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Determining chromatic index of cubic graph with
the use of explainable classifiers: A comparative
study

A. DUDAS AND B. MODROVICOVA

Abstract

Proper edge 3-coloring of a cubic graph is an NP-complete problem, which can be used in order to model
several interesting practical problems. A method for correct and efficient assigning of variables used in the
program to registers of the system, scheduling of a set of tasks to a set of processors while each task has to
be executed on a number of processors simultaneously, or frequency assignment of radio stations without
interference are all typical instances of problems modelled by graph coloring. When considering cubic
graphs, which consist of vertices incident to precisely three edges, we can identify two distinct graph
groups divided by their chromatic index, a minimal number of colors needed for the proper coloring of
such graph. In the research presented in this article, we conduct a comparative study of the effectiveness of
machine learning classifiers in the task of determining the chromatic index of cubic graphs, present an
evaluation of the accuracy and precision of these models, and use the Shapley Additive Explanations
model for the identification of graph attributes and their values crucial in the models’ decision making.

Mathematics Subject Classification 2000: 68T20, 68T10
General Terms: Predictive Data Analysis, Cubic Graph Classification
Keywords: Chromatic Index, Explainable Artificial Intelligence, Classification Models, Cubic Graphs.

1. INTRODUCTION

The chromatic index of the graph determines a minimal number of colors needed for
its proper edge coloring. Such coloring of a graph is an NP-complete problem, which
consists of assigning colors to the edges of the cubic graph in such a way that none of
the vertices of the graph is incident to two edges colored with the use of the same color
[Marx 2004]. In this way, we are able to distinguish between two discrete groups of

cubic graphs:

—standard edge 3-colorable cubic graphs, where the number of colors needed for
proper edge coloring of a graph is equal to three,
—and snarks, or edge 3-uncolorable cubic graphs, where the number of colors is

higher - more specifically four (see Section 1.1).

The determination of the chromatic index of a graph can, therefore, be projected
into the classification task of determining whether an input graph G is an instance of
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a standard cubic graph class or snark class. The research presented in this article is
focused on searching for properties and design of methods, which could be used to
identify the number of colors needed to edge color a graph more effectively. Since
modern machine learning classification models reach a high level of accuracy in
classification but are hard to interpret, we aim to use techniques of explainable
artificial intelligence to understand how the model classifies the graphs into
considered classes.

The presented research contains a comparative study of the effectiveness of machine
learning models in the task of determining the chromatic index of a cubic graph. The
contribution of the article can be summarized as follows:

—Presentation of original cubic graph property dataset usable in any machine
learning model. For the proper description of the dataset in the context of the
selected problem, we present a correlation analysis of this dataset and we visualize
the dataset with the use of two- and three-dimensional Principal Component
Analysis method.

—Description of interpretable machine learning model that uses created datasets in
order to classify input graph sets into one of two considered classes: properly edge
3-colorable graphs or improperly edge 3-colorable graphs. The model uses standard
well-regarded classifiers from Naive Bayes to Multilayer Perceptron Networks.

—Evaluation of the model on the basis of its classification accuracy, precision, and
interpretability of the decisions made. The interpretability of the model is important
from the point of view of identification of properties which are significant in the
context of graph edge coloring and values of these attributes which contribute to
the decisions made by the classification model. For these purposes, the Shapley
values are used through the Shapley Additive Explanation method. In the case,
that these properties can be computed in lower time complexity than edge coloring

itself, we can obtain the chromatic number of the graph in lower time.

Other than the introduction itself, the introductory section of the work contains a
brief description of the determining of the chromatic index of cubic graphs and
considered classification models. In Section 2 we describe the cubic graph property
dataset and model used in the classification of cubic graphs with classifiers specified
in Section 1.2. Section 3 of the presented article contains an evaluation and
comparison of machine learning classifiers in the selected tasks. The evaluation is
done from the point of view of accuracy, precision, and interpretability of each

model. In the Conclusion section, we summarize the findings presented in the article,
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Fig. 1. Example of improperly edge 3-colored cubic graph (L) and properly edge 3-colored cubic graph (R)

describe the strengths and weaknesses of the work, and offer several other directions

for the development of research in the given area.

1.1.  Determining Chromatic Index of Cubic Graph

Cubic graph G consists of sets V (vertices) and E (edges) where [Caro et al. 2023]
G=(V,E),ECV?

and each of the vertices of G is incident to exactly three edges - every vertex is of
degree three.

As described in [Chaitin 1982], proper edge coloring of the graph is a problem
consisting of assigning colors to the edges of the graph in such a way, that there is one
instance of each color incident to every vertex (see Fig. 1). This condition makes the
edge coloring of a graph an instance of an NP-complete problem. Vizings’ theorem

for graph G is formulated as [Vizing 1964]
A(G) < x'(G) <A(G)+1

where x'(G) is the chromatic index of the graph G (minimal number of colors needed
in order to properly edge color the graph G) and A(G) is the maximum degree of the
graph G. From the point of view of this theorem, we consider two possibilities of
proper edge coloring of cubic graphs, either with the use of three or four colors.
From the point of view of this article, Vizings’ theorem is used to determine two

classes of cubic graphs:

—Standard cubic graphs, where A(G) =3 and x'(G) = 3.
—Snarks or edge 3-uncolorable cubic graphs, where A(G) = 3 but x'(G) = 4.
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There is a number of algorithms and optimizations proposed for the task of
chromatic index identification. The most basic approach to this problem is the naive
backtracking algorithm, which works on the principle of the gradual coloring of the
edges of the graph with a predetermined sequence of three colors. When the
algorithm finds a contradiction in the coloring of the graph, it returns to the previous
edge, which is recolored and the algorithm continues with the next coloring of the
graph. If neither of the possible colorings of the problematic edge is proper, the
algorithm returns to the edge preceding both recolored edges. The algorithm
continues this procedure until the entire graph is properly edge colored or until the
algorithm goes through all the possibilities of coloring the graph. The time
complexity of edge backtracking is O(2/F(©)), where |E(G)| is the number of edges in
graph G.

Better time complexity (0(2°47V(9)), where |V (G)| denotes the number of vertices
of the colored graph G) was reached by Kowalik’s EdgeColor algorithm [Kowalik
2009]. The algorithm itself consists of EdgeColor, FittingMatching, and SetSwitches
procedures while using the approach of generating inclusion-maximum matchings of
the graph.

In our previous work presented in [Dudas and Modrovicova 2023], we examined the
possibilities of increasing the efficiency of the computation of proper edge k—coloring
of cubic graphs with the use of machine learning methods. The main focus of the
research is the use of a machine learning model of decision trees for the problem
of identification of properly edge 3-uncolorable graphs (snarks). This approach used
datasets with homogeneous sizes of graphs and therefore was able to reach an average
accuracy of 93%. In the presented work, we build on these results with the objective
of comparing and increasing the accuracy and precision of the binary classification of

heterogeneously sized cubic graphs.

1.2.  Considered Classifiers

Classification is a task in which we consider a pattern x and space X and an algorithm
estimates which value of the associated attribute y € {1,...,n} will be acquired by the
pattern x [Al-Azawi 2022]. Therefore, in the problem of classification, we allocate
entities to a set of pre-defined classes of individuals who are, in a certain sense, similar
to other individuals within a given class.

There is number of classification models, whether machine learning-based or not.
This study considers the following classifiers for the purposes of classification of the

chromatic index of cubic graphs:
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—Naive Bayes classifier is a machine learning model used for probabilistic
classification based on Bayes’ theorem [Al-Azawi 2022]:

_ P(BIA)P(A)
where B represents values of a given set of graph properties, A denotes one of two
considered classes and P denotes probability. The classification with the use of
Naive Bayes classifier is based on a computation of probabilities of input data
belonging to each of the existing classes. The class with the highest measured

probability is the class to which the input data is classified [Al-Azawi 2022].

—Support Vector Machine is a kernel-based classification model that uses a
hyperplane to separate the data from one dimension to high dimensional space. In
the case the values of attributes are not linearly separable in the input space, the
Support Vector Machine can transform the data to the high dimension space
through nonlinear transformations [Pineiro and Portillo 2022].

—Decision tree is a graph-based classification model, which is constructed from the
root to the leaves of the tree. Each node in the graph represents an attribute of a
given dataset with a set border for the value of the attribute, while branches
connect nodes that are above or below the set border of attribute value. The
decision tree model separates the dataset into multiple subsets where each of the
subsets represents one branch from the root node. In this way, the method creates a
classification tree with class designations stored in the leaves of the graph
[Custode and Iacca 2023].

—Random forest is an ensemble classification model based on decision trees. The
model constructs decision trees on subsets of the input dataset, produces and
accumulates predictions on each as described above, and then votes on the final
classification. The class defined by the majority of trees generated by random
forests is considered to be the classification of the input data by random forest
itself [Pineiro and Portillo 2022].

—The last classification model considered in this study is the neural network
approach, more specifically Multilayer Perceptron Network. This neural
network model consists of three types of layers: the input layer, which receives the
input dataset for processing; an arbitrary Number of hidden layers that perform
data transformation; and the output layer which is responsible for the classification
of input values [Guellil et al. 2020].
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2. GRAPH DATASET AND PROPOSED CLASSIFICATION MODEL

The first part of this work is focused on a collection of datasets that are created for the
purpose of building classification models for the identification of the chromatic index
of cubic graphs. These datasets need to contain the proper amount of graphs and the
proper amount of graph properties measured on these graphs.

As the main source of data for interesting graphs (snarks and some of the standard
cubic graphs) studied in this work, we used the House of Graphs portal [Coolsaet et al.
2023]. However, the portal does not list the properties of the graphs in a consistent
format, and it does not contain a sufficient number of standard cubic graphs that meet
our criteria. Therefore, we used the software tools graphFilter [GraphFilter 2021] and
SageMath [SageMath 2005] to compute some of the considered graph properties and

to generate the number of cubic graphs.

2.1.  Description of Graph Properties Dataset

The presented dataset consists of 2000 cubic graphs in equal distribution of data
between the two considered graph classes - 1000 standard cubic graphs and 1000
snarks. For each graph G from the created dataset, we measured ten indicative
properties. In the following list, we present characteristics of the property and
describe measured values by aggregation as the set (minimum, mean, median,

maximum) [Dudas and Modrovicova 2023]:

—Number of vertices of the graph G. The study uses 30, 32, 34 and 36 vertex cubic
graphs in equal distribution of 500 each. These are the most frequented sizes of
snarks and, therefore, represent the best examples of the given graph type. Values

of the number of vertices in the dataset can be aggregated to the set:
(30,33,32,36)

—Diameter of graph G is the length of the longest path in the graph G. Statistical

values of central tendency measures for the property are:
(4,6.29,6,11)

—Edge connectivity of the graph G is the minimum number of edges, which can be
deleted in such a way, that the graph G is disconnected into more than one

component. Values of edge connectivity are described as follows:

(1,2.8,3,4)
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—Matching number of graph G is the number of edges that do not have a set of
common vertices. The property can be aggregated to the set:

(1,16.48,16,18)

—Radius of the graph G is the minimum graph eccentricity of any graph vertex in a
graph. The eccentricity of the graph vertex is the maximal number of edges between
the vertex and any other vertex of G. Central tendency measures for the property

reach the following values:
(3,4.78,5,8)

—Largest L-eigenvalue is largest eigenvalue of Laplacian matrix L of the graph G,
while L = D — A, where A is adjacency matrix of G and D is diagonal matrix
containing degree of the vertex i on each position D,;. Aggregation of values of the

largest L-eigenvalue are:
(5.36,5.68,5.68,6.83)

—2" largest eigenvalue of graph G is the second largest eigenvalue of the

adjacency matrix of G. The values of the property can be described as:
(—2.39,2.65,2.7,5.75)

—Smallest eigenvalue of graph G is the smallest eigenvalue of the adjacency matrix

of G. The values of the property are aggregated to the set:
(—3,-2.67,-2.68,-2)

—Girth of graph G is the length of the shortest cycle (in the case there is a cycle in the
graph) in G. The girth of the graph measured in the presented dataset is described

in the following set:
(3,5.2,5,8)

—Chromatic index of a graph G is the minimal number of colors needed in order to
color the edges of the graph G properly. This property is used as a class identifier
for the specified task, either G is a snark (chromatic index of four) or a standard

cubic graph (chromatic index of three).

The prediction potential of the created dataset measured by Pearson, Spearman
rank, and Kendall rank correlation coefficients is presented in Fig. 2. This correlation
heatmap presents values of individual correlation coefficients with the use of the

blue-to-red color scheme, the dark blue color signifying strong correlation between
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graph properties and dark red color signifying the opposite - strong anticorrelation of
pair of graph properties.

As can be seen in all of the presented heatmaps, most of the correlation values
are not strong enough for simple linear models to be effective, even though there
are some decent correlation values such as the correlation between the number of
vertices and the matching number of a graph. However, from the point of view of
chromatic index identification, the strongest of correlation coefficient values are in the
area of moderate correlation of values, which is traditionally not deemed satisfactory
for building prediction models. Therefore, methods which are more complex, and
take into account more than one graph property at a time, should be used to classify

the data as needed.
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Fig. 2. Correlation heatmaps for the created graph property dataset: Pearson method (top, left), Spearman
Rank method (top, right), and Kendall method (bottom)
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For the visual representation of the created dataset, we used two- and
three-dimensional Principal Component Analysis (PCA) method (Figs. 3, 4). In both
of these visualizations of the dataset, we used color of points in order to separate
classes of graphs. We can see that the dataset contains significant overlap between
the values of principal components of both considered classes. This property of the
dataset is noticeable mainly in R* visualization presented in Fig. 4.

-5.0 =25 0.0 2.5 5.0 7.5 10.0

Fig. 3. Visualization of projection of created dataset into R? with the use of PCA method

Fig. 4. Visualization of projection of created dataset into R with the use of PCA method
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2.2.  Proposed Classification Model

Number of vertices

CLASSIFIERS
Diameter
Naive Bayes CLASSIFICATION
- —accuracy
Edge connectivity .
—precision
Matching number TRAINING DATA SVM
(70%)
Radius
Decision tree VISUALIZATION
Largest L — eigenvalue —if possible
TESTING DATA
2" Largest eignevalue (30%) Random forest
Smallest eigenvalue
MLP EXPLANATION
Gi —if visualization is
irth not possible
Chromatic Index

Fig. 5. Schema of used classification model

The research presented in this article aims towards the use of interpretable classifiers
in order to identify the chromatic index of the input graph. Fig. 5 describes the
proposed machine learning system as follows:

—The created data is randomly divided into two data subsets: training data, on which
the classification model is learned, and testing data, which are used to evaluate the
quality of the predictions of the created model. The ratio of the distribution of input
data to the training and testing subset is 70% to 30%.

—Both subsets of the input data are subsequently used in the classification module of
the system. This module is based on one of the considered classifiers (Naive Bayes,
Support Vector Machine, Decision tree, Random forest or Multilayer perceptron
network) used with various settings of model parameters. The output of this module
consists of two values - classification of graph determined by the used model and
explanation or visualization of the decision process.

—The quality of the model is evaluated based on three metrics: accuracy of the model,
precision of the classification of input graph into individual classes and importance
of graph property values measured by Shapley values.
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3. EVALUATION OF THE CONSIDERED CLASSIFIERS

To evaluate the decision-making quality of the created classification model, we
measured the accuracy and precision of the classification of graphs from the created
dataset. By accuracy we denote the decision-making quality of the model as a whole
- we measure the closeness of the predicted value to the real value of the feature.
Precision refers to the ability of the created classification model to identify only the
relevant entities [Guellil et al. 2020].

To compute the accuracy and precision of the classification model, we need to
compile confusion matrices for all measurements. Accuracy is computed on the basis
of such matrix as follows [Vashisht and Jatain 2023]:

ta+1,

accuracy = —————
Yttt fot S

where 1, is the number of true negative samples, #, is the number of true positive
samples, f, is the number of falsely positive samples and f, is the number of false
negative samples.

Similar to the accuracy, the precision of the model is computed from the values of

confusion matrices as follows [Li et al. 2023]:

.. tp
precision(C) =
(©) Py

where C is considered class (in our case standard cubic graph or snark), ¢, is the
number of true positive samples and #, is the number of true negative samples.

To interpret the decisions of the created model, we use Shapley values through
the Shapley Additive Explanations technique. This method measures how individual
graph properties or sets of graph properties contribute to the overall quality of the
created random forest model.

Even though the Shapley values are a technique of local interpretation of the model,
by correct aggregation, we get a usable global interpretation of the model’s decisions.
The Shapley value ¢ for the i-th graph property (feature) is computed as [Molnar
2019]:

|

o= ¥ DY 0y e
7Ty :

where x is the specific graph considered by the model, f is the created random forest
model, 7 is the subset of features whose contribution to the decision is measured, x’ is

the simplified form of the graph x (sum of its’ features) and M is the number of graph
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properties active in the used model.

3.1.  Naive Bayes

To classify input data instances, Naive Bayes classifier uses computation of
probabilities of input data belonging to each of the existing classes. The class with
the highest measured probability is the class to which the input data is classified. The
confusion matrix of the Naive Bayes classifier used on the graph property dataset is
presented in Tab. 1.

Table I.  Confusion matrix for Naive Bayes classifier
standard | snark
standard 277 34
snark 88 202

Even though the true positive and true negative classifications are much higher in
number compared to false positive or false negative ones, the Naive Bayes model

reached unsatisfactory accuracy and precision of classification:

accuracy = 80%

precision(standard) = 16%

precision(snark) = 86%

Figure 6 presents the distribution of Shapley values for individual graph properties
used in the model. As we can see in the figure, the most important features in the
decision-making process were the edge connectivity of the graph and the smallest and
largest eigenvalue of the adjacency matrix of the graph. With the graph property of
edge connectivity, we can see a clean separation between the high (pink) and low
(blue) values of this graph property. From this, we can conclude that low values
of edge connectivity of the graph have the greatest impact on the decision-making

process of the Naive Bayes classifier.



JAMSI, 20 (2024), No. 2 31

High
Edge connectivity
Smallest Eigenvalue
Largest L-eigenvalue
Second largest Eigenvalue

Girth

Feature value

Diameter
Radius
Matching number

Number of vertices

—0.2 0.0 02 0.4 06
SHAP value (impact on model output)

Fig. 6. Visualization of Shapley values for Naive Bayes classifier

3.2.  Support Vector Machine

A Support Vector Machine (SVM) constructs a hyper-plane (or set thereof) in a high
dimensional space, which can be used for classification purposes. As can be seen
in Figs. 3 and 4, the presented dataset is not linearly separable and therefore such a
hyper-plane could be a tool to achieve desired results. Table 2 contains a confusion

matrix for the Support Vector Machine classifier of the graph property dataset.

Table II.  Confusion matrix for Support Vector Machine classifier

standard | snark
standard 185 126
snark 0 290

As can be seen in the confusion matrix, this model is less accurate in overall
classification, but achieves very high precision of identification of standard cubic
graphs (with chromatic index equal to 3), more specifically:

accuracy = 719%

precision(standard) = 100%

precision(snark) = 70%
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Fig. 7. Visualization of Shapley values for Support Vector Machine classifier

Interestingly enough, in Figure 7, we can see completely different graph properties
on the top of importance than in the previous case. For classification with the use
of a Support Vector Machine classifier, the most important graph properties are the
girth of the graph, the diameter of the graph and the number of vertices of the graph.
Similarly, as with the Naive Bayes classifier, with the most important graph property
we see a clear separation of Shapley values - high values of girth reach low Shapley
values and low values of girth reach high Shapley values. The average values of this
property move in the interval between zero impact on model output and high values
of the girth of the graph.

3.3.  Decision Tree and Random Forest

A decision tree is a classification model where each node in the graph represents an
attribute of the given dataset with a set border for the value of the attribute, while
branches connect nodes that are above or below the set border of attribute value. The
decision tree trained on the presented dataset is structured as shown in Fig. 8.

The ensemble of decision trees constructed on subsets of the input dataset is called
a random forest, in which the output class is defined by the majority of trees by a
voting mechanism. Tab. 3 contains confusion matrices for the classification of graph
property dataset for single decision tree and random forest of sizes 10, 100, and 500
respectively.

The confusion matrices point to generally decent accuracy and precision in all
used models and forest sizes. The comparison of accuracy and precision of the

classification with the use of individual tree-based models is presented in Tab. 4 and
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Fig. 8. Decision tree for the graph property dataset

Table III.  Confusion matrices for decision tree and random forest of three sizes (10, 100, and 500 trees)

1 tree 10 trees 100 trees 500 trees
standard | snark | standard | snark | standard | snark | standard | snark
standard 280 31 285 26 282 29 282 29
snark 31 259 24 266 21 269 19 271

Fig. 9.

Table IV. Comparison of accuracy and precision of the decision tree and random forest classifiers

Accuracy | Precision (standard) | Precision (snark)
1 tree 90 90 89
10 trees 92 92 91
100 trees 92 93 90
500 trees 92 94 90

Clearly the accuracy and precision of classification of graphs with the use of a
single decision tree is lower when compared to any of the random forest models. The
accuracy of the random forest classifier was constant for all the presented sizes of the
forest, but the precision of the classification of graphs into standard cubic graph class
increased with each size increment. The precision of classification of input data into
snark class was highest in the random forest of size 10.

When we compare the structure of the decision tree in Fig. 8 with the distribution
of Shapley values in the random forest of the size 500 (Fig. 10), we see that one of the
three properties most essential for decision-making processes, the girth of the graph,
coincide. The decision tree, then, uses the smallest eigenvalue of the adjacency matrix
of the graph, while the random forest model deems the second largest eigenvalue of
the adjacency matrix as more important. The third graph property used in models
also varies. In the decision tree, edge connectivity of the graph is used, similarly to

Naive Bayes classifier, where the property reaches the highest importance levels. For
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Fig. 9. Comparison of accuracy and precision of the decision tree and random forest classifiers

random forest, the third most important graph property is the number of vertices of
the graph. We can see slightly different behavior with the girth of the graph compared
to the previous cases. With random forest, the average values of girth contribute the
most to the model output, low values are located close to the zero impact line and high

values of this property reach negative Shapley values.
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Fig. 10. Visualization of Shapley values for Random Forest classifier of size = 500
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3.4.  Multilayer Perceptron Network
The presented multilayer perceptron network consists of the following:

—Input layer with nine input neurons, one for each graph property.

—Number of hidden layers that perform data transformation. The number, size, and
activation function used in the hidden layers are set experimentally and presented
in Tab. 5 and Fig. 11.

—Output layer which is responsible for the identification of the chromatic index of

the graph with the use of classification.

Table V. Comparison of accuracy and precision of various multilayer perceptron network configurations

R(hidden) f Accuracy | Precision (standard) | Precision (snark)
10,8 ReLU 79 81 78
10, 10 ReLU 79 100 70
10, 10 Sigmoid 92 92 91
10, 10 tany, 93 94 92

The first classification results comparable to other presented classifiers were
achieved with a multilayer perceptron network with two layers of 10 and 8 neurons
respectively using the ReLU activation function. By adding a pair of neurons to the
second layer, we achieved an increase in the precision of classification to the class of
standard graphs, but we also noticed a decrease in the precision of classification of
snarks. When replacing the ReLU function with a sigmoid function, we achieved
overall results of accuracy and precision comparable to the random forest model
presented in the previous section of the work. However, the overall performance of
the multilayer perceptron model was best with the use of the hyperbolic tangent
activation function. The structure of this neural network is presented in Fig. 12.

The confusion matrix from the classification process with the use of two hidden

layer, hyperbolic tangent multilayer perceptron network is presented in Tab. 6.

Table VI.  Confusion matrix for Multilayer Perceptron (R? — R0 — R0 — R) classifier
standard | snark
standard 286 25
snark 19 271
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Fig. 11. Comparison of accuracy and precision of various multilayer perceptron network configurations
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Fig. 12. Structure of Multilayer Perceptron Network (nine input neurons, two hidden layers of size 10 and
one output neuron)

Figure 13 presents the distribution of Shapley values for the multilayer perceptron
network, which matches the previous classifiers in the top graph properties. The girth
was present to a certain extent in each of the previous classification processes, edge
connectivity reached high importance in Naive Bayes and decision tree classifiers
and second largest eigenvalue was used in the classification using random forests. In
previous cases, however, we saw a somewhat clear separation in Shapley values of
the girth of the graph. However, with a multilayer perceptron network, we can see the

intermingling of high, low, and even medium values of this property.
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Fig. 13.  Visualization of Shapley values for the proposed MLP network

3.5.  Comparison of Considered Classifiers

Tab. 7 and Fig. 14 present a comparison of the accuracy and precision of the
classification of input graphs into one of the considered classes for five well-known
machine learning algorithms. We can conclude, that not all of the considered
classifiers were sufficient for the task of determining the chromatic index of a cubic
graph.  The highest overall accuracy of classification and precision of the
classification of snarks was reached with the use of a multilayer perceptron neural

network with the following structure:

—Input layer containing one neuron for each one of nine input graph properties.

—Two hidden layers consisting of ten neurons each, using the hyperbolic tangent
activation function.

—Output layer of one neuron responsible for the classification of graphs into one of

two considered classes.

The highest precision of classification of input graphs into standard cubic graph
class was reached with the use of the Support Vector Machine model.

Regarding the time of training of the model, simpler models such as Naive Bayes,
Support Vector Machine and single decision tree were less time-consuming in
comparison to more complex models like random forest of 500 trees and multilayer
perceptron network with the structure specified above. However, the difference

between the training times of these two groups of models was not significant at all.
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With the higher number of graphs in the training set of data, the difference might
become more notable. Classification times were comparable with the use of both,
simple and complex classification models.

Table VII. Comparison of accuracy and precision of the considered classifiers

Accuracy | Precision (standard) | Precision (snark)
Naive Bayes 80 76 86
SVM 79 100 70
Decision Tree 90 90 89
Random Forest (500) 92 94 90
MLP (10,10, tany) 93 94 92

100{ ™= Accuracy
W Precision (standard)
s Precision (snark)

Accuracy and precision of the model

20

Classification model

Fig. 14.  Comparison of accuracy and precision of the considered classifiers

4. CONCLUSION

The presented research points to the possibility of applying prediction analysis
techniques to the precise estimation of graph property values. Since most of the
algorithms that are used in the measurement of graph properties do not use machine
learning and classification models, the potential of prediction analysis described in
this article can be used in the optimization of the measurement of graph property
values.

In the work, we present a comparison of five machine learning classifiers, which use
several graph properties in order to determine the chromatic index of cubic graphs,
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while using Shapley values in order to estimate the importance of individual graph
properties and their values for the machine learning decision process.
We conclude the following:

—The highest overall accuracy of classification (93%) and precision of classification
of snarks (92%) was reached with the use of a simple multilayer perceptron neural

network containing two hidden layers.

—The highest precision of classification of input graphs into standard cubic graph
class (100%) was reached with the use of the Support Vector Machine classifier.
—With the use of Shapley Additive Explanations, we identified a set of graph
properties, which were most important in the decision-making process of each
classifier. The most interesting graph properties from this point were the girth of
the graph, eigenvalues of the adjacency matrix of the graph, the diameter of the

graph, and edge connectivity of the graph.

Table 8 contains the time complexity of computation of various properties which
reached the highest Shapley values in the described decision-making process and their
comparison to the time complexity of standard edge coloring algorithms presented in
[Tantau 2008] and [Roditty and Williams 2012]. As can be seen in this table, all used
properties can be computed in a lower time complexity compared to the chromatic

index of the graph.

Table VIII. Time complexity of graph property computations

Graph property Time complexity
Eigenvalues of graph o)

Diameter of graph O(VVE)

Girth of graph O(VE)

Edge connectivity of graph O(E +k2Vln(%) for k edges
Chromatic index - naive backtracking | O(2/¥©))

Chromatic index - Beigel & Eppstein | O(2 S )

Chromatic index - Kowalik 020427V (@)

Future work in the research area is inspired by the fact that achieved results are
measured on a relatively small sample of data. Therefore, it is necessary to create a
similar graph dataset in the size of millions of graphs in the future. In further
research, it is necessary to verify the connection between the prediction potential of
graph property values and the chromatic index of the graph, and the way this
potential behaves with the growing size of graphs.
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