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Abstract. This paper is devoted to the study of a multi-criteria scheduling prob-
lem on unrelated processors with machines’ learning effect, with the goal of minimizing
makespan, machine cost and maximal flow-time simultaneously, which is an NP-hard
problem. An improved particle swarm optimization algorithm equipped with the over-
loaded operators, as well as a procedure of Levy flight, is proposed to generate the
Pareto-optimal solutions. The experimental results show that the Levy flight strategy
can effectively improve the performance of the algorithm, which can generate more
non-dominated solutions, and slightly reduce the execution time of the process.
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1. Introduction

Learning effect [6, 10] is one of the factors that are commonly considered in the
scheduling field, especially in the problems related to human resources scheduling
[20, 49]. For example, in scenarios such as doctor diagnosis, business consultation,
software development or manual manufacture etc., the execution speed of the operator
increases along with familiarity of the work, so that the actual processing time of the
work is reduced. If we treat the operators working in parallel as several parallel
machines, and the tasks assigned to them as jobs, all the above scenarios can be
formulated as parallel-machine scheduling problems with learning effect [35, 52].
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In practical situations, the decision-makers always need to consider several criteria
at the same time [32, 44]. In the scheduling domain, minimizing the makespan [3, 17]
is definitely one of the key objectives for optimization (from the global point of the
view). Besides, in the problems related to human resources scheduling, minimizing the
total human cost (or we can say, machine cost) is also an important criterion [14, 29].
Moreover, along with the increment of the attentions on customer satisfaction, the
duration time on solving customers’ needs should not be too long, i.e., the flow-time of
each job (from being released to completed) should be minimized [2, 39]. However, the
above-mentioned goals are often contradictory, that is, the decision-makers have to
make a trade-off among these criteria, and choose one solution from several reasonable
ones.

In this paper, we consider a multi-criteria scheduling problem on parallel unrelated
processors with machines’ learning effect, setting the goal as minimizing makespan,
machine cost and maximal flow-time simultaneously. Due to the NP-hardness [15] of
the considered problem, we propose an improved particle swarm optimization (PSO)
algorithm [40] to generate Pareto-optimal solutions [18]. Specifically, after giving the
representation of the solutions, we overload the operators, i.e. −, × and + in our
PSO, and add a Levy flight procedure to avoid local optima. Finally, we verify the
performance of our improved PSO algorithm through the computational experiments.

The rest of this paper is organized as follows. Some related work and the problem
formulation are introduced in Section 2. Section 3 is devoted to the analysis and
design of the improved PSO algorithm, which is verified by numerical experiments in
Section 4. Finally, the whole paper is concluded and some future work is discussed
in Section 5.

2. Preliminaries

2.1. Related work

Scheduling with multi-criteria is a very popular topic in the field due to actual pro-
ductions, and fruitful results have been devoted to it. Choobineh et al. [13] considered
a single machine scheduling problem with m-objective, and proposed a tabu search
algorithm for it. They also used the numerical examples to study the behavior of tabu
search, comparing the optimal solutions when m = 3. Yagmahan and Yenisey [50]
studied a flow-shop scheduling problem with multi-objectives of makespan, total flow-
time and total machine idle time, and designed an ant colony optimization algorithm
to solve the problem. Wang et al. [47] presented a genetic algorithm based on immune
and entropy principle to solve a multi-objective flexible job-shop scheduling problem,
in which a fitness scheme based on Pareto-optimality was applied, and the immune
and entropy principle was used to keep the diversity of individuals and overcome the
problem of premature convergence. Bandyopadhyay and Bhattacharya [8] proposed a
non-dominated sorting genetic algorithm-II for a parallel machine scheduling problem
with three objectives, which are minimization of total cost due tardiness, minimiza-
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tion of the deterioration cost and minimization of makespan, respectively. Ozdagoglu
et al. [38] developed a dynamic priority approach for a group-based single machine
scheduling problem, using multi-criteria decision making technique regarding setup
time and machine utilization. With the aim of designing an energy-efficient scheduling
in a flexible job-shop system, Mokhtari and Hasani [33] developed a multi-objective
optimization model to minimize total completion time, total energy cost and max-
imize the total availability of the system, and then gave an enhanced evolutionary
algorithm for it. Recently, Abedi et al. [1] focused on an energy-efficient job-shop
scheduling problem within a machine speed scaling framework, where productivity
was affected by deterioration. They proposed a multi-population, multi-objective
memetic algorithm, in which some local search methods were designed based on a
new disjunctive graph introduced to cover the solution space. Saber and Ranjbar
[42] considered a permutation flow-shop scheduling problem with the goal of mini-
mizing total tardiness and total carbon emissions. After presenting a mixed integer
programming model, they developed a multi-objective decomposition-based heuris-
tic algorithm, as well as a multi-objective variable neighborhood search algorithm,
respectively. Lei et al. [26] investigated a multi-objective distributed unrelated ma-
chine scheduling problem, and adopted an improved artificial bee colony algorithm
to minimize makespan and total tardiness simultaneously. Caldeira and Gnanavel-
babu [11] utilized a multi-objective discrete Jaya algorithm to find Pareto-optimal
solutions for a flexible job-shop scheduling problem, in which the minimization of
makespan, total workload of machines, as well as workload of critical machine were
considered simultaneously. Since multi-criteria scheduling has always been one of the
hot spots in scheduling field, there are a large number of survey articles for reference,
e.g. [21, 25, 45].

The phenomenon of learning effect was discovered in 1936 [48], and introduced into
the scheduling field from 1999 [9], when a single machine scheduling problem with
this fact was considered. In this seminal paper, Biskup [9] proposed that the actual
time needed for processing one job decreases along with the number of repetitions of
the similar jobs. Therefore, the actual processing time of job Jj can be represented
as

prj = pj × rα (1)

if Jj is scheduled on position r on one machine, in which pj is the original processing
time of Jj and α < 0 is a learning factor. Then, Lee and Wu [24] extended this concept
to a two-machine flow-shop system, with the setting that prij = pij × rα, where pij
is the original processing time of job Jj on machine Mi. Mosheiov and Sidney [36]
suggested that the learning factor should not be identical, but related to specific jobs.
So they denoted the specific learning factor of Jj as αj , and improved Equation (1)
to prj = pj × rαj . Vahedi Nouri et al. [46] considered a flow-shop scheduling problem
with learning effect and flexible maintenance activities, and proposed a hybrid firefly-
simulated annealing algorithm to solve it. Yeh et al. [51] discussed a parallel machine
scheduling problem with fuzzy processing time and learning effect, and designed two
meta-heuristic algorithms (simulated annealing and genetic algorithm) for it. Bai et
al. [7] modeled the real-world workshop assembly process into a flow-shop scheduling
problem with release date and learning effect, and then solved it by a mixed integer
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programming model, a branch-and-bound algorithm and a class of shortest processing
time available (SPTA)-based heuristics, respectively. Przybylski [41] introduced a new
model of parallel machine scheduling with job processing time described by proper
Riemann integrals of a given function, and showed that the problems with integral-
based learning effect can be solved in polynomial time. Li et al. [27] investigated a
parallel machine scheduling problem with position-dependent deteriorating jobs and
DeJong’s learning effects in an uncertain manufacturing system, and solved it by
a fuzzy simplified swarm optimization algorithm with a local search strategy. To
have a comprehensive investigation on the topic of scheduling with learning effect, we
recommend some surveys, e.g. [5, 10].

2.2. Problem definition

In this paper, we consider a parallel unrelated machines scheduling problem with
learning effect and multi-criteria, which are the minimization of makespan, machine
cost and maximal flow-time, respectively. More formally, the problem can be de-
scribed as follows.

Input: there are m parallel unrelated machines and n jobs, and each job should
be processed by one of the machines, in which the original processing time of job
Jj on machine Mi is pij (1 ≤ i ≤ m and 1 ≤ j ≤ n). Each job has a release time
rj , and each machine has a unit operation cost ui. Machines have the abilities of
learning, so that if Jj is scheduled on the r-th position of Mi, its actual execution
time is prij = pij × rα [9, 24], where α < 0 is the learning factor.

Output: schedule the n jobs on the m machines without preemption, to find the
Pareto-optimal solutions with the criteria of minimizing makespan (Cmax), machine
cost (Ucost) and maximal flow-time (Lmax), in which

Cmax = max
1≤j≤n

{Cj}, (2)

Ucost =

m∑
i=1

ui × (
∑
Jj∈Mi

prij), (3)

Lmax = max
1≤j≤n

{Cj − rj}, (4)

and Cj is the completion time of Jj .
Based on the classical three-field notation [16] in the scheduling field, the problem

considered in this paper can be presented as Rm|rj , LE|#(Cmax, Ucost, Lmax), where
LE in β field stands for learning effect, and #(Cmax, Ucost, Lmax) in γ field means
that this is a trade-off optimization, i.e., to find the Pareto-optimal solutions based
on these three criteria.
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3. Particle swarm optimization with Levy flight

Problem Rm|rj , LE|#(Cmax, Ucost, Lmax) is NP-hard since the classical parallel ma-
chines scheduling is already NP-hard [15]. Therefore, to solve the problem effectively,
we propose an improved Particle Swarm Optimization algorithm with a strategy of
Levy flight (LFPSO for short), to find the Pareto-optimal solutions.

3.1. Basic concept of PSO

Motivated from the foraging process of birds or fishes, PSO [23] is a kind of population-
based meta-heuristic algorithms, which is widely used for solving the combinatorial
optimization problems such as scheduling [43], bin packing [28] or routing [31], etc.

In the general framework of a PSO, the whole population contains N independent
particles. Each particle Pk (1 ≤ k ≤ N) has a position xk and a velocity vk, in which
xk represents a feasible solution for the considered problem, while vk expresses an
update trend of Pk in a certain sense. The searching process of a PSO is to use the
interactions among these particles, that is, the “best-found” position of one particle
will affect the movements of the others, so that the whole population has a move
trend towards the optima. More precisely, in the (t+ 1)-th iteration, the new velocity
(vt+1
k ) and position (xt+1

k ) of particle Pk is influenced by the “best” position already
found by itself (pBesttk), and the one found by the whole population (gBestt), with
the following formulas.

vt+1
k = wvtk + c1R1 × (pBesttk − xtk) + c2R2 × (gBestt − xtk) (5)

xt+1
k = xtk + vt+1

k (6)

In Equation (5), w is the weight to reflect the influence by the previous ve-
locity of Pk, while c1 and c2 are the ones reflecting the influences from the local
best-found solution (pBesttk) and the global best-found solution (gBestt). More-
over, R1 and R2 are the random variables to keep the variety of the searching
process. When utilizing a PSO to solve a specific well-defined problem, such as
Rm|rj , LE|#(Cmax, Ucost, Lmax) in this paper, we need to design the encoding for
xk, vk and other parameters, and overload the operators of −, × and + in Equations
(5) and (6). The details will be given in Section 3.3.

3.2. Strategy of Levy flight

The strategy of Levy flight (LF for short) was proposed by Levy [37], who found
that some marine animals such as tuna, swordfish, and sharks sometimes follow strict
mathematical strategies when foraging, instead of disordered movements. Such math-
ematical principle related to chaos theory can be widely used in random measurement
or computation, to improve the effectiveness of the simulations [37].
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Applying LF strategy to a searching algorithm, one can extend the exploration
space through occasional “long jump”, to avoid its falling into the local optima,
and improve the variety and flexibility of the solutions [4]. Specifically for a PSO
algorithm (e.g. [19, 22]), after Equation (6), we can update the position of particle
Pk with a certain probability of Levy flight, i.e.,

xt+1
k = xt+1

k + δ ⊕ Levy(λ), (7)

in which δ is a random step-length, ⊕ means the scalar product operation, and
Levy(λ) is a probability function generated from Mantegna algorithm [30], by the
following process.

Levy(λ) ∼ u

|v| 1λ
(8)

u ∼ N(0, σ2
u) (9)

v ∼ N(0, 1) (10)

σu =

{
Γ(1 + λ)sin(πλ2 )

Γ
[
1+λ
2

]
λ2

λ−1
2

} 1
λ

(11)

In Equation (11), Γ() is the standard Gamma function, and we set λ ∈ [0.30, 1.99] in
this paper.

3.3. LFPSO for Rm|rj , LE|#(Cmax, Ucost, Lmax)

We give our LFPSO algorithm for problem Rm|rj , LE| #(Cmax, Ucost, Lmax) in
this part. We first introduce the solution representation, i.e., the encoding of the
parameters in Equations (5)-(7), and then overload the operators such as −, × and
+. After setting the initial population and terminal conditions, the whole process of
LFPSO is given in the end of this section.

3.3.1. Solution representation

In a schedule for problem Rm|rj , LE|#(Cmax, Ucost, Lmax), we are not only concerned
about the assignment of jobs (on machines), but also the order of them, since the
latter will affect the criterion of Lmax. Moreover, since we consider learn effect of the
machines, different orders of the jobs will also obtain different values of Cmax and
Ucost.

Therefore, we adopt an array with (n + m − 1) elements to represent particles’
position and velocity, i.e., xk and vk (1 ≤ k ≤ N). In such an array, there are
n positive integers from 1 to n to describe jobs, and m − 1 negative integers from
−(m − 1) to −1 to separate the jobs into m sets. The jobs in one set are assigned
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to a same machine, and placed following the order in the array. For example, when
m = 3 and n = 8, the array (8, 4, 2, -1, 3, 5, -2, 7, 1, 6) expresses the schedule shown
in Figure 1.

J8M1 J4 J2

J7M3 J1

M2 J3 J5

J6

Figure 1. The schedule corresponding to the encoding (8, 4, 2, -1, 3, 5, -2, 7, 1, 6)

Moreover, in Equation 5, Ri (i = 1 or 2) is an (n + m − 1) array with random
elements of 0 or 1 since it represents the randomicity of the searching process, and
the factors w and ci (i = 1 or 2) are all set to be 1 since we consider the previous
velocity (vtk), the local-best position (pBesttk) and the global-best position (gBestt)
to have the same influence on the velocity of the next generation (vt+1

k ).

3.3.2. Operators overloading

In this part, we overload the operators of −, × and + in Equations (5)-(7) so that
they can be adaptive for the iterations of our LFPSO algorithm.

(1) Overloading of the operator −

Observing from Equation (5), we can find that the subtraction operation is to
obtain the difference between the current position and the “best-found” positions
(local-best or global-best), so that the next movement can be as close as possible to
the “best” ones. Therefore, we define the operation of two arrays A − B as follows.
We compare the two arrays by each bit, and if the two elements on the same position
have different values, the one at the corresponding position in the result takes the
value from array A. Else, we set the corresponding element in the result to be 0. An
illustration of two arrays A−B is shown in Figure 2. Note that the result of A−B
may be not a feasible solution, which we will adjust in the following operations.

(2) Overloading of the operator ×

The subtraction operation remains some partial encoding of the “best-found” so-
lutions, and the purpose of the multiplication operation is to make these encoding
randomly changed again. We multiply an (n + m − 1) array Ri (i = 1 or 2) with
random elements in {0, 1} (denoted as A here) and the result of the subtraction op-
eration (denoted as B here) in Equation (5). If the value on one bit in A equals to
1, the element at the corresponding position in the result takes the value of the one
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8A 617-253-124

B

A - B

8 1-2725-1463

0 610-203-124

Figure 2. An illustration of two arrays A−B

in this position in B. Otherwise, the value in A is 0, and the one in the result takes
also 0. Figure 3 gives an illustration of two arrays A×B.

1A 101001101

B

A × B

0 610-203-124

0 600003-104

Figure 3. An illustration of two arrays A×B

(3) Overloading of the operator +

For the addition operation of two arrays, i.e., A + B, the result is always a fea-
sible encoding, which tries to keep the characteristics of A and B simultaneously.
Observing the Equations (5)-(7), the left operand is always feasible, while the right
one could be the results of the previous operations. Therefore, we define the process
of A + B as follows: pick out the non-zero elements from array B, and put them
on the corresponding positions of the result. Then, we delete these elements from
the encoding of array A. Finally, for the “empty” positions in the result, we put the
remaining elements in A one by one, as shown in Figure 4.

3.3.3. Initialization and termination

In LFPSO, we set the population size to N = 100, i.e., there are 100 particles in
the system. The initial positions of these particles are generated randomly, and the
initial velocities are set to be the same as their positions. Moreover, we claim that a
position x1 dominates x2 (denoted as x1 � x2), if the following three inequalities are
met simultaneously, and at least one of them is a strict inequality.

x1.Cmax ≤ x2.Cmax
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7A 184-2362-15

B

A + B

0 600003-104

7 618-223-154

Figure 4. An illustration of two arrays A+B

x1.Ucost ≤ x2.Ucost
x1.Lmax ≤ x2.Lmax

Then, we create a non-dominated set D, and put all the positions that are not domi-
nated by the others (i.e., non-dominated solutions) into D after initialization.

During the iterations, we update the population according to Equations (5)-(7)
with the overloaded operators, and also update set D if there is a new non-dominated
position.

Finally, we terminate our LFPSO if one of the following two conditions are sat-
isfied: (1) The total number of the iterations exceeds 1000 times; (2) The size of D
hasn’t been changed for the nearly 50 iterations.

3.3.4. Framework of LFPSO

We close this section by proposing the main procedure of our LFPSO algorithm.

LFPSO

1 Initialize the population randomly;
2 Create a non-dominated set D and put all the non-dominated solutions into it;
3 Set t = 0, pBest0k = x0k for 1 ≤ k ≤ N , and choose arbitrarily one solution

from D as gBest0;
4 while (the terminated conditions are not met)
5 for each particle Pk
6 Update vt+1

k and xt+1
k by Equations (5)-(7) with the overloaded operators;

7 Update pBestt+1
k and gBestt+1 if they are dominated by the new

population;
8 Update set D if there are new non-dominated solutions;
9 Set t = t+ 1;

10 Output set D as the Pareto-optimal solution set;
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4. Computational experiments

In this section, we evaluate our LFPSO through the computational experiments
by comparing the one without Levy flight (denoted as PSO here), to indicate the
power of this strategy. We first introduce the indicators for evaluating multi-criteria
optimization algorithm, and then give the process for generating experiment data, as
well as the platform. Finally, the experiment results are reported and analysed in the
end of this section.

4.1. Evaluation indicators

We adopt two indicators to compare the qualities of different Pareto-optimal solution
sets, which can imply the performances of different algorithms.

(1) C-indicator

C-indicator was proposed by Zitzler et al. [53] to compare two Pareto-optimal
solution sets obtained by different algorithms, which is commonly used in the field of
multi-criteria optimization. Let DA and DB be two Pareto-optimal solution sets out-
put by algorithms A and B, respectively, and then we define C(DA,DB) in Equation
12.

C(DA,DB) =

∣∣∣{b ∈ DB |∃a ∈ DA, a � b}∣∣∣
|DB |

(12)

The C-indicator is actually the percentage of solutions in DB that are dominated
by the ones in DA. If C(DA,DB) = 1, it means that all the Pareto-optimal solutions
generated by algorithm B can be dominated by solutions of algorithm A, so A beats
B completely. On the other hand, if C(DA,DB) = 0, any of the solutions in DB
cannot be dominated by DA, then we cannot judge that which one is better between
the two algorithms.

(2) NNDS-indicator

The Number of Non-Dominated Solution (NNDS-indicator) is the most direct
indicator to measure the quality of a Pareto-optimal solution set. Although we cannot
declare that the set with more non-dominated solutions provides better objective
values for the considered problems, it offers more choices to the decision-makers for
selection.

4.2. Data and platform

We generated the experiment data as follows. Let the number of machines m ∈
{3, 5, 10}, and the number of jobs n ∈ {2m, 3m, 5m} for small instances, while
n ∈ {20m, 30m, 50m} for big instances. The processing time pij was taken with
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a discrete uniform distribution from [1, 100], and the release time rj was randomly

generated from [0, 1
2m

∑m

i=1

∑n

j=1
pij

m ] [34]. The machine cost ui followed the discrete
uniform distribution of [5, 20], and the learning factor α ∈ {−0.152, −0.322,−0.515}
[12]. All the experiment parameters are listed in Table 1.

Table 1. Experiment parameter setting

Parameter Symbol Setting
number of machines m {3, 5, 10}

number of jobs n
{2m, 3m, 5m} for small instances
{20m, 30m, 50m} for big instances

job processing time pij [1, 100]

job release time rj [0, 1
2m

∑m

i=1

∑n

j=1
pij

m
]

machine cost ui [5, 20]
learning factor α {−0.152, −0.322,−0.515}

The algorithms were implemented by C++ language in the IDE of Microsoft Visual
Studio 2020, and tested on a laptop with Intel Core i7-8550U 1.8GHz CPU and 16GB
DDR4 RAM. For each combination of (m, n, α), 30 random instances were generated,
i.e., a total of 1620 tests were executed, and the results are reported and analysed in
Section 4.3.

4.3. Results and analyses

We report the experiment results in Tables 2-5, by dividing them into the ones for big
or small instances, or related to (m, n) or α for statistics. In each table, DLFPSO and
DPSO denote the final output given by LFPSO and PSO, respectively. Therefore,
the C-indicator, NNDS-indicator, as well as the running time (in second, s) of the
two algorithms, are displayed in the tables.

Table 2. Comparison between LFPSO and PSO on small instances related to (m, n)

m n
C-indicator NNDS-indicator Time (s)

C(DLFPSO,DPSO) C(DPSO,DLFPSO) LFPSO PSO LFPSO PSO

3

6 0.8964 0.0939 27.16 13.08 0.0472 0.0623
9 0.8993 0.0897 39.84 22.57 0.0680 0.0751
15 0.9069 0.0993 51.03 38.14 0.1094 0.1125
avg. 0.9009 0.0943 39.34 24.60 0.0749 0.0833

5

10 0.8903 0.0844 50.23 31.07 0.0957 0.0994
15 0.9002 0.0913 61.49 42.50 0.1308 0.1297
25 0.9268 0.0958 70.07 51.48 0.1984 0.2102
avg. 0.9058 0.0905 60.60 41.68 0.1416 0.1464

10

20 0.9229 0.1019 65.59 43.27 0.2350 0.2615
30 0.9454 0.0963 89.10 61.65 0.3323 0.3553
50 0.9168 0.0994 117.05 79.66 0.5554 0.5796
avg. 0.9284 0.0992 90.58 61.53 0.3742 0.3988

AVG. 0.9117 0.0947 63.51 42.60 0.1969 0.2095
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Table 3. Comparison between LFPSO and PSO on small instances related to α

α
C-indicator NNDS-indicator Time (s)

C(DLFPSO,DPSO) C(DPSO,DLFPSO) LFPSO PSO LFPSO PSO
-0.152 0.8573 0.1288 63.86 42.65 0.1934 0.2072
-0.322 0.9231 0.0924 62.95 42.53 0.2011 0.2107
-0.515 0.9547 0.0629 63.71 42.63 0.1962 0.2106
AVG. 0.9117 0.0947 63.51 42.60 0.1969 0.2095

Table 4. Comparison between LFPSO and PSO on big instances related to (m, n)

m n
C-indicator NNDS-indicator Time (s)

C(DLFPSO,DPSO) C(DPSO,DLFPSO) LFPSO PSO LFPSO PSO

3

60 0.9596 0.0696 133.28 78.74 0.8437 1.3208
90 0.9602 0.0751 141.38 99.47 1.2621 1.9957
150 0.9617 0.0690 153.21 120.39 2.2005 3.3988
avg. 0.9605 0.0712 142.62 99.53 1.4354 2.2384

5

100 0.9666 0.0668 155.39 125.23 1.5633 2.3429
150 0.9707 0.0666 173.58 142.43 2.1637 3.3875
250 0.9735 0.0588 200.51 152.52 3.6656 5.4354
avg. 0.9703 0.0641 176.49 140.06 2.4642 3.7219

10

200 0.9678 0.0716 180.21 133.99 3.1679 4.7492
300 0.9653 0.0615 276.37 223.12 4.9871 7.2303
500 0.9716 0.0580 353.42 302.72 8.0410 11.9727
avg. 0.9682 0.0637 270.00 219.94 5.3986 7.9841

AVG. 0.9663 0.0663 196.37 153.18 3.0994 4.6481

Table 5. Comparison between LFPSO and PSO on big instances related to α

α
C-indicator NNDS-indicator Time (s)

C(DLFPSO,DPSO) C(DPSO,DLFPSO) LFPSO PSO LFPSO PSO
-0.152 0.9411 0.1026 195.97 152.65 3.0680 4.6451
-0.322 0.9657 0.0722 197.55 153.38 3.1529 4.6608
-0.515 0.9920 0.0241 195.60 153.51 3.0774 4.6385
AVG. 0.9663 0.0663 196.37 153.18 3.0994 4.6481
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Based on these results, we can conclude the differences of LFPSO and PSO,
which could imply the power of Levy flight procedure.

(1) From the viewpoint of the solution quality, we claim that LFPSO is much
better than PSO, since most of the Pareto-optimal solutions generated by PSO can
be dominated by the ones of LFPSO (91.17% for small instances, while 96.63% for
big instances). Conversely, the rates that PSO can dominate LFPSO are 9.47%
and 6.63%, respectively for small and big instances. (To see the average values of
C-indicator in the last rows of Tables 2-5.)

(2) The C-indicator has a strong correlation with the learning factor α, i.e., when
α decreases, C(DLFPSO,DPSO) increases while C(DPSO,DLFPSO) decreases. This
means that the advantages of LFPSO are more obvious if the machines have bet-
ter learning effect. On the other hand, the relevance between C-indicator and the
combination of (m, n) (which means different instance scales), is not obvious.

(3) As to the number of non-dominated solution (NNDS-indicator), LFPSO
also shows its advantage. In each row of the four tables, LFPSO generates more
Pareto-optimal solutions than PSO, which indicates that the procedure of Levy flight
increases the diversity of the solutions.

(4) There is a clear relationship between the NNDS-indicator and the pair of
(m, n). When the instance scale increases, the number of Pareto-optimal solutions
is also increased, indicating that the solution space has more diversity when the
problem turns to be big. However, the NNDS-indicator has no obvious relation with
the learning factor α.

(5) Finally, for the small-scale problem instances, there is no obvious difference in
the execution time of the two algorithms. For the large-scale ones, LFPSO runs a
bit faster than PSO, indicating that the procedure of Levy flight increases the speed
of convergence. Moreover, both of the two algorithms can solve the problem very
quickly (i.e., within 10 seconds for the most of the experiments).

5. Conclusion

In this paper, we focused on an unrelated machines scheduling problem with multi-
criteria of minimizing makespan, machine cost, as well as the maximal flow-time.
Machines have a learning effect so that the actual execution time of a job could be
reduced during the processing (compared with its original length). The problem is NP-
hard since the classical version on this subject is already NP-hard, which motivated
us to propose a particle swarm optimization algorithm with a strategy of Levy flight
to solve it. Through the computational experiments, we showed that the procedure of
Levy flight could increase the number of Pareto-optimal solutions, and obtain higher-
quality solutions than the algorithm without this strategy. Moreover, the introduction
of Levy flight can speed up the convergence of the algorithm so that to reduce its
running time.

For the future work, we could consider more complex machine environments such
as flexible flow shop system, or add more constraints such as setup time, due date,
deadline, etc. For the solution approaches, we could investigate other methods to
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solve the problem, such as branch-and-bound algorithm, integer programming, etc.
Moreover, inspired from the practical applications to create problem models, and then
to design algorithms to solve them, will be a very meaningful research topic.
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