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two-dimensional fractional diffusion equation
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Abstract

In this paper, we find the solution for two-dimensional fractional diffusion equation using an efficient
scheme namely, q-homotopy analysis transform method (q-HATM). To validate the competence and
applicability of the proposed scheme, we consider two examples. The proposed algorithm is the joint
application of the homotopy analysis method and Laplace transform (LT). For the obtained series solution,
the proposed method offers h̄-curves that illustrate convergence region. The numerical behaviour is
presented to ensure the reliability and accuracy of the proposed method. Further, the nature of the achieved
results is presented for a diverse order of the fractional derivative. The achieved results show that, the
considered method is easy to implement and very effective to study the behaviour of nonlinear models.
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1. INTRODUCTION

The study and analysis of mathematical aspects associated with real-world models
has attracted the attention of many young researchers due to its ability to exemplify
the corresponding behaviours. The concepts of differential equations are considered
as the main core while investigating models related to rate of change. Many senior
scholars have proved the importance and effect of describing the complicated
phenomena with differential and integral operators. However, when researchers
search for the best tool with the deeper investigation for the development of science
and technology, they always expect a more accurate and stimulating tool to
investigate in an effective manner. Particularly, for phenomena related to history and
hereditary-based consequences, the integer-order concept is not appropriate to
exemplify complex phenomena. In this regard, many pioneers suggested the most
appropriate tool to study these consequences namely, fractional calculus [1-6]. Soon
after, it received the most consideration to analyse and study the diverse class of
models to predict their corresponding nature. Many authors analysed diverse
phenomena with the help of fractional calculus, for instance, the model exemplifying
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deadly disease is analysed by many researchers with the theory and notions of
fractional calculus [7-9], with the help of Mittag-Leffler kernel authors in [10, 11]
respectively analysed Lakes pollution model and extended Fisher–Kolmogorov
equation, fractional Lakshmanan–Porsezian–Daniel model is examined by the help
of efficient scheme in [12], the behaviour of the solution for time-fractional Phi-four
equation is presented by many authors in [13], numerical solutions for diverse classes
of fractional-order nonlinear equations are exemplified by scholars in [14-24].
Moreover, the concept of fractional calculus can provide more degrees of freedom
associated with hereditary and memory-based consequences. The study of the
diffusion equation and its generalised family has attracted researchers due to its wide
applicability in the diverse areas including biology to examine the diffusion of cells,
chemistry to exemplify the reaction-diffusion mechanism and most importantly
physics with most of the mechanisms, and also many other branches essential to the
concept and phenomena of diffusion. Further, it attracts numerous young researchers
due to its mathematical aspects to exemplify nature in a systematic manner. In this
paper, we consider the two–dimensional diffusion equation in the form [25]

∂u
∂ t

=
∂ 2u
∂x2 +

∂ 2u
∂y2 + f (x,y, t), (1)

subject to the initial and boundary conditions

u(x,y,0) = φ(x,y), (x,y) ∈ Ω, 0 ≤ t ≤ T,

u(0,y, t) = f1(t), u(1,y, t) = f2(t),

u(x,0, t) = f3(t), u(x,1, t) = f4(t),

(2)

On the other hand, as much as it is important to formulate or propose real-world
problems or processes with mathematical models, it is precise and vital to find the
corresponding accurate solution to investigate its corresponding behaviours of the
system. Many senior scholars have suggested distinct advanced algorithms to find
solution for integral and differential equations with classical and fractional orders.
However, each one has its limitations and requires modification to increase exactness
and decrease the dense simplifications. In this connection, based on topological
concept Liao Shijun proposed a powerful method called homotopy analysis method
(HAM) [26]. Recently, it has been effectively and successfully employed to study the
nature of nonlinear models without linearization or perturbation. However, this
traditional algorithm necessitates enormous computer memory and time for
computational work. Thereafter, many scholars nurture consolidation of this scheme
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with formerly existing transform methods. Here, to find the solution for the fractional
diffusion equation, we evaluate it with the aid of q-HATM within the framework of
fractional calculus (FC). With the help of the LT and q-homotopy analysis technique,
this scheme was suggested by the authors in [27]. Here, we consider following
fractional diffusion (FD) equation of dimension two as follows, The fractional
diffusion equation is given by

Dγ

t u(x,y, t) =
∂ 2u
∂x2 +

∂ 2u
∂y2 + f (x,y, t), (3)

where γ is the fractional order. This method does not require any of the above-said
requirements and deals with many parameters which can help regulate the
convergence region. Recently, the proposed algorithm has been employed by many
scholars to study and investigate the more stimulating behaviour of the models. The
proficiency of the proposed scheme is illustrated by Veeresha et al. in [28] while
analyzing the Swift-Hohenberg equation, some stimulating results are derived for the
fractional vibration equation by Srivastava et al. in [29], the behaviour of the
Klein-Gordon-Schrödinger equation is captured by researchers in [30], a
mathematical model of HIV infection with fractional order is analysed by Bulut and
his co-authors in [31], authors in [32] presented the convergence analysis for the
q-HATM, and many authors have employed q-HATM to present their viewpoints
[33-37]. The considered equation has been studied by many researchers due to its
applications in different areas. For instance, authors in [38] employed implicit
solution algorithm for diffusion equation and also presented stability analysis, some
results are derived for fractional diffusion equation by researchers in [39], the Fourier
technique is applied in [40] to find the solution for diffusion equation, alternating
direction implicit methods are employed by authors in [41] to find the solution for the
considered model and many other numerical and semi-analytical schemes are applied
[42, 43].

2. PRELIMINARIES

Here, the fundamental notions of Laplace transform (LT) and fractional calculus are
recalled [1-6]

DEFINITION 1. The Riemann–Liouville fractional integral of a function f (t) ∈
Cδ (δ ≥−1) of order γ > 0 is defined as

Jγ f (t) =
1

Γ(γ)

∫ t

0
(t −ϑ)γ−1 f (ϑ)dϑ , J0 f (t) = f (t). (4)
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DEFINITION 2. The Caputo fractional derivative of order γ of a function f ∈Cn
(−1)

is defined as

Dγ

t f (t) =


dn f (t)

dtn , γ = n ∈ N,

1
Γ(n− γ)

∫ t

0
(t −ϑ)n−γ−1 f (n)(ϑ)dϑ , n−1 < γ < n, n ∈ N.

(5)

DEFINITION 3. Let Dγ

t f (t) be the Caputo fractional derivative. Then its Laplace
transform is given by

L
[
Dγ

t f (t)
]
= sγ F(s)−

n−1

∑
r=0

sγ−r−1 f (r)(0+), (n−1 < γ ≤ n), (6)

where F(s) denotes the Laplace transform of f (t).

3. BASIC IDEA OF Q-HATM

Consider the nonlinear fractional differential equation

Dγ

t u(x, t)+Ru(x, t)+N u(x, t) = f (x, t), 0 < γ ≤ 1, (7)

where R and N denote linear and nonlinear differential operators, and f (x, t) is a given
source term. Applying the Laplace transform (LT) to Eq. (7), we obtain

sγL [u(x, t)]−
n−1

∑
k=0

sγ−k−1u(k)(x,0)+L [Ru(x, t)]+L [Nu(x, t)] = L [ f (x, t)]. (8)

Using Eq. (6), Eq. (8) becomes

L [u(x, t)]− 1
sγ

n−1

∑
k=0

sγ−k−1u(k)(x,0)+
1
sγ

{L [Ru(x, t)]+L [Nu(x, t)]−L [ f (x, t)]}= 0. (9)

For φ(x, t;q), the nonlinear operator N[φ ] is defined as

N[φ(x, t;q)] = L [φ(x, t;q)]− 1
sγ

n−1

∑
k=0

sγ−k−1
φ
(k)(x, t;q)

∣∣
0+

+
1
sγ

{L [Rφ(x, t;q)]+L [Nφ(x, t;q)]−L [ f (x, t)]} , q ∈
[

0,
1
n

]
.

(10)

We define the homotopy

(1−nq)L [φ(x, t;q)−u0(x, t)] =h̄qH(x, t)N[φ(x, t;q)], (11)

where L denotes the Laplace transform, u0(x, t) is an initial guess, h̄ ̸= 0 is an auxiliary
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parameter, and φ(x, t;q) is an unknown function. For q = 0 and q = 1/n, one has

φ(x, t;0) = u0(x, t), φ(x, t;1/n) = u(x, t). (12)

As q increases from 0 to 1/n, φ(x, t;q) deforms from u0(x, t) to u(x, t). Expanding
φ(x, t;q) in a Taylor series about q = 0, we obtain

φ(x, t;q) = u0(x, t)+
∞

∑
m=1

um(x, t)qm, (13)

where

um(x, t) =
1

m!
∂ mφ(x, t;q)

∂qm

∣∣∣
q=0

. (14)

Series (13) converges at q = 1/n for appropriate choices of u0(x, t), n, and h̄. Thus the
solution of Eq. (7) is

u(x, t) = u0(x, t)+
∞

∑
m=1

um(x, t)
(

1
n

)m

. (15)

From Eq. (11), we obtain

L [um(x, t)− km um−1(x, t)] =h̄H(x, t)Rm(⃗um−1), (16)

where

u⃗m = {u0(x, t), u1(x, t), . . . , um(x, t)}. (17)

Thus,

um(x, t) = kmum−1(x, t)+h̄L −1[H(x, t)Rm(⃗um−1)] , (18)

where

Rm(⃗um−1) = L [um−1(x, t)]−
(

1− km

n

)(n−1

∑
k=0

sγ−k−1u(k)(x,0)+
1
sγ

L [ f (x, t)]

)

+
1
sγ

L [Rum−1(x, t)+Hm−1(x, t)].

(19)

The coefficients km are given by

km =


0, m ≤ 1,

n, m > 1,
(20)
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and Hm is the homotopy polynomial defined by

Hm =
1

m!
∂ m

∂qm φ(x, t;q)
∣∣∣
q=0

, φ(x, t;q) = φ0 +qφ1 +q2
φ2 + · · · . (21)

Finally, the series solution of Eq. (7) is

u(x, t) =
∞

∑
m=0

um(x, t). (22)

4. Q-HATM SOLUTION FOR FRACTIONAL DIFFUSION EQUATIONS

To demonstrate the applicability and efficiency of the proposed scheme, we consider
two distinct examples of fractional diffusion equations in this section.

Example 4.1

Consider the fractional diffusion equation (1) for α =−1, γ = 0, η = 1 [35]:

Dγ

t u(x,y, t)− ∂ 2u
∂x2 − ∂ 2u

∂y2 −
(
Γ(2+ γ)t −2t1+γ

)
ex+y = 0, (23)

with the initial condition

u(x,y,0) = 0. (24)

Applying the Laplace transform to Eq. (23) and using (24), we obtain

L [u(x,y, t)]− 1
s
·0− 1

sγ
L

(
∂ 2u
∂x2 +

∂ 2u
∂y2 +

(
Γ(2+ γ)t −2t1+γ

)
ex+y

)
= 0. (25)

Thus, the nonlinear operator N[φ ] is defined as

N[φ(x,y, t;q)] = L [φ(x,y, t;q)]− 1
s
·0

− 1
sγ

L

(
∂ 2φ

∂x2 +
∂ 2φ

∂y2 +
(
Γ(2+ γ)t −2t1+γ

)
ex+y

)
.

(26)

The corresponding deformation equation becomes

L [um(x,y, t)− kmum−1(x,y, t)] =h̄Rm(⃗um−1) , (27)

where

Rm(⃗um−1) = L [um−1(x,y, t)]−
(

1− km

n

)
1
s
·0

− 1
sγ

L

(
∂ 2um−1

∂x2 +
∂ 2um−1

∂y2 +
(
Γ(2+ γ)t −2t1+γ

)
ex+y

)
.

(28)
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Taking inverse Laplace transform of Eq. (27), we obtain

um(x,y, t) = kmum−1(x,y, t)+h̄L −1{Rm(⃗um−1)} . (29)

Solving iteratively, we get the following terms:

u0(x,y, t) = 0,

u1(x,y, t) =
h̄tγ

Γ(γ +1)
[
−ex+y (−2t1+γ + t Γ(2+ γ)

)]
,

u2(x,y, t) =
h̄(n+h̄)tγ

Γ(γ +1)
[
−ex+y (−2t1+γ + t Γ(2+ γ)

)]
+ h̄tγ

ex+yt (−2tγh̄+Γ(1+ γ))(2tγ −Γ(2+ γ))

Γ(1+2γ)
.

Higher-order terms can be computed similarly. Thus, the q-HATM series solution
of Eq. (23) is

u(x,y, t) = u0(x,y, t)+
∞

∑
m=1

um(x,y, t)
(

1
n

)m

. (30)

The exact solution is given by

u(x,y, t) = ex+yt 1+γ . (31)

Fig. 1: (a) Nature of the q-HATM result; (b) Behaviour of the exact solution; (c) Surface of the absolute
error |uExact −uq-HATM| at h̄ =−1, n = 1, y = 0.1, and γ = 1 for Example 4.1.
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Fig. 2: Behaviour of the q-HATM solution u(x,y, t) with respect to t at h̄ =−1, n = 1, and x = y = 0.01
with distinct values of γ for Example 4.1.

Fig. 3: h̄-curves for u(x,y, t) of Example 4.1 with diverse values of γ at x = y = 1, t = 0.01 for (a) n = 1
and (b) n = 2.

Example 4.2

Consider the fractional diffusion equation (1):

Dγ

t u(x,y, t)− ∂ 2u
∂x2 − ∂ 2u

∂y2 −
(

2
Γ(3− γ)

t2−γ +2t2
)

sin(x)sin(y) = 0, (32)

with the initial condition

u(x,y,0) = 0. (33)

Applying the Laplace transform to Eq. (32), we get

L [u(x,y, t)]− 1
s
·0− 1

sγ
L

[
∂ 2u
∂x2 +

∂ 2u
∂y2 +

(
2

Γ(3− γ)
t2−γ +2t2

)
sin(x)sin(y)

]
= 0. (34)

Define the nonlinear operator N[φ ] as

N[φ(x,y, t;q)] = L [φ(x,y, t;q)]− 1
s
·0

− 1
sγ

L

[
∂ 2φ

∂x2 +
∂ 2φ

∂y2 +

(
2

Γ(3− γ)
t2−γ +2t2

)
sin(x)sin(y)

]
.

(35)
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The deformation equation is

L
[
um(x,y, t)− kmum−1(x,y, t)

]
=h̄Rm

(⃗
um−1

)
, (36)

where

u⃗m = {u0(x,y, t),u1(x,y, t), . . . ,um(x,y, t)}, (37)

and

Rm
(⃗
um−1

)
= L [um−1(x,y, t)]−

(
1− km

n

)
1
s
·0

− 1
sγ

L

[
∂ 2um−1

∂x2 +
∂ 2um−1

∂y2 +

(
2

Γ(3− γ)
t2−γ +2t2

)
sin(x)sin(y)

]
.

(38)

Applying the inverse Laplace transform gives

um(x,y, t) = kmum−1(x,y, t)+h̄L −1
[
Rm
(⃗
um−1

)]
. (39)

The first few iterative terms are

u0(x,y, t) = 0,

u1(x,y, t) =
h̄tγ

Γ(γ +1)

[
2t2
(
−1− t−γ

Γ(3− γ)

)
sin(x)sin(y)

]
,

u2(x,y, t) =
h̄(n+h̄)tγ

Γ(γ +1)

[
2t2
(
−1− t−γ

Γ(3− γ)

)
sin(x)sin(y)

]
− h̄tγ 2t2−γ (1+ tγ Γ(3− γ))(2tγh̄+Γ(1+ γ))sin(x)sin(y)

Γ(3− γ)Γ(1+2γ)
.

Higher-order terms can be computed similarly. Thus, the q-HATM series solution
of Eq. (32) is

u(x,y, t) = u0(x,y, t)+
∞

∑
m=1

um(x,y, t)
(

1
n

)m

. (40)

The exact solution is

u(x,y, t) = t2 sin(x)sin(y). (41)
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Fig. 4: Behaviour of the q-HATM solution u(x,y, t) with respect to t at h̄ =−1, n = 1, t = 1, y = 0.1 with
distinct values of γ for Example 4.2.

Fig. 5: (a) Nature of the q-HATM result; (b) Behaviour of the exact solution; (c) Surface of the absolute
error |uExact −uq-HATM| at h̄ =−1, n = 1, y = 0.1, and γ = 1 for Example 4.2.

Fig. 6: Response of the q-HATM solution at h̄ =−1, n = 1, and t = 1 with (a) γ = 0.50, (b) γ = 0.75, and
(c) γ = 1 for Example 4.2.

5. CONVERGENCE ANALYSIS

THEOREM 5.1. Suppose un(x, t) and u(x, t) are defined in the inner product space
(B[0,T ],∥·∥). Let {Sn} denote the nth partial sum of the infinite series given in Eq. (23).
Then

lim
n,m→∞

∥Sn −Sm∥= 0. (42)
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PROOF Let {Sn} be a sequence of partial sums of Eq. (28). We need to show that
{Sn} is a Cauchy sequence in (B[0,T ],∥ · ∥). Consider

∥Sn+1(x, t)−Sn(x, t)∥= ∥un+1(x, t)∥ ≤ λ∥un(x, t)∥ ≤ λ
2∥un−1(x, t)∥ ≤ ·· · ≤ λ

n+1∥u0(x, t)∥.
(43)

For every n,m ∈ N with m ≤ n, we have

∥Sn −Sm∥= ∥(Sn −Sn−1)+(Sn−1 −Sn−2)+ · · ·+(Sm+1 −Sm)∥

≤ ∥Sn −Sn−1∥+∥Sn−1 −Sn−2∥+ · · ·+∥Sm+1 −Sm∥

≤ (λ n +λ
n−1 + · · ·+λ

m+1)∥u0∥

≤ λ
m+1(λ n−m−1 +λ

n−m−2 + · · ·+1)∥u0∥

≤ λ
m+1 1−λ n−m

1−λ
∥u0∥. (44)

Since 0 < λ < 1, it follows that

lim
n,m→∞

∥Sn −Sm∥= 0. (45)

Hence, {Sn} is a Cauchy sequence, which completes the proof.

THEOREM 5.2. The maximum absolute error appearing in the solution (30) is
given by ∥∥∥∥∥u(x, t)−

M

∑
n=0

un(x, t)

∥∥∥∥∥≤ λ M+1

1−λ
∥u0(x, t)∥. (46)

PROOF Using Eq. (44), we have

∥u(x, t)−Sn∥= λ
m+1 1−λ n−m

1−λ
∥u0(x, t)∥. (47)

Since 0 < λ < 1, it follows that 1−λ n−m < 1. Therefore,∥∥∥∥∥u(x, t)−
M

∑
n=0

un(x, t)

∥∥∥∥∥≤ λ M+1

1−λ
∥u0(x, t)∥. (48)

This completes the proof.

6. NUMERICAL RESULTS AND DISCUSSION

In the present section, the behaviour of the obtained results and the analytical solution
along with the absolute error, is illustrated in Figure 1. The response of the attained
solution for Eq. (24) with distinct values of γ is presented in Figure 2. From these
plots, we can notice that for different γ, the solution exhibits stimulating changes in
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nature, which helps to understand the consequences of the model more clearly.

Similarly, for Example 4.2, the behaviour is presented in Figures 4 and 6 for
different fractional orders. This confirms that generalizing the model with a
fractional order can offer additional properties and can assist in examining other
corresponding characteristics of the problem. The surface of the obtained q-HATM
results compared with the exact solution, along with the absolute error, is illustrated
for Example 4.2 in Figure 5.

The h̄-curves with distinct γ and n for the fractional diffusion equation are presented
in Figure 3. These plots can help to adjust the convergence domain of the method.

Overall, these captured plots can assist in studying more classes of models that
exemplify real-world phenomena. Specifically, from Figure 6, we can observe the
effect of different fractional orders. Such plots are widely used for the analysis of
biological models with diffusion mechanisms. These types of studies can help
researchers explore fractional operators and efficient numerical schemes.

7. CONCLUSION

In this study, we effectively employed the q-HATM to find the solution of the two-
dimensional fractional diffusion equation. The q-HATM offers parameters h̄ and n,
which can assist in controlling the convergence of the obtained solution.

From the numerical results, it is observed that q-HATM is efficient in terms of
evaluation time while maintaining high accuracy compared to existing numerical
methods. Moreover, the method encompasses solutions of many classical approaches
as special cases. The employed scheme allows precise control and manipulation of
the obtained solution, which rapidly converges to the analytical results within a
sufficiently small domain.

Hence, it can be concluded that the proposed method is highly effective and
systematic for studying fractional-order mathematical models in a rigorous and
reliable manner.
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