FOUNDATIONSOF COMPUTING AND DECISION SCIENCES

Vol. 49 (2024) No. 1
ISSN 0867-6356
: DOI: 10.2478/fcds-2024-0006 e-ISSN 2300-3405

§ sciendo

New Results on Single-Machine Scheduling with Rejection
to Minimize the Total Weighted Completion Time

Liqi Zhang *, Xue Yu T, Lingfa Lu T ¥

Abstract. In this paper, we study eight single-machine scheduling problems with
rejection and position-dependent parameters. We consider two position-dependent
parameters as follows: (1) position-dependent weights and (2) position-dependent
processing times. In addition, we also introduce a weight-modifying activity or a
rate-modifying activity into our problems. In the first six problems, the task is to
minimize the sum of the total weighted completion time of accepted jobs and the
total rejection cost of rejected jobs. We show that all six problems can be solved in
polynomial time. In the last two problems, the task is to minimize the total weighted
completion time of accepted jobs under the constraint that the total rejection cost of
rejected jobs can not exceed a given upper bound. We show that these two problems
are binary NP-hard and each problem admits an FPTAS.

Keywords: Scheduling with rejection; position-dependent parameters; dynamic
programming

1 Introduction

1.1 Problem formulation

The general single-machine scheduling problem with rejection to minimize the total
weighted completion time can be stated as follows. Assume that there are n jobs
J1,...,Jn and a single machine. Each job J; has a processing time p;, a weight
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w; and a rejection cost e;. Here we assume that all p;, w; and e; are non-negative
integers. Job J; is either rejected, in which case the rejection cost e; has to be
paid, or accepted and processed on the machine. In a feasible schedule, all jobs are
partitioned into two disjoint sets A and R, which are the sets of accepted jobs and
rejected job, respectively. For each job J; with J; € A, let C; be its completion time in
a schedule. Furthermore, we denote TWC(A) = ZJjeA w;C; and e(R) = ZJjeR e;
by the total weighted completion time of the accepted jobs and the total rejection
cost of the rejected jobs, respectively. If the task is to minimize TWC(A) 4 e(R), the
corresponding scheduling problem can be denoted by 1||TWC(A) + e(R). If the task
is to minimize TWC'(A) under the constraint e(R) < U, the corresponding scheduling
problem can be denoted by 1|e(R) < U|TWC(A).

We cousider two position-dependent parameters as follows: (1) position-dependent
weights (PW) and (2) position-dependent processing times (PPT). In the position-
dependent weights model, there are n given weights wyy,---,wp,. If J; is i-th pro-
cessed job in a schedule, then job J; is assigned the weight wy;, i.e., w; = wp;). Under
the position-dependent weights model to minimize TWC(A)+e(R), the corresponding
problem can be denoted by

1PW|TWC/(A) + e(R). (1)

In the position-dependent processing times model, there are n processing times
ppp, Py If Jj is i-th scheduled job, then job J; is assigned the processing time py;).
Under the position-dependent processing time model to minimize TWC(A) + e(R),
the corresponding problem can be denoted by

1|PPT|TWC(A) + e(R). 2)

The scheduler may perform a weight-modifying activity (WMA) or a rate-modifying
activity (RMA), which requires L units of time. If job J; is performed after the weight-
modifying activity (WMA), its actual weight will be reduced by multiplying a factor
a, i.e., wf = ow;, where we assume that 0 < o < 1 and wJA is the actual weight of
J;. Similarly, if job J; is performed after rate-modifying activity (RMA), its actual
processing time will be reduced by multiplying a factor «, i.e., pj‘ = apj, where pA
is the actual processing time of J;. When the weight-modifying activity or the rate-
modifying activity are introduced into our problems, the corresponding problems can

be denoted by

1PW,WMA|TWC(A) + e(R), (3)
1|/PW, RMAITWC(A) + e(R), (4)
1|/PPT,WMA|TWC(A) + e(R), (5)
and
1|PPT, RMA|TWC(A) + e(R). (6)

We show that all six problems can be solved in polynomial time.
Furthermore, we also consider the constrained versions of problems (1) and (2).
That is, the objective is to minimize TWC(A) under the constraint e(R) < U, where
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U is a given upper bound. The corresponding problems can be denoted by
1|PW,e(R) < U|TWC(A), (7)

and
1|PPT,e(R) <U|TWC(A). (8)

We show that problems (7) and (8) are binary NP-hard and each problem admits an
FPTAS.

1.2 Literature review

In this subsection, we will introduce some previous literature on scheduling with rejec-
tion, scheduling with position-dependent weights, scheduling with position-dependent
processing times, scheduling with a weight-modifying activity and scheduling with a
rate-modifying activity, respectively.

Scheduling with rejection was proposed first by Bartal et al. [3] in 2000. They stud-
ied the on-line scheduling problem P|online|Cpax(A)+e(R) and the off-line scheduling
problem P||Chax(A)+e(R), respectively. They presented an online algorithm with the

best-possible competitive ratio @ ~ 2.618 for problem P|online|Cpax(A) + e(R).
They also presented a (2 — %)—approximation algorithm and a polynomial-time ap-
proximation scheme (PTAS) for problem P||Cpax(A4) + e(R). Scheduling with re-
jection has receive more and more attention in recent two decades. Engels et al. [6]
studied the single machine scheduling problem 1||TWC(A)+e(R). They showed that
this problem is binary NP-hard and provided an FPTAS for this problem. Cao et al.
[4] considered the constrained problem 1|e(R) < U|TWC(A). They also showed that
this problem is binary NP-hard and provided an FPTAS for this problem. Zhang
et al. [22] further studied other objective functions and provided some similar re-
sults. They showed that problem 1le(R) < U|TWC(A) is binary NP-hard even when
all jobs have the unit weight, i.e., w; = 1 for each job J;. Oron [15] studied four
two-agent scheduling problems under rejection budget constraints. They developed
some efficient pseudo-polynomial dynamic programming algorithms to obtain optimal
solutions.

In additions, Shabtay et al. [16] pointed out, an important application of schedul-
ing with rejection arises in make-to-order production systems with limited production
capacity and tight delivery requirements. Another important application of schedul-
ing with rejection occurs in scheduling with an outsourcing option. Moreover, there
are many close connections between scheduling with rejection and other scheduling
models such as scheduling with controllable processing times, scheduling with costs,
and scheduling with due date assignment, etc. For more previous articles on this
topic, we refer the reader to a survey on this topic by Shabtay et al. [16].

Scheduling with position-dependent weights was studied first by Kahlbacher [9]
in 1992. He considered a single machine scheduling problem with the common due
date. Jiang et al. [8] addressed proportionate flow-shop scheduling problems with
position-dependent weights. Under the common and slack due date assignment mod-
els, two polynomial-time algorithms were also provided to solve these two problems
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optimally. Wang et al. [19] studies the single machine scheduling with position-
dependent weights and past-sequence-dependent delivery times. For the common
and slack due-date assignment, they showed that these problems can be solvable in
O(nlogn) time.

Due to the learning or deterioration effects, the actual processing time of a job
usually depend on its position in a schedule. In these situations, scheduling problems
with position-dependent processing times were studied widely in the literature. Bach-
man and Janiak [2] studied some single machine scheduling problems with position-
dependent processing times. They proved some properties of the special cases of the
problems for the following optimization criteria: the makespan, the total comple-
tion time and the total weighted completion time. In addition, they also proved the
strong NP-hardness of the makespan minimization problem. Zhang et al. [23] con-
sidered some single-machine scheduling problems with time and position dependent
processing times. They proved that the classical SPT (Shortest Processing Time)
rule remains optimal when the objective is to minimize the makespan or the total
completion time. For problems of minimizing the total weighted completion time, the
maximum lateness, and the discounted total weighted completion time, they presented
some heuristic sequencing rules and analyzed the worst-case bounds for performance
ratios. Agnetis and Mosheiov [1] further studied the scheduling problem with rejection
and position-dependent processing times on proportionate flowshops. They showed
that this problem can be solved in polynomial time.

In 1996, Whitaker [20] first studied the scheduling problem with a rate-modifying
activity (RMA) on a single machine. She developed a branch-and-bound procedure
for the problem with objective of minimizing total completion time problem. Lee and
Leon [12] developed a polynomial-time algorithm for the same problem. They also
developed some algorithms to solve the problems with other objective functions, in-
cluding makespan, total weighted completion time and maximum lateness. Scheduling
with a rate-modifying-activity has become a popular topic for scheduling researchers
in recent years. More recent articles on scheduling with a rate-modifying activity are
[10, 11, 13, 24].

Mosheiov and Oron [14] introduced the weight-modifying activity into scheduling
problems in 2020. Thus, only a few of papers is published on this topic. Mosheiov and
Oron [14] studied the single machine scheduling problem to minimize total weighted
completion time. A pseudo-polynomial dynamic programming solution algorithm for
this problem is introduced. Several special cases of unit processing time jobs were
solved in polynomial time. For the same problem, Chen et al. [5] also proposed two
mixed integer linear programming models. Based on some optimality properties, a
heuristic algorithm with swap and insert procedures is also developed.
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2 Scheduling with position-dependent weights

2.1 Problem 1|PW|TWC(A) + e(R)

In this subsection, we will consider the problem 1|PW|TWC(A)+e(R). For the gen-
eral problem 1||[TWC(A) 4 e(R), Engels et al. [6] show that this problem is weakly
NP-hard and provided a pseudo-polynomial dynamic programming algorithm based
on the WSPT (Weighted Shortest Processing Time) rule. However, in our problem
1|/PW|TWC(A) + e(R), all weights are position-dependent. Thus, the WSPT rule is
invalid for our problem. Fortunately, we will show that we can replace the WSPT rule
by the SPT (Shortest Processing Time) rule for our problem. We have the following
lemma.

Lemma 1. For problem 1|PW|TWC(A)+ e(R), there exists an optimal schedule
such that all accepted jobs are processed in the SPT rule.

Proof. Lemma 1 can be easily proved by a pairwise exchange argument. Thus, we
omit the detailed proof. O

From Lemma 1, we first re-label the jobs in the SPT rule such that p; < ps <
-+ < pnp. Assume that there are k jobs which are accepted in an optimal schedule.
Thus, the weights of these k accepted jobs will be wyy, - -+, wp, respectively. Under
the assumption that there are k jobs which are accepted in the optimal schedule, the
corresponding problem can be denoted by 1|PW,na = k|TWC(A) + e(R).

For problem 1|PW,ns = kE|TWC(A) + e(R), let f;(i) be the optimal value of the
objective function when the jobs in consideration are Jj,---,J, and the number of
the current accepted jobs is exactly i. Now, we consider any optimal schedule for
the jobs Jj,---,J, in which the number of the current accepted jobs is i. In any
such schedule, there are two possible cases: either J; is rejected or J; is accepted and
processed before other accepted jobs.

Case 1. Job Jj is rejected. In this case, when only the jobs Jji1,---,J, are con-
sidered, the number of the current accepted jobs is still ¢. Thus, we have f;(i) =

fiv1(i) +e;.

Case 2. Job J; is accepted. In this case, when only the jobs Jjy1,- -, J, are consid-
ered, the number of the current accepted jobs is i —1. Note that J; is the (k—i+1)-th
scheduled job and its weight is exactly wi_; 1. When J; is scheduled before other
accepted jobs, the total weighted completion time of the accepted jobs is added by
a value p])-(w[k_¢+1] + -+ wpy). Thus, we have f;(i) = fj11(i — 1) + pj(wp—ip1) +
s wpy).

Combining the above two cases, we have the following dynamic programming al-
gorithm DP1.



80 Ligi Zhang, Xue Yu, LingfalLu

Dynamic programming algorithm DP1

The boundary conditions:

Wik P, i i=1;
fu(i) =% en, it i=0;
~+00, otherwise.

The recursive function:
fi(@) = min{fj+1(2) + e, fi41(0 = 1) + pj(wg—iy1) + - + wpp) }
The optimal value is given by fi(k).

Theorem 1. Algorithm DP1 solves problem 1|PW,n4 = k|TWC(A) + e(R) in
O(n?) time.

Proof. The correctness of algorithm DP1 is guaranteed by the above discussion. The
recursive function has at most O(n?) states and each iteration costs constant time.
Thus, the running time of algorithm DP1 is bounded by O(n?). |

Note that, there are at most n+ 1 choices for the value k. Thus, we can enumerate
all possibilities for k = 0,1,---,n and solve the corresponding problem 1|PW,ns =
kEITWC(A) 4 e(R), respectively. Finally, we select the solution with the smallest ob-
jective value. Thus, we have the following theorem.

Theorem 2. Problem 1|PW|TWC(A) + e(R) can be solved in O(n?) time.

2.2 Problem 1|PW WMA|TWC(A)+ e(R)

In this subsection, we will consider the problem 1|PW, WMA|TWC(A) + e(R). It is
easy to see that Lemma 1 still holds for problem 1|PW, WM A|TWC(A)+e(R). From
Lemma 1, we first re-label the jobs in the SPT rule such that p;1 < ps < .-+ < p,.
Assume that there are k jobs which are accepted in an optimal schedule. Thus, the
weights of these &k accepted jobs will be wyy), -+, wy), respectively. Furthermore, we
assume that there are n,, = k' jobs which are processed after the weight-modifying
activity is performed, where &’ < k. Under the above assumptions, the corresponding
problem can be denoted by 1|PW,WMA,ny = k,n,, =K' TWC(A) + e(R).

For problem 1|PW,WMA,na = k,n, = k'|[TWC(A)+e(R), let f;(i) be the opti-
mal value of the objective function when the jobs in consideration are Jj;,-- -, J, and
the number of the current accepted jobs is exactly i. Now, we consider any optimal
schedule for the jobs Jj,---,J, in which the number of the current accepted jobs is
1. In any such schedule, there are two possible cases: either J; is rejected or J; is
accepted and processed before other accepted jobs.
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Case 1. Job Jj is rejected. In this case, when only the jobs Jji1,---,J, are con-
sidered, the number of the current accepted jobs is still i. Thus, we have f;(i) =

fi+1(@) +ej.

Case 2. Job J; is accepted. In this case, when only the jobs Jj41,- -, J, are consid-
ered, the number of the current accepted jobs is i —1. Note that J; is the (k—i+1)-th
scheduled job and its original weight is exactly wyz_;417. If ¢ <K', then J; must be
processed after the weight-modifying activity is performed. That is, the actual weight
is exactly owp,—;41]. Especially, if ¢ = k’, then J; must be processed immediately
after the weight-modifying activity is performed. When the weight-modifying activity
and J; are performed before other accepted jobs, the total weighted completion time
of the accepted jobs is added by a value a(p; + L) (wjg—it1)+- - -+wpg). Thus, we have
fi()) =Vi=fis1(i—1)+alp; + L) (wg—iy1) + -+ wp). If i <k, there must be
some job which is processed between the weight-modifying activity and J;. When J;
is scheduled before other accepted jobs, the total weighted completion time of the ac-
cepted jobs is added by a value ap;(wii—it1)+- - -+wp). Thus, we have f;(i) = Vi=
fir1(i—1)+apj(wi—ijp1)+- - +wpy). If i > k', then J; must be processed before the
weight-modifying activity is performed. When J; is processed before other accepted
jobs the weight-modifying activity, the total weighted completion time of the accepted
jobs is added by a value pj(wig—ijt1)+- - - +wWp—p) +ap; (Wk—pr41] +- - - +wpy). Thus,
we %ave fi(@) = Vi = fiai—1) +pj(Wik—ig1) + - FWp—r)) +apj (W—pry1) + o+
W(k))-

Combining the above two cases, we have the following dynamic programming al-
gorithm DP2.

Dynamic programming algorithm DP2

The boundary conditions:

QW) Pr if i=1<k,;
awp(pn + L), if i=1=Fk;
fn(i) =S WkPn, if 1=1>Fk,;
€n,s if +=0;
400, otherwise.

The recursive function:

min{fj+1(i) + €5, V/{L if 4= kl;
fj (Z) = min{fj+1(i) + €5, VXL if i< kl;
min{fj+1(i) + ej, VX}, if i>Fk.
The optimal value is given by fi(k).

Theorem 3. Algorithm DP2 solves problem
UPW,WMA,ns =k,n, =k|TWC(A) + e(R) in O(n?) time.
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Proof. The correctness of algorithm DP2 is guaranteed by the above discussion. The
recursive function has at most O(n?) states and each iteration costs constant time.
Thus, the running time of algorithm DP2 is bounded by O(n?). o

Note that, there are at most O(n?) choices for the values k and k’. Thus, we can
enumerate all possibilities and solve the corresponding problem 1|PW,WMA,na =
k,n, = kK| TWC(A) + e(R), respectively. Finally, we select the solution with the
smallest objective value. Thus, we have the following theorem.

Theorem 4. Problem 1|PW, W M A|TW C(A)+e(R) can be solved in O(n?) time.

2.3 Problem 1|PW,RMA|TWC(A)+ e(R)

In this subsection, we will consider the problem 1|PW, RMA|TWC(A) + e(R). Tt is
not hard to verify that Lemma 1 holds still for problem 1|PW, RM A|TWC(A)+e(R).
From Lemma 1, we first re-label the jobs in the SPT rule such that p; < py < -+ < p,.
Assume that there are k jobs which are accepted in an optimal schedule. Thus,
the weights of these k accepted jobs will be wyy, -+, wp). Furthermore, we assume
that there are n, = k’ jobs which are processed after the rate-modifying activity is
performed, where & < k. Under the above assumptions, the corresponding problem
can be denoted by 1|PW,RMA,ns = k,ng = K'|TWC(A) + e(R).

For problem 1|PW,RMA,na = k,n, = k'|TWC(A) + e(R), let f;(i) be the opti-
mal value of the objective function when the jobs in consideration are Jj;,-- -, J, and
the number of the current accepted jobs is exactly i. Now, we consider any optimal
schedule for the jobs Jj,---,J, in which the number of the current accepted jobs is
1. In any such schedule, there are two possible cases: either J; is rejected or J; is
accepted and processed before other accepted jobs.

Case 1. Job Jj is rejected. In this case, when only the jobs Jji1,---,J, are con-
sidered, the number of the current accepted jobs is still i. Thus, we have f;(i) =

fi+1(@) +ej.

Case 2. Job J; is accepted. In this case, when only the jobs Jj41,- -, J, are consid-
ered, the number of the current accepted jobs is i —1. Note that J; is the (k—i+1)-th
scheduled job and its weight is exactly w—;41]. If i < &', then J; must be processed
after the rate-modifying activity is performed. That is, the actual processing time
is exactly ap;. Especially, if i = k’, then J; must be processed immediately after
the rate-modifying activity is performed. When the rate-modifying activity and J;
are performed before other accepted jobs, the total weighted completion time of the
accepted jobs is added by a value (ap; + L)(wig—ijt1) + -+ + wpy). Thus, we have
fi()) =Vi=fis1(i = 1)+ (ap; + L) (wig—iy1) + - + wpgy). If i <K, there must be
some job which is processed between the rate-modifying activity and J;. When J; is
scheduled before other accepted jobs, the total weighted completion time of the ac-
cepted jobs is added by a value ap;(wii—ijt1)+- - -+wp). Thus, we have f;(i) = Vi=
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fir1(i—=1)+apj(wi—ijp1)+- - +wpy). If i > k', then J; must be processed before the
rate-modifying activity is performed. The actual processing time is still p;. When J;
is processed before other accepted jobs the rate-modifying activity, the total weighted
completion time of the accepted jobs is added by a value pj(w[k,iﬂ] + -+ w[k]).
Thus, we have f;(i) = Vi = fjy1(i = 1) + pj(wg—ip1) + - + wy)-

Combining the above two cases, we have the following dynamic programming al-
gorithm DP3.

Dynamic programming algorithm DP3

The boundary conditions:

QW) P if i=1<k;
Wik (apn+ L), if i=1=F,;
fn(i) =S Wk)Pn, if 1=1>Fk,;
€n, if i=0;
400, otherwise.

The recursive function:

min{fjﬂ(i) + ej, Vj}, if 1= kl;
f;(1) = min{fj11(i) +e;,V3}, if i <Kk
min{fj+1(i) + ej, VX}, if i>Fk.
).

The optimal value is given by fi(k

Theorem 5. Algorithm DP3 solves problem 1|PW, RMA,ns = k,n, = K'|TWC(A)+
e(R) in O(n?) time.

Proof. The correctness of algorithm DP3 is guaranteed by the above discussion. The
recursive function has at most O(n?) states and each iteration costs constant time.
Thus, the running time of algorithm DP3 is bounded by O(n?). o

Note that, there are at most O(n?) choices for the values k and k’. Thus, we can
enumerate all possibilities and solve the corresponding problem 1|PW, RM A, ny =
k,n, = K|TWC(A) + e(R), respectively. Finally, we select the solution with the
smallest objective value. Thus, we have the following theorem.

Theorem 6. Problem 1|PW, RMA|TW C(A)+e(R) can be solved in O(n?*) time.
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3 Scheduling with position-dependent processing times

3.1 Problem 1|PPT|TWC(A)+ e(R)

Assume that there are k accepted jobs in an optimal schedule for problem
1|PPT|TWC(A) + e(R). Thus, the processing times of the accept jobs are
Py, PR)s 5 Plk), respectively.  Furthermore, for each i = 1,--- k, we also
Cy = Z:-=1 pr)- That is, the completion times of the accepted jobs are always
fixed. Thus, to minimize the total weighted completion time of the accepted jobs, all
accepted jobs should be processed in the LW (Largest Weight) rule. The LW rule can
be stated as follows:

LW rule: Whenever the machine is idle, among all unfinished jobs, the job with
the largest weight is scheduled.

Lemma 2. For problem 1|PPT|TW C(A)+e(R), there exists an optimal schedule
such that all accepted jobs are processed in the LW rule.

Proof. Lemma 2 can be easily proved by a pairwise exchange argument. Here we
omit the detailed proof. o

Based on Lemma 2, we first re-label the jobs such that w; > wy > -+ > w,. Let
£ (%) be the optimal value of the objective function when the jobs in consideration are
Ji,--+,J; and the number of accepted jobs is ¢. If i > 0, then the processing times of
i accepted jobs are ppij, - -+, p;, respectively.

Now, we consider any optimal schedule for the jobs Ji, - - -, J; in which the number
of accepted jobs is ¢. In any such schedule, there are two possible cases: either J; is
rejected or J; is accepted and processed on the machine.

Case 1. Job J; is rejected. In this case, when the jobs Ji,---,J;_1 are considered,
the number of accepted jobs is still ¢. Thus, we have f;(i) = fj—1(4) +e;.

Case 2. Job J; is accepted. In this case, when the jobs Ji,---,J;_; are considered,
the number of accepted jobs is ¢ — 1. Note that .J; is the i-th processed job. Thus,
its processing time is pj;; and then its completion time is 21:1 pr)- Thus, we have
[i@) = fima(i = 1) +w; 30, Py

Combining the above two cases, we have the following dynamic programming al-
gorithm DP4.

Dynamic programming algorithm DP4
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The boundary conditions:

W1PMn]s if i=1;
i) =< eq, if i=0;
+o00, otherwise.

The recursive function

£i() = min{f;_1(0) + ¢j, ;10— 1) +w; Y ppy}-
r=1
The optimal value is given by
min{f, (%) : 0 <i <n}.
Theorem 7. Algorithm DP4 solves 1|PPT|TWC(A) + e(R) in O(n?) time.

Proof. The correctness of the algorithm is guaranteed by the above discussion. Note
that the recursive function has at most O(n?) states and each iteration costs constant
time. Thus, the running time is bounded by O(n?). O

3.2 Problem 1|PPT,WMA|TWC(A)+ e(R)

Assume that there are n,, = k' accepted jobs which are processed before the the
weight-modification activity in an optimal schedule, where k' = 0,1, -- -, n. Under the
above assumption, the corresponding problem can be denoted by 1|PPT, WM A, n,, =
E|TWC(A) + e(R). It is easy to see that Lemma 2 is still valid for problem
1|PPT,WMA,n, = k|TWC(A) + e(R). Furthermore, similar to the discussion on
k' in subsections 2.2 and 2.3, we can obtain a new dynamic programming algorithm
for 1|PPT,WMA,n, =Kk|TWC(A) + e(R).

Based on Lemma 2, we first re-label the jobs such that w; > ws > -+ > w,.
For problem 1|PPT, WMA,n, =K |TWC(A) + e(R), let f;(i) be the optimal value
of the objective function when the jobs in consideration are Ji,---,J; and the num-

ber of accepted jobs is i. If 4 > 0, then the processing times of 7 accepted jobs are
Py, P[i]» respectively.

Dynamic programming algorithm DP5

The boundary conditions:

wW1P[1]s if i=1<Fk;

N _ ) awipp), if i=1>F;
h@) e1, if i=0;
00, otherwise.

The recursive function
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£:(i) = min{ f;-1(2) +ej, fi—1(i — 1) +w;(ppy + -+ +pu)} if 7 <k
J min{fj,l(i) + €5, fjfl(i -1+ awj(pm + 4o+ L)}, if >k

The optimal value is given by
min{ f,(¢) : k' <i <n}.

Theorem 8. Algorithm DP5 solves 1|PPT,WMA,n,, = k'|TWC(A) + e(R) in
O(n?) time.

Proof. The correctness of the algorithm is guaranteed by the above discussion. Note
that the recursive function has at most O(n?) states and each iteration costs a con-
stant time. Thus, the running time is bounded by O(n?). O

By enumerating all possibilities for ¥/ = 0,1,---,n and solve the corresponding
problem 1|PPT,WMA,n, = K'|TWC(A) + e(R), respectively, we can obtain an
optimal algorithm which solves problem 1|PPT,WMA|TWC(A) + e(R) in O(n?)

time.

3.3 Problem 1|PPT,RMAITWC(A)+ e(R)

Assume that there are n, = k' accepted jobs which are processed before the the
rate-modification activity in an optimal schedule, where k' = 0,1,---,n. Note that,
Lemma 2 is still valid for problem 1|PPT, RMA,n, = k' |TWC(A) + e(R). Further-
more, similar to the discussion on &’ in subsection 2.3, we can obtain a new dynamic
programming algorithm for 1|PPT, RM A, n, = K'|TWC(A) + e(R).

Based on Lemma 2, we first re-label the jobs such that w; > we > -+ > w,. For
problem 1|PPT, RM A, n, = k'|TWC(A)+e(R), let f;(i) be the optimal value of the
objective function when the jobs in consideration are Ji,---,J; and the number of
accepted jobs is 1.

Dynamic programming algorithm DP6

The boundary conditions:

wippy, if i=1<Fk,

N ) awippy, if i=1>k;
RO =9 e, if i=0;
400, otherwise.

The recursive function

min{ f;_1(2) +ej, fi—1(i — 1) +wj(ppy +--- +ppp)}y if @ <K
fi(0) = min{f;_1(i) +ej, fj_1(i — 1) + w;(pp) + - + Py
+L + appr g1y + - apa) b if >k
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The optimal value is given by
min{f,(i) : k' <i < n}.

Theorem 9. Algorithm DP6 solves 1|/PPT, RMA,n, = K|TWC(A) + e(R) in
O(n?) time.

Proof. The correctness of the algorithm is guaranteed by the above discussion. Note
that the recursive function has at most O(n?) states and each iteration costs a con-
stant time. Thus, the running time is bounded by O(n?). |

By enumerating all possibilities for ¥ = 0,1,---,n and solve the corresponding
problem 1|PPT,RMA,n, = k' |TWC(A) + e(R), respectively, we can obtain an op-
timal algorithm which solves problem 1|PPT, RMA|TWC(A) + e(R) in O(n?) time.

4 The constrained problems

In this section, we consider two constrained problems 1|PW, e(R) < U|TWC(A) and
1|PPT,e(R) < U|TWC(A). We show that two constrained problems are binary
NP-hard and admit an FPTAS.

4.1 Problem 1|PW,e(R) < U|TWC(A)

Set TC(A) = ZJjeA C;. Zhang et al. [22] show that the constrained problem
lle(R) < U|TC(A) is binary NP-hard. Thus, by setting wp) = -+ = wp,) = 1, we
have TWC(A) = TC(A). Furthermore, we can conclude that problem 1|PW,e(R) <
UITWC(A) is also NP-hard.

Clearly, Lemma 1 still holds for problem 1|PW, e(R) < U|TWC(A). From Lemma
1, we first re-label the jobs in the SPT rule such that p; < py < --- < p,,. Assume
that there are k£ jobs which are accepted in an optimal schedule. Thus, the weights
of these k accepted jobs will be wyy), -+, wp), respectively. Under the assumption
that there are k jobs which are accepted in the optimal schedule, the corresponding
problem can be denoted by 1|PW,e(R) < U,nyg = k|TWC(A).

For problem 1|PW,e(R) < U,na = k|TWC(A), let f;(i, E) be the optimal value
of the objective function when the jobs in consideration are Jj,---,J,, the number
of the current accepted jobs is exactly ¢ and the total rejection cost of the current
rejected jobs is exactly F.

Case 1. Job Jj is rejected. In this case, when only the jobs Jji1,---,J, are con-
sidered, the number of the current accepted jobs is still 7+ and the total rejection cost
of the current rejected jobs is exactly E —e;. Thus, we have f;(¢, E) = fj11(¢, E—¢;j).

Case 2. Job J; is accepted. In this case, when only the jobs Jjy1,- -, J, are consid-
ered, the number of the current accepted jobs is ¢ — 1 and the total rejection cost of
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the current rejected jobs is still E. Note that J; is the (k—i4 1)-th scheduled job and
its weight is exactly wp,_;;1). When J; is scheduled before other accepted jobs, the
total weighted completion time of the accepted jobs is added by a value p; (w—i11) +
-+ wpg). Thus, we have f;(i, E) = fj11(i — 1, E) + pj(wip—it1) + - + w)).-

Combining the above two cases, we have the following dynamic programming al-
gorithm DP7.

Dynamic programming algorithm DP7

The boundary conditions:

Wk Pn; if i=1and F =0;
fn(i, E) =1 0, if i=0and E=e; <U;
400, otherwise.

The recursive function:

fi(i, B) = min{ fj41(i, E — €;), fi+1(i = 1, E) + pj(wpp—igr1) + -+ wp) }-

The optimal value is given by min{f;(k,E) : 0 < E <U}.

Theorem 10. Algorithm DP7 solves problem 1|PW,e(R) < U,na = k|TWC(A)
in O(n?U) time.

Proof. The correctness of algorithm DP7 is guaranteed by the above discussion. The
recursive function has at most O(n?U) states and each iteration costs constant time.
Thus, the running time of algorithm DP7 is bounded by O(n?U). O

Note that, there are at most n+ 1 choices for the value k. Thus, we can enumerate
all possibilities for £ = 0,1, ---,n and solve the corresponding problem 1|PW, e(R) <
Una = k|TWC(A), respectively. Finally, we select the solution with the smallest
objective value. Thus, we have the following theorem.

Theorem 11. Problem 1|PW,e(R) < U|TWC(A) can be solved in O(n3U) time.

To obtain a fully polynomial-time approximation scheme (FPTAS) for an NP-
hard problem, a common way is to transform a optimal but pseudo-polynomial-time
dynamic programming algorithm into a near optimal but faster algorithm. The main
technique is to remove some yielded data during the execution of the algorithm and
clean up the algorithm’s memory. As a result, the algorithm becomes faster and the
outputted solution is nearly optimal. This approach is called “vector trimming” in
the literature (see [17, 21]). By using the vector trimming technique, an FPTAS
can be proposed for problem 1|PW,e(R) < U|TWC(A), where we omit the detailed
procedure.
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4.2 Problem 1|PPT,e(R) <U|TWC(A)

Zhang et al. [22] show that the constrained problem 1le(R) < U|T'C(A) is binary
NP-hard. By the modification of their NP-hardness proof, we show that problem
llp; = 1,e(R) < UTWC(A) is NP-hard. Furthermore, this implies that problem
1|PPT,e(R) <U|TWC(A) is also NP-hard.

Theorem 12. Problem 1|p; =1,e(R) < U|TWC(A) is NP-hard.

Proof. The decision version of the problem is clearly in NP. We use the NP-
complete Old-Even-Partition problem (Garey and Johnson [7]) for the reduction.

Old-Even-Partition problem: Given 2t 4 1 positive integers a1, as, -, a9, B
such that Zfil a; = 2B, is there a subset S C {1,2,---,2t} such that |S({2i —
1,2i}| = 1 for each i = 1,2,---,t and ), ga; = B?

For a given instance of the Old-Even-Partition problem, we construct an instance
of the decision version of the problem 1|p; = 1,e(R) < U|ITWC(A) as follows.
e There are n = 2¢ jobs with p; =1 for each j =1,---,2¢.
e For with ¢ with 1 < i <t, we define
2B + agi—1
)

t—i
Woi—1 = , €21 =2""B +ag_1,

and )

_ 27 B + ag;
= - ,
e The upper bound is defined by U = 2!B.
e The threshold value is defined by Y = 2!B.

e The decision version asks whether there is a schedule = such that TWC(A) <Y
under the constraint e(R) < U.

i
Wa; eg; = 2" 'B + asg;.

It can be observed that the above construction can be done in polynomial time.
First, we assume that Old-Even-Partition problem has a solution S C {1,2,---,2t}
such that [S({2i —1,2i}| = 1 for each i = 1,2,---,t and ), ga; = B. Note that
min{wa;_1,ws; } > max{wa;y1,wa42} for each i =1,2,---,t — 1. We assign the jobs
in {J; : j € S} to be processed in LW-rule (Largest-Weight first) and reject all other
jobs. Tt is not hard to see that TWC(A) =2'B =Y and e¢(R) =2'B=1U.

Now, we suppose that there is a schedule 7 such that TWC(A4) <Y = 2B and
e(R) < U = 2'B. We are ready to show that Old-Even-Partition problem has a
solution. We have the following claims.
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Claim 1. |A m{JQi_l, J21}| = |R m{JQi_l, J21}| =1 for each i = 17 2, R 7t.

Otherwise, suppose that k is the minimum index such that {Jag_1, Jox} C A or
{Jok—1, Jar } C R. By the definition of k, we  have
|A ﬂ{.]gi_h Jgi}| = ‘Rﬂ{Jgi_l, ng}‘ =1 for each i = 1,2,---,k — 1. Furthermore,
we can assume that the accepted jobs are processed in LW-rule in 7. Note that
min{wgi_l, U}Qi} > max{wgi+1, U)QH_Q} foreachi =1, 2,---,t—1. If {Jgk_l, J2k} C A,
then we have

TWC(A) > (wak—1+wak) Xk + 32 p gy leaW2io1 X T+ D g gpca Wi X i
> kB ot-kpot-ktlp 4 ... 4 9t-1pB
= 2'B
=Y

a contradiction. If {Jar—1, Jor} C R, then we have
e(R) > a1+ €+ D ik 1 1er€2i-1 T Dick sper €2
> 2t7kB+2t7kB+2t7k+1B+”._’_Qtle
= 2'B

a contradiction again. Thus, we have |A({J2i—1, J2i}| = |[R({J2i-1,J2i}| = 1 for
eachi=1,2,---t.

Claim 2. ZJjeAaj = ZJjeRaj = B.
. t i
Since 30, cpej = 2 i1 2B+ cpa; < U =2'B, we have 35, cpa; < B.
Thus, we also have ZJjeA a; > B. Assume that ZJ]-eA a; > B, we have
TWC(A) = ZJzifleAin_l Xi+ZJ2ieAw2i X 7
= Yhea@T B Aazia) + 305,27 B + az)
. i
= i 2T B4 e
> 2'B
= Y
a contradiction. Hence, we have }°; - ya; =3, cpa; = B.

Set S={j:J; € A} and S = {j : J; € R}. By Claim 1 and Claim 2, S (or S) is
a solution of Odd-Even-Partition problem. Theorem 12 follows. o

Next, we present a dynamic programming algorithm for problem 1|PPT,e(R) <
UITWC(A). Clearly, Lemma 2 still holds for problem 1|PPT,e(R) < U|TWC(A).
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From Lemma 2, we first re-label the jobs in the LW rule such that w; > ws > -+ > w,.
Let f;(i, E) be the optimal value of the objective function when the jobs in consid-
eration are Jy,---,J;, the number of the current accepted jobs is exactly ¢ and the
total rejection cost of the current rejected jobs is exactly E.

Case 1. Job J; is rejected. In this case, when only the jobs Ji,---,J;_1 are con-
sidered, the number of the current accepted jobs is still ¢+ and the total rejection cost
of the current rejected jobs is exactly £ —e;. Thus, we have f;(i, E) = f;_1(i, E—¢;j).

Case 2. Job J; is accepted. In this case, when only the jobs Jy,---,J;_1 are con-
sidered, the number of the current accepted jobs is ¢ — 1 and the total rejection
cost of the current rejected jobs is still . Note that J; is the i-th scheduled job
and its processing time is exactly pp;. When J; is scheduled after other accepted
jobs, the makespan of the accepted jobs is exactly (ppj + --- 4 pj;). Thus, we have

i, E) = fi—1(i = 1, E) +wi(ppy + - + ppp)-

Combining the above two cases, we have the following dynamic programming al-
gorithm DPS.

Dynamic programming algorithm DP8

The boundary conditions:

w1Pn), if i=1and F =0;
[, E) =1 0, if i=0and E=e, <U;
+00, otherwise.

The recursive function:
[i(, E) =min{f; (i, E —e;), fj—1(i — 1, E) +w;i(ppy + -+ ppa) -
The optimal value is given by min{f,(i,F) : 0<i<n,0< E <U}.

Theorem 13. Algorithm DP8 solves problem 1|PPT,e(R) < UITWC(A)+ in
O(n2U) time.

Proof. The correctness of algorithm DPS is guaranteed by the above discussion. The
recursive function has at most O(n2U) states and each iteration costs constant time.
Thus, the running time of algorithm DP7 is bounded by O(n2U). o

Similar to the discussion in Subsection 4.1, by using the vector trimming technique,
we can obtain an FPTAS for problem 1|PPT,e(R) < U|TWC(A).
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5 Conclusions and future research

In this paper, we first study six single-machine scheduling problems with rejection
and position-dependent parameters. The task is to minimize the sum of the total
weighted completion time of accepted jobs and the total rejection cost of rejected
jobs. We show that all six problems can be solved in polynomial time. Furthermore,
we also consider two constrained problems and show that both of them are binary
NP-hard. Finally, by using the vector trimming technique, an FPTAS can be obtained
for each constrained problem.

In future research, an interesting direction is to consider the online versions of these
problems. In addition, we also plan to extend these problems into parallel machine
scheduling or batch processing scheduling in the future.
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