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Theorem !
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Abstract

In this paper, the following result is presented: if f, g : [a,b] — R are two
continuous functions and f is monotone, then there exists a function ¢ : [a, b] —
[a, ] continuous in a with the property:

T c(x) T
/ f(t)g(t)dt=f(a)/ g(t)dt+f(m)l g (t)dt,

¢(x)

for all x € [a,b]. Then, under specified conditions, the function ¢ that is differ-
entiable at point a is presented, and ¢ (a) is also calculated.
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1 Introduction

Mean-value theorems play an important role in mathematical analysis. One of the
most significant and widely used mean-value theorems in integral calculus is pre-
sented below.
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Theorem 1 [3] Let a,b € R with a < b and f : [a,b] — R be a continuous function.
Then there exists an intermediate point ¢ € |a,b] such that

b
/ f(@)dz=(b-a)f(c).

Properties of the intermediate point ¢, from this theorem, have been studied in
several papers starting from 1931 ([1] — [10], [12]).

In what follows, we present two results related to the intermediate point ¢ from
Theorem 1, results that will be compared with our findings for an important mean-
value theorem in integral calculus.

Theorem 2 [3] Let a,b € R with a < b and f : [a,b] — R. If
(a) the function f is derivable on [a,b],
(b) the derivable f' of the function f is continuous at the point a,

(c) f'(a) #0,
then
19 There erists a continuous function ¢ : [a,b] — R with the property

(1) / F)dt = (z—a) f (@), for allz € [a,b].
20 There exists a function 0 : (a,b] — [0, 1] with the property
/x fA)dt=(x—a)fla+(zr—a)b(x)), foral x € (a,b.

30 The function 6 has limit at the point x = a and

lim 0 (x) = 1

r—a 2

49 The function € is derivable at the point x = a and

Theorem 3 [3/ Let a,b € R with a < b, n > 2 a natural number and f : [a,b] — R.
If
(a) the function f is derivable of n times on the interval |a,b],
(b) the function ™) is continuous at the point a,
(©) f'(a)= f"(a) == [ (a) =0,
(d) ™ (a) #0,
then the following statements are true:
19 If 0 : (a,b] — [0,1] is a function that satisfies the relation

2) / ()t =(z—a) f(at(z—a)b(z)),
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for all x € (a,b], then the function § has limit at the point a and

(3) lim 6 (z) = \/anl

20 If c: (a,b] — [a,b] is a function that satisfies the relation

%
/ f@®)dt=(x—a)f(c(x)), foralx e (a,b,
then the function ¢ : [a,b] — [a,b] defined by
c(x), ifxe€(a,b
(z) = .
a, if x = a,

1s derivable at the point a and

1
Un+1

The mean-value theorem considered in this paper, known as the Bonnet Theorem
or the second mean-value theorem in integral calculus, is as follows

(4) @ (a) =

Theorem 4 [3] Let a,b € R with a < b and f,g: [a,b] — R. If

(a) the function f is monotone on |a,b],

(b) the function g is Riemann integrable on |a,b],
then the function fg is Riemann integrable on [a,b] and there ezists a point ¢ € [a, b]
such that

/ab f(x)g(x)dxzf(a)/: g(x)dx+f(b)/cb g(z)da.

This paper presents several properties of the intermediate point ¢ from Theorem

2 Preliminaries

From Theorem 4, follows that, if the functions f,g : [a,b] — R are continuous and
f is monotone on [a, b], then, for each z € (a,b] there exists a point ¢, € [a, 2] such
that:

(5) / f(t)g(t)dtzf(a)/cw g(t)dt+f(:v)/% g (t)dt.

If for each x € (a,b] there exists a unique point ¢, € [a,z] such that (5) holds,
we can define the function ¢ : (a,b] — [a, b] by

(6) c(x) = ¢y, for all x € (a,b).
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The function ¢ has the property that

z c(z)
(7) /f(t)g(t)dtzf(a)/ g(t)dt+f($)/ g(t)dt,

for all = € (a,b].

If for some = € (a,b], there exist more points ¢, € [a,z] such that (5) is true,
then for each = € (a,b] choose ¢; € [a,z] which satisfies (7). It follows that we can
also define the function ¢ : (a,b] — [a,b] by formula (6). This function ¢ satisfies
(7), too.

Consequently, the following statement is true.

Theorem 5 Let a,b € R with a < b. If the functions f, g : [a,b] — R are continuous
and f is monotone on [a,b], then there exists a function c: (a,b] — [a,b] such that
(7) is true.

If x € (a,b] tends to a, because |c¢(z) — a| < |x — a|, we have

il_r)r}lc (x) = a.

Then the function ¢ : [a,b] — [a,b] defined by

(:U):{ c(z), if z € (a,b]

a, if x=a,

is continuous at z = a.

The purpose of this paper is to establish under which circumstances the function ¢
is differentiable at the point x = a and to compute its derivatives. Do the derivatives
depend upon the functions f and ¢? If there exist several functions ¢ which satisfy
(7), do the derivatives of the function ¢ at x = a depend upon the function ¢ we
choose?

Since for z € (a, b],

T —a T —a
if we denote by
_c(x)—a

9 (.’13) - T —a )

then
6 (x) €[0,1]

and
(8) clz)=a+ (zr—a)b ()
and hence

(9) f(t)g(t)dt =
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a+(z—a)0(z) T
:f(a)/ g(t)dt+f(:c)/ g(t)dt,

a+(z—a)b(x)
for all z € (a,b].
Consequently, the following statement is true.

Theorem 6 Let a,b € R with a < b. If the functions f, g : [a,b] — R are continuous
and f is monotone on [a,b], then there exists a function 6 : (a,b] — [0,1] such that
(9) is true.

Another purpose of this paper is to establish in which conditions the function

0 : (a,b] — [0,1] has limit at the point z = a.

3 Main results

Note that H is an antiderivative of the function fg and G is an antiderivative of the
function g, i.e.

H' (¢) = f(2)g(x), G (2)=g(), forallz € ab],
then, from the Leibniz-Newton Theorem, the equality (8) becomes

H(x) — H(a)

A0 4(@)(Cla+ (@ — a)f(x)) — Gla)] + F@)C(z) — Cla+ (z — a)b(x))],

for all x € (a,b], or, equivalently

(1) PO 16 a4 (2 - a) b (2) - G (a)] =
@6l A A

for all z € (a, b].
Next, we present some results related to the intermediate point functions ¢ and

6.

Theorem 7 Let a,b € R with a < b and f,g : [a,b] — R be twice differentiable
functions on [a,b]. If
(a) the function f is monotone on |a,b],

(b) f'(a)g (a) # 0,

then
1° The function 6 : (a,b] — [0,1] has limit at the point x = a and
. 1
Jim 0() =3

2° The function ¢ is differentiable at x = a and
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Proof. 1° The relation (11) is equivalent to

f(x) = f(a)Gla+ (z — a)b(z)) - G(a)

r—a (x —a)b(z) b (z) =
G(x)=G(a) v a ' (a 2 — H (a H(z)—H(a) "(a
e O PN OO R 0 M=t G}

for all = € (a,b].
By letting x — a, we obtain

£/ (0) ' (@) limf (2) = 36" (a) £ (a) + G (a) f' (@) ~

Tr—ra

Since
G'(a)=g(a), G"(a) =g (a),
and
H'(a) = f(a)g(a), H" (a) = f'(a) g (a) + f(a) g (a),
it follows that

Hence

20 Follows from (8) and 1°.
In what follows we analyze the calculus of @ (a) and of the limit 11300 (z) when
r—a
f'(a) =0 and g (a) # 0.
The following statement is true.

Theorem 8 Let a,b € R with a < b and f,g : [a,b] — R be thrice differentiable
functions on [a,b]. If
(a) the function f is monotone on |a,b],
(b) f'(a) =0, f"(a) # 0, g (a) #0,
then
1° The function 0 : (a,b] — [0,1] has limit at the point x = a and
. 2
lim 6(z) = 3

r—a

2° The function ¢ is differentiable at x = a and
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Proof. 1° By Taylor’s Theorem, for each = € (a, b], there exist ¢y, ca, cg € [0,1]
such that

F@ = @)+ D )4 L @) @@+ L1 ) - )
6@) = 60) + S e -y + e — 0 + 16" (c) (0 - a)
i) = Ha)+ w0+ T o0 ¢ L7 o) - ).

If we replace these relations in (11) we get

7@+ I @)+ i ) - 0
! 1 " 2 2 1 " 3 3
X [G (a) 6 (x) (x—a)—i—iG (a) 6% (z) (x — a) —l—gG (cg) 6’ (z) (x — a) } =
:[aao+;G%@@Fﬂy+;dwwxx_@ﬂx

<T@+ P @ =)+ @) (o= " (o) (o - 0 -

S H @) (—a) — o

—H' (a) — 51

H" (¢xr) (x —a)?.
Since

G/ :g’ G”:gl, G/l/ :gl/’

H' = fg, H" = f'g+ fg', H" = f"g+2f'd + fg",

the last relation becomes
f'(a)g(a)d(x)(z —a)+ %f’ (a) g (a) 0 (2) (z — a)® +

1

+§f, (a)g// (CG’) 03 (1‘) (x—a)3+
gl @ @8 (@) @~ ) 4 7 (@) (@) @) =)+
11, "
+§Ef (a)g" (cq) 03 () (z — a)* +
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= F@)g(a) + 51 (0 (a) (x—a) +

1

tof (@) 9" (cc) (x —a)* + f' (a) g (a) (x — a) +

—I—%f’ (a) g (a)(x— a)2 + %f’ (@) ¢" (cc) (z — a)3 n

o (0) 9 (@) (7 — ) + oy f () (@) (2 — ) +
g @) (ca) (2 — )+ 517" (e) g a) (& — ) +
i (e0) 9 (@) (2= a4 5 7 (o) o (ea) (2 — ) -
~F(@)g (@)~ ' (a) 9 (@) (2~ a) — o f (@) (@) (& — a) -
0" (em) g (em) (& — @ = = f (en) o (en) (v — a)? ~
1 2

~ i e g (en) (2 — o).

But f’ (a) = 0, and hence we have

S (@9(@)0 (@) + 3" (@) (@) 6 () (2 — ) +
+%%fﬂ (a)g" (cc) 0° (2) (x — a)2 + %f”’ (cr)g(a)b(z)(x —a)+
o (e (@) 8 (2) (2 — ) + 512 7 (e) " (ca) 0 (&) (2 — a)° =
1 4 1 "
= 5/ (@)g" (cq) + 511" (a) g (a) +
+%%f” (a)g' (a) (x —a) + %%f” (@) ¢" (cc) (x — a)® +
F 1 (e) 9 (@) (@~ a) + 7 (o) (@) (2~ a)? 4

1 .
b (e) 6" (cq) (e — a) -

—%fﬂ (cu)g(cu) — %f’ (c)d (cu) — %f (cu) " (ch).

If now z € (a,b] tends to a,

lef —al <z —al, feg—al <z —al,|ey —a < |z -],
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we have that cf, cq, cg — a, following that

L7 (@) g (a) lim (z) =

j r—a

= 2 (@9 @)+ " (@) 9 () ~ " (@) g () ~ 5 f (@) 9" (@),

or

r—ra

%f” (a) g (a) im@ (x) = %f” (a)g (a)

and, consequently,
230 =3
20 Follows from 1° by considering (8) .

Next, we analyze the calculus of @ (a) and of the limit liinﬁ (z) when
r—a

fla)=f"(a)= .= f"D(a)=0, f (a) #0, g(a) #0.

Theorem 9 Leta,b € R witha <band f,g: [a,b] = R ben+1 times differentiable

functions on [a,b]. If
(a) f+) and gtV are continuous on [a,b],

(b) the function f is monotone on |[a,b],
(c) f'(a) = f%)zm—f"”(%fw()#ﬁ
(d) g(a) #
then
1° The function 6 : (a,b] — [0,1] has limit at the point x = a and
lim f(x) = n
T—a n-+1

2° The function € is differentiable at x = a and

—/ o
(a) = n+1
Proof. 1° By Taylor’s Theorem, for each x € (a, b], there exist cy, cq, cg € [0, 1]
such that ) )
f(x)=f(a)+ f1(|a) (x—a)—f—...—i—fn'(a)(x—a)n-i-
1
(n+1) _an+l
AWH+UJ (cg) (x —a)™™,
el el
G(z) = G(a) + 1(,“) (z—a)+..+ n,(“) (z — a)"+
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+(nil)!H(n+1) (cr) (z —a)"*! .
But
£ (@ = = £ (@) = 0, £ () £ 0,
and then
f(n) (a) n f(n+1) (Cf) n+1
f(z) = f(a) -y (z — +m( —a)",
gV (a) ko, 9" (cq) n+1
G(x) = 2 ( )"+ (3 1) N
_~h%V (a) k h™ (ch) nil
H(x) = 2 (x—a)"+ (n+1)! (x—a)" =
noqkd A . K™ (cy)
el (k—1—§) G) Nk H n+l
=3 @4 @ -+ TSR - =
g%~ (a) k™ (ch) ntl
f( )kZI k' - + (n+1)' X a) + .

Then the relation (11) becomes

) (¢ (n+1) (¢
{f @) (gt f(n+ iﬁ) (x_a)n} y

n_ (1) (g ™) (¢
x {Zg o ( )Hk (2) (x—a)k—i— g ( G)0n+1 (z) (x_a)n—i-l} _

k:l (n+1)!
R =
{1
f(a);g(k;) (@) (o - )’“’z:)f’lf;’,) )

or, after opening the brackets, reducing the same terms and dividing by (z —a)",

we obtain o) -
n k—1 n
( i <a>9k($)(x_a)k1>f (a)
k=1 ’

n!

n k=1) (4 (n+1) (.
- (ng!()ek (2) (a — a)k> W+
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£ (a) 9" (c) s
n! (n+1)!

1 (ep) 6 (¢6) o
n+1)! (n+1)

+ (z) (x —a)" +

_l’_

() (z —a)"" =

™) (@) [~ a®D (4 ™) (q) o™ (¢
Wi ()(Zg <>(m_a)k_1)+f i >g(n+<§!> c—a)+

oD () [ =g¥ D (a fOD (¢r) g™ (¢ "
+ i ( : ()(m_“)k>+ (n—i—l){ g(n+(1(;!)<x_a) T

CES

If now z € (a,b] tends to a,
lcf —al <[z —al, |cg—a|l <|z—al,|cg —a] <|z—al,

we have that cy, cg, cyg — a, following that

() (q a ) (q () (q a () (g
Because

relation ( 12) becomes

™ (a) g (a
n!( )gil) (@) =
_ 9™ @ | [ (a)g(@) [M(a)g(a) f(a)g™ (a)
_f(a)(n+1)!+ nl 1 (n+1)! (n41)!
and, consequently
%11)1{119(1‘) nj—l

2° The statement 2° follows from the statement 1Y.
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Conclusions and further challenges

In this paper we have established conditions for the functions f and g such under
which the intermediate point function ¢ is differentiable at the point a and we have
provided the derivative @ (a).

In the future, we aim to investigate the conditions under which the functions ¢

and 0 are differentiable of order n at the point a and to compute the corresponding
derivatives.
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