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hypergeometric functions 1
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Abstract

For the study presented in this paper, the concepts specific to strong differ-
ential subordination theory, introduced for the second-order differential subor-
dination case, are extended for the third-order differential subordination case.
The general results presented in the first theorem proved in this investigation are
applied considering the prolific operators recently introduced as the fractional
integral of confluent (Kummer) hypergeometric function and as the fractional
integral of Gaussian hypergeometric function, respectively, adapted considering
the extra parameter imposed by the strong differential subordination theory and
new third-order differential subordinations are investigated. Simple examples
are also constructed but it is hoped that the results given here would inspire
future similar studies for applying the new third-order strong differential sub-
ordination results using other known operators adapted in order to fit this new
context.
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1 Introduction

J.A. Antonino and S.S. Miller [1] extended for the context of third-order differen-
tial subordination, the differential subordination theory originally presented by S.S.
Miller and P.T. Mocanu for second-order differential subordianiton [2, 3], conse-
quently establishing a framework for further investigation on this topic. Applica-
tions of the results provided in [1] emerged promptly, and research on this subject
has since continued successfully. A particular line of research focuses on identifying
suitable classes of admissible functions by applying the fundamental results of third-
order differential subordination. In light of this methodology, certain applications
of third-order differential subordination are still obtained today. For instance, in [5]
the authors obtain third-order differential subordination involving p-valent functions
associated with a generalized fractional differintegral operator. The same method
generates interesting third-order differential subordination results involving certain
special functions in [6] and [7] and the studies involve also third-order differential
superordination in [8].

The best dominant of the differential subordination is another key concept in
the theory of differential subordination. Recent research has provided a different
framework in third-order differential subordination theory presenting techniques to
find the best dominant a third-order differential subordination in [9, 10], which also
offer new ways to determine the dominant of a third-order differential subordination.

This paper focuses on showing how the classical outcomes on third-order differ-
ential subordination can be extended to the case of third-order strong differential
subordination in particular. The most recent analysis [11] proposes the first re-
sults in this direction. The research done by the authors develops on the definitions
of second-order strong differential subordination to include the particular context
of third-order strong differential subordination. The aim is attained by employ-
ing a technique that involves selecting suitable classes of admissible functions and
generating some original results. In this study, we derive specific third-order strong
differential subordination results using the concept of best dominant of a third-order
strong differential subordination and the operators presented as the fractional inte-
gral of confluent (Kummer) hypergeometric function and as the fractional integral
of Gaussian hypergeometric function, respectively, adapted to fit the context of the
strong differential subordination theory.

The basic notions of the strong differential subordination theory were initially
introduced in 2009 [12], building upon the concepts established by J.A. Antonino
and S. Romaguera in 1994 [13], when the concept of strong differential subordina-
tion was initially introduced within the framework of the Briot-Bouquet differential
subordination particular case. The paper [12] defined the main concepts of solution,
dominant and best dominant of the solutions of the strong differential subordination
alongside rephrasing the three problems that serve as the foundation for the theory
and adapting the concept of a class of admissible functions, which is a main tool in
the analysis of strong differential subordination. The addition in 2012 [14] of specific
classes of analytic functions, particularly used in strong differential subordination
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investigations, further enhanced the theory. Current findings applying the research
results given by [14] include strong differential outcomes using various operators
[15], applications of multiplier transformation and Ruscheweyh derivative in strong
differential subordination theory [16], first-order strong differential subordinations
[17], and q-calculus elements alongside specific operators in strong differential sub-
ordination and superordiantion studies [18].

The classes introduced in [14] and also used for this investigation, are:
H(U × U) denotes the class of analytic functions in U × U ;

Hζ[a, n] ={
f ∈ H(U × U) : f(z, ζ) = a+ an(ζ)z

n + an+1(ζ)z
n+1 + · · · , z ∈ U, ζ ∈ U

}
,

where ak(ζ) holomorphic functions in U , k ≥ n, a ∈ C, n ∈ N, the class derived
from the classical:

H[a, n] = {f ∈ H(U) : f(z) = a+ anz
n + an+1z

n+1 + · · · , z ∈ U};

HζU (U) = {f ∈ Hζ [a, n] : f(·, ζ) univalent in U for all ζ ∈ U};

Aζn = {f ∈ H(U × U) : f(z, ζ) = z + an+1(ζ)z
n+1 + · · · , z ∈ U, ζ ∈ U},

with Aζ1 = Aζ and ak(ζ) holomorphic functions in U , k ≥ n + 1, n ∈ N, the class
derived from the classical:

An = {f ∈ H(U) : f(z) = z + an+1z
n+1 + · · · , z ∈ U}, with A1 = A;

S∗ζ = {f ∈ Aζ : Re
zf ′z(z, ζ)

f(z, ζ)
> 0, z ∈ U, ζ ∈ U},

the class of starlike functions in U × U derived from the classical class of starlike
functions:

S∗ = {f ∈ A : Re
zf ′(z)

f(z)
> 0};

Kζ = {f ∈ Aζ : Re

(
zf ′′z2 (z, ζ)

f ′z (z, ζ)
+ 1

)
> 0, z ∈ U, ζ ∈ U},

the class of convex functions in U × U, derived from the classical class of convex
functions:

K = {f ∈ A : Re

(
zf ′′ (z)

f ′ (z)
+ 1

)
> 0, f (0) = 0, f ′ (0) ̸= 0, z ∈ U}.

and the class of close-to-convex functions,

Cζ = {f ∈ Aζ : ∃q ∈ S∗ζ,Re

(
zf ′z (z, ζ)

g (z, ζ)

)
> 0, z ∈ U, ζ ∈ U},

with function f (z, ζ) being univalent in U × U .
The following is a list of the strong differential subordination concepts that must

be considered for this study.
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Definition 1 [14] Let h(z, ζ) and f(z, ζ) be analytic functions in U ×U. The func-
tion f(z, ζ) is said to be strongly subordinate to h(z, ζ), or h(z, ζ) is said to be
strongly superordinate to f(z, ζ) if there exists a function w analytic in U with
w(0) = 0, |w(z)| < 1 such that f(z, ζ) = h(w(z), ζ), for all ζ ∈ U , z ∈ U . In
such a case, we write

f(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.

Remark 1 [14] a) If f(z, ζ) is analytic in U × U and univalent in U for ζ ∈ U,
then Definition 1 is equivalent to:

f(0, ζ) = h(0, ζ), for all ζ ∈ U and f(U × U) ⊂ h(U × U).

b) If f(z, ζ) = f(z), h(z, ζ) = h(z), then the strong superordination becomes the
usual superordination.

Definition 2 [14] We denote by Qζ the set of functions q (·, ζ) that are analytic
and injective, as function of z, on U\E(q(z, ζ)) where

E(q(z, ζ)) = {ξ ∈ ∂U : lim
z→ξ

q(z, ζ) = ∞}

and are such that Min|q′(ξ, ζ)| = ρ > 0 for ξ ∈ ∂U\E (q (z, ζ)), ζ ∈ U .

The subclass of Qζ for which q(0, ζ) = a is denoted by Qζ(a).

Definition 3 [14] Let Ωζ be a set in C, q (·, ζ) ∈ Ωζ and n a positive integer. The
class of admissible functions ϕn[Ωζ , q (·, ζ)] consists of those functions ψ : C3 ×U ×
U → C that satisfy the admissibility condition

φ(r, s, t; z, ζ) /∈ Ωζ

whenever

r = q(ξ, ζ), s = nq′z (ξ, ζ) , Re

(
t

s
+ 1

)
≥ nRe

[
ξq′′z2 (ξ, ζ)

q′z (ξ, ζ)
+ 1

]
,

z ∈ U , ξ ∈ ∂U\E (q (·, ζ)) , ζ ∈ U and n ≥ 1. When n = 1, we write ϕ1[Ωζ , q (·, ζ)]
as ϕ[Ωζ , q (·, ζ)].

In the special case when h (·, ζ) is an analytic mapping of U × U onto Ωζ ̸= C
we denote the class ϕn[h(U × U), q (z, ζ)] by ϕn[h (z, ζ) , q (z, ζ)].

The class of admissible functions has been extended in [11] for the case of third-
order strong differential subordination as it shows the next definition and will be
used as such in the present investigation.
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Definition 4 [11] Let Ωζ be a set in C, q (·, ζ) ∈ Ωζ and n ≥ 2. The class of
admissible functions ϕn[Ωζ , q (·, ζ)] consists of those functions ψ : C4 × U × U → C
that satisfy the admissibility condition

(1) φ(r, s, t, u; z, ζ) /∈ Ωζ ,

whenever

r = q(ξ, ζ), s = nq′z (ξ, ζ) , Re

(
t

s
+ 1

)
≥ nRe

[
ξq′′ξ2 (ξ, ζ)

q′z (ξ, ζ)
+ 1

]
,

Re
u

s
≥ n2Re

ξ2q′′′z3 (ξ, ζ)

q′z (ξ, ζ)
,

z ∈ U , ξ ∈ ∂U\E (q (·, ζ)) , ζ ∈ U and n ≥ 2.

An important known result that will be used in the proof of the new results is
the following lemma used in third-order differential subordination theory and given
here in the form required by the theory of strong differential subordination:

Lemma 1 ([1], [19]) Let q (z, ζ) ∈ Qζ (a) and let

p (z, ζ) = a+ an (ζ) z
n + an+1 (ζ) z

n+1 + ... ∈ H
(
U × U

)
,

with p (z, ζ) ̸= a, and n ≥ 2.

If p (·, ζ) is not subordinate to q (·, ζ), then there exist points z0 ∈ U , z0 = r0e
iθ0

and ζ0 ∈ ∂U\E (q (·, ζ)) for which p
(
U × Ur0

)
⊂ q

(
U × U

)
and an m ≥ n, such

that the following conditions are satisfied:

(i) p (z0, ζ) = q (ζ0, ζ) ;

(ii) Re
ζ0q′′

z2
(ζ0,ζ)

q′z(ζ0,ζ)
≥ 0 and

∣∣∣ zp′z(z,ζ)q′z(ξ,ζ)

∣∣∣ ≤ m, z ∈ U, ξ ∈ ∂U\E (q (·, ζ)) ;

(iii) z0p
′
z (z0, ζ) = mζ0q

′
z (ζ0, ζ) ;

(iv) Re

(
z0p′′

z2
(z0,ζ)

p′z(z0,ζ)
+ 1

)
≥ mRe

(
ζ0q′′

z2
(ζ0,ζ)

q′z(ζ0,ζ)
+ 1

)
;

(v) Re
z20p

′′′
z3

(z0,ζ)

p′z(z0,ζ)
≥ m2Re

ζ20q
′′′
z3

(ζ0,ζ)

q′z(ζ0,ζ)
.

Definition 5 [11] Let ψ : C4 × U × U → C and h (z, ζ) be univalent in U × U . If
p (z, ζ) is analytic in U × U and satisfies the third-order strong differential subordi-
nation

(2) ψ
(
p(z, ζ), zp′z(z, ζ), z

2p′′z2(z, ζ), z
3p′′′z3(z, ζ); z, ζ

)
≺≺ h(z, ζ),
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then p(z, ζ) is called a solution of the third-order strong differential subordination
(2). A univalent function q (z, ζ) is called a dominant of the solutions of the third-
order strong differential subordination or more simply a dominant, if p (z, ζ) ≺≺
q (z, ζ) for all p (z, ζ) satisfying the third-order strong differential subordination (2).
A dominant q̃(z, ζ) that satisfies q̃(z, ζ) ≺≺ q(z, ζ) for all dominants of (2) is called
the best dominant of (2) and it is unique up to a rotation in U × U .

Research connecting the theory of univalent functions with the theory of special
functions began to develop after the proof of Bieberbach’s conjecture was published
in 1985 [20], where de Branges has used a generalized hypergeometric function for his
proof. One of the earliest studies analyzing the implications of using hypergeometric
functions in univalent function theory was published in 1990 by Miller and Mocanu
[21]. In their paper [21], Miller and Mocanu have determined conditions such that
confluent (Kummer) and Gaussian hypergeometric functions to be univalent in U .
The form of those functions is next presented.

Definition 6 [21] Let a and c be complex numbers with c ̸= 0,−1,−2, . . . and con-
sider

(3) F (a, c; z) = 1 +
a

c
· z
1!

+
a(a+ 1)

c(c+ 1)
· z

2

2!
+ . . . , z ∈ U.

This function is called confluent (Kummer) hypergeometric function, is analytic
in C and satisfies Kummer’s differential equation:

z · w′′(z) + [c− z] · w′(z)− a · w(z) = 0.

If we let

(d)k =
Γ(d+ k)

Γ(d)
= d(d+ 1)(d+ 2) . . . (d+ k − 1) and (d)0 = 1,

then (3) can be written in the form

(4) F (a, c; z) =
∞∑
k=0

(a)k
(c)k

· z
k

k!
=

Γ(c)

Γ(a)
·

∞∑
k=0

Γ(a+ k)

Γ(c+ k)
· z

k

k!
.

Definition 7 [21] Let a, b and c be complex numbers with c ̸= 0,−1,−2, . . . The
function

(5) F (a, b, c; z) = 1 +
ab

c
· z
1!

+
a (a+ 1) b (b+ 1)

c (c+ 1)
· z

2

2!
+ ..., z ∈ U,

is called Gaussian hypergeometric function, is analytic in U and satisfies the hyper-
geometric equation:

z(z − 1) · w′′ (z) + [c− (a+ b+ 1)z] · w′ (z)− ab · w (z) = 0.
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If we let

(d)k =
Γ(d+ k)

Γ(d)
= d (d+ 1) (d+ 2) . . . (d+ k − 1) and (d)0 = 1,

then (5) can be written in the form

(6) F (a, b, c; z) =

∞∑
k=0

(a)k · (b)k
(c)k

· z
k

k!
=

Γ (c)

Γ (a) Γ (b)
·

∞∑
k=0

Γ (a+ k) Γ (b+ k)

Γ (c+ k)
· z

k

k!
.

The fractional integral of order λ used by Owa [22] and Owa and Srivastava [23]
is defined as:

Definition 8 [22, 23] The fractional integral of order λ(λ > 0) is defined for a
function f by the following expression:

(7) D−λ
z f(z) =

1

Γ(λ)

∫ z

0

f(t)

(z − t)1−λ
dt,

where f is an analytic function in a simply-connected region of the z-plane containing
the origin and the multiplicity of (z − t)1−λ is removed by requiring log(z − t) to be
real when z − t > 0.

In the research presented in [24], the coefficients a and c complex numbers in the
form (3) of the confluent (Kummer) hypergeometric function are replaced by the
holomorphic functions a(ζ), c(ζ) depending on the parameter ζ ∈ Ū . The following
form is used in [24] for studies regarding second-order strong differential subordona-
tions and will be further used in this investigation.

Definition 9 [24]

(8) F (a(ζ), c(ζ); z, ζ) = 1 +
a(ζ)

c(ζ)
· z
1!

+
a(ζ)[a(ζ) + 1]

c(ζ)[c(ζ) + 1]
· z

2

2!
+ . . . , z ∈ U,

where a(ζ) ̸= 0, c(ζ) ̸= 0,−1,−2, . . ..

For the research presented in this paper, the fractional integral seen in (7) will be
applied to the confluent (Kummer) hypergeometric function given by (8). Gaussian
hypergeometric function will also be adapted to the new classes specific to strong
differential subordination theory and the fractional integral (7) will be also applied
to this form. Hence, two new integral operators having the forms specific to the
studies regarding strong differential subordination theory will be obtained. Using
those operators and the techniques specific to the strong differential subordination
theory, new results concerning third-order differential subordinations are obtained
as corollaries of the main theorem proved in this study.
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2 Main results

The first new result presented gives the form of the Gaussian hypergeometric func-
tion, obtained by replacing the complex coefficients a, b, c seen in its definition given
by (5) with certain holomorphic functions a(ζ), b(ζ), c(ζ) depending on the param-
eter ζ ∈ U specific to the theory of strong differential subordination.

Definition 10 Let a(ζ), b(ζ) and c(ζ) be holomorphic functions with a(ζ) ̸= 0, c(ζ) ̸=
0,−1,−2, . . ..
(9)

F (a(ζ), b(ζ), c(ζ); z) = 1+
a(ζ)b(ζ)

c(ζ)
· z
1!
+
a (a(ζ) + 1) b(ζ) (b(ζ) + 1)

c(ζ) (c(ζ) + 1)
· z

2

2!
+ ..., z ∈ U,

where c(ζ) ̸= 0,−1,−2, . . ..

Definition 11 Let a(ζ) and c(ζ) be holomorphic functions with a(ζ) ̸= 0, c(ζ) ̸=
0,−1,−2, . . . and let λ > 0. The factional integral of the confluent (Kummer) hyper-
geometric function specific to strong differential subordination theory is the analytic
function in U × U given by:

(10) A−λ
z F (a(ζ), c(ζ); z, ζ) =

1

Γ(λ)

∫ z

0

F (a(ζ), c(ζ); t, ζ)

(z − t)1−λ
dt

=
1

Γ(λ)
· Γ(c(ζ))
Γ(a(ζ))

·
∞∑
k=0

Γ(a(ζ) + k)

Γ(c(ζ) + k)Γ(k + 1)

∫ z

0

tk

(z − t)1−λ
dt, z ∈ U, ζ ∈ U.

Following a straightforward computation, the confluent hypergeometric func-
tion’s fractional integral assumes the following form:

(11) A−λ
z F (a(ζ), c(ζ); z, ζ) =

Γ(c(ζ))

Γ(a(ζ))

∞∑
k=0

Γ(a(ζ) + k)

Γ(c(ζ) + k)Γ(λ+ k + 1)
zk+λ

=
zλ

Γ(λ+ 1)
+

a(ζ)zλ+1

c(ζ)Γ(λ+ 2)
+ · · · .

We conclude that A−λ
z (a(ζ), c(ζ); z, ζ) ∈ Hζ[0, λ].

We can also write:

(12) [A−λ
z F (a(ζ), c(ζ); z, ζ)]′ =

λ

Γ(λ+ 1)
· zλ−1 +

a(ζ)

c(ζ)
· λ+ 1

Γ(λ+ 2)
· zλ + · · · .

For λ = 1 we obtain:

A−1
z F (a(ζ), c(ζ); z, ζ) = z +

a(ζ)

c(ζ)
· z

2

2
+ · · · ,
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which shows that A−1
z F (a(ζ), c(ζ); z, ζ) ∈ Aζ.

We can also write:

[A−1
z F (a(ζ), c(ζ); z, ζ)]′ = 1 +

a(ζ)

c(ζ)
· z + · · · ,

and [A−1
z F (a(ζ), c(ζ); 0, ζ)]′ = 1 ̸= 0.

Remark 2 By replacing a(ζ) = a and c(ζ) = c in Definition 11, the fractional inte-
gral of confluent hypergeometric function is obtained in its original form introduced
in [25] and further applied in studies like [26].

By applying Definition 8 and the form of the Gaussian hypergeometric function
given in (11), the following definition describes the fractional integral of Gaussian
hypergeometric function.

Definition 12 Let a(ζ), b(ζ) and c(ζ) be holomorphic functions with a(ζ) ̸= 0, c(ζ) ̸=
0,−1,−2, . . ., and λ > 0. For the fractional integral of Gaussian hypergeometric
function, the following expression is found:
(13)

D−λ
z F (a(ζ), b(ζ), c(ζ); z, ζ) =

1

Γ (λ )

∫ z

0

Γ(c((ζ)))
Γ(a(ζ))Γ(b(ζ))

∑∞
k=0

Γ(a(ζ)+k)Γ(b(ζ)+k)
Γ(c(ζ)+k) · zkk!

(z − t)1−λ
dt =

Γ (c(ζ))

Γ (a(ζ)) Γ (b(ζ))

∞∑
k=0

Γ (a(ζ) + k) Γ (b(ζ) + k)

Γ (c(ζ) + k) Γ (λ+ k + 1)
·zk+λ

=
Γ (c((ζ)))

Γ (a(ζ)) Γ (b(ζ))

∞∑
k=0

Γ (a(ζ) + k) Γ (b(ζ) + k)

Γ (c(ζ) + k)
·zk+λ, z ∈ U, ζ ∈ U.

The fractional integral of Gaussian hypergeometric function can be written in
the equivalent form:

D−λ
z F (a(ζ), b(ζ), c(ζ); z, ζ) =

zλ

Γ(λ+ 1)
+

Γ (c((ζ)))

Γ (a(ζ)) Γ (b(ζ))
·Γ (a(ζ) + 1) Γ (b(ζ) + 1)

Γ (c(ζ) + 1) Γ (λ+ 2)
·zλ+1 + · · ·

We conclude that D−λ
z F (a(ζ), b(ζ), c(ζ); z, ζ) ∈ Hζ[0, λ].

We can also write:

[D−λ
z F (a(ζ), b(ζ), c(ζ); z, ζ)]′ =

λ

Γ(λ+ 1)
zλ−1 +

a(ζ)b(ζ)(λ+ 1)

c(ζ)Γ(λ+ 2)
· zλ + · · ·

For λ = 1,

D−1
z F (a(ζ), b(ζ), c(ζ); z, ζ) = z +

a(ζ)b(ζ)

c(ζ)
· z

2

2
+ · · · ,

which shows that D−1
z F (a(ζ), b(ζ), c(ζ); z, ζ) ∈ Aζ,

and

[D−1
z F (a(ζ), b(ζ), c(ζ); z, ζ)]′ = 1 +

a(ζ)b(ζ)z

c(ζ)
· zλ + · · · .
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Remark 3 If a(ζ) = a, b(ζ) = b, c(ζ) = c, the fractional integral of Gaussian hyper-
geometric function the form is obtained in its original form introduced in [27].

In the following theorem, the best dominant for a third-order strong differential
subordination is obtained. Using the outcome of this theorem, two results will be
given as applications involving the fractional integral confluent (Kummer) hyperge-
ometric function and the fractional integral of Gaussian hypergeometric function,
respectively, considered in their forms adapted to the strong differential subordina-
tion theory.

Theorem 1 Consider the function q (z, ζ) ∈ Kζ, the functions θ and ϕ ∈ H
(
U × U

)
,

where the domanin D ⊃ q
(
U × U

)
and ϕ (w) ̸= 0, w ∈ q

(
U × U

)
.

Let
Q (z, ζ) = zq′z (z, ζ)ϕ

(
q (z, ζ) , z2q′′z (z, ζ) , z

3q′′′z (z, ζ)
)

and
h (z, ζ) = θ (q (z, ζ)) + zq′z (z, ζ)ϕ

(
q (z, ζ) , z2q′′z (z, ζ) , z

3q′′′z (z, ζ)
)

= θ (q (z, ζ)) +Q (z, ζ) .

Suppose that:

(i) Re ζq
′′
z (z,ζ)

q′z(z,ζ)
≥ 0 and

∣∣∣ zp′z(z,ζ)q′z(ξ,ζ)

∣∣∣ ≤ u , z ∈ U , ζ ∈ U , ξ ∈ ∂U − E(q(z, ζ)),

(ii) Functions Q and ϕ are starlike in U × U,

(iii) Re θ′z(q(z,ζ))
ϕ(q(z,ζ),z2q′′z (z,ζ),z

3q′′′z (z,ζ))
> 0, z ∈ U , ζ ∈ U.

If the function p (z, ζ) ∈ H
(
U × U

)
with p (0, ζ) = q (0, ζ) and p

(
U × U

)
⊂ D,

then

(14) θ (p (z, ζ)) + zp′z (z, ζ)ϕ
(
p (z, ζ) , z2p′′z (z, ζ) , z

3p′′′z (z, ζ)
)
≺≺ h (z, ζ)

implies
p (z, ζ) ≺≺ q (z, ζ) , z ∈ U, ζ ∈ U

and q (z, ζ) is the best dominant of the strong differential subordination (14).

Proof. Let the function h (z, ζ) be differentiated with respect to z:

(15) h′z (z, ζ) = q′z (z, ζ) · θ′ (q (z, ζ)) +Q′ (z, ζ) .

We assess:

(16) Re
zh′z (z, ζ)

Q (z, ζ)
=

Re

[
zq′z (z, ζ) · θ′ (q (z, ζ))

zq′z (z, ζ)ϕ (q (z, ζ) , z
2q′′z (z, ζ) , z

3q′′′z (z, ζ))
+
zQ′ (z, ζ)

Q (z, ζ)

]
=

Re
θ′ (q (z, ζ))

ϕ (q (z, ζ) , z2q′′z (z, ζ) , z
3q′′′z (z, ζ))

+ Re
zQ′ (z, ζ)

Q (z, ζ)
.
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Since Q (z, ζ) is a starlike function, using (iii), relation (16) becomes:

(17) Re
zh′z (z, ζ)

Q (z, ζ)
≥ 0.

Using relation (17), according to the definition of the strong close-to-convex
functions, we conclude that h (z, ζ) is a univalent function in U × U .

Since h (z, ζ) is univalent, strong differential subordination (14) is equivalent to:

(18)
{
θ (p (z, ζ)) + zp′z (z, ζ)ϕ

(
p (z, ζ) , z2p′′z (z, ζ) , z

3p′′′z (z, ζ)
)}

⊂ h
(
U × U

)
.

For z = z0 ∈ U , relation (18) becomes
(19){

θ (p (z0, ζ)) + z0p
′
z (z0, ζ)ϕ

(
p (z0, ζ) , z

2
0p

′′
z (z0, ζ) , z

3
0p

′′′
z (z0, ζ)

)}
∈ h

(
U × U

)
.

For completing the proof, Lemma 1 will be applied. In order to do that, consider
the function ψ : C4 → C given by:

(20) ψ (r, s, t, u) = θ (r) + sϕ (r, t, u) .

For r = p (z, ζ), s = zp′z (z, ζ), t = z2p′′z (z, ζ), u = z3p′′′z (z, ζ), relation (20) becomes

(21) ψ
(
p (z, ζ) , zp′z (z, ζ) , z

2p′′z (z, ζ) , z
3p′′′z (z, ζ)

)
=

θ (p (z, ζ)) + zp′z (z, ζ)ϕ
(
p (z, ζ) , z2p′′z (z, ζ) , z

3p′′′z (z, ζ)
)
.

Using (21), strong differential subordination (14) becomes:

(22) ψ
(
p (z, ζ) , zp′z (z, ζ) , z

2p′′z (z, ζ) , z
3p′′′z (z, ζ)

)
≺≺ h (z, ζ) .

We assume that p (z, ζ) ⊀≺ q (z, ζ). Then, according to Lemma 1 there exist
points z0 ∈ U and ζ0 ∈ ∂U , such that:
(23)
p (z0, ζ) = q (ζ0, ζ) , z0p

′
z (z0, ζ) = mζ0q

′ (ζ0, ζ) , t = z20p
′′
z (z0, ζ) , u = z30p

′′′
z (z0, ζ) ,

satisfying conditions (i− v) of Lemma 1.
By replacing in the admissibility condition r = q (ζ0, ζ), s = mζ0q

′ (ζ0, ζ), t, u,
given by relation (23), we have:

(24) ψ
(
q (ζ0, ζ) ,mζ0q

′ (ζ0, ζ) , t, u
)
/∈ h
(
U × U

)
.

Using the equalities given by (23), we write:

(25) ψ
(
p (z0, ζ) , z0p

′
z (z0, ζ) , z

2
0p

′′
z (z0, ζ) , z

3
0p

′′′
z (z0, ζ)

)
/∈ h
(
U × U

)
.

If in relation (21), we take z = z0, we obtain:

(26) ψ
(
p (z0, ζ) , z0p

′
z (z0, ζ) , z

2
0p

′′
z (z0, ζ) , z

3
0p

′′′
z (z0, ζ)

)
=
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θ (p (z0, ζ)) + z0ϕ
(
p (z0, ζ) , z

2
0p

′′
z (z0, ζ) , z

3
0p

′′′
z (z0, ζ)

)
.

Using (26) in (25), we write:

(27) θ (p (z0, ζ)) + z0ϕ
(
p (z0, ζ) , z

2
0p

′′
z (z0, ζ) , z

3
0p

′′′
z (z0, ζ)

)
/∈ h
(
U × U

)
.

Since (27) contradicts (19), we conclude that the assumption made is not true, hence:

p (z, ζ) ≺≺ q (z, ζ) , z ∈ U, ζ ∈ U.

Since function q (z, ζ) is convex, we know that it is univalent, and since it verifies
the relation

h (z, ζ) = θ (q (z, ζ)) + zq′z (z, ζ) · ϕ
(
q (z, ζ) , z2q′′z (z, ζ) , z

3q′′′z (z, ζ)
)
,

we have that it is the best dominant of the strong differential subordination (14).

Remark 4 For p (z, ζ) = A−1
z F (a (ζ) , c (ζ) ; z, ζ) = z + a(ζ)

c(ζ)
z2

2! +
a(ζ)[a(ζ)+1]
c(ζ)[c(ζ)+1]

z3

3! + ...

with p (0, ζ) = 0 and p′ (0, ζ) = 1 ̸= 0, q (z, ζ) = z − ζ z2

2 cu q (0, ζ) = 0, q′ (0, ζ) = 1,
a convex function in U × U , using Theorem 1 we write the following corollary:

Corollary 1 Consider the function q (z, ζ) = z−ζ z2

2 , with q (0, ζ) = 0, q′ (0, ζ) = 1,
the functions θ si ϕ ∈ H (D), D ⊂ U × U , where the domain q

(
U × U

)
⊂ D,

ϕ (w) ̸= 0, w ∈ q
(
U × U

)
and let p (z, ζ) = A−1

z F (a (ζ) , c (ζ) ; z, ζ) be analytic in
U × U , p (0, ζ) = q (0, ζ) = 0 and p

(
U × U

)
⊂ D.

Let
Q (z, ζ) = zq′z (z, ζ)ϕ

(
q (z, ζ) , z2q′′z (z, ζ) , z

3q′′′z (z, ζ)
)

=
(
z − z2ζ

)
ϕ

(
z − z2

ζ

2
,−z2ζ, 0

)
and

h (z, ζ) = θ (q (z, ζ)) +Q (z, ζ) =

θ

(
z − z2ζ

2

)
+
(
z − z2ζ

)
ϕ

(
z − z2ζ

2
,−z2ζ, 0

)
.

Suppose that:

(i) Re ζq
′′
z (z,ζ)

q′z(z,ζ)
=Re −ζξ

1−ζξ > 0 and

∣∣∣∣ z(A−1
z F (a(ζ),c(ζ);z,ζ))

′
z

q′z(xi,ζ)

∣∣∣∣ ≤ u, z ∈ U , ζ ∈ U ,

ξ ∈ ∂U\E (q (·, ζ)), u ≥ 2.
(ii) Functions Q (z, ζ) and ϕ (z, ζ) are starlike U × U,

(iii) Re
θ′
(
z−ζ z2

2

)
ϕ
(
z− z2ζ

2
,−z2ζ,0

) > 0, z ∈ U , ζ ∈ U.

If function p (z, ζ) = A−1
z F ′

z (a (ζ) , c (ζ) ; z, ζ) is analytic in U × U cu p (0, ζ) =
q (0, ζ), then

θ
(
A−1

z F (a (ζ) , c (ζ) ; z, ζ)
)
+ z

(
A−1

z F (a (ζ) , c (ζ) ; z, ζ)
)′
z
·
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(28)

ϕ
(
A−1

z F (a (ζ) , c (ζ) ; z, ζ) , z2
(
A−1

z F (a (ζ) , c (ζ) ; z, ζ)
)′′
z
, z3
(
A−1

z F (a (ζ) , c (ζ) ; z, ζ)
)′′′
z

)
≺≺ h (z, ζ) ,

implies
a) A−1

z F (a (ζ) , c (ζ) ; z, ζ) ≺≺ z − ζ z2

2 ,

b) ReA−1
z F (a (ζ) , c (ζ) ; z, ζ) >Re

(
z − ζ z2

2

)
, z ∈ U, ζ ∈ U and q (z, ζ) = z− ζ z2

2

is the best dominant of the strong differential subordination considered.

Proof. We prove that function q (z, ζ) = z − ζ z2

2 , q
′(0, ζ) = 1, is convex in U × U.

After a simple calculation, we write:

Re

(
zq′′z (z, ζ)

q′z (z, ζ)
+ 1

)
= 2− Re

1

1− zζ
=

2− Re
1

1− (ρ cosα+ iρ sinα) (ρ cosβ + iρ sinβ)
=

1 + 2ρ4 − 3ρ2 cos (α+ β)

1− 2ρ2 cos (α+ β) + ρ4
.

For ρ→ 1 we obtain:

Re

(
zq′′z (z, ζ)

q′z (z, ζ)
+ 1

)
= lim

ρ→1

1 + 2ρ4 − 3ρ2 cos (α+ β)

1− 2ρ2 cos (α+ β) + ρ4
=

1 + 2− 3 cos (α+ β)

1− 2 cos (α+ β) + 1
=

3 [1− cos (α+ β)]

2 [1− cos (α+ β)]
=

3

2
≥ 0,

and we conclude that q (z, ζ) is convex in U × U .
We assess now:

Re
ζq′′z (z, ζ)

q′z (z, ζ)
= Re

−ζζ
1− ζζ

= 1− Re
ζζ

1− ζζ
=

ρ4 − ρ2 cos (α+ β)

1− 2ρ2 cos (α+ β) + ρ4
.

For ρ→ 1 we get:

Re
ζq′′z (z, ζ)

q′z (z, ζ)
= lim

ρ→1

ρ4 − ρ2 cos (α+ β)

1− 2ρ2 cos (α+ β) + ρ4
=

1− cos (α+ β)

2 (1− cos (α+ β))
=

1

2
≥ 0.

Having fulfilled the conditions of Theorem 1, for p (z, ζ) = A−1
z F (a (ζ) , c (ζ) ; z, ζ)

and q (z, ζ) = z − ζ z2

2 , we have:

(29) A−1
z F (a (ζ) , c (ζ) ; z, ζ) ≺≺ z − ζ

z2

2
, z ∈ U, ζ ∈ U.

Since q (z, ζ) = z−ζ z2

2 is convexa in U×U and A−1
z F (a (ζ) , c (ζ) ; 0, ζ) = q (0, ζ) = 0,

the strong differential subordination (29) is equivalent to:

ReA−1
z F (a (ζ) , c (ζ) ; z, ζ) > Re

(
z − ζ

z2

2

)
, z ∈ U, ζ ∈ U.
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Remark 5 For p (z, ζ) taken as the function:

D−1
z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ) = z+

a (ζ) b (ζ)

c (ζ)

z2

2!
+
a (ζ) [a (ζ) + 1] b (ζ) [b (ζ) + 1]

c (ζ) [c (ζ) + 1]

z3

3!
+· · ·

and q (z, ζ) = z + ζ z2

2 , z ∈ U, ζ ∈ U, using Theorem 1 we write the following
corollary.

Corollary 2 Consider the function q (z, ζ) = z + ζ z2

2 , q
′(0, ζ) = 1, convex in U ×

U, the functions θ, ϕ ∈ H (D), where the domain q
(
U × U

)
⊂ D, ϕ (w) ̸= 0,

w ∈ q
(
U × U

)
, and let p (z, ζ) = D−1

z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ) with p (0, ζ) =
D−1

z F (a (ζ) , b (ζ) , c (ζ) ; 0, ζ) = 0 with p
(
U × U

)
⊂ D.

Let
Q (z, ζ) = zq′z (z, ζ)ϕ

(
q (z, ζ) , z2q′′z (z, ζ) , z

3q′′′z (z, ζ)
)

=
(
z + z2ζ

)
ϕ

(
z + z2

ζ

2
, z2ζ, 0

)
,

and

h (z, ζ) = θ

(
z + ζ

z2

2

)
+
(
z + z2ζ

)
ϕ

(
z +

z2

2
ζ, z2ζ, 0

)
.

Suppose that:

(i) Re ζq
′′
z (z,ζ)

q′z(z,ζ)
≥ 0 and

∣∣∣∣ z(D−1
z F (a(ζ),b(ζ),c(ζ);z,ζ))

′
z

q′z(ζ,ζ)

∣∣∣∣ ≤ u, z ∈ U , ζ ∈ U, u ≥ 2,

ζ ∈ ∂U .
(ii) Functions θ and ϕ are starlike in U × U,

(iii) Re
θ′
(
z+ z2ζ

2

)
ϕ
(
z+ z2ζ

2
,z2ζ,0

) > 0, z ∈ U , ζ ∈ U.

If the function p (z, ζ) = D−1
z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ) ∈ H

(
U × U

)
with p (0, ζ) =

q (0, ζ), p
(
U × U

)
⊂ D, then:

(30) θ
(
D−1

z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ)
)
+ z

(
D−1

z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ)
)′
z
·

ϕ
(
p(z, ζ), z2p(z, ζ)′′z , z

3 (p(z, ζ))′′′z
)
≺≺ h (z, ζ) , z ∈ U, ζ ∈ U,

implies

a) D−1
z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ) ≺≺ z + z2ζ

2 , z ∈ U, ζ ∈ U ;

b) ReD−1
z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ) > Re

(
z + z2ζ

2

)
, z ∈ U, ζ ∈ U .

and q (z, ζ) = z+ z2ζ
2 is the best dominant of the strong differential subordination

considered.

Proof. We prove that the function q (z, ζ) = z + z2

2 ζ is convex in U × U . After a
simple calculation, we write:

Re

(
zq′′z (z, ζ)

q′z (z, ζ)
+ 1

)
= Re

(
zζ

1 + zζ

)
= 2− Re

1

1 + zζ
=
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2− Re
1

1 + ρ2 cos (α+ β) + iρ2 sin (α+ β)
=

2ρ4 + 1 + 3ρ2 cos (α+ β)

1 + 2ρ2 cos (α+ β) + ρ4
.

For ρ→ 1 we obtain:

Re

(
zq′′z (z, ζ)

q′z (z, ζ)
+ 1

)
= lim

ρ→1

2ρ4 + 1 + 3ρ2 cos (α+ β)

1 + 2ρ2 cos (α+ β) + ρ4
=

3 [1 + cos (α+ β)]

2 [1 + cos (α+ β)]
=

3

2
≥ 0,

and we conclude that q (z, ζ) = z + z2

2 ζ is a convex function in U × U .
We assess:

Re
ζq′′z (ζ, ζ)

q′z (ζ, ζ)
= Re

zζ

1 + zζ
= 1− Re

1

1 + zζ
=

ρ4 + ρ2 cos (α+ β)

1 + 2ρ2 cos (α+ β) + ρ4
.

For ρ→ 1 we obtain:

Re
ζq′′z (ζ, ζ)

q′z (ζ, ζ)
= lim

ρ→1

ρ4 + ρ2 cos (α+ β)

1 + 2ρ2 cos (α+ β) + ρ4
=

1 + cos (α+ β)

2 (1 + cos (α+ β))
=

1

2
≥ 0.

Having fulfilled the conditions of Theorem 1 pentru

p (z, ζ) = D−1
z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ)

si

q (z, ζ) = z +
z2ζ

2
,

we have:
a) D−1

z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ) ≺≺ z + z2ζ
2 , z ∈ U, ζ ∈ U.

Since q (z, ζ) = z + z2ζ
2 is convex in U × U, and D−1

z F (a (ζ) , b (ζ) , c (ζ) ; 0, ζ) =
q (0, ζ), the domain q

(
U × U

)
is convex, and subordination a) is equivalent to:

b) ReD−1
z F (a (ζ) , b (ζ) , c (ζ) ; z, ζ) ≥ Re

(
z +

z2ζ

2

)
, z ∈ U, ζ ∈ U.

Example 1 For a (ζ) = −2, b (ζ) = ζ + i, c (ζ) = ζ − i, we have:

D−1
z F (−2, ζ + i, ζ − i; z, ζ)=z−ζ

2−1 +2ζi

1 +ζ2
z2

2
+

(
ζ2 −1 +2ζi

) [
ζ2 +2ζ +2i (1 +ζ)

]
(ζ2 + 1) (2 +2ζ +ζ2)

z3

6
.

Using Corollary 2, the function

p (z, ζ) = z − ζ2 − 1 + 2ζi

1 + ζ2
z2

2
+

(
ζ2 − 1 + 2ζi

) [
ζ2 + 2ζ + 2i (1 + ζ)

]
(ζ2 + 1) (2 + 2ζ + ζ2)

z3

6
,
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and q (z, ζ) = z + ζ
2z

2, we can write:

z − ζ2 − 1 + 2ζi

1 + ζ2
z2

2
+

(
ζ2 − 1 + 2ζi

) [
ζ2 + 2ζ + 2i (1 + ζ)

]
(ζ2 + 1) (2 + 2ζ + ζ2)

z3

6
≺≺ z +

ζ

2
z2,

and

Re

(
z − ζ2 − 1 + 2ζi

1 + ζ2
z2

2
+

(
ζ2 − 1 + 2ζi

) [
ζ2 + 2ζ + 2i (1 + ζ)

]
(ζ2 + 1) (2 + 2ζ + ζ2)

z3

6

)
≥ Re

(
z +

ζ

2
z2
)
,

z ∈ U, ζ ∈ U.
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str. Universităt, ii nr.1, 410087 Oradea, Romania
e-mail: preluca.laviniaflorina@student.uoradea.ro


