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Abstract

This paper introduces a significant advancement in neural network training algo-
rithms through the development of a Fast Scaled Givens rotations in QR decom-
position (FSGQR) method based on the recursive least squares (RLS) method.
The algorithm represents an optimized variant of existing rotation-based train-
ing approaches, distinguished by its complete elimination of scale factors from
calculations while maintaining mathematical precision. Through extensive exper-
imentation across multiple benchmarks, including complex tasks like the MNIST
digit recognition and concrete strength prediction, FSGQR demonstrates superior
performance compared to the widely-used ADAM optimizer and other conven-
tional training methods. The algorithm achieves faster convergence with fewer
training epochs while maintaining or improving accuracy.In some tasks, FSGQR
completed training in up to five times fewer epochs compared to the ADAM al-
gorithm, while it achieved higher recognition accuracy in the MNIST training
set. The paper provides comprehensive mathematical foundations for the opti-
mization, detailed implementation guidelines, and extensive empirical validation
across various neural network architectures. The results conclusively demonstrate
that FSGQR offers a compelling alternative to current deep learning optimization
methods, particularly for applications requiring rapid training convergence with-
out sacrificing accuracy. The algorithm’s effectiveness is particularly noteworthy
in feedforward neural networks with differentiable activation functions, making it
a valuable tool for modern machine learning applications.
Keywords: neural network training algorithm, QR decomposition, scaled Givens
rotations, approximation, classification.
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1 Introduction
Artificial intelligence is present in nearly all

aspects of everyday life. Numerous applica-
tions are employed across a wide range of indus-
try sectors, including automotive, environmen-
tal protection, banking, finance, and medicine
[32, 17, 38, 30, 37, 4, 21, 40, 2, 1, 31, 39, 45,
19, 36]. Among the most widely recognized ap-
plications of AI are neural networks which un-
dergo numerous scientific research studies [42,
3, 23, 6, 25, 16, 34, 29]. However, a neural
network cannot be deployed for a specific task
until it has undergone appropriate preparation.
This preparation is an iterative process com-
monly referred to as training or learning. It is
conducted automatically based on a set of ini-
tial values, hyperparameters, and a designated
training set.

The progenitor of modern neural network
training is the Backpropagation algorithm. Be-
fore that, the network’s error could be calcu-
lated only in a single-layer. These networks
faced generalization limitations, making single-
layer networks impractical. That was changed
by Paul Werbos in 1974 when he introduced
the Backpropagation method [41] which gave
researchers a powerful tool for training hidden
layers of the network. The main idea of the
Backpropagation is to calculate network’s er-
ror in the output layer and then propagate it
backwards through all neurons of hidden lay-
ers. This simple but powerful method utilizes a
single hyperparameter — learning rate. Thanks
to that discovery numerous new training algo-
rithms were introduced. One of the first ap-
proaches was the introduction of an additional
hyperparameter known as momentum factor
[35]. Most training methods that originated
from Backpropagation turned out to perform
better than the original [44, 18] while main-
taining a close relation to its principles. The
ADAM (Adaptive Moment Estimation) algo-
rithm introduced by Kingma and Jimmy Ba
utilizes the idea of individual adaptive learning
rates [27] and is one of the most commonly used
training algorithms to time. Such algorithms
are called first-order methods since they are
based on the error function’s gradient. There
are also algorithms whose complexity far ex-

ceeds the simplicity of Backpropagation. These
second-order methods are based on more com-
plex mathematical principles such as Hessian
matrices in the Levenberg-Marquardt [24] or
RLS [7]. Both groups of training algorithms
have their strengths and weaknesses. More
complex algorithms often encounter difficulties
with large data sets due to memory require-
ments and the limited computational power of
modern machines.

The SGQR algorithm as a feedforward neu-
ral network training method has been described
in [14]. The main motivation for this research
was improving the training time of the classic
GQR method [15]. The scaled rotations that
were utilized in the classic SGQR algorithm re-
moved the square roots from the equations but
introduced additional multiplications for calcu-
lating the scale factors, depicted as χ. More-
over, scale factors require additional memory
to be stored. In this paper, we focus on in-
creasing the rotation-based algorithms’ perfor-
mance even further. In this article, it will be
shown that the χ coefficients can be completely
removed from the algorithm.

The new variant of the scale-factors-free
SGQR algorithm is called FSGQR for Fast
Scaled Givens rotations in QR decomposi-
tion. This method inherits most properties
from GQR and SGQR algorithms. It applies
to any feedforward neural network with a dif-
ferentiable activation function. A typical neural
network consists of a specified number of neu-
rons which are logically organized into layers.
Layers can be connected to each other in several
ways. The neural network accepts data via the
input layer. Its output is generated in neurons
of the last layer which is called the output layer.
All layers between input and output are called
the hidden layers. The explicit network’s error
can be calculated only in the neurons of the out-
put layer. Errors of neurons in the hidden lay-
ers are calculated by the error backpropagation
algorithm. In our research, we focus on three
types of neural networks. They differ in terms
of number of connections and neurons between
layers. A fully connected cascade network —
FCC — is built from only one neuron per layer.
Each neuron is connected to all previous neu-
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rons in the network, including network input.
In our research, we identify the fully connected
cascade network topology by its total number of
neurons (layers) — n, which is denoted as FCC-
n. A fully connected multi-layered perceptron
— FCMLP — is similar to the cascade network
but can contain any number of neurons in lay-
ers, while maintaining additional connections.

(a)

(b)

(c)
Figure 1. Sample neural networks of various
topologies: (a) FCC, (b) FCMLP, (c) MLP.

That means each neuron is connected to all
neurons from previous layers of the network,
including the network’s input. Due to addi-
tional connections between layers in FCC and
FCMLP, we can reduce the number of neurons
in networks while still maintaining good train-
ing results. The last type of network is the

multilayered perceptron — MLP. They can uti-
lize any number of neurons in layers, but ad-
ditional connections are removed. That means
each neuron in layer l is connected to each neu-
ron of layer l − 1. Exemplary neural networks
of the aforementioned topologies are shown in
Figure 1.

Based on the proposed change to the SGQR
algorithm, it is expected that the FSGQR
method will yield better performance than the
SGQR algorithm which is burdened with addi-
tional calculations of scale factors. Our research
shown in this paper can be summarized as fol-
lows:

1. Mathematical Background: Provided a
mathematical background for classic and
scaled rotations.

2. Description of Scaled Rotations: Dis-
cussed the mathematical description of
scaled rotations in the QR decomposition.

3. Algorithm Development: Derived a new
version of the algorithm by eliminating
scaled factors from the equations.

4. Weight Update Derivation: Presented a
full mathematical derivation of the weight
update in the FSGQR algorithm.

5. Pseudo-code Presentation: Provided
pseudo-code for the FSGQR algorithm,
which can be implemented in any program-
ming language.

6. Automated Experiment Procedure:
Developed an original automated experi-
ment procedure to gather the most reliable
statistics.

7. Benchmark Testing: Tested the FSGQR
algorithm across multiple benchmarks, sce-
narios, and network topologies.

8. Comparative Analysis: Compared results
with GQR, SGQR, and other reference train-
ing methods, demonstrating superior perfor-
mance over the Adam optimizer.
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2 The Givens rotation
The Givens rotation [22] also known as sim-

ple rotation is a common orthogonal transfor-
mation in linear algebra. It found numerous ap-
plications in image processing and other tasks,
which require specific types of transformations.
A simple rotation is limited to two dimensions
defined by a plain stretched between two vec-
tors span{ep,eq}(1 ≤ p < q ≤ n). The rotation
matrix is represented by an orthogonal matrix
of the following structure [26, 22].

Gpq =




1 · · · 0
. . .

c · · · s
...

... . . . ...
...

−s · · · c
. . .

0 · · · 1




p

q

p q
(1)

The Gpq matrix given in equation (1) in our
research will be referred to as rotation matrix
or simply rotation. Also from (1) it is worth
noticing that only four elements: gpp = gqq = c
and gpq = −gqp = s differ the rotation matrix
from the Identity matrix. The values c and s
are called the rotation parameters and need to
satisfy the condition

c2 +s2 = 1. (2)

From equation (2) we know that GT
pqGpq = I

which proves that Gpq is orthogonal, so GT
pq =

G−1
pq . Let us consider a single rotation of a vec-

tor a ∈ Rn. The transformation is depicted as

a → ā = Gpqa (3)

From equation (1) one can easily notice that
only two elements of a vector will be affected
by the transformation. Based on that we can
pick specific values of c and s, to eliminate the
aq element. Assume that

āq = −sap + caq = 0 (4)

To satisfy equation (4) rotation parameters of
Gpq are calculated as follows

c = ap

ρ
, s = aq

ρ
, where ρ =

√
a2

p +a2
q (5)

Note that from equation (5) it is known that ρ
is the distance between points ap and aq.

3 The Scaled Givens Rotation
Let a be a vector in Rn. Let us consider

a transformation given by (3) [26, 20]. Rota-
tion parameters in matrix (1) have to meet the
condition (4). The scaled rotation eliminates
the square root calculation from equation (5)
by introducing scaled multipliers K2 and K̄2:

a = Kd, where K = diag (√χl)

ā = K̄d̄, where K̄ = diag
(√

χ̄l

) (6)

where χl, χ̄l > 0(l = 1, . . . ,n). Then the rota-
tion matrix Gpq takes the scalable form

Gpq = KFpqK−1 (7)

where Fpq is a scaled rotation matrix:

Fpq =




1 · · · 0
. . .

α · · · β
...

... . . . ...
...

−γ · · · δ
. . .

0 · · · 1




p

q

p q
(8)

The transformation from (3) changes to

K2 → K̄2

d → d̄ = Fpqd
(9)

also the condition (4) becomes the following

d̄q = −γdp + δdq = 0. (10)

Based on the scaled rotation properties and
equation (7) the following equalities are ob-
tained

χ̄l = χl for (l ̸= p,q; l = 1, . . . ,n) (11)

c = α

√
χ̄p

χp
= δ

√
χ̄q

χq
, s = β

√
χ̄p

χq
= γ

√
χ̄q

χp
(12)

While the Pythagorean trigonometric identity
from (2) still needs to be satisfied.
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ā = K̄d̄, where K̄ = diag
(√

χ̄l

) (6)

where χl, χ̄l > 0(l = 1, . . . ,n). Then the rota-
tion matrix Gpq takes the scalable form

Gpq = KFpqK−1 (7)

where Fpq is a scaled rotation matrix:

Fpq =




1 · · · 0
. . .

α · · · β
...

... . . . ...
...

−γ · · · δ
. . .

0 · · · 1




p

q

p q
(8)

The transformation from (3) changes to

K2 → K̄2

d → d̄ = Fpqd
(9)

also the condition (4) becomes the following

d̄q = −γdp + δdq = 0. (10)

Based on the scaled rotation properties and
equation (7) the following equalities are ob-
tained

χ̄l = χl for (l ̸= p,q; l = 1, . . . ,n) (11)

c = α

√
χ̄p

χp
= δ

√
χ̄q

χq
, s = β

√
χ̄p

χq
= γ

√
χ̄q

χp
(12)

While the Pythagorean trigonometric identity
from (2) still needs to be satisfied.

ACCELERATING NEURAL NETWORK TRAINING WITH . . .

At this point, we obtained six variables α,
β, δ, γ, χ̄p, χ̄q while having four equations (10),
(12) and (2). To find values of those variables
we need to pick two of them as parameters of
value 1. Then the matrix Fpq has two variants
and becomes (narrowed to an important 2 × 2
block):

[
1 β

−γ 1

]
or

[
α 1

−1 δ

]
(13)

From (5) and (6) we obtain

c2 =
a2

p

a2
p +a2

q

=
χpd2

p

χpd2
p +χqd2

q

s2 =
a2

q

a2
p +a2

q

=
χqd2

q

χpd2
p +χqd2

q

(14)

Let us consider two computational cases based
on scaled rotations (13).
Case 1: where c ̸= 0 i.e. dp ̸= 0, we assume that

α = δ = 1. (15)

Based on (10), (12) and (14) we obtain

γ = dq

dp
, β = γχq

χp
= γχ̄q

χ̄p
. (16)

From (12) we know that

χ̄i = χic
2 for i = p,q. (17)

Considering

1
c2 = 1+βγ

def= τ (18)

and (12), we obtain the following values

χ̄p = χp

τ
, χ̄q = χq

τ
, d̄p = dpτ. (19)

Case 2: where s ̸= 0 i.e. dq ̸= 0, we assume that

β = γ = 1. (20)

Based on (10) we obtain

δ = dp

dq
, α = δχp

χq
= δχ̄q

χ̄p
. (21)

From (12) we know that

χ̄p = χqs2 and χ̄q = χps2. (22)

Considering
1
s2 = 1+αδ

def= τ (23)

and (12), we obtain the following values

χ̄p = χq

τ
, χ̄q = χp

τ
, d̄p = dqτ. (24)

In summary, based on the equations (11,15-
24) we are able to calculate variables α, β, γ,
δ of matrix Fpq along with scaling multipliers
(χ̄p, χ̄q).

4 The FSGQR algorithm
The FSGQR training algorithm is applica-

ble to any feedforward neural network with any
differentiable activation function. Its goal is to
find new weights of the network. It is done by
minimizing the following error measure [7]

J (n) =
n∑

t=1
λn−t

NL∑
j=1

ε
(L)2
j (t) =

n∑
t=1

λn−t
NL∑
j=1

[
d

(L)
j (t)−f

(
x(L)T (t)w(L)

j (n)
)]2

(25)
The FSGQR algorithm, as its predecessors uti-
lizes two hyperparameters — the decay rate —
λ, and the training step — η. The first pa-
rameter indicates how much the already known
samples influence the determination of the next
weight correction. The second parameter is a
well-known training step used widely in most
training algorithms. To find the minimum of
the error function given as (25) we need to de-
rive it in terms of the weight vector for each
neuron w. Then equal it to 0 and linearize the
activation function, so we achieve
n∑

t=1
λn−tf ′2

(
s

(l)
i (t)

)[
b

(l)
i (t)−x(l)T (t)w(l)

i (n)
]
x(l)T (t) = 0

(26)
Since rotation-based algorithms — FSGQR is
no exception — the equation (26) will be rewrit-
ten in a matrix-oriented notation given as

A(l)
i (n)w(l)

i (n) = h(l)
i (n) (27)

where

A(l)
i (n) =

n∑
t=1

λn−tz(l)
i (t)z(l)T

i (t) (28)
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h(l)
i (n) =

n∑
t=1

λn−tf ′
(
s

(l)
i (t)

)
b

(l)
i (t)z(l)

i (t) (29)

z(l)
i (t) = f ′

(
s

(l)
i (t)

)
x(l) (t) (30)

b
(l)
i (n) =




f−1
(
d

(l)
i (n)

)

s
(l)
i (n)+ e

(l)
i (n)

for l = L
for l = 1 . . .L−1

(31)

e
(k)
i (n) =

Nk+1∑
j=1

f ′
(
s

(k)
i (n)

)
w

(k+1)
ji (n)e

(k+1)
j (n)

for k = 1 . . .L−1
(32)

In the FSGQR algorithm, the equation (27)
is solved by the QR decomposition. In the
GQR method the classic rotations are used for
k = 0 . . .ni−1 and for q = k +1 . . .ni−1 (p < q)
so the solution can be depicted as

G(k)
pq A(l)

i (n)w(l)
i (n) = G(k)

pq h(l)
i (n) (33)

what in case of FSGQR algorithm takes the fol-
lowing form

KF(k)
pq K−1KE(l)

i (n)w(l)
i (n) = KF(k)

pq K−1Kd(l)
i (n)
(34)

where h(l)
i (n) = Kd(l)

i (n), G(k)
pq = KF(k)

pq K−1,
and A(l)

i (n) = KE(l)
i (n). To remove the scale

factors the equation (34) is left-sided multiplied
by K−1 so we obtain

IF(k)
pq IE(l)

i (n)w(l)
i (n) = IF(k)

pq Id(l)
i (n) (35)

what can be simplified to

F(k)
pq E(l)

i (n)w(l)
i (n) = F(k)

pq d(l)
i (n) . (36)

From equation (36) we know that all scale mul-
tipliers can be eliminated

χi = χ̄i = 1. (37)

what concludes the FSGQR algorithm. The
two computational cases discussed in the pre-
vious section are simplified as follows.

Case 1: where c ̸= 0 i.e. dp ̸= 0, we assume that

α = δ = 1 (38)

then other variables are calculated as

γ = β = dq

dp
(39)

τ = 1+γ2 (40)

d̄p = dpτ. (41)

Case 2: where s ̸= 0 i.e. dq ̸= 0, we assume that

β = γ = 1 (42)

then other variables are calculated as

δ = α = dp

dq
(43)

τ = 1+α2 (44)

d̄p = dqτ. (45)

Using equations (37-45) we are able to calcu-
late variables α, β, γ, δ of matrix Fpq. The
scaling factors are eliminated from the equa-
tions by substituting them as χ̄i = 1 and should
not be calculated. The SGQR and FSGQR ro-
tation parameters calculation is summarized in
the Table 1.

The FSGQR algorithm solves the equation
(27) for each neuron in the network due to their
individual linear responses — s

(l)
i . This task

is accomplished by the QR decomposition and
fast variant of the scaled rotations. It is worth
noticing, that we don’t need to store the inter-
mediary rotation matrices QT in the memory
since we only need the rotation parameters α,
β, γ, δ for conducting a successful decomposi-
tion process. Once the consecutive rotations are
calculated as described in the previous section,
we obtain the Q(l)T

i matrix and apply it to (27)
so it takes the following form

Q(l)T
i (n)A(l)

i (n)w(l)
i (n) = Q(l)T

i (n)h(l)
i (n)

(46)
R(l)

i (n)w(l)
i (n) = v(l)

i (n) (47)

As the equation (47) is solved, the matrix
A(l)

i (n) is fully transformed to its upper-
triangle form depicted as R(l)

i (n). Vector
h(l)

i (n) is rotated along with matrix A(l)
i (n) so

it turns into vector v(l)
i (n). Since the matrix

R(l)
i (n) is the upper triangle we can skip its in-

version utilizing the back substitution method
for solving a set of equations. This method is far
less complex than classic algorithms for finding
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h(l)
i (n) =

n∑
t=1

λn−tf ′
(
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(l)
i (t)

)
b

(l)
i (t)z(l)

i (t) (29)

z(l)
i (t) = f ′

(
s

(l)
i (t)

)
x(l) (t) (30)

b
(l)
i (n) =




f−1
(
d

(l)
i (n)

)

s
(l)
i (n)+ e

(l)
i (n)

for l = L
for l = 1 . . .L−1

(31)

e
(k)
i (n) =

Nk+1∑
j=1

f ′
(
s

(k)
i (n)

)
w

(k+1)
ji (n)e

(k+1)
j (n)

for k = 1 . . .L−1
(32)

In the FSGQR algorithm, the equation (27)
is solved by the QR decomposition. In the
GQR method the classic rotations are used for
k = 0 . . .ni−1 and for q = k +1 . . .ni−1 (p < q)
so the solution can be depicted as

G(k)
pq A(l)

i (n)w(l)
i (n) = G(k)

pq h(l)
i (n) (33)

what in case of FSGQR algorithm takes the fol-
lowing form

KF(k)
pq K−1KE(l)

i (n)w(l)
i (n) = KF(k)

pq K−1Kd(l)
i (n)
(34)

where h(l)
i (n) = Kd(l)

i (n), G(k)
pq = KF(k)

pq K−1,
and A(l)

i (n) = KE(l)
i (n). To remove the scale

factors the equation (34) is left-sided multiplied
by K−1 so we obtain

IF(k)
pq IE(l)

i (n)w(l)
i (n) = IF(k)

pq Id(l)
i (n) (35)

what can be simplified to

F(k)
pq E(l)

i (n)w(l)
i (n) = F(k)

pq d(l)
i (n) . (36)

From equation (36) we know that all scale mul-
tipliers can be eliminated

χi = χ̄i = 1. (37)

what concludes the FSGQR algorithm. The
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Case 1: where c ̸= 0 i.e. dp ̸= 0, we assume that

α = δ = 1 (38)

then other variables are calculated as

γ = β = dq

dp
(39)

τ = 1+γ2 (40)

d̄p = dpτ. (41)

Case 2: where s ̸= 0 i.e. dq ̸= 0, we assume that

β = γ = 1 (42)

then other variables are calculated as

δ = α = dp

dq
(43)

τ = 1+α2 (44)

d̄p = dqτ. (45)
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noticing, that we don’t need to store the inter-
mediary rotation matrices QT in the memory
since we only need the rotation parameters α,
β, γ, δ for conducting a successful decomposi-
tion process. Once the consecutive rotations are
calculated as described in the previous section,
we obtain the Q(l)T

i matrix and apply it to (27)
so it takes the following form
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As the equation (47) is solved, the matrix
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i (n) is fully transformed to its upper-
triangle form depicted as R(l)

i (n). Vector
h(l)

i (n) is rotated along with matrix A(l)
i (n) so

it turns into vector v(l)
i (n). Since the matrix

R(l)
i (n) is the upper triangle we can skip its in-

version utilizing the back substitution method
for solving a set of equations. This method is far
less complex than classic algorithms for finding
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With scale factors (SGQR) Without scale factors (FSGQR)
Case 1: c ̸= 0, α = δ = 1 i.e. dp ̸= 0

γ = dq

dp
, β = γχq

χp
= γχ̄q

χ̄p

χ̄i = χic
2 for i = p,q

1
c2 = 1+βγ

def= τ

χ̄p = χp

τ
, χ̄q = χq

τ
, d̄p = dpτ

γ = β = dq

dp

τ = 1+γ2

d̄p = dpτ

Case 2: s ̸= 0, β = γ = 1 i.e. dq ̸= 0

δ = dp

dq
, α = δχp

χq
= δχ̄q

χ̄p

χ̄p = χqs2 and χ̄q = χps2

1
s2 = 1+αδ

def= τ

χ̄p = χq

τ
, χ̄q = χp

τ
, d̄p = dqτ

δ = α = dp

dq

τ = 1+α2

d̄p = dqτ

Table 1. Rotation parameters calculation with and without scale factors.

inverse matrices. The final weight update takes
the following form

ŵ(l)
i (n) = R(l)−1

i (n)v(l)
i (n) (48)

w(l)
i (n) = (1−η)w(l)

i (n−1)+η ŵ(l)
i (n)

(49)
where η is the learning rate of the FSGQR al-
gorithm. The weight update procedure of the
FSGQR method is summarized in a pseudo-
code notation given in algorithm (4).

Algorithm 1. The FSGQR algorithm
while error criterion is not met do

for each sample n do
Perform forward pass of a sample
Perform error backpropagation
Begin the FSGQR algorithm:
for each layer l do

for each neuron i do
Solve equation (30)
Solve equation (28)
Solve equation (29)
Begin the QR decomposition:
for p ← 0 until Nl−1 do

for q ← p + 1 until Nl−1 + 1
do

if a2
pp � a2

qp then
Case 1 : δ ← α ← 1
Calculate γ, β due to
(39)

else
Case 2 : γ ← β ← 1
Calculate δ, α due to
(43)

end if
Rotate the A(l)

i (n) matrix
as per equation (36).

end for
end for
Solve equation (48)
Perform weight update (49)

end for
end for

end for
end while
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5 Experimental results
In our testing methodology, we are using

our own runtime platform that is written in
C++ and C#. The platform contains our orig-
inal C++ implementation of a generic feedfor-
ward neural network that can simulate FCC,
FCMLP, and MLP topology. During training,
all valuable statistics of the network are gath-
ered. Since the amount of data is huge the plat-
form also contains a set of C# tools that help
to maintain them and build valuable statistics
that are easy to present and analyze.

Our novel implementation of the FSGQR
algorithm was tested in 5 benchmarks. In our
testing methodology by benchmark, we refer to
a given problem associated with a training set
that consists of samples. A sample contains the
input and the expected vectors for a neural net-
work. The size of those vectors defines the size
of the input and output layers of the network.
Each benchmark consists of several scenarios.
The scenario defines the set of training param-
eters and topology of the network that is being
trained. Each scenario is run multiple times to
obtain more accurate statistical data.

The FSGQR algorithm revolves around the
same concept as its predecessors — SGQR and
GQR. Due to that, we found it valuable to com-
pare our newest algorithm against them. Ad-
ditionally, for fulfilling the perspective we also
compared FSGQR to the well-known reference
algorithms — ADAM and BP. In all 5 bench-
marks, we used multiple networks of various
topologies and sizes. Each benchmark is de-
scribed in detail in later sections of the paper.

Benchmark also assumes finding the best set
of hyperparameters for the FSGQR algorithm.
To accomplish that each scenario was equipped
with the range of values for η and λ. Each
scenario was conducted 100 times with a given
combination of the hyperparameters. This ap-
proach yields a huge amount of data to process.
To pick the pair of η and λ that the training
performed the best we used standard training
metrics to find the so-called performance factor
which is given as the following formula

ξ = SR
Ep ·T

(50)

where SR is a success rate, Ep is an average
epoch count and T is an average training time in
milliseconds. Only successful training counts.
The successful training means that the MSE of
the training reached the certain threshold de-
fined separately for each benchmark and within
the given epoch limit — 1000 epochs. Trials
that did not converge below an error thresh-
old defined for a benchmark within the epoch
limit are considered as failed and do not par-
ticipate in statistics. The performance factor ξ
is calculated for every pair of hyperparameters.
The data presented in this paper was gathered
according to the highest values of the perfor-
mance factor ξ yielded by each benchmark. We
present the results of each benchmark in two ta-
bles. The first table contains a summary of the
training conducted by the FSGQR algorithm
across all benchmark scenarios. The second ta-
ble contains the performance comparison of the
FSGQR and other reference training methods.

5.1 Sinc function approximation
The Sinc function in our benchmark is a

two-dimensional non-linear function given by
the equation (51). The complexity of this func-
tion makes it perfect for training algorithm
benchmarks.

f (x1,x2) =




1 for x1 = x2 = 0
sinx2

x2
for x1 = 0∧x2 ̸= 0

sinx1
x1

for x2 = 0∧x1 ̸= 0
sinx1

x1
sinx2

x2
for other cases

(51)
The training set contains 120 equally dis-
tributed samples for x1,x2 ∈ [−10,10]. In this
benchmark, we used the same set of networks
as in the Hang benchmark. That is, with two
inputs and a single output. The training is
considered successful if the MSE drops below
the threshold of 0.005. Neurons of the hid-
den layers utilize the hyperbolic tangent activa-
tion function. The MSE reduction during the
exemplary training is shown in Figure 2. In
Figure 3 the overall success ratio obtained in
the Sinc function approximation benchmark is
presented. We observe rather positive results
across all training scenarios in this benchmark.
All of our tested algorithms performed rather
well on the biggest networks and struggled on
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present the results of each benchmark in two ta-
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training conducted by the FSGQR algorithm
across all benchmark scenarios. The second ta-
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FSGQR and other reference training methods.

5.1 Sinc function approximation
The Sinc function in our benchmark is a

two-dimensional non-linear function given by
the equation (51). The complexity of this func-
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The training set contains 120 equally dis-
tributed samples for x1,x2 ∈ [−10,10]. In this
benchmark, we used the same set of networks
as in the Hang benchmark. That is, with two
inputs and a single output. The training is
considered successful if the MSE drops below
the threshold of 0.005. Neurons of the hid-
den layers utilize the hyperbolic tangent activa-
tion function. The MSE reduction during the
exemplary training is shown in Figure 2. In
Figure 3 the overall success ratio obtained in
the Sinc function approximation benchmark is
presented. We observe rather positive results
across all training scenarios in this benchmark.
All of our tested algorithms performed rather
well on the biggest networks and struggled on
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the smallest ones. We observe lower success ra-
tio values for the networks with less than 15
neurons in hidden layers.

Figure 2. The reduction in MSE on the Sinc
benchmark during exemplary training of an

FCMLP-2-8-8-1 network.

Figure 3. Success ratio on the Sinc
benchmark (higher is better).

Figure 4. Average training time on the Sinc
benchmark (lower is better).

In Figure 4 the average training time ob-
tained in the Sinc function approximation
benchmark is presented. We observe the over-
all shortest time for the FCC networks. The
Sinc training seems to perform better on net-
works with more than a single hidden layer.
The MLP and FCMLP networks with a sin-
gle hidden layer required much more time to
converge. The FSGQR algorithm in most cases
conducted the fastest training.

Table 2. Summary of the Sinc function
approximation benchmark done by the

FSGQR algorithm.

Network η λ SR Ep. T
FCC-8 0.05 0.97 100 10.73 18.kwi
FCC-10 0.03 0.95 100 14.lip 20.kwi
FCC-12 0.03 0.97 100 21.cze 19.maj
FCC-14 0.01 0.95 100 15.maj 21.cze
FCC-16 0.009 0.95 100 4.92 7.88
FCC-18 0.01 0.97 100 4.43 9.64
MLP-5-1 0.07 0.95 47 262.28 45.82
MLP-10-1 0.03 0.96 98 314.26 94.87
MLP-15-1 0.03 0.97 100 137.55 68.90
MLP-4-4-1 0.05 0.87 86 57.42 14.22
MLP-6-6-1 0.03 0.95 100 26.90 15.lut
MLP-8-8-1 0.01 0.98 100 16.30 13.32
FCMLP-5-1 0.05 0.92 36 220.53 39.41
FCMLP-10-1 0.05 0.97 98 280.48 93.58
FCMLP-15-1 0.009 0.96 100 116.27 60.40
FCMLP-4-4-1 0.05 0.95 100 14.84 5.95
FCMLP-6-6-1 0.03 0.94 100 07.wrz 13.cze
FCMLP-8-8-1 0.01 0.96 100 5.88 6.72

Table 3. Summary of the Sinc function
approximation benchmark using the

FCMLP-2-8-8-1 network.

Alg. η λ SR Ep. T
Adam 0.001 - 100 51.50 15.48
BP 0.007 - 100 138.23 23.13
GQR 0.01 0.97 100 5.80 11.lis
SGQR 0.01 0.96 100 5.86 9.65
FSGQR 0.01 0.96 100 5.88 6.72

In Table 2 the FSGQR training in Sinc func-
tion approximation benchmark is presented. In
most cases, we observe a very high success ra-
tio of 100%. The training seems to struggle only
for smaller networks. This can be justified by
the complexity and size of the Sinc training set.
The training of the FCC networks resulted in
the perfect — 100% — success ratio with an
average training time below 10 ms. We observe
that the Sinc benchmark yielded better results
for the networks with at least two hidden layers.

In Table 3 the FSGQR results are compared
with other rotation-based and classic reference
training methods. We observe similarities in
terms of best-performing hyperparameter val-
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ues, success ratio, and epoch count among the
GQR family. However, our novel method ex-
ecution time was the fastest. The FSGQR al-
gorithm conducted the training in less than 6
epochs on average. The classic reference meth-
ods — ADAM and BP — conducted the same
training in 51 and 138 epochs on average re-
spectively.

5.2 The Two Spirals classification
The Two Spirals benchmark is a well-known

classification problem in which a neural net-
work is challenged to group the input set into
two categories, namely the upper or the lower
spiral. The training set contains 96 samples.
Each sample corresponds to a two-dimensional
point coordinate limited to the range of x1,x2 ∈
[−6.5,6.5]. The expected value denotes the cat-
egory it belongs to. As we are using the hy-
perbolic tangent as an activation function the
expected value is either -0.6 for the lower spi-
ral or +0.6 for the upper spiral. Networks used
in this benchmark have two inputs and a single
output. The training is considered successful if
the MSE drops below the threshold of 0.05.

Figure 5. The reduction in MSE on the Two
Spirals benchmark during exemplary training

of an FCMLP-2-8-8-1 network.

Figure 6. Success ratio on the Two Spirals
benchmark (higher is better).

Figure 7. Average training time on the Two
Spirals benchmark (lower is better).

Table 4. Summary of the Two Spirals
benchmark done by the FSGQR algorithm.

Network η λ SR Ep. T
FCC-8 0.007 0.96 61 43.72 16.74
FCC-10 0.01 0.99 91 30.48 14.30
FCC-12 0.007 0.98 84 27.69 19.48
FCC-14 0.007 0.99 92 23.55 21.90
FCC-16 0.01 0.99 88 22.98 29.58
FCC-18 0.005 0.985 82 20.79 37.07
MLP-6-6-1 0.001 0.995 60 576.48 201.57
MLP-8-8-1 0.003 0.995 90 277.24 168.94
MLP-5-5-5-1 0.0009 0.99 54 589.04 256.07
FCMLP-6-6-1 0.01 0.975 90 55.90 31.37
FCMLP-8-8-1 0.01 0.985 99 40.62 36.66
FCMLP-5-5-5-1 0.009 0.98 96 24.66 23.86

Table 5. Summary of the Two Spirals
benchmark using the FCMLP-2-8-8-1 network.

Alg. η λ SR Ep. T
Adam 0.001 - 61 828.61 210.85
BP 0.007 - 58 783.22 138.61
GQR 0.01 0.985 100 38.74 67.22
SGQR 0.009 0.98 99 42.37 54.87
FSGQR 0.01 0.985 99 40.62 36.66

The MSE reduction during the exemplary
training is shown in Figure 5.In Figure 6 the
overall success ratio obtained in the Two Spi-
rals benchmark is presented. The highest suc-
cess ratio for the FSGQR can be observed in
MLP training where other non-rotation-based
reference methods completely failed.
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Alg. η λ SR Ep. T
Adam 0.001 - 61 828.61 210.85
BP 0.007 - 58 783.22 138.61
GQR 0.01 0.985 100 38.74 67.22
SGQR 0.009 0.98 99 42.37 54.87
FSGQR 0.01 0.985 99 40.62 36.66

The MSE reduction during the exemplary
training is shown in Figure 5.In Figure 6 the
overall success ratio obtained in the Two Spi-
rals benchmark is presented. The highest suc-
cess ratio for the FSGQR can be observed in
MLP training where other non-rotation-based
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In Figure 7 the average training time ob-
tained in the Two Spirals benchmark is pre-
sented. The GQR family times are close to
each other compared to other reference meth-
ods. The FSGQR algorithm is observed to have
the shortest convergence time.

In Table 4 the FSGQR training in the Two
Spirals benchmark is presented. In most cases,
the training ends up with the success that we
can see from the SR column. It is also worth
noticing that the MLP networks with limited
weight count compared to FCC or FCMLP
networks are struggling with the Two Spirals
benchmark. Despite that, the FSGQR algo-
rithm achieved 90% success in training the
MLP-2-8-8-1 network.

In Table 5 the FSGQR results are com-
pared with other rotation-based and classic ref-
erence training methods. All algorithms from
the GQR family achieved a very high success
ratio (99%–100%) while other reference meth-
ods yield much worse results. We can also ob-
serve that the FSGQR training resulted in the
fastest convergence.

5.3 The Concrete training set
The Concrete benchmark is based on the

Concrete Compressive Strength training set
available in UCI Machine Learning Reposi-
tory [43]. In this benchmark neural network
is challenged to generalize the highly non-linear
function of 8 variables. The training set con-
tains 1030 samples. Each sample consists of
8 physical parameters of the concrete mixture
and its experimentally obtained compressive
strength (in MPa). The original data from
the Concrete Compressive Strength training
set has been transformed to match the range
of x1,x2,x3,x4,x5,x6,x7,x8 ∈ [−1,1]. The ex-
pected value has also been transformed to the
range of d ∈ [−1,1]. Networks used in this
benchmark have 8 inputs and a single output.
The training is considered successful if the MSE
drops below the threshold of 0.01. Neurons of
the hidden layers utilize the hyperbolic tangent
activation function. The MSE reduction during
the exemplary training is shown in Figure 8.

Figure 8. The reduction in MSE on the
Concrete benchmark during exemplary
training of an MLP-8-6-6-1 network.

Figure 9. Success ratio on the Concrete
benchmark (higher is better).

Figure 10. Average training time on the
Concrete benchmark (lower is better).

In Figure 9 the overall success ratio ob-
tained in the Concrete benchmark is presented.
The overall high success ratio is observed. The
smallest networks in our experiment — FCC-7
and MLP-4-4-1 seem to struggle in this bench-
mark. The FSGQR algorithm maintains a
100% success ratio in all other cases.

In Figure 10 the average training time ob-
tained in the Concrete benchmark is presented.
We observe that the training time is reduced
as the FCC and MLP network size grows. In
FCMLP training we observe the typical sce-
nario where training time grows along with the
network’s size.
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Table 6. Summary of the Concrete
benchmark done by the FSGQR algorithm.

Network η λ SR Ep. T
FCC-7 0.03 0.99 100 40.51 276.74
FCC-8 0.009 0.99 100 26.50 218.36
FCC-9 0.005 0.99 100 23.45 228.20
MLP-4-4-1 0.005 0.96 65 136.32 495.57
MLP-6-6-1 0.007 0.98 100 35.75 224.19
MLP-8-8-1 0.01 0.98 100 20.26 207.94
FCMLP-4-4-1 0.009 0.99 100 10.28 228.00
FCMLP-6-6-1 0.007 0.99 100 17.42 260.21
FCMLP-8-8-1 0.003 0.98 100 14.62 333.56

Table 7. Summary of the Concrete
benchmark using the MLP-8-6-6-1 network.

Alg. η λ SR Ep. T
Adam 0.001 - 100 170.26 333.67
BP 0.03 - 100 216.07 233.88
GQR 0.01 0.97 99 33.47 317.81
SGQR 0.009 0.97 99 33.54 312.57
FSGQR 0.007 0.98 100 35.75 224.19

In Table 6 the FSGQR training in the Con-
crete benchmark is presented. The FSGQR
training yields an almost perfect — 100% —
success ratio in all cases. The exception is the
MLP-4-4-1 network most likely due to its small
size and limited number of weights. We can also
observe decreasing number of epochs once the
network size is increasing. This can be justified
by the size of the training set — 1030 samples.
A single epoch delivers a lot of training data to
the network. In this scenario, bigger networks
can benefit from that resulting in shorter train-
ing.

In Table 7 the FSGQR results are compared
with other rotation-based and classic reference
training methods. We can observe the best per-
formance obtained by the FSGQR algorithm.
All conducted trials ended up with success in
approx. 35 epochs and 224 ms of training time
on average. In this benchmark, the FSGQR al-
gorithm is the fastest training method superior
even to far less complex training methods such
as BP or Adam.

5.4 The Abalone training set
The Abalone benchmark is based on the

Abalone training set available in the UCI Ma-
chine Learning Repository [33]. In this bench-
mark neural network is challenged to gener-
alize the highly non-linear function of 8 vari-
ables. The training set contains 4177 sam-
ples. Each sample consists of 8 physical fea-
tures of the marine creature called the abalone.
The expected value is an integer value that
defines the approximated age of the abalone.
The original data from the Abalone training
set has been transformed to match the range
of x1,x2,x3,x4,x5,x6,x7,x8 ∈ [−1,1]. The first
feature defines the sex of the abalone. In the
original training set, it is represented as an enu-
merator: M — male, F — female, and I — in-
fant.

Figure 11. The reduction in MSE on the
Abalone benchmark during exemplary training

of an MLP-8-4-4-1 network.

Figure 12. Success ratio on the Abalone
benchmark (higher is better).
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mark neural network is challenged to gener-
alize the highly non-linear function of 8 vari-
ables. The training set contains 4177 sam-
ples. Each sample consists of 8 physical fea-
tures of the marine creature called the abalone.
The expected value is an integer value that
defines the approximated age of the abalone.
The original data from the Abalone training
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of an MLP-8-4-4-1 network.
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Figure 13. Average training time on the
Abalone benchmark (lower is better).

In our research we discretize those values to
1 — M, 0 — F, -1 — I. The expected value has
also been transformed to the range of d ∈ [−1,1].
Networks used in this benchmark have 8 inputs
and a single output. The training is considered
successful if the MSE drops below the threshold
of 0.012. Neurons of the hidden layers utilize
the hyperbolic tangent activation function. The
MSE reduction during the exemplary training
is shown in Figure 11.

In Figure 12 the overall success ratio ob-
tained in the Abalone benchmark is presented.
In almost all cases the conducted experiments
ended up with success. A small fluctuation is
observed in the training of the MLP-2-2-1 net-
work.

In Figure 13 the average training time ob-
tained in the Abalone benchmark is presented.
We can observe that in most cases the train-
ing time is decreasing as the FCC network size
is increasing. For MLP and FCMLP network
we observe the opposite — training time is in-
creasing as networks get bigger. Again, we can
observe a close relation of training times across
all rotation-based algorithms. The FSGQR per-
forms best in this group.

In Table 8 the FSGQR training in the
Abalone benchmark is presented. The FSGQR
training yields an almost perfect — 100% —
success ratio in all cases. The exception is the
MLP-2-2-1 network most likely due to its small
size and limited number of weights. We can ob-
serve a similar situation related with the train-
ing time and the network size, as in the Con-
crete benchmark. As FCC network size is in-
creased the training time is decreased. This
doesn’t count for the MLP and FCMLP net-

works most likely due to the size of the Abalone
training set. In this case, Abalone has about 4
times more samples than the Concrete training
set. Hence the single epoch is expected to last
longer. FCC networks maintain great general-
ization properties even with a limited number
of neurons.

Table 8. Summary of the Abalone benchmark
done by the FSGQR algorithm.

Network η λ SR Ep. T
FCC-3 0.001 0.99 100 18.39 176.91
FCC-4 0.0009 0.99 100 8.65 136.53
FCC-5 0.003 0.99 100 07.lip 118.71
MLP-2-2-1 0.007 0.96 98 6.50 52.93
MLP-4-4-1 0.007 0.98 100 3.56 50.52
MLP-6-6-1 0.003 0.98 100 3.35 83.42
FCMLP-2-2-1 0.003 0.99 100 11.lip 111.61
FCMLP-4-4-1 0.0005 0.99 100 4.74 177.31
FCMLP-6-6-1 0.0007 0.99 100 4.58 266.62

In Table 9 the FSGQR results are compared
with other rotation-based and classic reference
training methods. We can observe almost iden-
tical performance in terms of the success ratio
and the epoch count for all rotation-based algo-
rithms — 100% and approx. 3.5 epochs. What
differs is the training time. The FSGQR algo-
rithm is the fastest one of all tested reference
methods. The classic training algorithms re-
quire more epochs than the FSGQR and other
rotation-based training methods.

Table 9. Summary of the Abalone benchmark
using the MLP-8-4-4-1 network.

Alg. η λ SR Ep. T
Adam 0.001 - 100 11.66 65.60
BP 0.03 - 100 20.15 65.56
GQR 0.01 0.98 100 3.72 73.39
SGQR 0.003 0.98 100 3.33 65.57
FSGQR 0.007 0.98 100 3.56 50.52

5.5 The MNIST training set
The MNIST benchmark is based on the

MNIST training set that was initially published
in [28] and is publicly available on the Internet.
This training set is delivered in 4 packages of bi-
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nary data: training images, training labels, test
images, and test labels. The training set con-
tains 60000 samples, and the test set — 10000.
The binary data of the MNIST training set are
stored in an original format that requires re-
searchers to write their parsers to read MNIST
images. We implemented such a tool as a part
of our runtime platform. It can convert raw
MNIST data to a standard image format and
the training set that is readable by our neu-
ral networks. Our MNIST tool is also able to
perform several basic image processing. The
samples in the MNIST training set represent
handwritten digits unequally distributed in 10
classes as shown in Table 10. Each image rep-
resents a single digit of size 28×28 pixels.

Figure 14. The first 8 images of each of 10
classes of the MNIST handwritten digits

training set.

The pixel value is represented as an integer
value ranging from 0 to 255, where 0 denotes
a white pixel and 255 black pixel as shown in
Figure 14.

In our MNIST benchmark, we downscaled
all training and test images to 7×7 pixels. This
resulted in reducing the input vector size from
784 + bias to 49 + bias while the human eye is
still able to read and recognize the digits. The
pixel values were also normalized to match the
range of x1,x2, . . . ,x49 ∈ [−1,1]. The output is
encoded as one-hot, hence the output layer is

equipped with 10 neurons. In this benchmark,
we used the MLP-49-50-10 network with the hy-
perbolic tangent as an activation function. The
training is considered successful after 5 epochs.
In this benchmark, we also utilized a simple
modification of the training. Samples were pre-
sented in a fixed order but some subset of them
were removed from the epoch. We call this the
Skip Best Samples modification [13] as the sam-
ples whose individual MSE drops below 0.2 were
skipped in a current epoch. This modification
has been applied only to the rotation-based al-
gorithms.

Table 10. The MNIST image count per class.

Label Training set Test set
0 5923 980
1 6742 1135
2 5958 1032
3 6131 1010
4 5842 982
5 5421 892
6 5918 958
7 6265 1028
8 5851 974
9 5949 1009

Total 60000 10000

Table 11. The average recognition ratio in the
MNIST benchmark after 5 epochs of training.

Alg. Training set Test set Training MSE Test MSE
Adam 93.13% 93.53% 0.2311056 0.2151076
BP 92.42% 93.24% 0.2475797 0.2268822
GQR 93.63% 93.66% 0.2499231 0.2448316
SGQR 93.51% 93.71% 0.2538499 0.2444644
FSGQR 93.56% 93.77% 0.2503898 0.2444644

Table 12. Summary of the MNIST
benchmark using the MLP-49-50-10 network.

Alg. η λ SR Ep. T
Adam 0.001 - 100 5.00 9993.90
BP 0.003 - 100 5.00 2152.49
GQR 0.01 0.99999 100 5.00 194186.82
SGQR 0.01 0.99999 100 5.00 152012.91
FSGQR 0.01 0.99999 100 5.00 121785.82

In Table 11 the average recognition ratio of
FSGQR and other reference algorithms is pre-
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sented. We can see that all conducted train-
ing resulted in a satisfactory recognition ra-
tio despite the lowered image resolution. The
networks trained by the FSGQR algorithm re-
sulted in the highest recognition ratio across all
of the tested methods.

In Table 12 the FSGQR results are com-
pared with other rotation-based and classic ref-
erence training methods. In our MNIST bench-
mark, the training is completed after 5 epochs.
All conducted trials resulted in success. The
best performance of the rotation-based algo-
rithms is observed with a very high value of the
decay rate (λ ≈ 1). Due to the huge number
of samples, the average training time is bigger
than in previous benchmarks.

6 Conclusion
The scaled Givens rotation is a flexible and

very fast algebraic method that can be utilized
in neural network training. The classic variant
of the scale rotation involves additional calcu-
lations of the scale factors. In this paper, we
showed that scale factors can be fully omitted
during the computation as per equations (34–
36). The resulting algorithm — FSGQR —
is bringing a significant performance boost to
the rotation-based training algorithms for neu-
ral networks. Moreover, the fast scaled rota-
tions in the QR decomposition maintain most
properties of the classic scaled rotations which
opens an opportunity for parallel implementa-
tions of the FSGQR as attempted in various
researches [5, 8, 9, 11, 10, 12].

The paper contains the detailed mathemat-
ical background of the classic and the scaled
Givens rotations and how they apply in the
QR decomposition. Next, we discuss the core
principles of the FSGQR algorithm highlight-
ing the critical step that allows elimination of
the scale factors calculation during the training.
As we showed in our benchmarks this change re-
sulted in a significant training time reduction.
We tested the FSGQR algorithm in 5 bench-
marks. They cover various problem types such
as function approximation or classification. In
each benchmark, we used a set of feedforward
neural networks of various topologies. This in-

cludes fully connected cascades, multi-layered
perceptrons, and fully connected multi-layered
perceptrons.

In most of our conducted benchmarks the
FSGQR required a similar number of epochs
and yielded a similar success ratio as its prede-
cessors — SGQR and GQR. The only discrim-
inant is the convergence time, which is much
shorter in FSGQR training. In the FSGQR
training, the convergence time and number of
epochs strongly depend on the sizes of the net-
work and the training set. Larger networks do
not always require additional training time, as
they may converge in fewer epochs as shown in
our Concrete benchmark. In the FSGQR algo-
rithm, a single epoch takes longer than in classic
gradient-based methods such as BP or ADAM.
Therefore, limiting the number of neurons is
not always the optimal approach for reducing
the FSGQR algorithm’s training time. In FS-
GQR training, the researcher should consider
the tradeoff between the network’s ability for
generalization (bigger networks) and the size of
the training set.

When training larger training sets, the FS-
GQR algorithm tends to perform better with
higher decay values (λ ≈ 1). It means that the
FSGQR training prefers to maintain the strong
influence of past samples while calculating the
weights correction for the current sample.

Our experiments demonstrate that rotation-
based algorithms, particularly FSGQR, con-
verge in significantly fewer epochs compared
to classical gradient-based methods, including
Adam optimizer. Due to that an additional ef-
fort should be invested in limiting a single iter-
ation time of the FSGQR algorithm. We also
plan to study further possibilities of optimizing
rotation-based training algorithms. Our future
researches assume incorporation of the SIMD
instructions that are available in most modern
general-purpose processors.

Our achievements presented in this paper
can be summarized as follows:

1.The FSGQR algorithm implementation
complexity is similar to the classic GQR and
smaller than the SGQR.
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2.The novel algorithm inherits most properties
from the SGQR and GQR algorithms. This
includes a set of hyperparameters and huge
parallelization potential.

3.The conducted benchmark tests yielded
overall satisfactory results.

4.All rotation-based algorithms operate best
in similar conditions and require a similar
number of epochs to reach defined training
goals.

5.The FSGQR convergence time is shorter
than in other rotation-based algorithms due
to the elimination of the scale factors — χ.
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