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2. g-Bernstein-Schurer Operators

For m,ne N,p,re N, we consider the
following extensions of the Bernstein-

Schurer operators given in [1]:

m+p

(B, ,F)(x,9) =Y P, (x,¥)F (ég(y),yj

i=0
with

3 m+p ¥ i ¥ m+p—i
(x,7) = 1-
Pasl5:7) (i j(g(y)N g(y)j

respectively,

n+r

(B, F)x.) = 27, y)F[x,fﬂx)j

with

o [(ner)( Ly ’ I_Ljnm
() (j j(f(x)][ 1)
where

A, = {ig(y) i = O,_m} and
m

A, ={if(x) j= o,n}
n

are uniform partitions of the intervals

[0./tx)] and [0.g(»)].

For g €(0,1) we construct the gq-Bernstein-
Schurer operators as follows:



(B, ,F)(x,y,9) = mf Poi(5.,9)-
F &g(y),y
[m],
with
pura| "] (]
i A 80)
m+p—i—1 1_ Lox
11 ( 1 g(y)j
and

n+r

(éi,rF)(x’ ».q) = Zﬁn,r('x’y’ q)-

Jj=0

F [x, {j]q f (X)J

n]q

with

ol |
R A A7)

n+r—j-1 1_ Ly
( I f(x)j

We obtain the following results regarding
this operators:

If e,(x,y)=x"y" (0<i+j<2,i,jeN) are

the test functions, we have the following
equalities:

1. (B} en)x,q)=1;

= x[m+ p],
2. (B e0)xg) =P
[m],
< _[m+p], .
3' (Bm,PeZO )('x’ Q) - [m]Zq

[[m+ p],x* +x[g(y)—x] ]

4. (B e)(xq)=
(B, ,€1)(X:q) o],
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The approximation properties of the
operator B, are constructed in a similar
way.

By direct computation we can obtain the

product of the operators B,“;’ , and f?,{r ,
given by the operator:
(ém,n,p,rF)(x) yﬂ q) =
m+p n+r B B
Z me,i(xay,Q)'lﬁl,j(X,y,Q)'
i=0 j=0

[7] [/]
F q , q
(—[m]q gy [, f (X)J

Also by direct computation we obtain the
approximation properties of the this
operator .

If e;(x,y)=x"y’ (0<i+j<2,i,jeN) are
the test functions, we have the following
equalities :

1' (Bm,n,p,reOO )(‘x’ y’ Q) = 1

- x[m+ p]
2. (Bm,n,p,relo)(x’ Vs q) :—q;
[m],
- y[n+r]
3' (Bm,n,p,reol)(x9 y’ q) = —q ;
(7],

~ [m+p], [n+r],

4' (Bm,n,p,rell)(x’ y’ Q) = xy

[m],  [n],

~ [m+ p]
(Bm,n,p,reZO )(xﬂ y’ Q) = 2 L.
5. [m],

[[m+ pl, " +x{g(y)—x]]

~ [n+r],
(Bm,n,p,reOZ )(X, Y, q) = P :
6 [T,

[[n+71, 07 + )0 ()= 1]



3. Conclusion with straight and curved sides (being an
Because the Bernstein-Schurer extension).

operators are a particular case of

Bernstein type operators we can use

these type of operators both on triangles
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