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f-divergence Analysis of Generative Adversarial Network

Mahmud Hasan*!, Hailin Sang? *

Abstract. We aim to establish estimation bounds for various divergences, in-
cluding total variation, Kullback-Leibler (KL) divergence, Hellinger divergence, and
Pearson X2 divergence, within the GAN estimator. We derive an inequality based
on empirical and population objective functions of the GAN model, achieving al-
most surely convergence rates. Subsequently, this inequality was employed to derive
estimation bounds for total variation, Kullback-Leibler (KL) divergence, Hellinger
divergence, and Pearson X2 divergence, leading to almost surely convergence rates
and differences between the expected outputs of the discriminator on real data and
generated data. Our study demonstrates better results compared to some existing
ones, which are a specific case of the general objective function.
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1. Introduction

In recent years, generative Al models have attracted significant attention across vari-
ous communities due to their transformative potential in shaping the future of artificial
intelligence. Generative Adversarial Networks (GANs), introduced by Goodfellow et
al. in 2014 [10], represent a prominent class of generative models based on an adversar-
ial training framework between a generator and a discriminator neural network. The
generator tries to produce realistic data samples, while the discriminator attempts
to distinguish between real and generated data. This adversarial setup drives the
generator to improve its outputs over time. GANs have achieved remarkable success
in generating photorealistic human faces through advanced variants such as PG-GAN
[15], StyleGAN [16], StyleGAN2 [17], StyleGAN3 [18], and Conditional GANs like
c¢GAN [23]. GANSs have been extensively applied in medical imaging tasks such as
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tumor segmentation, MRI reconstruction, image denoising, and cross-modality syn-
thesis using models like Pix2Pix [13], CycleGAN [35], SegAN [32], MedGAN [3], and
DCGAN [26].

Due to the increasing applications of GANSs, there is a growing need for foun-
dational analysis, particularly in understanding estimation and generalization errors
which remains an active area of research. Several theoretical advancements have been
made in this direction. A detailed theoretical error analysis is provided in [12], while
the notion that generalization can occur under a weaker metric known as the neu-
ral net distance is discussed in [4]. An f-divergence-based approach utilizing neural
net distance is introduced by [21], and a gradient-based generalization framework
grounded in neural net distance is presented in [14]. A recent study by the authors
in [11] shows an improved theoretical error analysis based on the general objective
function framework originally proposed in [4]. Our study in this paper focuses on
deriving an f-divergence-based error bound for the GAN model under a general ob-
jective function, which will be discussed in more detail along with related existing
work later in this section.

The goal of developing f-divergence bounds for GAN models comes from both
theoretical and practical reasons. In theory, f-divergences give a general way to
measure how different the model’s distribution is from the real data distribution. This
type of divergence includes many commonly used measures such as Kullback-Leibler,
Jensen-Shannon, Hellinger, and total variation, which are often used when training
different types of GANs. From an intuitive point of view, having bounds based on
f-divergences helps us understand how close the generator is to learning the true data
distribution, especially when we have a limited number of samples or the model is
not perfect. These bounds are useful because they provide some guarantees on how
much the generator can differ from the real data. They also help us understand the
balance between sample size, model complexity, and training performance, which is
important for building better and more stable GAN models.

We investigate the Generative Adversarial Network (GAN) models, where both
the generator and discriminator are parameterized. Let the discriminator function
class be given as

F ={fw:RP = R},

realized by a neural network with parameters w € W, which describe the weights of
the network. Similarly, the generator neural network transformation class is defined
as

G ={g0(2) : R? = R™},

where 6 € © are the generator weights.

Assume the random input variable Z follows the distribution Z ~ pu, and the
target variable X follows X ~ v. The distribution of the generators output, go(Z2),
is denoted as gly. To compare gy and v, we define the following objective function
introduced in [10] and [4]:

dr.¢(gy,v) = sup [Ep(1 — fu(g0(2))) + E¢(fu (X)) = 26(1/2), (1)
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where ¢ is referred to as the measuring function. We require ¢ to be monotone
increasing. Common choices for ¢ in practice include ¢(x) = z, ¢(x) = logz, and
¢(x) =log(d + (1 — &)x) for some 0 < § < 1.

The goal is to minimize this objective function:

inf d o).
nf F.6(95,V)

Suppose we have n independent and identically distributed observations X; ~ v
for 1 < i < n, and the generator produces m independent and identically distributed
terms go(Z;) ~ gy for 1 < j < m. Using empirical averages, we estimate the expec-
tations in (1) and minimize the following empirical version:

; 1 & 1«
d I D) = s — o(1 — — X)) —20(1/2). (2
Fo95™ 7n) = sup mg fulgo(Z n; $(1/2). (2)
Here, fi,, = => 7" ie10z; and D, = L 3" | 0x, represent the empirical distri-

butions of p and v, respectively. Equation (2) measures the distance between the
empirical generator distribution g‘; ™ and the empirical target distribution 7,,. The
error convergence rate for GANs in the context of f-divergence metrics, such as to-
tal variation (TV), Kullback-Leibler (KL) divergence, Hellinger square divergence,
Pearson X2, has significant challenges. The concept of f-divergences traces back to
the foundational work of Alfréd Rényi in 1961 [27], where he introduced a class of
divergence measures to quantify differences between probability distributions. These
divergences were later extended under the general f divergence framework by Csiszar
[7] and others. Several well known examples of f divergences including the Kull-
back Leibler divergence [1], total variation distance [6], and Hellinger distance [5] are
special cases of this framework. These f-divergence metrics can be used to define a
comprehensive generalization error framework for GANs, despite the existing chal-
lenges and ongoing advancements in understanding GAN training. In this paper, we
aim to present GANs convergence bound for various f-divergences by applying the
objective functions defined in equations (1) and (2). These bounds can potentially
help to explain the related errors. The objective function dr 4(gy,v) in (1) aims to
minimize as follows:

inf dr b,
elee) ’¢(ge ’ V)
Let

0, = arg eirelg df,qs(gﬁ’”,ﬁn), (3)

where dr 4(gh™, D) is given in (2).
If pu,(z) and p,(x) are the density functions for the two distributions g} and v,
then for any convex function f, the f-divergence is defined as

dr(gg |v) = /m(@f(%‘:’(%)) da. (4)
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Because ¢ serves as the minimizer, p,, (v) denotes the probability density func-
tion associated with the distribution gy , where gg, () is the random variable. Con-
sequently, the f-divergence for the estimator 6; can be expressed as:

ey ) = [ ptars (2o e )

The total variation (TV) distance [6] is a specific type of f-divergence that can

be defined using function f(z) = 3 [z — 1| in the general equation for f-divergence in

(4). Specifically, the TV distance between the distributions gy and v is given by:

1

dr(ggllv) = drv(ggllv) = /py(x), Pue (%)

py(x)
— 5 [1ow () = pula)de

—1|dx

2

The Kullback-Leibler (KL) divergence [1] between the distributions g}y and v using
the f-divergence in (4) with function f(z) = zlog(z) can be expressed as:

dr(95lv) = dicL(g91lv) = /Pu(z)p/f(f)) log <pp‘j/9((;)> du

pus(x)
= [ pu,(x)log () dx
/ Mo ) p,,(x)
The Hellinger square divergence [5] between the distributions g)y and v can be

calculated using the given f-divergence in (4) for function f(x) = (y/z — 1)2. The
Hellinger square divergence for f(x) = (y/x — 1)? is derived as follows:

dy(gh|lv) = di(ghllv

The x? (Chi-squared) divergence [1] between the distributions g and v is com-
puted using the f-divergence in (4) function for f(x) = (x —1)? which can be written
as follows:
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df(gg”’/):dx2(95|\1/):/pu(a:) <Pp((f)>1> do

[ (pue (@) = pu(2))? .
-/ @

The f-divergences discussed above provide a framework for comparing probabil-
ity distributions, and different f-divergences that can help to improve GAN model
training performances. Those divergences can be written for the estimator 8, defined
in (3) as follows:

drv (gl |Iv) / P, () — poa)\de

dKL(géﬁHV) = /pwl (w)log (pgzl(g)) o
di; (95, 1lv / (W ﬁ) dx

dx2(901||l/) :/ (puel(p)y(xg’u( )) dx.

Our study aims to determine convergence rates for the above f-divergence metrics
using the objective function dr 4(gp,v) defined in (1).

In prior research, such as [34], the authors investigated the KL divergence for
the GAN estimator, using the objective function dz(gj,v) as defined in (20). Their
study established that the upper bound of the KL divergence is determined by the
Rademacher complexity of the discriminator class F for a sample size of n. Moreover,
they noted that for the KL divergence to be bounded by dr(gp,v), the density ratio

log ( p’j”(fm))) must lie within the span of the set F.
)

In [21], the author established estimation bounds for GANs concerning TV, KL
divergence, and Hellinger square divergence as in [34]. The bounds derived in [21]
depend on the sample sizes of the discriminator and generator, denoted by n and
m, respectively. Notably, both studies, [34] and [21], concentrated on the objective
function where ¢(z) = .

The key question in the previous work is whether we can find the TV, KL, Hellinger
divergence, and Pearson X'? divergence convergence rate for the general case of ¢(z),
utilizing the neural network structure described in [11]. Our investigation aims to
broaden this scope to those divergences, with a similar approach presented in [21].
In our study, these divergence has almost surely convergence rates. Furthermore, the
divergence bound in this paper applies to the general objective function in (1) for
¢(x), while prior research in [21] and [34] focuses on the specific case where ¢(x) = x.

As a part of the detailed proof, we begin by establishing an inequality for the ob-
jective function d 4(gy,v) as defined in (1). The inequality asserts that dr 4(gj, ,v)
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is bounded by the sum of three empirical and population objective functions, each
corresponding to the discriminator, generator, and their combination. Subsequently,
we show that these empirical objective functions resemble empirical processes. These
processes can be used with Talagrand’s inequality for getting almost sure convergence
rates, as explained in [11], for two types of functions: F; and H, both structured as
neural networks.

This paper organization is outlined as follows. In Section 2, we establish an in-
equality for the GAN estimator of the objective function dr (gl v) in (1) which will
be applied for the main results. In Section 3, we outline the main results of conver-
gence rates for TV, KL, Hellinger square, Pearson X2 divergence with the supporting
proofs and discussions. Section 4 concludes the discussion and suggests directions for
future research.

2. Inequality for GAN estimator

In this section, we derive an inequality that is bounded by three objective functions
and later we have almost sure convergence rates for two empirical objective function.
A similar inequality was derived in [21] and [12] for the vanilla GAN objective function.
we derive the inequality for the GANs estimator 1, which is based on the following
lemma. This lemma is utilized in a subsequent section to determine the convergence
rate of various f-divergence metrics.

Lemma 2.1 Let 61 be the solution to einé dy:@(gg’”,ﬁn), where df7¢(ggm, Uy) is de-
€

fined in (2). Denote gy as the probability distribution of ge,(Z) € G. Let F and
G represent the discriminator and generator function classes as defined in [11]. Let
X ~ v be the target distribution, with | X|| < oo, and assume that the random input
variable Z satisfies || Z]| < co. Under these conditions, it follows that:

1 1
logm \ 2 logn\? .
dF.¢(gp,v) SOa.s( Tgn ) +Oa.s< i ) + juf dr4(95.v). (6)

Proof. The inequality can be derived by employing the properties of supremum
and infimum. Assuming the discriminator and generator sample sizes are n and m,
respectively, and utilizing the property sup|f(-) + g(-)| < sup|f(-)| + sup|g(-)|, the
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derivation unfolds as follows:

dr (g4, V)
= sup [E@(1 — fu(ge, (2))) + Ed(fu(X))| — 2¢(1/2)

wew
=$wmuam%wm—mmummam»
+ES(fu(X)) + End(1 — fulge,(2))| - 26(1/2)
< sup [BO(1 ~ fulg, (2))) = Bnd (1~ fulgo, (7))

+ 5up [E6(fu (X)) + Bn(1 = fulon, (2))] ~26(1/2)
< s [EG(1 - ful(90(2))) ~ End(1 ~ Fulgs(2)))]
€O, weWw

+ 5up [E6(fu (X)) + Bno(1 = fulon, (2))] ~26(1/2)

< sup drog,6(9y™, 94 )+

sup ‘E¢ Fuw(X)) = End(fu (X)) + End(fu (X)) + Emd(1 = fu(ge,(2)))

wew
—20(1/2)
< 5P drog o(05™ 04) + sup [BO(fu(X) ~ Ba(fu(X)
+ sup [Bad(fu (X)) + Ené (1~ fulon, (2))| - 26(1/2)
wew

= sup drog,6(9p™ s 9y) + dF,¢(Pn, V)

+ inf sup [Eu6(fu(X)) + End(1 — fulgo(2))] - 20(1/2)
0€0 yew
= sup dfog,¢(g0magg) + d}—,(b(ﬁna V) + inf d]:7¢(g0 aﬁn) (7)
6co 0co

Here we defined the following;:

dreg.0(95"94) = sup [BO(1 = ful0o(2) = End(1 ~ fulgoZ))] . (8)

Ar.6(0nsv) = sup [EG(ful(X)) = End(fu(X))

weW

; (9)

and d ]:7(;5(95 ™ Uy) is defined in (2). The inequality (7) demonstrates that the objective
function of GAN estimation can be constructed into empirical versions of the objective
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functions dfog,¢(gg"‘,gg), dr,¢(On,v), d}-7¢(g(§‘m, Un) which are associated with the
discriminator class F, generator class G, and their composition F o G. We define as
u=(0,w) and U = (6, W)

H=1{hu(Z) : hu(Z) = ¢(1 — fu(90(Z)))} (10)
and
Fr={fi(X): fi(X) = ¢(fu(X))} (11)

Then, according to Theorem 3.1 and Theorem 3.2 in [11], we can write the following;:

) = sup [EG(1L = fulgo(2))) — Bl = fulgo(2)))

0eO,weW

sup drog,o(gh™
0cO

1 m

= sup |— Z (hu(Zj) - Ehu(zj))

j=1

= sup 1Z(f1<xi>—ﬂ«:f1<xi>>‘ 0. (E1)

wew | Tt

and using the Lemma 3.1 in [1 1], we have,

(fw( )) +]Em¢(1 - fw 99 ‘ - 2¢ 1/2)

/’L m

1nf d]:¢( ,ﬁn)z

O wew

1
logm\ 2 logn\? .
< Ous Oa.s fd Dov). 14
.(m)+.<n>+elgef,¢(geV) (14)

Substituting (12), (13), and (14) in (7) the proof is complete. m

3. Convergence rate of various f-divergence metrics

The analysis of f-divergence metrics for GAN estimators provides valuable insights
into error analysis, model performance, and convergence, for improving the GAN
training process and enhancing the quality of generated samples. We are doing this
analysis by deriving different divergence bounds for the GAN estimator defined as:

61 = arg inf dr.e(gp™ Vn),

where d;,(b(ggm, ) is given in Equation (2).

We present the GAN convergence rate for various divergence measures, including
total variation (TV), Kullback-Leibler (KL) divergence, Hellinger square divergence
and Pearson’s x2 divergence.
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3.1. Total variation (TV) and Kullback-Leibler (KL) divergence
bounds

The total variation (TV) divergence measures the difference between two probability
distributions. Let p,, () and p,(x) be the density functions for gy and v, respec-
tively. The total variation (T'V) divergence and Kullback-Leibler (KL) divergence are
defined for the estimator 61 as follows:

drv (gt ) / 1P, () — pol)] da, (15)

e G410) = [ o (o105 (225 ) (16

Below, we present some findings from the literature regarding the KL divergence
bound, along with the corresponding definitions.

Definition 3.1 Pseudo-dimension [31]: Let F = {f : Q — R} be a class of functions.
The pseudo-dimension of F, denoted by Pdim(F), is the largest integer m such that:
X, y:) € A xR, i € [m], for any (b1,...,by) € {—1,1}™ there exists f € F such
that sign(f(X;)—y;) = by, Vi € [m]. We use the following notation for the composition
of function classes:

FoG:={fogl|feF,gecG}.

Definition 3.2 [29] For each g € spanF that can be decomposed into g = Zle w; fit
le |w;| among all possible

wy, the F-variation norm
decompositions of g, that is,

=1 i=1

k k
lgllz1 = inf{z wil : g = wifi +wo,Vk € N,wo, w; € R, f; € ]-‘}.

Proposition 3.1 [34] Assume that g and v have positive density functions p,,(x)
and p,(x), respectively. Then

dicr(Wlgl) + dic(gt|v) = E, {k’g ( 5::@)] e {log (;u(foc)))} '

If log < (( ))) € spanF, then

din(Wllgl) + dics (gl ) < Jlog (j:((”jj)) lradr(gh, ). (17)
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In this proposition, ||.||#1 denotes the variation norm as defined in Definition (3.2),
and dr (g}, ) represents the objective function defined in Equation (20) when ¢(z) =
2. The result presented in (17) highlights the necessity for the log density ratio
log ( L ”(( ))> to lie within the space spanned by F in order to bound the KL divergence
with dr(gy,v).

Let

6 = inf d
inf F(gh s 0n)

where dr(gly, 0y,) is defined as

dr(gh™ 7a) = sup [fw(ge(Zj)) -2 X)) (19)

weWw i—1

Then, the KL divergence bound is investigated in [34] and [21] through the following
corollary and theorem.

Corollary 3.1 [3/] Assume that gy and v have positive density functions p,,(z) and
pl,(z), respectively. Assume F consists of bounded functions with A = sup ¢ x || f|loo <
. Further, assume the discriminator set F is compatible with the generator set G in

the sense that log ( p”(( ))) € span(F) , Vgp € G, with a compatible coefficient defined
as

Arg =supgucg|lo g(p# (m))||}-1 < 0o. Then

2log(1/6 .
G v) < Aro@Ra(F) + 28 2B b p i far ) o). (19
o

where R, (F) is the Rademacher complexity defined as:

sup *ZTsz z‘|~

wew T

R, (F)=

The bound in (19) depends on the compatibility coefficient Ar g, introducing a
trade-off: G should be small with well-behaved density functions to ensure a small
Ar . On the other hand, it should be large enough to minimize the modeling error
inf,eg Euldir(v]|gy)]. In a related manner, the discriminator set should be suf-

ficiently large to include all density ratios log ( L ”((IT))) within a ball of radius Ar g
spanned by F. Additionally, it should be small enoilgh to maintain a low Rademacher
complexity Rgm)(}' ).

If ¢(z) = x, the expression dr (gl ,v) from equation (1), with a slight abuse of
notation, can be written as follows:

dr(gy,v) = sup [Efuw(ge(2)) — Efuw(X)]. (20)
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Similarly, the equation in (2) can be reformulated as:

dr (ggm, Uy) = sup [Evnfw(QO(Z)) - H::nfw(X)]a

wew
ie.,

Hom,

dr(gh™,0n) = sup mew 9(Z) == 3 FulX)| (21)

wew

Theorem 3.1 [21] Let 03 be the solution of 1nf dr(gy fim ) where d}-(gg’",ﬁn) is

given in (21) and K, is some constant for ||fw|| § K1, m, and n denote the number
of generator samples and target distribution samples. For total variation distance,
and Kullback-Leibler divergence,

4Bd7y (gy,||v) < 2 [Edkr (vllgh,) +Edkr (g5, 1|v)]

< 2supinf { log
0 w

pu(z) H K Pruo (T )H
8 ey ) m}*ﬁ“éf o @ .

JrC\/szm(]-;;Q’)lnm JrC\/szmg::’:)lnn LK, szmi::)lnm

)

(22)

where C' > 0 is some universal constant independent of Pdim(F), Pdim(F o G), m
n.

We establish bounds on the total variation (TV) and Kullback-Leibler (KL) divergence
of the objective function in GAN estimation, represented by Theorem 3.2, for the
general case of ¢(x). This relationship is typically expressed using Pinsker’s inequality.
The proof further employs the inequality from Lemma 2.1.

Theorem 3.2 Let 01 be the solution of 1nf dr.o(ghm, 0) where dr 4(gh™, vn) is

given in (2). If p,(z) and py, (z) are the denszty functions for the distribution of v
and ggl(Z), respectively, then for the total variation divergence and Kullback-Leibler
divergence, we have:

AEd7y (g4, |lv) < 2E [dcr (vlIgh,) + dxz (95, 11v)]

< ZSUP{ o) —¢(fw(90))Hoo}

log ——~
6co Pug (z)

1
2

1
logm\ 2 logn . M
#0un (B ) 0, (B )t d (o) + 2001/2)

Proof. Using Pinsker’s inequality proved in [30] Theorem 4.8, we have:

1 1
drv (G411 = 5 [ 1m0, @) = pula)lde <\ 3dicr (vigh).
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Then
2d7y (g4, |lv) < dxc (vlgp,) -
Similarly,
drv(ah|19) = 5 19w, (2) = pu(oldo <\ dics (35110,
Then,

1
drv (gg, [Iv) </ 5dkL (g5, 11v),

2d7v (g4, |lv) < dkr (g4, |Iv) -

Therefore adding (23) and (24), we have,

Ady (gh Iv) < [dicr (vIlgh,) + dxr (g5 |1v)] -

Adiy (g5, |lv) < [dxcr (vllgp,) + dicr (g5, |Iv)]

_ op 2@ o g P @)
= [ outeyton LD dat [ (o108 28

pMel (l‘)

_ 2 lo pv () - — 2 1lo pv () -
_/pV( )1 g d /pﬂel( )1 gpuel(x)d

Pue, (x>

= [1o8 240 (o) = ()

= 0 pv(@) — T ) — x)) dx
-/ (lgp%(x) Bl >>) (pu(@) = P, (2)) d

/ S(ful@) (00(@) — pyo, (@) de
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= [ (108 L2~ 640D ) (9le) =, () s
pﬂel (1‘) o
+ E¢(fw(X)) - E¢(fw(991 (Z)))
< tog p'z”<2) — 8ulD|| low = oo, [, + ES(u(X))
+Eo(1 = fulg0,(2))) — ES(1 = fu(ge,(Z))) — Ed(fu(go,(Z))), For ¢(z) >0
< os 20— 67u(e) !
+ sup [Ed(fu(X)) +Ed(1 — fu(ge, (2)))]
= |[log p'z”(f;) = 0@ o = puo, |, + dr o(ah,. ) +20(1/2).

Given that both ggl and v represent probability distributions, it can be concluded that

||,0,, — Ppo, ||1 < 2. Utilizing Lemma 2.1 for df,¢(ggl,1/) and calculating the expected
value, we can express it as follows:

AEd7y (g5, |1v) < E [dkr (v|lgy,) +dkr (95, 11v)]
pv(z)
§21E{ log B e (@) ¢(fu(z)) oo}

L o,. (log m
m

< 2sup {
6ee

I
+ Ous ( oe™m
m

log

pv ()

Puo ()

1 1
B logn\? .
) 0u (FE) 4t (o) + 2001/

- ¢(fw(fﬂ))Hoo}

1 1
2 logn\ 2

) inf K

) + Ous ( " ) + inf dr.(g

) +20(1/2).

(25)

]
pv(x)
Prg (z)

The term sup {Hlog x))H } represents the maximum difference,
oo

measured usmg the sup norm, between the logarithm of the density ratio of the
target and generated distributions and the discriminator as an input of ¢, considering
all possible generator parameters.

The term eigé dr (g4, v) signifies the minimum difference between the generated

distribution and the target distribution that can be achieved by tuning the parameters
of the generator within the given parameter space ©. It serves as a key measure of
how well the GAN model can approximate the target distribution.
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1 1
The rates Og s (M) " 4044 (lofl") * denote the convergence rates to the sample

m
sizes m and n, respectively. They indicate how quickly the GAN converges to its
equilibrium state as the number of samples increases. Higher convergence rates imply
faster convergence of the GAN model.

Remark 3.1 In (25), we derive the almost sure bound for total variation (TV) and
KL divergence. This bound takes into consideration both the discriminator and gener-
ator sample sizes m and n and is applicable to the general form of ¢(x). Furthermore,
when ¢(x) = x, we obtain an improved result for TV and KL divergence, as shown in
the following Corollary 3.2.

Corollary 3.2 Let 01 be the solution of gng dr o(gh™, D) where dr 4(gh™, o) is
€
given in (2). Denote the density functions of v and gy (Z) by p,(x) and p, (z),

respectively. If ¢(x) = x and log - L (m = fw(x) asin [21], then for both total variation
divergence and Kullback-Leibler dwergence we have:

4Bd7y (g4, ||v) < 2E [dir (vllgh,) + dxr (g5, 1|v)]

<0,. (logm>é L 0,. (logn>§
m n

+ jnf sup [Ef,, (X)) —Efu(96(2)))]- (26)
€9 wew

By substituting ¢(x) = = and log (gc) = fu(z) in (25), the proof of Corollary

3.2 is completed. The term |E fw( )) Efw(ge(Z)))| captures the difference be-

tween the expected outputs of the discriminator on real data (X) and generated

data (go(Z)). The term sup |E[fy(X)] — E[fw(96(Z))]| represents the maximum
wew

difference between the discriminator’s responses to real and generated data across

all possible choices of parameters w within the parameter space Y. The expres-

sion oin(fa sup |E[fw(X)] — E[fw(go(Z))]| represents the smallest possible difference
€9 wew

between the maximum expected responses of the discriminator function f,, to real
and generated data over all possible choices of parameters # within the parameter
space O.

Remark 3.2 The bound in (26) states that the total variation divergence has a.s.
results when the condition log p”(‘” = fw(x) holds. This result is better than the

existing result outlined in Them"em 5’ 1. Theorem 3.1 demonstrates that the bound in
(22) relies on the sample sizes m and n of the discriminator and generator, respec-

tively, along with the pseudo-dimension under the condition log ( oy (2) ) fuw(x).

The bound in (17) depends on the variation norm of log (pp"(a?)) and dr(gy,v). In
)

(19), the bound only considers the sample size of the discriminator and Rademacher
complexity. It’s worth noting that both results in (17) and (19) concern the GAN
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estimator 0 in estimating eing dr(gy, ), while in our context, the GAN estimator 6
€

is used for inf d fm Y.
f prr .7-',¢v(99 )

3.2. Hellinger divergence bound

If py(z) and py, () represent the probability density functions for the distributions
of v and ggl respectively, then the Hellinger divergence is defined as follows:

ey ) = ([ (Voo @) - ﬁ)). (27)

Our goal is to determine the Hellinger divergence bound for the general objective func-
tion used in GAN estimation, using a technique similar to that outlined in Theorem
3.2. In [21], one of the findings regarding the Hellinger divergence bound is presented
in the following Theorem 3.3, which represents the specific case where ¢(z) = x.

Theorem 3.3 [21] Let 03 be the solution of eing d}-(ggm,ﬁn) where dr (g} i D) is
€

given in (21) and K, is some constant for || fu| < K1, m, and n denote the number
of generator samples and target distribution samples. Then,

AEd7 (g5, 11v)

Vi (@) = /0 (@) }
2su 1nf — fwlx
A {‘ VP (@) = /() Fule) -
\/pug (@) = Vpu(@) Pdim(F o G) Inm
2K, 1nf C
’ \/pugxf\/pux o \/ P

| Pdim(F) Inn lnn Pdim( )1nm, (28)

where C' > 0 is some universal constant independent of Pdim(F), Pdim(F o G), m
and n.

We establish the Hellinger divergence bound of the objective function in GAN esti-
mation, stated in Theorem 3.4, for the general case of ¢(x).

Theorem 3.4 Let 01 be the solution of 1nf dr (g5 Am ) where d].-@(gg’ﬂﬁn) is

given in (2). If p,(x) and py, (z) are the denszty function for the distribution of
v and gy . Then

2 o @)
Edy (901 ) < 2sup — ¢(fuw(®))
€O /L@(’t p,,(.’E))

logm 3 logn% .
0.s a.s fd o 2¢(1/2). (2
40, (2 ) +0u, (B ) 4 il drolaf) +2000/2) (29
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Proof. We apply a minor simplification to the Hellinger divergence to align it with
the objective function of GAN. Subsequently, we utilize the bound derived from
Lemma 2.1 to complete the proof.

.0~ [ (V0 - ) o
/wr @) (V) |

(/P (@) + <>)

/ (\/ pu \/puel ) pu pltel dx

( Puo, (@) + /o >)

\/'0”7 pﬂel
( \/7 ))) (pu(z) — P, (z)) dx

puel

(f () — Pug, \T (z )) dx

\//T Py L6

( \/7 ))) (Pu(ﬂﬂ) = Puo, (m)) dx
p#el

+E¢ fw +]E¢ 1_fw(gt91( ))) E¢(1_fw(901(2)))
— E¢(fuw(g0,(2)))

\/T \/Puel (@)

p,uel( )+ pl’( )
+dF,6(9p, - 1/) E(b(l—fw(gel( ) —Eo(fu(ge, (£)))

Vv pV \/ p#sl
.T
\/puel )+ Vpu(

‘ [|pv () = ppa, ()],

+dr.s(99,,v) +26(1/2).
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Using the Lemma 2.1 for d}-7¢(ggl, v) and taking expectation on both sides we can
write as follows:

2 u V pu — 4/ p,uel
Edy; (g9p,,v) < 2E (2))
\/ puel )+ Vou(x -

+0. (kﬁm) 0. (10;3”) + 0 dr olgh 1) +201/2)

VP \/p,uel
< 2sup

6co \/pm )+ v/ pu ()

logm 3 logn H . M
+Oa.s< - > +Oa.s( - ) + nf dr.(gy,v) +26(1/2). (30)

N

(2))

]
The result in (30) provides an a.s. bound, applicable to the general form of ¢(x),
taking into account both the discriminator and generator sample sizes. Under the

\V Pv \/ (‘L
condition \/”m+\”//;61(1) fw(x), we obtain an improved result when ¢(z) = =z,

which is given by the following Corollary 3.3.

Corollary 3.3 Let 01 be the solution of gng d]:,¢(gg’",ﬁn) where d]:,¢(gg"‘,19n) 18
€
given in (2). Denote the density functions of v and gy (Z) by p,(x) and py, (), re-

spectively. If ¢(z) = x and Y2 Vv (@)~ pu(m = fu(x)

then for the Helinger divergence,
Pug (@) ++/pu(

we have:

1 1
1 2 1 2
Ed% (g4 ,v) < Ou.s < ogm> to,. ( ogn)
m

n

+ jnf 52&”51%( ) —Efu(ge(2)))]- (31)

Remark 3.3 Our bound in (30) represents a better result, considering both the dis-
criminator and generator and the general case of ¢(x). Also, the Corollary 3.3 is an
almost sure result and the difference between the expected outputs of the discriminator
on real data (X) and generated data (gg( )) for ¢(x) = . In the current result
stated in (28) under the condition Y——=—"Y—u prg W) (@) = fu(x), (28) relies on pseudo-

Pug (:L’ +/pu(
dimension, presenting a weaker bound compared to (31).

3.3. Pearson X? divergence bound

In the context of GANs, the Pearson X2 divergence is not commonly used as an
explicit divergence measure in the objective function. However, it is possible to derive
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a connection between the Pearson divergence and the GAN objective function under
certain assumptions. Directly optimizing the Pearson divergence in the GAN objective
function is not common, and the use of other divergence measures is more prevalent
in GAN training. The Pearson X2 divergence is defined as

_ )2
dx2(g’51,l/) ::/(pﬂh(jy(x)p”( ) dx. (32)

Theorem 3.5 Let 01 be the solution of ain(gdg(b(ggm,ﬁn) where df7¢(ggm,f/n) 18
€

given in (2). If p,(x) and py, (z) are the density function for the distribution of
v and gy. Then

Edx2(gh,v) < 2SUP{H1 - Leel0) (b(f’“(x))Hoo}

fce Pu(l‘)

logm H logn 2 . u
+Oa‘s( m ) +Oa.s< n ) +912(gd}-,¢(geay)+2¢(l/2) (33)

Proof. We employ the same technique of simplification as seen in the preceding The-
orems 3.2 and 3.4 to establish the bounding of the Pearson X2 divergence. Starting
from the definition of Pearson X2 divergence, we can express it as follows:

(,0 x —Pu(x)Q
ng (ggNy) = / e (p) (x) dx

- / (1 - pﬁi}z)) (P () = Prug, (x))dx
- / (1 '0“9(()) — 0(fulx >>) (Po(2) = Py, ()
+/ 6 (Fu(@)) (P (@) = P, (@)

()

7_¢ fw H Hpu pusl(x)|’1+d]:,¢(gglvy)
—Eo(1 - fw(gel( ) —E¢(fu(ge,(2)))

<offi- el ¢(fw(x))Hoo T dralgh v) +20(1/2).

(34)

By applying the inequality in Lemma 2.1 for d}-,¢(ggl ,v) and following similar steps
outlined in Theorem 3.4, we can establish the proof. m
The expression

el -t -] )

e
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represents the supremum, or the least upper bound, over all possible choices of the
parameter ¢ within the parameter space © of the function

Pre (l‘) H
1— "= —o(ful(x
H pu(x) (ule))
The term captures the maximum difference, measured using the sup norm, between
1 minus the ratio of densities of the generated and target distributions, and the
discriminator’s as the input of ¢, considering all possible generator parameters.

oo

Corollary 3.4 Let 01 be the solution of (gin{) df7¢(ggm,1?n) where d]:7¢(gg’",19n) 18
<o

given in (2). Denote the density functions of v and gy (Z) by p,(x) and py, (z),

Pug (‘T)

ey = fw(x) then for the Pearson X? divergence

respectively. If ¢(x) =z and 1 —
bound, we have:

oo\ oo
Eldxa (g, )] < Ous ( Ogm) 4 Ous ( Og”>
m n

+ inf sup |[Ef, (X)) - Efuw(g0(2)))]- (35)

0€0 wew
Remark 3.4 The bound on Pearson X2 divergence in (33) provides a.s. convergence
rates, considering both discriminator and generator sample sizes, and is applicable to
the general case of ¢(x). Assuming that 1 — p;/‘*i((;)) equals f,(x), the expression (35)
demonstrates a.s. convergence rates and the difference between the expected results of

the discriminator for real data (X ) and generated data (go(Z)).

4. Conclusion

In this study, we have derived various f-divergence bounds that provide a better
upper bound for the GAN model. We have derived the upper bounds for total vari-
ation, Kullback-Leibler (KL) divergence, Hellinger divergence, and Pearson X? di-
vergence within the GAN estimator. Our investigation focuses on understanding the
f-divergence analysis of the GAN estimator with parameterized discriminator and
generator using a general empirical objective function. Some existing results in the
literature correspond to specific cases of the error defined in this paper. We aim to
explore various directions in future work, primarily finding the lower bound of the
f-divergence bound to establish the optimality. As part of our future research, we
aim to explore multiple directions. Additionally, we plan to investigate a general
proof framework for the convexity of an arbitrary function f, which underlies many
f-divergence measures. These theoretical insights can contribute to a deeper under-
standing of the convergence behavior and generalization properties of GAN models.

Acknowledgement. The research of Hailin Sang is partially supported by the Si-
mons Foundation Grant No. 586789 and the NSF Grant No. OIA-2428880, USA.



470 M. Hasan, H. Sang

References

1]

2]

Agresti, A. (2002), Categorical Data Analysis, Wiley Series in Probability and
Statistics, New York.

Arjovsky, M., Chintala, S., Bottou, L. (2017), Wasserstein Generative Adversar-
ial Networks, in Proceedings of the 34th International Conference on Machine
Learning (ICML), 70, pp. 214-223.

Armanious K., Jiang C., Fischer M., Kiistner T., Hepp T., Nikolaou K., Gatidis
S., Yang B., (2020), MedGAN: Medical Image Translation using GANs for MRI
Harmonization and Beyond, Neural Networks.

Arora, S., Ge, R., Liang, Y., Ma, T., Zhang, Y. (2017), Generalization and Equi-
librium in Generative Adversarial Nets (GANs), in Proceedings of the 34th Inter-
national Conference on Machine Learning (ICML), 70, pp. 224-232.

Beran, R. (1977), Minimum Hellinger Distance Estimates for Parametric Models,
The Annals of Statistics, pp. 445-463.

Chung, J. K., Kannappan, P., Ng, C. T., Sahoo, P. K. (1989), Measures of the
Distance Between Probability Distributions, Journal of Mathematical Analysis and
Applications, pp. 280-292.

Csiszar, 1. (1967), Information-Type Measures of Difference of Probability Distri-
butions and Indirect Observations, Studia Scientiarum Mathematicarum Hungar-
ica, 2, pp. 299-318.

Dziugaite, G. K., Roy, D. M., Ghahramani, Z. (2015), Training Generative Neural
Networks via Maximum Mean Discrepancy Optimization, in Proceedings of the
31st Conference on Uncertainty in Artificial Intelligence, pp. 258-267.

Goldberg, P. W., Jerrum, M. R. (1995), Bounding the Vapnik-Chervonenkis Di-
mension of Concept Classes Parameterized by Real Numbers, in Proceedings of
the 6th Annual Conference on Computational Learning Theory, pp. 361-369.

[10] Goodfellow, I., Abadie, J. P., Mirza, M., Xu, B., Farley, D. W., Ozair, S.,

Courville, A., Bengio, Y. (2014), Generative Adversarial Nets, Advances in Neural
Information Processing Systems (NIPS), 27, pp. 2672-2680.

[11] Hasan, M., Sang, H. (2023), Error Analysis of Generative Adversarial Network,

arXiv preprint arXiv:2310.15387.

[12] Huang, J., Jiao, Y., Li, Z., Liu, S., Wang, Y., Yang, Y. (2022), An Error Anal-

ysis of Generative Adversarial Networks for Learning Distributions, Journal of
Machine Learning Research (JMLR), pp. 5047-5089.

[13] Isola, P., Zhu, J. Y., Zhou, T., Efros, A. A. (2017), Image-to-Image Translation

with Conditional Adversarial Networks, Proceedings of the IEEE Conference on
Computer Vision and Pattern Recognition (CVPR).



An f-divergence Analysis of Generative Adversarial Network 471

[14] Ji, K., Zhou, Y., Liang, Y. (2021), Understanding Estimation and Generaliza-
tion Error of Generative Adversarial Networks, IEEE Transactions on Information
Theory, 67, pp. 3114-3129.

[15] Karras, T., Aila, T., Laine, S., Lehtinen, J. (2018), Progressive Growing of GANs
for Improved Quality, Stability, and Variation, Proceedings of the International
Conference on Learning Representations (ICLR).

[16] Karras, T., Laine, S., Aila, T. (2019), A Style-Based Generator Architecture for
Generative Adversarial Networks, Proceedings of the IEEE/CVF Conference on
Computer Vision and Pattern Recognition (CVPR).

[17] Karras, T., Laine, S., Aittala, M., Hellsten, J., Lehtinen, J., Aila, T. (2020),
Analyzing and Improving the Image Quality of StyleGAN, Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern Recognition (CVPR).

[18] Karras, T., Aittala, M., Laine, S., Herva, E., Aila, T. (2021), Alias-Free Gen-
erative Adversarial Networks (StyleGAN3), Advances in Neural Information Pro-
cessing Systems (NeurIPS).

[19] Li, Y., Swersky, K., Zemel, R. (2015), Generative Moment Matching Networks, in
Proceedings of the 32nd International Conference on Machine Learning (ICML),
37, pp. 1718-1727.

[20] Liang, T. (2017), How Well Can Generative Adversarial Networks (GAN) Learn
Densities: A Nonparametric View, arXiv preprint arXiv:1712.08244.

[21] Liang, T. (2021), How Well Generative Adversarial Networks Learn Distribu-
tions, Journal of Machine Learning Research (JMLR), 22, 1-41.

[22] MacKay, D. J. (2003), Information Theory, Inference, and Learning Algorithms,
Cambridge University Press.

[23] Mirza, M., Osindero, S. (2014), Conditional Generative Adversarial Nets, arXiv
preprint arXiv:1411.1784.

[24] Nowozin, S., Cseke, B., Tomioka, R. (2016), f~-GAN: Training Generative Neural
Samplers Using Variational Divergence Minimization, Advances in Neural Infor-
mation Processing Systems (NIPS), 29, 271-279.

[25] Oberman, A. M., Calder, J. (2018), Lipschitz Regularized Deep Neural Networks
Converge and Generalize, arXiv preprint arXiv:1808.09540.

[26] Radford, A., Metz, L., Chintala, S. (2016), Unsupervised Representation Learn-
ing with Deep Convolutional Generative Adversarial Networks, Proceedings of the
International Conference on Learning Representations (ICLR).

[27] Renyi, A. (1961), On Measures of Entropy and Information, Proceedings of the
Fourth Berkeley Symposium on Mathematical Statistics and Probability.



472 M. Hasan, H. Sang

[28] Reed, S., Akata, Z., Yan, X., Logeswaran, L., Schiele, B., Lee, H. (2016), Gener-
ative Adversarial Text-to-Image Synthesis, Proceedings of the 33rd International
Conference on Machine Learning (ICML), 48, pp. 1060-1069.

[29] Trefethen, L. (2019), Approxzimation Theory and Approximation Practice, STAM.

[30] Vershynin, R. (2018), High-Dimensional Probability: An Introduction with Ap-
plications in Data Science, Cambridge University Press.

[31] Vidyasagar, M. (2003), Vapnik-Chervonenkis Pseudo and Fat-Shattering Dimen-
sions, Communications and Control Engineering, Springer.

[32] Xue, Y., Xu, T., Zhang, H., Long, L. (2018), SegAN: Adversarial Network with
Multi-scale L1 Loss for Medical Image Segmentation, Neuroinformatics.

[33] Yi, X., Walia, E., Babyn, P. S. (2019), Generative Adversarial Network in Medical
Imaging: A Review, Medical Image Analysis, 58, 101552.

[34] Zhang, P., Liu, Q., Zhou, D., Xu, T., He, X. (2018), On the Discrimination-
Generalization Trade-Off in GANs, Proceedings of the 6th International Confer-
ence on Learning Representations (ICLR).

[35] Zhu, J. Y., Park, T., Isola, P., Efros, A. A. (2017), Unpaired Image-to-Image
Translation Using Cycle-Consistent Adversarial Networks, Proceedings of the
IEEE Conference on Computer Vision and Pattern Recognition (CVPR), pp.
2242-2251.

Received 19.05.2025, Accepted 16.10.2025



