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1. Introduction

Let us consider a Two-Constraint Binary Knapsack Problem in the following
formulation:

n
zopr(n) = maxz Ci T
i=1
n
subject to Za” -x; < bi(n) (1)
i=1

n
Zazi ‘2 < ba(n)
i=1

where x; =0 or 1,i=1,...,n.
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It is assumed that:
n
c; >0, Qjj > 0, O<bj(n) < Za]’i, 1=1,...,n, j=1,2.
i=1

Without restricting the generality of considerations, it may also be assumed
that:

The goal of the assumptions that ¢;, aj; > 0, 0 < bj(n) < Y.i, aj;,
t1=1,...,n, 7 = 1,2, is to avoid the trivial and degenerated problems. More
precisely, the interpretation of the cases with aj; = 0 or ¢; = 0 is by far not
obvious. When b;(n) > Y | a;;, then the corresponding constraint is always
fulfilled and therefore it may be removed from the problem formulation, other-
wise, if b;(n) = 0, then (1) has only the trivial solution i.e. ; = 0,i=1,...,n
and ZOPT(TL) =0.

Modeling different scenarios can be achieved, in particular, by using the
functional dependence of the constraints’ right-hand side values upon the size of
the problem (n). The respective scope of possibilities encompasses situations, in
which the right-hand side values are asymptotically very small, including being
equal to a constant or even tending to zero, as well as very large ones, up to
n/2, and all cases in between.

The classical one-constraint binary knapsack problem is one of the important
problems in combinatorial optimization. It may be formulated as follows: Given
a set of items, each with a weight and a value, determine which items to include
in the collection so that the total weight is less than or equal to a given limit and
the total value is as large as possible. The multi-constraint knapsack problem
involves two or more constraints that may be associated with the availability of
different resources, concerning such features as weight, size, financial limitations,
deadlines, and many others, meant to model practical problems more accurately.
A decision variable that is equal to 1 or 0 is used to model the choice or refusal
regarding a definite item.

The Two-Constraint Binary Knapsack Problem is a special case of the bi-
nary multiconstraint knapsack problem, also known as m-constraint knapsack
problem, see Nemhauser and Wolsey (1988) and Martello and Toth (1990),
where, in general case, there is an arbitrary number m of constraints, i.e. b;(n),
j =1,...,m. Another important special case of the multiconstraint knapsack
problem is the classical (single constraint) or, in other words, Binary Knapsack
Problem, which has only one constraint, i.e. m = 1, see Martello and Toth,
(1990) or Szkatula (2021). In the Szkatula’s papers, Szkatula (1994, 1997),
probabilistic analysis results of the different cases of the binary multiconstraint
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knapsack problem were presented. Moreover, the full case of the classical (sin-
gle constraint) Binary Knapsack Problem was considered in the paper Szkatula
(1997).

The Multi-Constraint Knapsack Problem is well known to be A/P hard and
moreover, when m > 2, it is NP hard in the strong sense (see Garey and
Johnson, 1979). This means that the Two-Constraint Binary Knapsack Problem
(1) is also AP hard in the strong sense.

The Classical (one-constraint) Binary Knapsack Problem is a combinatorial
optimization problem that is A/P hard combinatorial optimization problem, but
not in a strong sense.

The papers by Frieze and Clarke (1984), Mamer and Schilling (1990), Schilling
(1990, 1994) investigated the asymptotic value of zp pr(n) for the random model
of Multi-Constraint Knapsack Problem, where b;(n) =1, j = 1,...,m. Papers
by Szkatula (1994, 1997) were dealing with the random model of the Multi-
Constraint Knapsack Problem, where b;(n) are not restricted to be equal to 1.
Papers by Meanti, Rinnooy Kan, Stougie and Vercellis (1990), Lee and Oh
(1997) consider more general random models of Multi-Constraint Knapsack
Problem, but only for j = 1,2 some partial analytical results, describing the
growth of zppr(n) were obtained.

The objective of this paper is to analyze the growth of the asymptotic value
of zopr(n) for the class of random Two-Constraint Binary Knapsack Problems
(1) with possibly full spectrum of the constraints’ right-hand sides values when
Lagrange multipliers have values, that range from small to moderate and mixed
values. The outcome of the probabilistic analysis of this important problem
may allow for describing the asymptotic behavior of zppr(n) for almost all
combinations of values of by(n) and ba(n), as well as other coefficients of the
problem (considered as realizations of random variables). Those results may
help to better understand a number of theoretical issues, associated with Two-
Constraint Binary Knapsack Problems, as well as enable the construction of
more efficient algorithms for solving the practical instances of (1).

2. Definitions
For further presentation purposes, the following definitions are necessary:
DEFINITION 1 We denote V,, = Y,,, where n — oo, if
Y, - (1-0,(1) <V, <Y, - (1+0,(1))
when V,,, Y, are sequences of numbers, or

lim P{Y, (1 —o0n(1)) <V, <Yy (1+0,(1)} =1

n— oo
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when V, is a sequence of random wvariables and Y, is a sequence of num-
bers or random wvariables, where 0,(1) is function fulfilling: o,(1) > 0 and
lim;, 00 05, (1) = 0.

DEFINITION 2 We denote V,, < Y, (V,, = W,,) if
Vo <(1+0(1)) Y, (Vo2 (1—0(1)) Wy)
when Vi, Y., (W) are sequences of numbers, or

lim PV, < (14 0(1)) Yo} =1 ( lim P{Vy > (1-o(1))- W} =1)

when 'V, is a sequence of random variables and Yy, (W, ) is a sequence of numbers
or random variables, where lim,,_, o(1) = 0.

DEFINITION 3 We denote V,, 'Y, if there exist constants ¢’ > ¢ > 0 such that
C/'Y;z 2V, jCH'Yn

where Y, , V,, are sequences of numbers or random variables.

The following random model of (1) will be considered in the paper:

en—>oo,t=1,...,n,5=1,2.

® c;, aj; are realizations of mutually independent random variables and,
moreover, ¢;, a;; are uniformly distributed over (0, 1].

e 0 <6 <bi(n) <ba(n) <n/2 bj(n) < bj(n+1), for every n > 1 and all
bj(n), j = 1,2, are deterministic, where ¢ is a constant.

Under the assumptions made with regard to ¢;, aj; and b;(n), the following
always hold

n n

0<ZOPT(H)<ZQ‘<TL, 5<bj(n)<zaji<n, J=12 (2)
=1 i=1

Moreover, from the strong law of large numbers it follows that

n

Zci ~ FE(c1) -n=n/2, Zaﬁ ~ FE(a11) -n=mn/2.

i=1 i=1
Therefore, it is justified to enhance formula (2) in the following way:

0 < zopr(n) Xn/2, 0<§ < bi(n) <ba(n) Xn/2 (3)

Formula (3) shows that the random model of the Two-Constraint Binary
Knapsack Problem (1) is complete in the sense that nearly all possible in-
stances of the problem are considered. In this respect the model, in which
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b1(n) = ba(n) =1, is just a very special case. Taking into account the fact that
Yo, aji = n/2, the assumption that b;(n) < bj(n+1), j =1,2, for all n > 1,
is quite logical.

The growth of zopr(n), i.e. the value of the optimal solution of problem (1)
may be influenced by the problem coefficients, namely:

n, ¢, aji, bi(n), ba(n), wherei =1,...,n, j=1,2.

It is assumed that c;, a;; are realizations of random variables and therefore
their impact on the zopr(n) growth is in this case indirect. Moreover, we have
assumed that n — oo. The aim of the probabilistic analysis is to investigate
asymptotic behavior of zopr(n) when n — oco. The impact of the right-hand-
side values - by(n),ba(n) - is well illustrated by the Lagrange function and the
problem dual to (1), see Averbakh (1994), Meanti, Rinnooy Kan, Stougie and
Vercellis (1990), Szkatula (1994, 1997). Due to the very complicated formulas,
impossible to handle efficiently in the general case, the papers by Szkatuta (1994,
1997) investigate only two important special cases of values of constraints right
hand sides in the case of Multi-Constraint Knapsack Problem, with two or more
constraints.

3. Lagrange and dual estimations

When the general knapsack type problem, with one or many constraints, is
considered, then Lagrange function and the corresponding dual problems are
very useful tools to perform various kind of analyses of the original problem, see
Averbakh (1994), Meanti, Rinnooy Kan, Stougie and Vercellis (1990), Szkatuta
(1994, 1997). In the particular case of the Two-Constraint Binary Knapsack
Problem, Lagrange function of the problem (1) may be formulated as follows:

n 2 n
Ln(x) = ZCZ‘ - T+ Z/\j . <b](n) — Z&j,‘ 231) =
i=1 j=1 i=1

= /\1 bl(n) +>\2 bg(n) +Z(Ci - /\1 5T —)\2 . agi) Ty
i=1
where & = [z1,...,2,] and A = [A1, \2] - vector of Lagrange multipliers. More-
over, let for every A, A; >0, j =1,2:

W(A) = L (2, A
én(A) LB (z,A)

n 2

2
I R ILIRAORD of P oo Yo B
—1 j=1

j= i=1
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Using the following notation:

2
1 ife — Ajaj; >0
zi(A) = { ]gl 7 (4)

0 otherwise

J
0 otherwise

2
CZ(A): { C; 1fci—§1)\j~aji>0

2
Q4 ifCi— )\"a'i>0
aji(A) =4 7 ]; T
0 otherwise
we have for every A, A\; > 0,7 =1,2:

n 2

Pn(A) = Z/\j ~b;(n) +Z ¢i — Z/\j “agi | - wi(A) =

Obviously, for i =1,....n, j=1,2,
CZ(A) =C; - .Z‘i(A), CLj,'(A) = Qjj * l‘L(A)

The dual problem to Two-Constraint Binary Knapsack Problem (1) may be
formulated as follows:

®;, = min ¢n(A). (5)

For every A > 0 the following holds:

2
zopr(n) < @), < ¢n(A) = 2n(A) + Z Aj(bj(n) — s;(A)) (6)
Let us denote:
zn(A) = Zcz zi(A) = ci(A), s;(A) = Zaﬂ zi(A) = ZQJZ(A)7
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By definition of ¢;(A) and a;;(A), see (4), we have:

2
CZ(A) > Z)\7 : aji(A), 1= 1, ey N
j=1

and therefore
zn(A) > Sp(A). (7)

Some A, z;(A) given by (4), may provide feasible solution of (1), i.e.:
s1(A) < bi(n) and  s2(A) < by(n). (8)
If the above holds, then:
2(A) < 20p7(n) < B < 6(A) = 20(A) + BA) — Sy (A). 9)
So, if (8) holds, then the inequality below also holds:
B(A) — Sp(A) > 0.
From (7) we get:

B(A) = Su(A) _ . B(A) — 8u(A)
)~ (M) a) S T T emy

Therefore, if (8) holds, then the following inequality also holds:

zopr(n) D7, Pn(A)
S0 S o) Sl SS.A)

(10)

Formulas (8) and (10) may allow for providing the asymptotical approximation
of the optimal solution value zppr(n) of the problem (1). Namely, if there exists
such a set of Lagrange multipliers A(n) that asymptotically fulfil the formulas
(8) and (10), then the following conjecture holds:

i 7B(A(n)) =1 an o) en lim 7ZOPT(H) =
If nhﬁngo S.(A(n)) =1 and (8) holds th nlﬁOO (A 1. (11)

Therefore, if (11) holds, then z;(A(n)), i = 1,...,n, given by (4), provides
the asymptotically suboptimal solution of the Two-Constraint Binary Knapsack
Problem (1). Moreover, the value of z,(A(n)) is an asymptotical approximation
of the optimal solution value of the Two-Constraint Binary Knapsack Problem
i.e. ZopT(n>.
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4. Probabilistic analysis
4.1. The setting

The present section of the paper investigates some probabilistic properties of the
Two-Constraint Binary Knapsack Problem (1). It is assumed that ¢;, a;; i =
1,...,n, j = 1,2 are realizations of mutually independent random variables
and, moreover, ¢;, a;; are uniformly distributed over (0,1]. In addition, it is
assumed that 0 < § < by1(n) < ba(n) < n/2, bj(n) < bj(n+ 1), as well as that
the Lagrange multipliers A; and Ag, A = (A1, A2) are deterministic (not random
variables). Monotonicity of the constraint right hand sides, b1(n) < ba(n), in
this case implies monotonicity of the Lagrange multipliers, i.e. Ao < A;. Such a
probabilistic model of general knapsack problems is often used in the literature,
and it also fits very well the Two-Constraint Binary Knapsack Problem (1).

Let us first observe that, due to the assumptions made, the following holds
fori=1,...,n,j=1,2:

0 when z <0 0 when z <0

Plaj; <z)=< = when0<a<1,Pleb<z)=<¢ = whenO<a<1.
1 when x > 1 1 when x > 1

(12)

The probabilistic analysis of the Two-Constraint Binary Knapsack Problem
(1) requires considering the probabilistic distribution of the following random
variables:

k

Z)\j-aji,kzlorz

j=1
Let

(@) 2t [z ifz>0 [ 2 ifj=1
THET 797 T 1 0 otherwise 7 T (1 if j =27

Then for ¢ =1,...,n, j = 1,2, the following holds:

Rl ) = POy o <o) = (@)~ (2= 4)e), T=1.2

1
1
FQ(QLA) = P{)\l sy + )\2 s < x} = /\f/Fl(l' - )\j*f,)\j)dt = (13)
J
0

Y %/\2 (@3 —(@=A)F = (@ —A)F + (=M —M)2).
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The distribution functions for random variables a;;(A), ¢;(A), i =1,...,n,
7 =1,2 are:

Gji(.’E,A) = P{aﬂ(A) < QC} =

2
:P{aji<anjizxﬂZ)\k~aik2ci}= (14)
k=1

11
:1—//F1 )det
0

x

Hi(z,A) = P{ci(A) <z} =
—P{01<IUCiZ$ﬂZ)\k'aik201ﬁ}— (15)
k=1

1

=1- /FQ(t,A)dt,

x

Using the above formulas, (14) and (15), expectations of a;;(A), ¢;(A) can
be expressed as follows:

E(aji(A) = [ 2dGji(x,A) = [ = | Fi(r —Xj -z, \j«)drdx = (16)
[t =[]
(/x/ r—x-A)p—(r—x- Ay — A )y )drdx)
0 0
E(ci(M)) / dH(z, A) / - Folz, A)d (17)
0 0
2-)\1.)\2/x-((x)+f(x—/\l)if(x—/\g)iJr(x—)\lf)\g)i_)dx:
0
-, ;.M (i/m (2= M)2 + (= Ao)2 — (& — A — Ao) )d)
0
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The average case, or, in other words, the relevant probabilistic analysis, con-
sists of determining the following Lagrange multipliers: A1(n), A2(n) that when
n — oo, z;(A(n)), i = 1,...,n, defined by (4), will provide solutions of the
Two-Constraint Binary Knapsack Problem (1), which are, in the sense of con-
vergence in probability, see Loéve (1977), asymptotically feasible, i.e. s;(A(n))
is satisfying (8) and, moreover, if S, (A(n)) is fulfilling (11) then, due to (10),
lim,,—s 00 if(PAT(E’:;% =1 and z,(A(n)) is a suboptimal solution of (1), and yet, in
addition

zopr(n) = zn(A(n)) = E(zn(A(n))).

The goal mentioned above can be achieved by determining A(n) as the solution
of the following system of equations:

E(s1(A(n))) = bi(n), E(s2(A(n))) = by(n), (18)

where b7(n) = bj(n) — €;(n), €;(n) = o(b;j(n)) and s;(A(n)) = bj(n) = bj(n),
s;(A(n)) < bj(n), j = 1,2 (in the sense of convergence in probability) and
therefore A(n) is fulfilling both (8) and (11).

It may also happen that the system of equations (18) has no solutions, e.g.
when the difference between by (n) and be(n) (asymptotical divergence) is too
large. In this case A;(n) > 0 and Az(n) = 0, which means that the second
constraint in the Two-Constraint Binary Knapsack Problem (1) formulation is
excessive and could be removed. This means that in this situation problem
(1) reduces to the classical single constraint knapsack problem. In the paper by
Szkatula (1997) the following formulas, summarizing the behavior of the optimal
solution value, were presented:

zopr(n) & zn(A(n)) = 2ppr(n) = 2,(A(n)) ~ E(z,(A(n)))

and

2:n-b7(n) . / n
B Am) =4 V7,3 Wo<hm <G )

Lo(g46-00m)- (1-8)) it 2 <pi(n) <3

The subsequent part of the paper provides an overview of the asymptotic
probabilistic properties of selected problem characteristics of Lagrange multi-
pliers when their values are small, moderate, or mixed. It is assumed that
ci,aj; 1 =1,...,n, j = 1,2, are realizations of mutually independent random
variables uniformly distributed over (0, 1].

LEMMA 1 If there does not exist 0 < A2(n) < Ai(n), being a solution of (18)
for all n > 1, then the second constraint (1) is excessive in the sense that it is
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always fulfilled if the first one holds. In this case A2(n) = 0 and the problem is
equivalent to the single constraint knapsack problem, and

zopr(n) = ) e yoshim <, (20)
Lo(g+6-bim)- (1-22)) iz <bim) < 5.

PROOF In this case the system of equations (18) has no solution and therefore
the Two-Constraint Binary Knapsack Problem (1) is equivalent to the single
constraint knapsack problem, see Szkatuta (1997); (20) follows immediately from
(19). ]

This case is in depth discussed in Szkatula (2021).

Let us observe that E(s;(A(n))) = n - E(aji1(A(n))), E(z(A(n))) = n -
E(c1(A(n))). It is easy to note that the above formulas, (16) and (17), may
take different formulations, depending on the mutual relations between Aq, Ao
and z,r, since some items of the above formulas may remain strongly positive
or become 0, due to the properties of function (.);. In general, four specific
cases could be distinguished for ¢ = 1,...,n, j = 1,2. Each of those cases, in
which 0 < Az2(n) < A1(n), is considered below.

4.2. Case of ”large” values of the Lagrange multipliers

In this case 1 < Ay < A7 and:

j* z-Nj 7 G*
1 / 1
@) = 5y [t = o
0

In this case both constraints are active, A\1(n) > A2(n) > 0.

LEMMA 2 If there exists a constant 6 > 0 such that 6 < bj(n) < by(n) < %
then

YA AD Y OAOEAD

M) = g 24 )= 24

» (22)

is the solution of (18) and

o[n V) By(n) o3
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PrOOF The formulas above follow immediately from (21) and (18). From the
assumptions of Lemma 2 and from (22) it follows that 1 < Ago(n) < A1(n). =

In this case, E(z,(A(n))) = § is the maximum value of E(z,(A(n))).

4.3. Case of "mixed” values of the Lagrange multipliers

In this case Ao < 1 < A1 and:

/M 1
E(an(A)) = %2 ( /O . / (r—aA)drda— (24)

115\2 1
—/ a:/ (r—x-A —Xo)drdx | =
0 (- A14+A2)

1 —)\3+4)\2—6>\2+4

b

1328\ 46
E(az;(N)) = N (/ /1)\2 r—x- ) drdm) =% N

1

E(Ci(A))Zﬁ 1—/50 (x = Xo)?da | =

In this case only the first constraint is active: A1(n) > 0 and Az(n) = 0.

LEMMA 3 If there exists a constant § > 0 such that 6 < by(n) < 55 < bh(n) <
then (18) has no solution, Aa(n) =0, and

o3

2-n-b(n)

3 (25)

ZOPT(n) ~

PRrROOF In this case (18) has no solution, A\z(n) = 0, and from (24) we obtain

n
A =
1= 5 )
(25) follows from (24), but also from Lemma 1. |

In this case E(z,(A(n))) = § is the maximum value of E(z,(A(n))).
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4.4. Case of "moderate” values of the Lagrange multipliers

In this case 0 < Ay < A1 <1, Ao+ A > 1 and:

1 1
E(aji(A) = L / x/ (r—a-\)drdz— (26)
)‘j* 0 T\
(A=x)/A; gl
*/ :v/ (r—a-X\j— X+ )drdz | =
0 ($-/\j+)\j*)
4 4
S e R e A T e R
24 /\?)\j*
1 1 / 1
! A1 Ao
1

ETTwe (AT = 6AT +8A1 + A3 — 623 + 8\ — 3).

In this case conditions Ao < A1 < 1, Ay + A; > 1 imply that % <A <1and
17)\1 S)\Q S/\l If)\l = %,then )\2:% and:

moreover

E(z(A(n))) = % when b (n) = by(n) = 7

17 -
= " when bi(n) =by(n) = on
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4.5. Case of ”small” values of the Lagrange multipliers

In this case conditions Ao < A1 < 1, Ay + A1 < 1 imply that Ao < A\; <1 — Ao

and 0 < \g < % If/\gz%,then A = % and:

E(aji(A (/ / (r—a-Aj)drde— (27)
1 1
:v/ (r—xz-Aj—Aj»)drde | =
0 m)\jJr/\j*)
1 1
SRt
. . 1 1
E(ci(N)) I Zf/am(zf)\)dxf/ (x — Ag)?dx +
)\1 >\2
1
+ / Z - (l‘ — )\1 /\Q)le‘) =
A1tz
1 1 1 1

In this case both constraints are active when 0 < Az(n) < Aj(n) < 1 and

A+ A < 1.
LEMMA 4 If
ﬁ<b’(n)<b’(n)<E and 3 b’(n)+5.—n<b’(n)<
6 V=YY= 4 ! 96 — 2V~
then
/ /
)\1(77/) 9 (1—8 bl(n)_i_()-b2(n)>7
7 n n
/ /
No(n) = 2. <1+6 bl(”)—S-bQ(”))
7 n n

is the solution of (18) and

E(2n(A(n)) = % (5 +6-B0) +6 - bh(n)+
g )W) ) ()

n n n
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PRrOOF From (27) it can be deduced that A;(n) and A2(n), given by formula
(28), are solving the equation (18) and fulfilling the condition Az(n)+A;(n) < 1.
|

Finally, there is also the situation, in which 0 < A\; <1 and Ay = 0:

LEMMA 5 If
% < bi(n) <by(n) < % and
) 3 n 3 5:n
either  by(n) > 1 bi(n) + 3 o H(n) < 1 1(n)+ 06
then
1 Y
)\1(71)23(2—11(,7)), /\2(n):O

is the optimal set of the Lagrange multipliers and
L (n bi(n)
E@MAWN)=4'(2+6'%00~<1—%)).

PROOF In this case, the system of equations (18) has either no solution or
A2(n) > %, and therefore, the Two-Constraint Binary Knapsack Problem (1)
is equivalent to the single constraint knapsack problem, as shown in Szkatuta
(1997); (20) follows immediately from (19). Condition Az(n) + A1(n) < 1 holds

also in this case. [ |

In the cases, which are examined in Lemma 4 and Lemma 5, the condition
A2(n) 4+ A1(n) <1 and formula (3) are providing that following right-hand-sides
of the constraints:

5n

< b (n) + By(n) <,

which are fulfilling the assumptions of Lemma 4.

5. Concluding remarks

This paper examines the probabilistic properties of the Two-Constraint Binary
Knapsack Problem, formulated here in (1), when constraint right-hand sides
range as to their values from small, i.e. when 1 < Ay(n) < A1(n), to large, i.e.
when A2(n) + A1(n) < 1.. Exact values of all relevant problem coefficients such
as A\ (n), A2(n), E(z,(A(n))) etc. are provided.

Furthermore, cases with small and moderate values on the right-hand sides
of the constraints, i.e. when Ay(n) < 1 < Aj(n), were also considered.
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The case where the second constraint is excessive, i.e. when a two-constraint
knapsack problem is equivalent to a single constraint knapsack problem, was
identified.

The paper presents the distribution functions of the various random variables
that represent important problem characteristics.

The aim of the future research is to examine the remaining cases of moder-
ate, high and mixed constraint coefficient values, the issue of mutual relations
between Aj(n) and A2(n), the feasibility of the obtained solutions and the es-
timation of behaviour of the Two-Constraint Binary Knapsack Problem (1)
optimal solution values zppr(n), when n — oo.
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