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Some results on deferred statistical
convergence of double sequences in
neutrosophic normed linear spaces

P. JENIFER, M. JEYARAMAN AND H. AYDI

Abstract

In this research, we extend the concept of statistical convergence by introducing the idea of deferred
statistical convergence in the neutrosophic normed spaces. This work considers the deferred density
proposed in 2016 by Küçükaslan and Yilmaztürk to define deferred statistical convergence of double
sequences in neutrosophic normed spaces. We look into some of the core characteristics of the recently
developed concept of deferred statistical convergence.
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1. INTRODUCTION

Fast [3] and Steinhaus [22] developed summability theory by independently
establishing the notion of statistical convergence in 1951. Following their work,
Hazarika and Esi [5], Mursaleen [15], Savas and Gurdal [19] and many others
conducted several investigations and made numerous generalisations.

Statistical convergence has become one of the most active fields of research due to
its many applications in other branches of mathematics, such as probability theory,
mathematical analysis, number theory, etc. Agnew [1] generalised the Cesàro mean
in 1932 to the deferred Cesàro mean and produced a method with stronger features
that was more useful. Then, in 2016, Küçükaslan and Yilmaztürk [11] used the
concept of the deferred Cesàro mean to present the idea of deferred statistical
convergence, primarily as a natural generalisation of statistical convergence, lambda
statistical convergence, and lacunary statistical convergence.

In 1965, Zadeh [23] was the first to present the idea of fuzzy sets, which was an
expansion of classical set theoretical concept. These days, it can be used in a wide
range of engineering and scientific fields. When membership degrees are unknown,
the idea of fuzzy sets sometimes struggles to handle the situation. As an improvement
of fuzzy sets, Atanassov[2] introduced intuitionistic fuzzy sets in 1986. Numerous
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decision-making issues have been solved using intuitionistic fuzzy sets.

Decision-makers frequently experienced some hesitations in addition to using yes-
or-no approaches. Additionally, in some actual events like sports, voting, etc., we
can get a tricomponent result. Smarandache [20], taking into account all the aspects,
first proposed the idea of the neutrosophic set in 1998 as a generalisation of both the
fuzzy set and the intuitionistic fuzzy set. A neutrosophic set’s elements are made up
of the triplets true- membership function(T), indeterminacy membership function (I)
and falsity membership function (F). When all elements of the universe have certain
degrees of T, F, and I, a set is said to be neutrosophic.

In 1992, Felbin [4] proposed the notion of fuzzy normed space. Later, in 2006,
Saadati and Park [18] developed the idea of intuitionistic fuzzy normed spaces. In
intuitionistic fuzzy normed spaces, the idea of statistical convergence was introduced
and examined by Karakus et al. [9] in 2008. In addition, it was generalised to
deferred statistical convergence by Melliani et al. [13] in 2018. Statistical ∆m

convergence in neutrosophic normed spaces was recently presented by Jeyaraman
and Jenifer [6]. Neutrosophic normed linear spaces and the concept of statistical
convergence were presented by Kirisci and Simsek [10]. Sequence convergence
studies in neutrosophic normed linear space have not yet made much progress and
are still in their early stages. In the framework of the neutrosophic normed space, we
examine the deferred statistical convergence of double sequences in this research.

2. PRELIMINARIES

In 1932, Agnew [1] defined the deferred Cesaro mean QP,H of a sequence x “ pxn) by

pQP,Hxqn “
1

Hpnq ´Ppnq

Hpnq
ÿ

p“Ppnq`1

pxpq,

where tPpnqu and tHpnqu are sequences of positive natural numbers satisfying

Ppnq ă HpnqandHpnq Ñ 8. (1)

A sequence x “ pxnq is called
1. Deferred Cesaro convergent to L if 1

Hpnq´Ppnq

řHpnq

p“Ppnq`1pxp ´Lq Ñ 0;
2. Strongly deferred Cesaro convergent to L if 1

Hpnq´Ppnq

řHpnq

p“Ppnq`1 |xp ´L| Ñ 0.
We denote lim

nÑ8
xn “ LpQSrP,Hsq.

Let K be an arbitrary subset of N and KP,Hpnq “ tPpnq ă p ď Hpnq,p P Ku be an
associated set of K for the arbitrary sequences Ppnq and Hpnq satisfying (1).
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Let K be an arbitrary subset of N.
If the following limit δP,HpKq “ lim

nÑ8

1
Hpnq ´Ppnq

|KP,Hpnq| exists, then δP,HpKq is

called a deferred density of the subset K.
A sequence x “ pxpq is called deferred statistically convergent to ζ P R if for each
ε ą 0,

lim
nÑ8

1
Hpnq ´Ppnq

|tp,Ppnq ă p ď Hpnq : |xp ´L| ě εu| “ 0.

It is denoted by lim
nÑ8

xn “ LpQrP,Hsq.

Definition 2.1 [7] The following axioms define a continuous t-norm as a binary
operation ˚ : r0,1s ˆ r0,1s Ñ r0,1s

(i) ˚ is continuous, associative, and commutative,

(ii) a˚ 1 “ a for all a P r0,1s,

(iii) If a ď c and b ď d then a˚b ď c˚d, for 0 ď a,b,c,d ď 1.

Definition 2.2 [7] The following axioms define a continuous t- conorm as a binary
operation 3 : r0,1s ˆ r0,1s Ñ r0,1s

(i) 3 is continuous, associative, and commutative,

(ii) a30 “ a for all a P r0,1s,

(iii) If a ď c and b ď d then a3b ď c3s, for 0 ď a,b,c,d ď 1.

Definition 2.3 [7] The 7-tuple pY,µ,ν ,ω,˚,3,fq is called a Neutrosophic Normed
Linear Space (NNLS) if Y is a linear space, µ,ν and ω are fuzzy sets on Yˆ p0,8q, ˚

is a continuous t-norm, 3 and f are continuous t-conorm including the following: for
every x,σ P Y and s,λ ą 0;

(i) 0 ď µpx,λ q ď 1;0 ď νpx,λ q ď 1;0 ď ωpx,λ q ď 1,

(ii) µpx,λ q ` νpx,λ q ` ωpx,λ q ď 3,

(iii) µpx,λ q ą 0,

(iv) µpx,λ q “ 1 if and only if x “ 0,

(v) µpαx,λ q “ µ

´

x, λ

|α|

¯

for each α ‰ 0,

(vi) µpx,λ q ˚ µpσ ,sq ď µpx` σ ,λ ` sq,

(vii) µpx,˝q : p0,8q Ñ r0,1s is continuous,

(viii) lim
λÑ8

µpx,λ q “ 1 and lim
λÑ0

µpx,λ q “ 0,

(ix) νpx,λ q ă 1,
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(x) νpx,λ q “ 0 if and only if x “ 0,

(xi) νpαx,λ q “ ν

´

x, λ

|α|

¯

for each α ‰ 0,

(xii) νpx,λ q3νpσ ,sq ě νpx` σ ,λ ` sq,

(xiii) νpx,˝q : p0,8q Ñ r0,1s is continuous,

(xiv) lim
λÑ8

νpu,λ q “ 0 and lim
λÑ0

νpu,λ q “ 1,

(xv) ωpx,λ q ă 1,

(xvi) ωpx,λ q “ 0 if and only if x “ 0,

(xvii) ωpαx,λ q “ ωpx, λ

|α|
q for each α ‰ 0,

(xviii) ωpx,λ q f ωpσ ,sq ě ωpx` σ ,λ ` sq,

(xix) ωpx,˝q : p0,8q Ñ r0,1s is continuous,

(xx) lim
λÑ8

ωpx,λ q “ 0 and lim
λÑ0

ωpx,λ q “ 1.

Then pµ,ν ,ωq is known as Neutrosophic Norm and we write this norm shortly by
[NN]pµ,ν ,ωq.

Definition 2.4 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. A sequence x “ pxpq in Y is
convergent to ξ P Y with respect to the NN pµ,ν ,ωq for each ε P p0,1q and λ ą 0, there
is p0 P N so that µpxp ´ ξ ,λ q ą 1 ´ ε,νpxp ´ ξ ,λ q ă ε and ωpxp ´ ξ ,λ q ă ε, for all
p ě p0. It is indicated by pµ,ν ,ωq ´ limx “ ξ .

Definition 2.5 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. A sequence x “ pxpq in Y is
referred as a Cauchy sequence with regard to the NN pµ,ν ,ωq, if for every ε P p0,1q

and λ ą 0, there is p0 P N so that
µpxp ´ xw,λ q ą 1 ´ ε,νpxp ´ xw,λ q ă ε and ωpxp ´ xw,λ q ă ε, for all p,w ě p0.

Definition 2.6 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. A sequence x “ pxpq P Y is a
bounded sequence if there exists η , a positive real number, so that
µpxp,λ q ą 1 ´ η ,νpxp,λ q ă η and ωpxp,λ q ă η , for all p P N.
Take a NNLS pY,µ,ν ,ω,˚,3,fq. A sequence pxpq is called statistically convergent
with respect to NNpµ,ν ,ωq, if there is a number ξ P Y so that for each ε ą 0 and
λ ą 0, the natural density of set

Kε “ tp ď n : µpxp ´ ξ ,λ q ď 1 ´ ε,νpxp ´ ξ ,λ q ě ε andωpxp ´ ξ ,λ q ě εu
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has zero., i.e., dpKε q “ 0. That is,

lim
nÑ8

1
n

|p ď n : µpxp ´ ξ ,λ q ď 1 ´ ε,νpxp ´ ξ ,λ q ě ε andωpxp ´ ξ ,λ q ě ε| “ 0.

In this case, we write xp Ñ ξ pSpµ,ν ,ωqq.

Definition 2.7 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. A sequence x “ pxpq of Y is called
Qβ ,γ - summable to ξ with respect to the NNpµ,ν ,ωq if every ε P p0,1q and λ ą 0, there
exists n0 P N such that

1
Hpnq ´Ppnq

Hpnq
ÿ

p“Ppnq`1

µpxp ´ ξ ,λ q ą 1 ´ ε,

1
Hpnq ´Ppnq

Hpnq
ÿ

p“Ppnq`1

νpxp ´ ξ ,λ q ă ε and

1
Hpnq ´Ppnq

Hpnq
ÿ

p“Ppnq`1

ωpxp ´ ξ ,λ q ă ε,

hold for all n ą n0.

Definition 2.8 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. A sequence x “ pxpq of Y is
deferred statistically convergent to ξ P Y with respect to the NN pµ,ν ,ωq, if for each
ε P p0,1q and λ ą 0,

δ
H
Ppp P N : µpxp ´ ξ ,λ q ď 1 ´ ε orνpxp ´ ξ ,λ q ě ε,ωpxp ´ ξ ,λ q ě εq “ 0,

or equivalently

δ
H
Ppp P N : µpxp ´ ξ ,λ q ą 1 ´ ε orνpxp ´ ξ ,λ q ă ε,ωpxp ´ ξ ,λ q ă εq “ 1.

In this case, we write xpζ Ñ ξ pQH
PSpµ,ν ,ωqq.

3. MAIN RESULTS

Definition 3.1 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. A double sequence x “ pxpζ q of Y
is convergent to ξ P X with respect to the NN pµ,ν ,ωq, if for each ε P p0,1q and λ ą 0,
there exist n0,w0 P N such that
µpxpζ ´ ξ ,λ q ą 1 ´ ε,νpxpζ ´ ξ ,λ q ă ε andωpxpζ ´ ξ ,λ q ă ε, for n ą n0,w ą w0. We
denote this by pµ,ν ,ωq ´ limx “ ξ or xpζ

pµ,ν ,ωq
ÝÝÝÝÑ ξ .

Definition 3.2 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. A double sequence x “ pxpζ q of Y
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is statistically convergent to ξ P Y with respect to the NNpµ,ν ,ωq, if for each ε P p0,1q

and λ ą 0,

δ ppp,ζ q P NˆN : µpxpζ ´ ξ ,λ q ď 1 ´ ε,νpxpζ ´ ξ ,λ q ě ε andωpxpζ ´ ξ ,λ q ě εq “ 0,

or equivalently,

δ ppp,ζ q P NˆN : µpxpζ ´ ξ ,λ q ą 1 ´ ε,νpxpζ ´ ξ ,λ q ă ε andωpxpζ ´ ξ ,λ q ă εq “ 1.

In this case, we write xpζ Ñ ξ pSpµ,ν ,ωqq.

Definition 3.3 Let x “ pxpζ q be a double sequence and
β pnq “ Hpnq ´Ppnq,γpwq “ ρpwq ´ λ pwq. Let tPpnqu,tHpnqu,tρpwqu and tλ pwqu be
sequences of nonnegative integers fulfilling the conditions Ppnq ă λ pwq,λ pwq ă ρpwq

and lim
nÑ8

Hpnq “ 8, lim
wÑ8

ρpwq “ 8.
Then defined deferred Cesaro mean Qβ ,γ of the double sequence x is

pQβ ,γxqnw “
1

β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

xpζ .

Definition 3.4 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. A double sequence x “ pxpζ q is
called Qβ ,γ- summable to ξ with respect to NNpµ,ν ,ωq if for each ε P p0,1q and λ ą 0,
there exist n0,w0 P N such that

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

µpxpζ ´ ξ ,λ q ą 1 ´ ε,

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

νpxpζ ´ ξ ,λ q ă ε and

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

ωpxpζ ´ ξ ,λ q ă ε,

for all n ą n0,w ą w0.

Definition 3.5 Let pY,µ,ν ,ω,˚,3,fq be a NNLS and x “ pxpζ q be a double sequence
of Y. A double sequence x “ pxpζ q is deferred statistically convergent to ξ P Y with
respect to NN pµ,ν ,ωq if for each ε P p0,1q and λ ą 0,

δ
γ

β
ppp,ζ q P NˆN : µpxpζ ´ ξ ,λ q ď 1 ´ ε,νpxpζ ´ ξ ,λ q ě ε, ωpxpζ ´ ξ ,λ q ě εq “ 0,
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δ
γ

β
ppp,ζ q P NˆN : µpxpζ ´ ξ ,λ q ą 1 ´ ε,νpxpζ ´ ξ ,λ q ă ε, ωpxpζ ´ ξ ,λ q ă εq “ 1.

In this case, we write xpζ Ñ ξ pQγ

β
Spµ,ν ,ωqq.

Qγ

β
Spµ,ν ,ωq-Convergence in NNLS. Next, we are going to give the main results

about Qγ

β
Spµ,ν ,ωq.

Theorem 3.6 Let pY,µ,ν ,ω,˚,3,fq be a NNLS and x “ pxpζ q be a sequence in Y.
Then xpζ

pµ,ν ,ωq
ÝÝÝÝÑ ξ implies xpζ

pµ,ν ,ωq
ÝÝÝÝÑ ξ pQγ

β
pµ,ν ,ωqq.

Proof. For every ε P p0,1q and λ ą 0, there exist n0,w0 P N such that

µpxpζ ´ ξ ,λ q ą 1 ´ ε orνpxpζ ´ ξ ,λ q ă ε,ωpxpζ ´ ξ ,λ q ă ε (2)

for every n ą n0,w ą w0.
If the inequalities in (2) are assumed from Hpnq and φpwq ` 1 to ρpwq, then the
following inequalities are obtained:

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “φpwq`1

µpxpζ ´ ξ ,λ q ą p1 ´ εqβ pnqγpwq,

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “φpwq`1

νpxpζ ´ ξ ,λ q ă εβ pnqγpwqand

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “φpwq`1

ωpxpζ ´ ξ ,λ q ă εβ pnqγpwq. (3)

If both sides of (3) are divided by β pnqγpwq, then the desired result will be obtained.

Theorem 3.7 Let pY,µ,ν ,ω,˚,3,fq be a NNLS and x “ pxpζ q be a sequence in Y.
Then, xpζ

pµ,ν ,ωq
ÝÝÝÝÑ ξ implies xpζ

pµ,ν ,ωq
ÝÝÝÝÑ ξ pQγ

β
Spµ,ν ,ωqq.

Proof. By hypothesis, for each ε P p0,1q and λ ą 0, there exist y0,w0 P N such that

µpxpζ ´ ξ ,λ q ą 1 ´ ε,νpxpζ ´ ξ ,λ q ă ε andωpxpζ ´ ξ ,λ q ă ε,

hold for all n ą n0,w ą w0. This guarantees that the cardinality of the set

tpp,ζ q P NˆN : µpxpζ ´ ξ ,λ q ď 1 ´ ε,νpxpζ ´ ξ ,λ q ě ε andωpxpζ ´ ξ ,λ q ě εu,
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is finite. So, immediately we see that

δ
γ

β
ppp,ζ q P NˆN : µpxpζ ´ ξ ,λ q ď 1 ´ ε,νpxpζ ´ ξ ,λ q ě ε andωpxpζ ´ ξ ,λ q ě εq “ 0.

This gives the proof.

Remark 3.8 The converse of above Theorem is not true, in general.

Let us consider the NNLS pR,µ0,ν0,ω0,˚,3,fq and xpζ “

$

&

%

1, p “ w2,ζ “ n2

0, otherwise.
For any ε ą 0 and λ ą 0, consider the following set:

Kγ

β
pε,λ q “

$

&

%

Ppnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq :

µ0pxpζ ´ ξ ,λ q ď 1 ´ ε,ν0pxpζ ´ ξ ,λ q ě ε, andω0pxpζ ´ ξ ,λ q ě ε

,

.

-

.

It is clear that

Kγ

β
pε,λ q “

$

&

%

Ppnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq :

|xpζ | ě εt
1´ε

orν0pxpζ ´ ξ ,λ q ě ε,ω0pxpζ ´ ξ ,λ q ě ε

,

.

-

“

$

&

%

Ppnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq :

p “ w2,ζ “ n2,w,n P N

,

.

-

and we have δ
γ

β
pKγ

β
pε,λ qq ď lim

n,wÑ8

a

β pn
a

γpwq

β pnqγpwq
“ 0.

The last inequality gives that xpζ Ñ 0pQγ

β
Spµ0,ν0,ω0qq. The sequence pxpζ q is not

pµ0,ν0,ω0q convergent to zero because it is not convergent to zero in pR, | ¨ |q.

Theorem 3.9 Let pY,µ,ν ,ω,˚,3,fq be an NNLS and x “ pxpζ q be a double
sequence in Y. Then, the Qγ

β
Spµ,ν ,ωq limit of pxpζ q is unique.

Proof. Choose two distinct elements ξ1,ξ2 P Y so that
xpζ Ñ ξ1pQγ

β
Spµ,ν ,ωqq and xpζ Ñ ξ2pQγ

β
Spµ,ν ,ωqq.

Given ε P p0,1q, choose ρ ą 0 such that p1´ρq˚p1´ρq ą 1´ε,ρ3ρ ă ε and ρ fρ ă ε.
From the assumption, for every λ ą 0,
δ

γ

β
pKµ,1pε,λ qq “ δ

γ

β
pKν ,1pε,λ qq “ δ

γ

β
pKω,1pε,λ qq “ 0 and

δ
γ

β
pKµ,2pε,λ qq “ δ

γ

β
pKν ,2pε,λ qq “ δ

γ

β
pKω,2pε,λ qq “ 0,

where

Kµ,1pε,λ q “ tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : µpxpζ ´ ξ1,λ q ď 1 ´ εu,

Kµ,2pε,λ q “ tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : µpxpζ ´ ξ2,λ q ď 1 ´ εu,
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Kν ,1pε,λ q “ tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : νpxpζ ´ ξ1,λ q ě εu,

Kν ,2pε,λ q “ tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : νpxpζ ´ ξ2,λ q ě εu,

Kω,1pε,λ q “ tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : ωpxpζ ´ ξ2,λ q ě εuand

Kω,2pε,λ q “ tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : ωpxpζ ´ ξ2,λ q ě εu.

Define the set

Kµ,ν ,ω pε,λ q “ pKµ,1pε,λ qYKµ,2pε,λ qqXpKν ,1pε,λ qYKν ,2pε,λ qqXpKω,1pε,λ qYKω,2pε,λ qq.

Then, it is enough to show that δ
γ

β
pKµ,ν ,ω pε,λ qq “ 0. It suggests that

δ
γ

β
pN´Kµ,ν ,ω pε,λ qq “ 1.

Now, let p P N´Kµ,ν ,ω pε,λ q, then there are three cases:
p P N´ tKµ,1pε,λ q YKµ,2pε,λ qu,p P N´ tKν ,1pε,λ q YKν ,2pε,λ qu and
p P N´ tKω,1pε,λ q YKω,2pε,λ qu.
Consider the above cases,

µpξ1 ´ ξ2,λ q ě µ

ˆ

xpζ ´ ξ1,
λ

2

˙

˚ µ

ˆ

xpζ ´ ξ2,
λ

2

˙

ą p1 ´ ρq ˚ p1 ´ ρq ą 1 ´ ε (4)

νpξ1 ´ ξ2,λ q ă ν

ˆ

xpζ ´ ξ1,
λ

2

˙

3ν

ˆ

xpζ ´ ξ2,
λ

2

˙

ă ρ3ρ ă ε. (5)

ωpξ1 ´ ξ2,λ q ă ω

ˆ

xpζ ´ ξ1,
λ

2

˙

f ω

ˆ

xpζ ´ ξ2,
λ

2

˙

ă ρ f ρ ă ε. (6)

are obtained. Since ε ą 0 is arbitrary in (4),(5) and (6), ξ1 “ ξ2 is obtained.
Therefore, the limit of the sequence is unique.

Example 3.10 Uniqueness of Qγ

β
Spµ,ν ,ωq-limit.

Let Y “ R, and define the NN components by:

µpxq “
|x|

1 ` |x|
, νpxq “

1
1 ` |x|

, ωpxq “
1
|x|

Consider the double sequence:

xpζ “
1

p` ζ
, pp,ζ q P N2

Suppose xpζ Ñ a and xpζ Ñ b in the Qγ

β
Spµ,ν ,ωq sense for some a ‰ b P R.

Then for any ε ą 0, the sets:

Aapεq “
␣

pp,ζ q : µpxpζ ´ aq ě ε
(

, Abpεq “
␣

pp,ζ q : µpxpζ ´ bq ě ε
(

have Qγ

β
-density zero.
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Choose ε “
µpa´bq

2 . Then, for sufficiently large pp,ζ q, we have:

µpxpζ ´ aq ă ε and µpxpζ ´ bq ă ε

By the triangle inequality:

µpa ´ bq ď µpxpζ ´ aq ` µpxpζ ´ bq ă ε ` ε “ µpa ´ bq

which is a contradiction. Hence, a “ b. Therefore, the limit in the Qγ

β
Spµ,ν ,ωq sense

is unique.

Theorem 3.11 Let pY,µ,ν ,ω,˚,3,fq be a NNLS. Then a double sequence x “ pxpζ q

in Y. If a sequence pxpζ q is Qγ

β
Spµ,ν ,ωq- convergent, then it is Qγ

β
Spµ,ν ,ωq-Cauchy

sequence in NNLS.

Proof. Assume that the sequence x “ pxpζ q is Qγ

β
Spµ,ν ,ωq- convergent to ξ P Y.

Let us choose s ą 0 so that p1 ´ εq ˚ p1 ´ εq ą 1 ´ s,ε3ε ă s and ε f ε ă s hold for any
ε ą 0.
Then, for any λ ą 0, we have,

δ
γ

β

¨

˝

$

&

%

pp,ζ q P NˆN : µ
`

xpζ ´ ξ , λ

2

˘

ď 1 ´ ε,

ν
`

xpζ ´ ξ , λ

2

˘

ě ε, andω
`

xpζ ´ ξ , λ

2

˘

ě ε

,

.

-

˛

‚“ 0

and this implies that

δ
γ

β

¨

˝

$

&

%

pp,ζ q P NˆN : µ
`

xpζ ´ ξ , λ

2

˘

ą 1 ´ ε,

ν
`

xpζ ´ ξ , λ

2

˘

ă ε,andω
`

xpζ ´ ξ , λ

2

˘

ă ε

,

.

-

˛

‚“ 0.

Let pw,nq P

$

’

’

&

’

’

%

pp,ζ q P NˆN : µ
`

xpζ ´ ξ , λ

2

˘

ď q1 ´ ε,

ν
`

xpζ ´ ξ , λ

2

˘

ě ε, and
ω
`

xpζ ´ ξ , λ

2

˘

ě ε

,

/

/

.

/

/

-

be an arbitrary element.

Let

Bpε,λ q :“

$

&

%

pp,ζ q P NˆN : µ
`

xpζ ´ xwn,
λ

2

˘

ď 1 ´ ε,

ν
`

xpζ ´ xwn,
λ

2

˘

ě ε andω
`

xpζ ´ xwn,
λ

2

˘

ě ε

,

.

-

.

It suffices to demonstrate that

Bpε,λ q Ă

$

&

%

pp,ζ q P NˆN : µ
`

xpζ ´ xwn,
λ

2

˘

ď 1 ´ ε,

ν
`

xpζ ´ xwn,
λ

2

˘

ě ε andω
`

xpζ ´ xwn,
λ

2

˘

ě ε

,

.

-

.
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Let

pp,ζ q P Bpε,λ q ´

$

&

%

pp,ζ q P NˆN : µ
`

xpζ ´ xwn,
λ

2

˘

ď 1 ´ ε,

ν
`

xpζ ´ xwn,
λ

2

˘

ě ε andω
`

xpζ ´ xwn,
λ

2

˘

ě ε

,

.

-

.

Then, we have µpxpζ ´ xwn,λ q ď 1 ´ ε and µ
`

xpζ ´ ξ , λ

2

˘

ď 1 ´ ε.
In particular µ

`

xwn ´ ξ , λ

2

˘

ą 1 ´ ε.
Hence, 1 ´s ě µpxpζ ´ xwn,λ q ě µ

`

xpζ ´ ξ , λ

2

˘

˚ µ
`

xwn ´ ξ , λ

2

˘

ą p1 ´ εq ˚ p1 ´ εq ą 1 ´s,
which is impossible.
On the other hand, νpxpζ ´ xwn,λ q ě s and ν

`

xpζ ´ ξ , λ

2

˘

ă ε.
Then, s ď νpxpζ ´ xwn,λ q ď ν

`

xpζ ´ ξ , λ

2

˘

3ν
`

xwn ´ ξ , λ

2

˘

ă ε3ε ă s, which is
impossible.
Also, ωpxpζ ´ xwn,λ q ě s and ω

`

xpζ ´ ξ , λ

2

˘

ă ε.

Then, s ď ωpxpζ ´ xwn,λ q ď ω
`

xpζ ´ ξ , λ

2

˘

f ω
`

xwn ´ ξ , λ

2

˘

ă ε f ε ă s, which is
impossible. This proves our claim.

Example 3.12 Let F “ R be a real linear space equipped with the NN f : R Ñ r0,1s3

defined by:

fpxq “ pµpxq,νpxq,ωpxqq “

ˆ

|x|

1 ` |x|
,

1
1 ` |x|

,
1
|x|

˙

This satisfies the axioms of a neutrosophic normed linear space.

Define the double sequence txm,nu Ă R by:

xm,n “
1

m ` n

Let the deferred index set be:

D “ tpm,nq P NˆN : m,n are evenu

We first observe that the sequence converges to x0 “ 0 in the deferred statistical
sense. That is, for any ε ą 0, the set

Aε “ tpm,nq P D : µpxm,n ´ 0q ě εu

has deferred density zero:

δDpAε q “ 0
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since

µpxm,nq “

ˇ

ˇ

ˇ

1
m`n

ˇ

ˇ

ˇ

1 `

ˇ

ˇ

ˇ

1
m`n

ˇ

ˇ

ˇ

“
1

pm ` nq ` 1
Ñ 0 as m,n Ñ 8

Therefore, txm,nu is deferred statistically convergent to 0.

Now, we show that txm,nu is a Cauchy sequence. Given ε ą 0, there exists an N P N
such that for all m,n ě N, pm,nq P D, we have:

µpxm,nq ă
ε

2

Consider pm1,n1q,pm2,n2q P D with m1,n1,m2,n2 ě N. Then:

|xm1,n1 ´ xm2 ,n2 | ď |xm1 ,n1 | ` |xm2,n2 |

and hence

µpxm1 ,n1 ´ xm2 ,n2 q ď µpxm1 ,n1 q ` µpxm2,n2 q ă
ε

2
`

ε

2
“ ε

Thus, for sufficiently large indices, the difference between any two terms becomes
arbitrarily small in the neutrosophic sense. Therefore, txm,nu is a Cauchy sequence in
the NNLS.

Comparison of Qγ

β
pµ,ν ,ωq and Qγ

β
Spµ,ν ,ωq :

In this subsection we deal with the relation between Qγ

β
pµ,ν ,ωq and Qγ

β
Spµ,ν ,ωq in a

NNLS.

Theorem 3.13 Let pY,µ,ν ,ω,˚,3,fq be a NNLS and a double sequence x “ pxpζ q

in Y.
Then xpζ Ñ ξ pQγ

β
pµ,ν ,ωqq implies xpζ Ñ ξ pQγ

β
Spµ,ν ,ωqq.

Proof. Assume that xpζ Ñ ξ pQγ

β
pµ,ν ,ωqq. That is, for any ε ą 0 and λ ą 0, there exist

n0,w0 P N such that

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “φpwq`1

µ̃pxpζ ´ ξ ,λ q ą 1 ´ ε,

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “φpwq`1

νpxpζ ´ ξ ,λ q ă ε and
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1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “φpwq`1

ωpxpζ ´ ξ ,λ q ă ε

hold for all n ą n0,w ą w0.
Then, we have the following facts:

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

µ̃pxpζ ´ ξ ,λ q

ě
|tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : µ̃pxpζ ´ ξ ,λ qu|

β pnqγpwq

“: Aγ

β
pn,wq

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

νpxpζ ´ ξ ,λ q

ď
|tPpyq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : ν̃pxpζ ´ ξ ,λ qu|

β pnqγpwq

“: Bγ

β
pn,wqand

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

ωpxpζ ´ ξ ,λ q

ď
|tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : ω̃pxpζ ´ ξ ,λ qu|

β pnqγpwq

“: Cγ

β
pn,wq.

As a consequence of xpζ Ñ ξ pQγ

β
pµ,ν ,ωqq and the above inequalities, we have

δ
γ

β
pAγ

β
pn,wqq “ 0,δ γ

β
pBγ

β
pn,wqq “ 0 and δ

γ

β
pCγ

β
pn,wqq “ 0.

Therefore,
δ

γ

β
ptpn,wq : µ̃pxpζ ´ ξ ,λ q ě 1 ´ ε,νpxpζ ´ ξ ,λ q ď ε, andωpxpζ ´ ξ ,λ q ď εuq “ 0.

It means that xpζ Ñ ξ pQγ

β
Spµ,ν ,ωqq.

Remark 3.14 The inverse of the above theorem is not true. For example, let Hpnq

and ρpwq be monotonic increasing sequences of positive integers and h1,h2 be fixed
numbers. Let us define a double sequence for n,w “ 1,2, . . .

xpζ “

$

&

%

p2ζ 2,
!›

›

›

a

Hpnq

›

›

›
´ h1 ă p ď

ˇ

ˇ

ˇ

a

Hpnq

›

›

›

)

!›

›

›

a

ρpwq

›

›

›
´ h2 ă ζ ď

›

›

›

a

ρpwq

›

›

›

)
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xpζ “

$

’

’

&

’

’

%

p2ζ 2,

$

&

%

›

›

›

a

Hpnq

›

›

›
´ h1 ă p ď

ˇ

ˇ

ˇ

a

Hpnq

›

›

›

›

›

›

a

ρpwq

›

›

›
´ h2 ă ζ ď

›

›

›

a

ρpwq

›

›

›

0, Otherwise

If we consider Qγ

β
for the sequence Ppnq,τpwq satisfying

0 ă Ppyq ď

›

›

›

a

Hpnq

›

›

›
´ h1,0 ă τpwq ď

›

›

›

a

ρpwq

›

›

›
´ h2

then we have
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

$

’

’

&

’

’

%

Ppnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq

µ0pxpζ ,λ q ě 1 ´ ε,ν0pxpζ ,λ q ď ε, and
ω0pxpζ ,λ q ď ε

,

/

/

.

/

/

-

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

β pnqγpwq

“

ˇ

ˇ

ˇ

!

Ppnq ` 1 ď p ď Hpnq,τpwq ` 1 ď ζ ď ρpwq :
ˇ

ˇxpζ

ˇ

ˇ ě ελ

1´ε

)
ˇ

ˇ

ˇ

β pnqγpwq
“

h1h2

β pnqγpwq
,

which implies that xpζ Ñ ξ pQγ

β
Spµ,ν ,ωqq.

Also, we have the following inequalities:

lim
n,wÑ8

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

νpxpζ ´ ξ ,λ q ě h1h2 and

lim
n,mÑ8

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

ωpxpζ ´ ξ ,λ q ě h1h2.

Since h1 ‰ 0 and h2 ‰ 0,xpζ Ñ ξ pQγ

β
pµ,ν ,ωqq.

Theorem 3.15 Let pY,µ,ν ,ω,˚,3,fq be an NNLS and x “ pxpζ q be a bounded
sequence in Y. Then, the convergence xpζ Ñ ξ pQγ

β
Spµ,ν ,ωqq implies

xpζ Ñ ξ pQγ

β
pµ,ν ,ωqq.

Proof. Suppose that pxpζ q is a bounded sequence and xpζ Ñ ξ pQγ

β
Spµ,ν ,ωqq.

There exists a positive integer M under the assumption that pxklq is so that
µpxpζ ´ ξ ,λ q ě 1 ´ M,νpxpζ ´ ξ ,λ q ă M and ωpxpζ ´ ξ ,λ q ă M hold for all p,ζ .
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Therefore, the following inequality

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

µ̃pxpζ ´ ξ ,λ q “
1

β pnqγpwq

$

’

’

’

’

’

&

’

’

’

’

’

%

¨

˚

˚

˚

˚

˚

˝

Hpnq,ρpwq
ÿ

p“Ppnq`1,
ζ “λpwq`1

µ̃pxpζ ´ξ ,λqăε

`

Hpnq,ρpwq
ÿ

p“Ppnq`1,
ζ “λpwq`1

µ̃pxpζ ´ξ ,λqěε

˛

‹

‹

‹

‹

‹

‚

µ̃pxpζ ´ ξ ,λ q

,

/

/

/

/

/

.

/

/

/

/

/

-

ă ε
1

β pnqγpwq
|tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : µ̃pxpζ ´ ξ ,λ q ă εu|

` M ¨
1

β pnqγpwq
|tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : µ̃pxpζ ´ ξ ,λ q ě εu|

holds. If we take limit by considering xpζ Ñ ξ pQγ

β
Spµ,νqq, then it is obtained that

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

µ̃pxpζ ´ ξ ,λ q ą ε.

This gives

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

µ̃pxpζ ´ ξ ,λ q ă 1 ´ ε. (7)

Also, the following inequality

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

νpxpζ ´ ξ ,λ q “
1

β pnqγpwq

$

’

’

’

’

’

&

’

’

’

’

’

%

¨

˚

˚

˚

˚

˚

˝

Hpnq,ρpwq
ÿ

p“Ppnq`1,
ζ “λpwq`1

νpxpζ ´ξ ,λqăε

`

Hpnq,ρpwq
ÿ

p“Ppnq`1,
ζ “λpwq`1

νpxpζ ´ξ ,λqěε

˛

‹

‹

‹

‹

‹

‚

νpxpζ ´ ξ ,λ q

,

/

/

/

/

/

.

/

/

/

/

/

-

ă ε
1

β pnqγpwq
|tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : νpxpζ ´ ξ ,λ q ă εu|

` M ¨
1

β pnqγpwq
|tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : νpxpζ ´ ξ ,λ q ě εu|

holds. Now,

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

νpxpζ ´ ξ ,λ q ă ε. (8)
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Also, the following inequality holds.

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

ωpxpζ ´ ξ ,λ q “
1

β pnqγpwq

$

’

’

’

’

’

&

’

’

’

’

’

%

¨

˚

˚

˚

˚

˚

˝

Hpnq,ρpwq
ÿ

p“Ppnq`1,
ζ “λpwq`1

ωpxpζ ´ξ ,λqăε

`

Hpnq,ρpwq
ÿ

p“Ppnq`1,
ζ “λpwq`1

ωpxpζ ´ξ ,λqěε

˛

‹

‹

‹

‹

‹

‚

ωpxpζ ´ ξ ,λ q

,

/

/

/

/

/

.

/

/

/

/

/

-

ă ε
1

β pnqγpwq
|tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : ωpxpζ ´ ξ ,λ q ă εu|

` M ¨
1

β pnqγpwq
|tPpnq ` 1 ď p ď Hpnq,λ pwq ` 1 ď ζ ď ρpwq : ωpxpζ ´ ξ ,λ q ě εu|

This gives that

1
β pnqγpwq

Hpnq,ρpwq
ÿ

p“Ppnq`1
ζ “λpwq`1

ωpxpζ ´ ξ ,λ q ă ε. (9)

The proof follows from (7), (8) and (9).

Theorem 3.16 Let pY,µ,ν ,ω,˚,3,fq be an NNLS and x “ pxpζ q be a bounded
sequence in Y, and the sequences

!

Ppnq

βpnq

)

,
!

λpwq

γpwq

)

be bounded. Then,
xpζ Ñ ξ pSpµ,ν ,ωqq implies xpζ Ñ ξ pQγ

β
Spµ,ν ,ωqq.

Proof. Since lim
nÑ8

β pnq “ 8 and xpζ Ñ ξ pSpµ,ν ,ωqq,

lim
nÑ8

1
β pnq

|tp ď β pnq : µpxpζ ´ ξ ,λ q ď 1 ´ ε,νpxpζ ´ ξ ,λ q ě ε, andωpxpζ ´ ξ ,λ q ě εu| “ 0.

Also, the following inclusion and the inequality hold.
$

’

’

’

’

’

&

’

’

’

’

’

%

Ppnq ` 1 ď p ď Hpnq

µpxpζ ´ ξ ,λ q ď 1 ´ ε,

νpxpζ ´ ξ ,λ q ě ε, and
ωpxpζ ´ ξ ,λ q ě ε

,

/

/

/

/

/

.

/

/

/

/

/

-

Ă

$

’

’

’

’

’

&

’

’

’

’

’

%

p ď Hpnq

µpxpζ ´ ξ ,λ q ď 1 ´ ε,

νpxpζ ´ ξ ,λ q ě ε, and
ωpxpζ ´ ξ ,λ q ě ε

,

/

/

/

/

/

.

/

/

/

/

/

-

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

$

’

’

’

’

’

&

’

’

’

’

’

%

Ppnq ` 1 ď p ď Hpnq

µpxpζ ´ ξ ,λ q ď 1 ´ ε,

νpxpζ ´ ξ ,λ q ě ε, and
ωpxpζ ´ ξ ,λ q ě ε

,

/

/

/

/

/

.

/

/

/

/

/

-

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

$

’

’

’

’

’

&

’

’

’

’

’

%

p ď Hpnq

µpxpζ ´ ξ ,λ q ď 1 ´ ε,

νpxpζ ´ ξ ,λ q ě ε, and
ωpxpζ ´ ξ ,λ q ě ε

,

/

/

/

/

/

.

/

/

/

/

/

-
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So, we get

1
β pnq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

$

&

%

Ppnq ` 1 ď p ď Hpnq : µpxpζ ´ ξ ,λ q ď 1 ´ ε,

νpxpζ ´ ξ ,λ q ě ε, andωpxpζ ´ ξ ,λ q ě ε

,

.

-

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď Lpnq ¨
1

Hpnq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

$

&

%

p ď Hpnq : µpxpζ ´ ξ ,λ q ď 1 ´ ε,

νpxpζ ´ ξ ,λ q ě ε, andωpxpζ ´ ξ ,λ q ě ε

,

.

-

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

By taking limit when n Ñ 8, we get xpζ Ñ ξ pQγ

β
Spµ,ν ,ωqq.

4. CONCLUSION

In this article, we mainly focused on a few key components of deferred statistical
convergence in NNS. We have demonstrated that deferred statistical convergent
sequences and deferred statistical Cauchy sequences are identical in a NNLS. We
have looked at a sequence’s deferred statistical boundedness and its connections to
deferred statistical convergent sequences in NNLS. The scope of this research can be
naturally extended and enriched in several directions: Extending deferred statistical
convergence to triple sequences could uncover new structural properties and
functional limits within NNLS, opening pathways to multidimensional
approximation and data modeling. The results may be applied to study the continuity
and compactness of operators under deferred statistical convergence, particularly in
the analysis of uncertain dynamical systems.
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