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Abstract
In the current manuscript, approximate solution for 1D heat conduction equation will be sought with the Septic Hermite
Collocation Method (SHCM). To achieve this goal, by means of the roots of both shifted Chebyschev and Legendre
polynomials used at the inner collocation points, the pseudo code of the method is found out and applied using Matlab
which is one of the widely utilized symbolic programming platforms. The unconditional stability of the scheme is shown
by the traditional von-Neumann stability technique. To illustrate the accuracy and effectiveness of this newly current
numerical scheme, a comparison among analytical and the computed numerical results is presented in tabular forms. It has
been illustrated that the scheme is a both accurate and effective one and at the same time can be used in a successful way
for finding out numerical solutions of several nonlinear problems as well as linear ones.
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1 Introduction

This manuscript is going to dwell on the following 1D heat equation

∂u
∂ t

= α
2 ∂ 2u

∂x2 , x ∈ (0,L), t > 0 (1)

with initial condition
u(x,0) = f (x), x ∈ [0,L] (2)

and boundary conditions
u(0, t) = u(L, t) = 0, t > 0 (3)

where α stands for the rod thermal diffusivity and the f (x) stands for a previously defined function. Many
analytical and numerical studies in the literature [1,2] clearly state that this Initial and Boundary Value Problem
(IBVP) can be considered as one of the most outstanding Partial Differential Equations (PDEs). The equation
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can mostly be encountered in various fields of applied sciences and mathematics for describing the temperature
change in other words, the heat distribution and throughout a given solution domain for a given temporal domain.

This work is going to take into consideration the flow of the heat in 1D insulated thoroughly except with both
ends of the investigated rod. The found solutions of this paper are going to be presented in terms of functions
given along the rod in spatial and temporal direction. One can obviously see that this equation has got a vital
importance in various areas of scientific world such as chemistry, physics and mechanics etc. The heat equation
can be seen as a prototype for parabolic PDE in several fields of science. Due to its wide utilization and vital
place, both the numerical and exact solutions of these types of equations have taken attention and essentially have
become important in order to investigate various natural phenomena. Eq. (1) has at the same time been handled
for economical problems in order to simulate several models with different choices [3]. The heat equation can
also be described as the flow of heat given in a rod having diffusion α2uxx through the rod having the parameter
α representing the thermal diffusivity in this rod and l stands for the length of the considered rod [4]. Kaskar [5]
has stated that electrodynamics, fluid flow, elasticity, electrostatics and other natural phenomena rely mostly on
these equations. This prototype problem has been considered both analytically and numerically for many years
by several researchers. Despite this, the heat equation is still an outstanding one because of the fact that several
natural phenomena can be stated as PDEs given together with appropriate conditions given at the initial time and
the boundaries of the solution domain. Çağlar et al. [3] have introduced a novel numerical algorithm developed
mainly with the collocation technique by utilizing cubic polynomial classical B-splines to produce approximate
solutions simulating the physical treatment of the initial and boundary value problem for the heat conduction
equation in one-dimension space. Dhawan and Kumar [2] have studied temperature change by virtue of the cubic
B-spline finite elements method (FEM) and this gave satisfactory results. Suarez-Carreno and Rosales-Romero
[6] have dealt with the heat equation as a role model for complex equations encountered in the field of finance
as well as engineering. Unlike other researchers, they have presented a family of fully discretized explicit and
implicit finite difference schemes producing accurate and stable approximate solutions, especially for sufficiently
large time steps. Goh et al. [7] have introduced a fully dicretized stable numerical scheme utilizing the Crank-
Nicolson type approach with cubic usual B-spline basis functions for spatial derivative for deriving approximate
results of the heat and advection-diffusion equations governed in one-dimension. Lozada-Cruz et al. [8] have
proved several results on the well-posedness of the 1D heat equation and associated stationary problem and then
presented the application of the Crank-Nicolson for the numerical solution of the problem involving the Robin
boundary condition. Hooshmandasl et al. [9] have derived a simple and fast scheme producing accurate results in
terms of the mean error and maximum error norms constructed on the first kind Chebyshev wavelet collocation
method by virtue of operational integration matrices for finding numerical approximate solutions of the classical
heat equation given with Dirichlet boundary conditions. Han and Dai [10] have derived two compact schemes
with fifth and sixth order accuracy based on Crank-Nicolson type approach for calculating much more accurate
and unconditionally stable approximate solutions of two different initial-boundary value problems consisting of
the heat equation with only homogeneous Dirichlet and only Neumann boundary conditions. Kutluay et al. [11]
have developed an effective fully discretized scheme for producing approximate solutions of the heat equation by
virtue of the usual collocation technique but utilizing the roots of both Legendre and Chebychev polynomials and
third degree Hermite B-spline basis at the internal collocation mesh points. Sun and Zhang [12] have presented a
hybrid scheme using the fourth order boundary value technique in the discretization of the temporal variable and
the fourth order compact difference method in the discretization of the spatial variable to solve heat equations
with two different constant coefficients. Patel and Pandya [13] have introduced a solution algorithm discretized
with the cubic traditional spline polynomial function approach for the spatial derivative similar to the explicit and
Crank-Nicolson type approximations and the usual forward difference approach for the time derivative to solve
the heat equation given in one-dimension satisfying the prescribed initial and homogenous Dirichlet boundary
conditions. Tarmizi et al. [14] have considered the initial and Dirichlet boundary value problem for the heat
equation having an analytical solution, and proposed two computational schemes using spectral method and the
Crank-Nicolson type approximation technique separately for the solutions of the problem. Yosaf et al. [15] have
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provided an implicit compact finite difference method since it gives a way which is more accurate in order to
approximate the spatial derivative when compared with the explicit finite difference method.

This current article aims to develop a new robust computational scheme finding approximate solutions to
the one-dimensional heat problem with initial and Dirichlet type boundary conditions given by Eqs.(1)-(3). To
accomplish the goal, septic Hermite basis functions are going to be utilized. If one investigates its historical
development, it can be seen that in 1946, first of all, Schoenberg initiated the basic theory of classical B-
splines [2]. If one uses the iterative relation formulated in [16, 17] and is widely known by the names of
the authors B-splines of any degree can easily be found. Recent years have witnessed a boom both in the
theory of spline function and their applications for obtaining numerical solutions of the differential equations
approximately such as those in [3]. Furthermore, various interesting problems have been studied using a wide
class of approximate numerical solution techniques based on mainly FEM methods by different B-spline basis,
especially with the odd-numbered degrees [18–20].

Many differential equations have been solved approximately by various methods, schemes and techniques
using both the usual, trigonometric and Hermite spline basis functions. Although these methods have some
drawbacks, they are worth utilizing in the application of numerical methods. One can also point out their
advantages over other methods such as (i) one obtains a diagonal matrix and its storage and manipulation in
digital computers are easy; (ii) the computer speed and digital storage area are in favor of programming.

Up to now, one-dimensional heat problem with initial and Dirichlet boundary conditions defined by Eqs.(1)-
(3) and also some numerical techniques used in the literature to find the approximate solution have been men-
tioned. The works to be done in the remaining sections of this current article can be listed as follows: In the sec-
tion of the description of the method, one dimensional heat problem governed by Eqs.(1)-(3) is fully discretized
in both spatial and temporal variables. Such that the temporal variable is first discretized using Crank-Nicolson
type approximation and then the spatial variable is discretized using the collocation finite element technique with
septic Hermite polynomial base functions. In the application, the shifted roots of both Chebyshev and Legendre
polynomials at the inner collocation mesh points are used. Additionally, the initial values required for starting
the resulting recursive system of algebraic equations are computed using the initial condition of the governing
equation. In the section of the Stability Analysis of the Scheme, the traditional von-Neumann technique is used
and it is shown that the linear scheme is stable for every modest values of mesh sizes. In the section of the
Illustrative Example and Its Numerical Results, the newly obtained numerical results using the current scheme
are given in tables and compared with some ones available in the literature for the same values of parameters.
The last section put forwards a brief conclusion about the present work and possible future studies.

2 Description of the method

Before proceeding with the description of the method to be presented, as in the abstraction of other existing
numerical schemes, the solution region [0, l]× [0,T ] of the problem at mesh points (x j, tn) for sufficiently small
h = ∆x and k = ∆t must be discretized into equal width finite elements as

[0, l] = {x j : x j = jh, j = 1(1)M+1, Mh = l}

and

[0,T ] = {tn : tn = nk, n = 0(1)N, Nk = T}.

In this section, a useful and effective pointwise computational scheme will be given resulting in a fully
discretized linear algebraic equation system for spatial and temporal integrations to be used in calculating the
approximate solutions of the one-dimensional initial and Dirichlet boundary conditioned heat problem governed
by Eqs. (1)-(3).
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2.1 Spatial discretization

Let uM(x, t) denote an approximate solution to the analytical solution u(x, t). The approximate solution to be
derived will be obtained by a combination of Crank-Nicolson type discretization for the time variable and septic
Hermite B-spline collocation type finite element discretization utilizing the roots of the sixth degree of shifted
Legendre polynomial at internal collocation points for the spatial variable.

To achieve the above mentioned goals, the numerical solution uM(x, t) will be searched in the format

uM(x, t) =
M+4

∑
j=1

a j+6k−6 (t)H j(xi)≈ u(x, t)

in which a’s stand for time dependent coefficients to be determined, k stands for the element number, i (i = 1(1)6)
stands for the inner-collocation points and finally H j(x) ( j = 1(1)M+1) are septic Hermite B-spline basis poly-
nomial functions defined over the interval [x j−1,x j+1] as follows [21] .

H6 j+1(x) = 35
(x− x j−1)

4

h4 −84
(x− x j−1)

5

h5 +70
(x− x j−1)

6

h6 −20
(x− x j−1)

7

h7 , x j−1≤ x ≤ x j

H6 j−5(x) = 35
(x j+1 − x)4

h4 −84
(x j+1 − x)5

h5 +70
(x j+1 − x)6

h6 −20
(x j+1 − x)7

h7 , x j≤ x ≤ x j+1

H6 j−4(x) =−15
(x− x j−1)

4

h3 +39
(x− x j−1)

5

h4 −34
(x− x j−1)

6

h5 +10
(x− x j−1)

7

h6 , x j−1≤ x ≤ x j

H6 j+2(x) =−15
(x j+1 − x)4

h3 +39
(x j+1 − x)5

h4 −34
(x j+1 − x)6

h5 +10
(x j+1 − x)7

h6 , x j≤ x ≤ x j+1

H6 j−3(x) =
5
2
(x− x j−1)

4

h2 −7
(x− x j−1)

5

h3 +
13
2
(x− x j−1)

6

h4 −2
(x− x j−1)

7

h5 , x j−1≤ x ≤ x j (4)

H6 j(x) =
5
2
(x j+1 − x)4

h2 −7
(x j+1 − x)5

h3 +
13
2
(x j+1 − x)6

h4 −2
(x j+1 − x)7

h5 , x j≤ x ≤ x j+1

H6 j−2(x) =− 1
6
(x− x j−1)

4

h
+

1
2
(x− x j−1)

5

h2 −1
2
(x− x j−1)

6

h3 +
1
6
(x− x j−1)

7

h4 , x j−1≤ x ≤ x j

H6 j−1(x) =− 1
6
(x j+1 − x)4

h
+

1
2
(x j+1 − x)5

h2 −1
2
(x j+1 − x)6

h3 +
1
6
(x j+1 − x)7

h4 , x j≤ x ≤ x j+1.

Throughout this paper, the 1D heat conduction equation which has been widely given by Eq. (1) by the
appropriate initial (2) and boundary conditions (3) is going to be handled. For this purpose, the finite element
collocation method is selected as a tool. While applying this method, the interval [a,b] of the problem is dis-
cretized in M equal width finite elements by means of the mesh points x j ( j = 1(1)M+1) in such a way that
xl = x1 < x2 < · · · < xM < xM+1 = xr and h = x j+1 − x j. To be more precise, a non-uniform partition of the
solution domain might also be preferred. However, due to the fact that the non-uniform selection would have in-
creased the digital computer memory storage requirement and at the same time simulation duration, the uniform
partition is commonly preferred. In place of analytical solution u(x, t), a numerical approximation uM(x, t) will
be used by means of the septic Hermite basis functions as

uM(x, t) =
M+4

∑
j=1

a j+6k−6 (t)H j(xi)≈ u(x, t). (5)
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The following roots ξ L
i and ξC

i (i = 1(1)6) of the sixth-degree shifted Legendre and Chebyshev polinomials
[22]

ξ
L
1 = 0.033765242898424, ξ

L
2 = 0.169395306766868, ξ

L
3 = 0.380690406958402

ξ
L
4 = 0.619309593041598, ξ

L
5 = 0.830604693233132, ξ

L
6 = 0.966234757101576

and

ξ
C
1 =

1
2
−

√√
3

16
+

1
8
= 0.017037086855466, ξ

C
2 =

1
2
(1−

√
2

2
) = 0.146446609406726

ξ
C
3 =

1
2
−

√
1
8
−

√
3

16
= 0.37059047744874, ξ

C
4 =

1
2
+

√
1
8
−

√
3

16
= 0.62940952255126

ξ
C
5 =

1
2
(1+

√
2

2
) = 0.853553390593274, ξ

C
6 =

1
2
+

√√
3

16
+

1
8
= 0.982962913144534

are used, respectively. When the following local coordinate system has been utilized over the jth element
ξ = (x− x j)/h, the range [x j,x j+1] can be transformed into the unit interval [0,1]. Thus, in terms of ξ , the
numerical solutions UM and its derivatives U

′
M and U

′′
M can be written as

Ui = a6k−5H1(ξi)+a6k−4H2(ξi)+a6k−3H3(ξi)+a6k−2H4(ξi)+
a6k−1H5(ξi)+a6kH6(ξi)+a6k+1H7(ξi)+a6k+2H8(ξi)

hU ′
i = a6k−5A1(ξi)+a6k−4A2(ξi)+a6k−3A3(ξi)+a6k−2A4(ξi)+

a6k−1A5(ξi)+a6kA6(ξi)+a6k+1A7(ξi)+a6k+2A8(ξi)

h2U
′′
i = a6k−5B1(ξi)+a6k−4B2(ξi)+a6k−3B3(ξi)+a6k−2B4(ξi)+

a6k−1B5(ξi)+a6kB6(ξi)+a6k+1B7(ξi)+a6k+2B8(ξi)


, i = 1(1)6. (6)

In Eq.(6) Hi(ξ )
’s correspond to the local version of global basis Hi(x) and can be easily obtained from Eq.(4)

as follows

H1 (ξ ) = 1−35ξ
4 +84ξ

5 −70ξ
6 +20ξ

7, H2 (ξ ) = h(ξ −20ξ
4 +45ξ

5 −36ξ
6 +10ξ

7),

H3 (ξ ) = h2
(

0.5ξ
2 −5ξ

4 +10ξ
5 − 15

2
ξ

6 +2ξ
7
)
, H4 (ξ ) = h3

(
1
6

ξ
3 − 2

3
ξ

4 +ξ
5 − 2

3
ξ

6 +
1
6

ξ
7
)
,

H5 (ξ ) = h3
(
−1

6
ξ

4 +
1
2

ξ
5 − 1

2
ξ

6 +
1
6

ξ
7
)
, H6 (ξ ) = h2

(
5
2

ξ
4 −7ξ

5 +
13
2

ξ
6 −2ξ

7
)
,

H7 (ξ ) = 35ξ
4 −84ξ

5 +70ξ
6 −20ξ

7, H8 (ξ ) = h(−15ξ
4 +39ξ

5 −34ξ
6 +10ξ

7),
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Ai (ξ ) and Bi (ξ ) ’s are respectively the first and second order derivatives of Hi (ξ ) ’s obtained as

A1 (ξ ) =−140ξ
3 +420ξ

4 −420ξ
5 +140ξ

6, A2 (ξ ) = h
(
1−80ξ

3 +225ξ
4 −216ξ

5 +70ξ
6) ,

A3 (ξ ) = h2(ξ −20ξ
3 +50ξ

4 −45ξ
5 +14ξ

6), A4 (ξ ) = h3
(

1
2

ξ
2 − 8

3
ξ

3 +5ξ
4 −4ξ

5 +
7
6

ξ
6
)
,

A5 (ξ ) = h3
(
−2

3
ξ

3 +
5
2

ξ
4 −3ξ

5 +
7
6

ξ
6
)
, A6 (ξ ) = h2(10ξ

3 −35ξ
4 +39ξ

5 −14ξ
6),

A7 (ξ ) = 140ξ
3 −420ξ

4 +420ξ
5 −140ξ

6, A8 (ξ ) = h
(
−60ξ

3 +195ξ
4 −204ξ

5 +70ξ
6) ,

B1 (ξ ) =−420ξ
2 +1680ξ

3 −2100ξ
4 +840ξ

5, B2 (ξ ) = h
(
−240ξ

2 +900ξ
3 +1080ξ

4 +420ξ
5) ,

B3 (ξ ) = h2 (1−60ξ
2 +200ξ

3 −225ξ
4 +84ξ

5) , B4 (ξ ) = h3 (
ξ −8ξ

2 +20ξ
3 −20ξ

4 +7ξ
5) ,

B5 (ξ ) = h3 (−2ξ
2 +10ξ

3 −15ξ
4 +7ξ

5) , B6 (ξ ) = h2 (30ξ
2 −140ξ

3 +195ξ
4 −84ξ

5) ,
B7 (ξ ) = 420ξ

2 −1680ξ
3 +2100ξ

4 −840ξ
5, B8 (ξ ) = h

(
−180ξ

2 +780ξ
3 −1020ξ

4 +420ξ
5) .

In the construction process for the algorithm of the present method, firstly the Crank-Nicolson type finite
difference formula for the semi-discretizing of the governed equation and then for fully discretizing the equation,
the collocation technique with septic Hermite spline basis functions on spatial direction will be used. This choice
has the advantages of several vital characteristics such as easy to handle algorithms which produce and low level
of storage requirement. Besides those advantages, both of the linear and non-linear systems resulted from the
usage of splines are usually not ill-conditioned and thus permit the required coefficients to be found out in an easy
manner. Furthermore, the newly obtained approximate solutions generally don’t tend in numerical instability.
Last but not least, the matrix systems resulting from the usage of splines are usually sparsly loaded band matrixes
and allow easy implementation in digital computers [18].

2.2 Temporal discretization

When the aforementioned 1D heat conduction equation given by Eq. (1) as follows is discretized

ut −α
2uxx = 0.

one can use Crank-Nicolson type formula. Firstly, one discretizes Eq. (1) as

un+1 −un

k
−α

2
[
(uxx)

n+1 +(uxx)
n

2

]
= 0.

If one separates the variables such that the next time level ones are placed on the left hand side and the ones for
previous time level are placed on the right hand side, then

un+1

k
−α

2 (uxx)
n+1

2
=

un

k
+α

2 (uxx)
n

2
(7)

is obtained.
Substituting Eq. (6) into Eq. (7), the following difference equation system is found out for the unknown

coefficients a consisting of 6M difference equations and 6M+2 unknown

https://www.sciendo.com


A robust septic hermite collocation technique for dirichlet boundary condition Heat conduction equation 259

1
k

[
an+1

6k−5H1i +an+1
6k−4H2i +an+1

6k−3H3i +an+1
6k−2H4i+

an+1
6k−1H5i +an+1

6k H6i +an+1
6k+1H7i +an+1

6k+2H8i

]

− α2

2h2

[
an+1

6k−5B1i +an+1
6k−4B2i +an+1

6k−3B3i +an+1
6k−2B4i+

an+1
6k−1B5i +an+1

6k B6i +an+1
6k+1B7i +an+1

6k+2B8i

]

= 1
k

[
an

6k−5H1i +an
6k−4H2i +an

6k−3H3i +an
6k−2H4i+

an
6k−1H5i +an

6kH6i +an
6k+1H7i +an

6k+2H8i

]

+ α2

2h2

[
an

6k−5B1i +an
6k−4B2i +an

6k−3B3i +an
6k−2B4i+

an
6k−1B5i +an

6kB6i +an
6k+1B7i +an

6k+2B8i

]
.

(8)

The newly obtained system (8) is obviously recursive in nature. Thus, the element coefficients vector an =
(an

1, · · · ,an
6M+1,a

n
6M+2) can be found in a recursive manner, where tn = nk, n = 0(1)N till the desired time T . If

one utilizes the conditions presented at the boundary of the solution domain given by Eq.(3) and eliminates only
the coefficients an

1 and an
6M+1 in Eq. (8) as follows: Using the boundary condition given at the left of the solution

domain gives

u(xl, t) = an
1H1(xl)+an

2H2(xl)+an
3H3(xl)+an

4H4(xl)

+an
5H5(xl)+an

6H6(xl)+an
7H7(xl)+an

8H8(xl) = 0 .

Since Hm1 = 0 for m = 2(1)8 and H11 6= 0, the condition an
1 = 0 is obtained. In a similar way, using the right

boundary condition results in

u(xr, t) = an
6M−5H1(xr)+an

6M−4H2(xr)+an
6M−3H3(xr)+an

6M−2H4(xr)

+an
6M−1H5(xr)+an

6MH6(xr)+an
6M+1H7(xr)+an

6M+2H8(xr) = 0.

Since Hm6 = 0 for m = 1(1)8 but m 6= 7 and H76 6= 0, the condition an
6M+1 = 0 is found. Finally, the following

solvable square algebraic system is obtained of the form

Lan+1 = Ran. (9)

In this iterative system, L and R are square 6M ×6M diagonal band matrices and, an+1 and an are 6M column
matrices.

Now, the unknown coefficients a can be obtained by solving Eq.(9). To be able to start this iterative cal-
culation, the initial vector a0 should be found. This initial vector is constructed with the usage of the initial
condition given together with the governing equation. The iterative procedure is made in a successive manner
for tn = nk (n = 0(1)N) until the desired time T . To obtain the solution of this system, an algorithm written in
MatlabR2015a is run on a digital computer.

2.3 The initial state

To be able to initiate iteration process, one needs the vector at the initial time. The vector a0 is found out
using the conditions given at the initial time and at the boundaries of the solution domain. Thus, the numerical
approximation given by Eq. (5) should be rewritten in an appropriate way for the initial condition as follows

uM(x, t) =
M+4

∑
j=1

a0
j+6k−6 (t)H j(x)≈ u(x, t)

in which the a0’s are unknown coefficients to be calculated. One requires that the initial approximate solution
uM(x,0) satisfies the initial analytical solution u(x,0) as follows
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uM(x j,0) = u(x j,0), j = 1(1)M+1.

Finally, the above calculations result in the matrix equation of the following form

Wa0 = b (10)

where

W =



H21 H31 H41 H51 H61 H71 H81
H22 H32 H42 H52 H62 H72 H82
H23 H33 H43 H53 H63 H73 H83
H24 H34 H44 H54 H64 H74 H84
H25 H35 H45 H55 H65 H75 H85
H26 H36 H46 H56 H66 H76 H86

H11 H21 H31 H41 H51 H61 H71 H81
H12 H22 H32 H42 H52 H62 H72 H82
H13 H23 H33 H43 H53 H63 H73 H83
H14 H24 H34 H44 H54 H64 H74 H84
H15 H25 H35 H45 H55 H65 H75 H85
H16 H26 H36 H46 H56 H66 H76 H86

. . . . . . . . . . . . . . . . . . . . . . . .
H11 H21 H31 H41 H51 H61 H81
H12 H22 H32 H42 H52 H62 H82
H13 H23 H33 H43 H53 H63 H83
H14 H24 H34 H44 H54 H64 H84
H15 H25 H35 H45 H55 H65 H85
H16 H26 H36 H46 H56 H66 H86



,

a0 = (a2,a3,a4, · · · ,a6M−1,a6M,a6M+2)
T

and
b = (u(x11,0),u(x12,0),u(x13,0),u(x14,0),u(x15,0),u(x16,0), · · · ,u(xM5,0),u(xM6,0))T .

Therefore, the required initial coefficients to initiate the scheme given by Eq. (9) are calculated by Eq. (10)
and next the iterative procedure to generate numerical solutions is made in a repetitive manner till the final time
T .

3 Stability analysis of the scheme

To investigate the stability of the linear numerical scheme given by Eq. (8), we have used the von-Neumann
method. For this aim, substituting the Fourier mode

an
j = ξ

nei jϕ

into Eq. (8), one gets

ξ n+1ei(6 j−5)ϕ(α1)+ξ n+1ei(6 j−4)ϕ(α2)+ξ n+1ei(6 j−3)ϕ(α3)+ξ n+1ei(6 j−2)ϕ(α4)

+ξ n+1ei(6 j−1)ϕ(α5)+ξ n+1ei(6 j)ϕ(α6)+ξ n+1ei(6 j+1)ϕ(α7)+ξ n+1ei(6 j+2)ϕ(α8)
=

ξ nei(6 j−5)ϕ(β1)+ξ nei(6 j−4)ϕ(β2)+ξ nei(6 j−3)ϕ(β3)+ξ nei(6 j−2)ϕ(β4)

+ξ nei(6 j−1)ϕ(β5)+ξ nei(6 j)ϕ(β6)+ξ nei(6 j+1)ϕ(β7)+ξ nei(6 j+2)ϕ(β8)

where ϕ = βh, β is the mode number, h is the spatial step size, i =
√
−1 and
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α1 = H1i −
α2

2h2 kB1i β1 = H1i +
α2

2h2 kB1i

α2 = H2i −
α2

2h2 kB2i β2 = H2i +
α2

2h2 kB2i

α3 = H3i −
α2

2h2 kB3i β3 = H3i +
α2

2h2 kB3i

α4 = H4i −
α2

2h2 kB4i β4 = H4i +
α2

2h2 kB4i

α5 = H5i −
α2

2h2 kB5i β5 = H5i +
α2

2h2 kB5i

α6 = H6i −
α2

2h2 kB6i β6 = H6i +
α2

2h2 kB6i

α7 = H7i −
α2

2h2 kB7i β7 = H7i +
α2

2h2 kB7i

α8 = H8i −
α2

2h2 kB8i β8 = H8i +
α2

2h2 kB8i.

Again, if one makes the required simplification and mathematical operations, one obtains

ξ =
M1 − iM2

M3 − iM4
(11)

where

M1 = (β5 +β7)cosϕ +(β4 +β8)cos2ϕ +β1 cos5ϕ +β2 cos4ϕ +β3 cos3ϕ +β6

M2 = (β5 −β7)sinϕ +(β4 −β8)sin2ϕ +β1 sin5ϕ +β2 sin4ϕ +β3 sin3ϕ +β6

M3 = (α5 +α7)cosϕ +(α4 +α8)cos2ϕ +α1 cos5ϕ +α2 cos4ϕ +α3 cos3ϕ +α6

M4 = (α5 −α7)sinϕ +(α4 −α8)sin2ϕ +α1 sin5ϕ +α2 sin4ϕ +α3 sin3ϕ +α6.

When the modulus of Eq.(11) is taken, it is seen that the condition |ξ | ≤ 1 is satisfied. Thus, it is concluded that
the numerical scheme is unconditionally stable.

4 Illustrative application and its numerical results

The present section will present the application of the above proposed numerical scheme based on the collo-
cation FEM using septic Hermite basis functions to produce some numerical results of the test problem governed
by Eqs. (1)-(3). For the test problem, all computations have been done for f (x) = sin(πx), (x, t) = [0,1]× [0,T ]
and α = 1.
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Due to the fact that the test problem has an analytical solution of the form [10, 15]

u(x, t) =
sin(πx)
eα2π2t

the error norms L2 and L∞ formulated as, respectively, will be used to test the accuracy and validity of this
method

L2 =

√√√√h
M

∑
j=1

∣∣u j − (uM) j
∣∣2, L∞ = max

1≤ j≤M

∣∣u j − (uM) j
∣∣ .

Moreover the rate of convergence is calculated by the following formula [23] and found to be near to its
expected value

Rate o f Convergence '
log(E∗

j /E∗
j+1)

log(h j/h j+1)

where j corresponds to the spatial partition and E∗
j denotes the error norm.

This manuscript carries out all of the numerical computations using both Septic Hermite Collocation Method
with Legendre roots (SHCM-L) and Septic Hermite Collocation Method with Chebyshev roots (SHCM-C).
Throughout this work, all calculations have been made with MATLAB R2015a on Intel (R) Core(TM) i5 3330SU
CPU @2.70Ghz computer having 6 GB of RAM. To control the effectiveness and accuracy of the present
method, the numerical results obtained by the scheme (9) using various space step sizes, time step sizes and
desired values of final time are displayed in tables and compared with some of those existing in the literature.

Table 1 A comparison of the computed error norm L2 by the proposed scheme with those given in [11, 15] for
h = 1/1000 and k = 0.01,0.005,0.0025 at T = 1.

k SHCM-L SHCM-C [15] [11]CHCM-L

0.01 7.1591×10−7 7.1591×10−7 4.2273×10−4 4.1333×10−7

0.005 1.7931×10−7 1.7932×10−7 1.0560×10−4 1.0353×10−7

0.0025 4.4851×10−8 4.4851×10−8 2.6395×10−5 2.5895×10−8

Table 1 illustrates a clear comparison of the newly computed error norm values L2 of this scheme with those
given in [11,15] for various values of k = 1/100,5/1000,25/10000 and h = 1/1000 at T = 1. It is obvious from
this table that when the values of ∆t decrease, at the same time the error norm L2 values decrease. Furthermore,
it is seen that the obtained values using both SHCM-C and SHCM-L are clearly better than those in [15].

Table 2 A comparison of the computed error norm L2 of the proposed scheme with those given in [10, 11] for
M = 5,10,20 and k = 1/106 at T = 1.

h SHCM-L SHCM-C [10] (CN-I) [10] (CN-II) [11] CHCM-L

1/5 1.2153×10−14 1.0075×10−12 4.7696×10−6 8.5859×10−3 3.5716×10−8

1/10 1.9449×10−15 2.3323×10−14 7.7143×10−9 2.1412×10−3 2.2848×10−9

1/20 4.6215×10−15 7.4211×10−15 1.8820×10−11 5.3498×10−4 1.4361×10−10

1/40 8.1433×10−15 9.6794×10−15

Table 2 displays a comparison of the error norm values L2 calculated by the current scheme with those
in [10, 11] for several values of h = 1/5,1/10,1/20 and k = 1/106 at T = 1. It can be easily observed from the
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table that when the number of elements is increased, the values of the error norm L2 decrease. Similarly, this
table clearly shows that the results found out by utilizing the present scheme are in general better than those of
compared ones among others as well as in [10].

Table 3 A comparison of the computed error norm L2 of the proposed scheme with those given in [11, 15] for
M = 10,20,40 and k = 1/106 at T = 0.1.

h SHCM-L [15] [15] [11] CHCM-L

θ = 0.1 θ = 0.2

1/10 6.2482×10−13 1.6534×10−4 2.4968×10−4 1.6957×10−6

1/20 3.3280×10−12 4.3906×10−7 7.8152×10−7 1.0426×10−7

1/40 5.8595×10−12 8.6154×10−10 8.0111×10−10 6.4916×10−9

θ = 0.3 θ = 0.4

1/10 6.2482×10−13 3.2357×10−4 3.6276×10−4 1.6957×10−6

1/20 3.3280×10−12 1.0791×10−6 1.2556×10−6 1.0426×10−7

1/40 5.8595×10−12 9.2171×10−10 1.1166×10−9 6.4916×10−9

θ = 0.5 θ = 0.6

1/10 6.2482×10−13 3.5225×10−4 2.8316×10−4 1.6957×10−6

1/20 3.3280×10−12 1.2494×10−6 1.0109×10−6 1.0426×10−7

1/40 5.8595×10−12 1.2167×10−9 1.1107×10−9 6.4916×10−9

θ = 0.7 θ = 0.8

1/10 6.2482×10−13 1.5954×10−4 1.9640×10−4 1.6957×10−6

1/20 3.3280×10−12 5.4419×10−7 9.1503×10−7 1.0426×10−7

1/40 5.8595×10−12 7.4804×10−10 8.6751×10−10 6.4916×10−9

θ = 0.9 θ = 0.95

1/10 6.2482×10−13 4.5197×10−4 6.1645×10−4 1.6957×10−6

1/20 3.3280×10−12 2.0820×10−6 2.8818×10−6 1.0426×10−7

1/40 5.8595×10−12 2.4668×10−9 3.6858×10−9 6.4916×10−9

A comparison of the values of error norm L2 calculated from numerical solutions obtained by the current
scheme with those given in [11, 15] for different values h = 1/10,1/20,1/40 and k = 1/106 at T = 0.1 is listed
in Table 3. This table shows that the obtained values of norm L2 are sufficiently small and also much better than
ones given in [15].
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Table 4 A comparison of the computed error norm L∞ of the proposed scheme with those given in [7, 11, 12] for various
values of h = k at T = 1.

h = k SHCM-L SHCM-C [7] [12] (CN) [12] (CBVM) [11] CHCM-L

0.2 5.1578×10−5 5.1552×10−5 1.4145×10−1 1.1×10−1 2.8×10−2 5.8498×10−5

0.1 3.1586×10−5 3.1587×10−5 3.7195×10−2 3.0×10−2 3.8×10−3 3.1584×10−5

0.05 9.7106×10−6 9.7107×10−6 8.4588×10−3 6.9×10−3 2.7×10−4 9.7065×10−6

0.025 2.5489×10−6 2.5489×10−6 2.0698×10−3 1.7×10−3 1.3×10−5 2.5485×10−6

0.0125 6.4490×10−7 6.4490×10−7 5.1473×10−4 4.2×10−4 5.1×10−7 6.4488×10−7

0.00625 1.6171×10−7 1.6171×10−7 1.1×10−4 3.6×10−8 1.6171×10−7

0.01 4.1333×10−7 4.1333×10−7 4.1332×10−7

0.005 1.0353×10−7 1.0353×10−7 1.0353×10−7

0.0025 2.5895×10−8 2.5895×10−8 2.5895×10−8

0.002 1.6574×10−8 1.6574×10−8 1.6574×10−8

0.001 4.1437×10−9 4.1437×10−9 4.1437×10−9

Table 4 compares the calculated values of error norm L∞ with those given in [7,11,12] for various values of
h = k at T = 1. It can be obviously understood from this table that the computed values of L∞ norm are in very
good harmony with those in [11] and generally better than those in [7, 12].

Table 5 A comparison of the computed error norms L2 and L∞ of the proposed scheme with those given in [9, 11] for
h = 1/16, k = 0.01 at various T .

t f inal L2 L∞

SHCM-L [11] CHCM-L [9] SHCM-L [11] CHCM-L [9]
0.1 5.1774×10−4 2.9917×10−4 4.86×10−3 2.9891×10−4 2.9891×10−4 6.79×10−3

0.3 2.1558×10−4 1.2457×10−4 8.87×10−5 1.2447×10−4 1.2447×10−4 3.76×10−4

0.5 4.9872×10−5 2.8818×10−5 1.73×10−3 2.8793×10−5 2.8793×10−5 2.44×10−4

0.7 9.6911×10−6 5.5999×10−6 2.04×10−4 5.5950×10−6 5.5953×10−6 3.17×10−4

0.9 1.7294×10−6 9.9934×10−7 2.14×10−3 9.9847×10−7 9.9856×10−7 3.14×10−3

1.0 7.1591×10−7 4.1368×10−7 2.15×10−3 4.1332×10−7 4.1338×10−7 3.32×10−3

Finally, Table 5 presents the calculated values of L2 and L∞ with those given in [9, 11] for M = 16 and
k = 0.01 at various T . When the table is investigated, it is obvious that both of the newly computed norms
are inherently small enough. They match with those in [11] and much better than those in [9]. It should be
emphasized from the tables that the numerical results also approach to their analytical ones as the step size in
spatial dimension is decreased.

5 Conclusions

This work has successfully applied the collocation finite element method with septic Hermite spline base
functions resulting in an implicit linear algebraic system to find out the numerical solutions for the 1D heat con-
duction equation. The obtained approximate numerical solutions show that the current scheme derives very good
results which are in very good harmony with the analytical solutions and better than those given in comparison
tables. As a conclusion, the newly presented numerical scheme, with easy implementation, results in efficient
and accurate solutions. For a prospective future study, the current method can be successfully implemented to
obtain accurate numerical solutions of various nonlinear PDEs as well as linear ones that play a vital role in
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describing natural phenomena which are widely encountered in our daily life.
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266 Yağmurlu et al., International Journal of Mathematics and Computer in Engineering 3(2025) 253–266

[12] Sun H., Zhang J., A high-order compact boundary value method for solving one-dimensional heat equations, Numerical
Methods for Partial Differential Equations, 19(6), 846–857, 2003.

[13] Patel N., Pandya J.U., One-dimensional heat equation subject to both neumann and dirichlet initial boundary conditions
and used a spline collocation method, Kalpa Publications in Computing, 2, 107–112, 2017.

[14] Tarmizi T., Safitri E., Munzir S., Ramli M., On the numerical solutions of a one-dimensional heat equation: spectral
and crank nicolson method, AIP Conference Proceedings 2268(050006), 2020.

[15] Yosaf A., Rehman S.U., Ahmad F., Ullah M.Z., Alshomrani A.S., Eight-order compact finite difference scheme for 1D
heat conduction equation, Advances in Numerical Analysis, 2016(ID:8376061), 1–12, 2016.

[16] de Boor C., A Practical Guide to Splines, Applied Mathematical Sciences, Springer, USA, 2001.
[17] de Boor C., On calculating with b-splines, Journal of Approximation Theory, 6(1), 50–62, 1972.
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