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Abstract: The article is concerned with the nonlinear optimal
control problem of two cable-driven 3-DOF robotic cranes. Such
cranes can be used in ship maintenance and repair. These are un-
deractuated robotic systems comprising a 2-cable driven cart with
a payload suspended from it. Such robotic mechanisms have three
degrees of freedom and can move in the entire 2D vertical plane. Us-
ing Euler-Lagrange analysis the state-space model of the two cable-
driven 3-DOF robotic crane is obtained. It is also proven that this
dynamic model is differentially flat. Next, to solve the associated
nonlinear optimal control problem, the dynamic model of the two
cable-driven 3-DOF robotic crane undergoes approximate lineariza-
tion around a temporary operating point that is recomputed at each
time-step of the control method. The linearization relies on Tay-
lor series expansion and on the associated Jacobian matrices. For
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the linearized state-space model of the crane an optimal (H-infinity)
feedback controller is designed. This controller stands for the so-
lution to the nonlinear optimal control problem under model un-
certainty and external perturbations. To compute the controller’s
feedback gains an algebraic Riccati equation is repetitively solved
at each iteration of the control algorithm. The stability properties
of the control method are proven through Lyapunov analysis. The
proposed nonlinear optimal control approach achieves fast and ac-
curate tracking of reference setpoints under moderate variations of
the control inputs. Besides, the method avoids change of state vari-
ables and state-space model transformations and the control inputs
it computes are applied directly on the initial nonlinear state-space
model of the crane.

Keywords: two cable-driven 3-DOF robotic crane, ship repair,
underactuated crane, differential flatness properties, nonlinear H-
infinity control, Taylor series expansion, Jacobian matrices, Riccati
equation, global stability.

1. Introduction

Cable-driven cranes are widely used in industry and in applications, requiring
the crane to operate in a large work-space (Mojallizadeh, Brogliato and Prieur,
2023; Harandi, Khalipour and Taghirad, 2023; Harandi and Taghirad, 2021; Zhu
et al., 2023; Hosseini, Khalipour and Taghirad, 2021). Cable-driven robots are
light, easy to install and maintain electromechanical systems, which are char-
acterized by large payload transfer capability (Bhadure, Venkatesh and Kazi,
2012; Étienne et al., 2022; Gogte et al., 2014). However, control of such robots
exhibits difficulties, due to their strongly nonlinear dynamic model and under-
actuation (Nurkanovic et al., 2023; Brogliato, 2023; Choukchou-Braham et al.,
2014). In this article, a specific type of cable-driven robots is examined, which
is the two cable-driven 3-DOF robotic crane (Bucieri, Mullhaupt and Bonvin,
2005; Kazi et al., 2008). Such a crane consists of a cart, which is suspended in
the vertical plane by two cables. Each cable is connected to an electric motor.
When varying the motors’ turn speed and torque, the length and the tension of
the cables also changes. A payload is attached to the cart with a link of constant
length. By changing the motor’s torque, the position of the cart in the vertical
plane changes and the payload is moved to a different position. The cart and
payload system performs a 3-DOF motion, which is defined by the cartesian
coordinates of the cart and by the swing angle of the payload.

So far, there have been several attempts to solve the nonlinear control prob-
lem for the two cable-driven 3-DOF robotic crane (Harandi, Namvar and Taghi-
rad, 2023; Romero et al., 2022; Romero and Ortega, 2015; Mehra et al., 2017).
One can distinguish, for instance, methods of global linearization-based control
(Buccieri et al., 2005; Kazi et al., 2009). There exist also results on model predic-
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tive control of these robotic cranes (Mejari et al., 2014; Kamath, Kazi and Singh,
2010). One can note also several Lyapunov theory-based and energy-based con-
trol schemes (Harandi and Taghirad, 2021, 2023; Romero et al., 2018; Mehra
et al., 2012). Addditional references on underactuated cable-driven robots can
be found in Lucarini, Ida and Carricato (2025); Huang et al. (2016, 2022); Ida,
Bruckmann and Carricato (2019); Seifired (2013); Barabazzo et al. (2017). Be-
sides, additional references on nonlinear control of cable-driven robots can be
seen in Pivo, Richiedei and Trevisani (2025); Gamboa Penalosa (2025); Li et al.
(2025); Sun et al. (2025); Li, Shang and Zhang (2023); Zhang, Shang and Cong
(2025).

In this article a novel nonlinear optimal control method is proposed for the
dynamic model of two cable-driven 3-DOF robotic cranes (Rigatos and Busawon,
2018; Rigatos, Abbaszadeh and Siano, 2022; Rigatos and Karapanou, 2020;
Rigatos et al., 2024). Such cranes can be used in ship maintenance and repair.
To implement this method, the dynamic model of the robotic crane is formulated
first using Euler-Lagrange analysis (Rigatos and Busawon, 2018). Differential
flatness properties are also proven for this dynamical system (Rigatos, 2016).
Next, the model of the robotic crane undergoes approximate linearization with
the use of first-order Taylor series expansion and through the computation of
the associated Jacobian matrices (Rigatos and Tzafestas, 2007; Rigatos and
Zhang, 2009; Basseville and Nikiforov, 1993). The linearization takes place at
each sampling instance around the temporary operating point (x∗, u∗), where
x∗ is the present value of the system’s state vector and u∗ is the last sampled
value of the control inputs vector. The modelling error, which is due to the
truncation of higher-order terms from the Taylor series, is considered to be a
perturbation, which is asymptotically compensated by the robustness of the
control algorithm. For the approximately linearized model of the system a
stabilizing H-infinity feedback controller is designed. This controller represents
a min-max differential game taking, place between: (i) the control inputs, which
try to minimize the quadratic term of the state vector’s tracking error, and (ii)
the model uncertainty and external perturbation terms, which try to maximize
this cost function.

To select the gains of the H-infinity controller, an algebraic Riccati equation
has to be repetitively solved at each time-step of the control algorithm. The
global stability properties of the control scheme are proven through Lyapunov
analysis. First, it is demonstrated that the control loop satisfies the H-infinity
tracking performance criterion, which signifies elevated robustness against model
uncertainties and external perturbations (Rigatos and Karapanou, 2020; Tous-
saint, Basar and Bullo, 2000). Moreover, under moderate conditions it is proven
that the control loop is globally asymptotically stable. To implement state
estimation-based control without the need of measuring the entire state vector
of the controlled system, the H-infinity Kalman Filter is used as a robust state
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estimator (Rigatos and Busawon, 2018; Rigatos and Karapanou, 2020). The
method achieves fast and accurate tracking of reference setpoints by the state
variables of the robotic crane. Besides, it achieves all control objectives for
this robotic crane without the need for state-space model transformations and
without the need for change of state variables.

Compared to other attempts that aimed at solving the nonlinear optimal
control problem for complex dynamical systems, the article’s nonlinear opti-
mal control method is significantly novel. Whereas in other control methods
linearization is performed at points of the desirable trajectory, in the article’s
approach linearization takes place at each sampling instance around the present
position of the system. This allows to keep the span of the Taylor series ex-
pansion small and the associated modelling error negligible. The article uses
also a new Riccati equation for computing the feedback gains of the H-infinity
controller, while the method’s Lyapunov stability analysis is a genuine find-
ing. Compared to the LPV control method, the article’s control approach is
addressed to a class of systems, which can be written in the Linear Parameter
Varying form, while it does not need, either, the solution of State Dependent
Riccati equations (SDREs). Compared to methods, which try approximating
the Hamilton-Jacobi-Bellman (HJB) equation with Galerkin series, the article’s
approach is computationally simpler and is accompanied by a global stability
proof.

The structure of the article is as follows: In Section 2, the dynamic model of
the two cable-driven 3-DOF robotic crane is given. Differential flatness proper-
ties for the crane’s model are proven. In Section 3, the dynamic model of the
robotic crane undergoes approximate linearization with the use of first-order
Taylor series expansion and through the computation of the system’s Jaco-
bian matrices. In Section 4, an H-infinity feedback controller is designed for
the robotic crane. In Section 5, the global stability properties of the control
method are proven through Lyapunov analysis. In Section 6 the simulation
tests are presented. Finally, in Section 7, concluding remarks are stated.

2. Dynamic model of the two cable-driven 3-DOF robotic

crane

2.1. State-space model of the robotic crane

The diagram of the two cable-driven 3-DOF robotic crane is given in Fig. 1.
Such cranes can be used in ship maintenance and repair, for instance in painting
or cleaning tasks of the ship’s external surfaces. The robotic crane consists of
a cart, which is moved on a 2D xy-plane with the use of two strings. The
winding or loosening of the cables is performed by two motors, which also vary
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the tension of the cables. The position of the cart in the xy-plane is denoted
as (xR, yR). The position of the left motor is denoted as (xa, ya), while the
position of the right motor is represented as (xb, yb). The mass of the cart is M .
The length of the cable that connects the cart with the left motor is denoted
as L1, while the length of the cable, which connects the cart with the right
motor is denoted as L2. Besides, a load of mass m is suspended from the cart
using an unactuated link of length L3. The angle, which is formed between the
OX horizontal axis and the cable that connects the cart with the left motor, is
denoted as a1. The angle, which is formed between the OX horizontal axis and
the cable that connects the cart with the right motor, is denoted as a2.

Figure 1. Diagram of the two cable-driven 3-DOF robotic crane

The moment of inertia of the left motor is Ia, while the moment of inertia
of the right motor is Ib. Both motors are placed at a height along the OY axis,
which is equal to h. The cables are considered to be massless and inelastic. The
link, which connects the load of massm to the cart is not subject to deformation,
either. The parameters, which describe the motion of the crane, constitute the
parameters vector [xR, yR, θ]

T , while the control objective is to make this vector
converge fast to the desirable value [xR,d, yR,d, θd]

T under minimal dispersion of
energy by the two motors.



162 G. Rigatos, F. Zouari, M. Abbaszadeh, M. Al-Numay and P. Siano

Using trigonometric relations, the following geometric constraints are for-
mulated:

(xa − xR)
2 + (ya − yR)

2 = L2
1

(xb − xR)
2 + (yb − yR)

2 = L2
2 .

(1)

In order to perform the Euler-Lagrange analysis for the robotic crane, its
kinetic and dynamic energy are computed first. The position of the cart is
(xR, yR), thus the associated velocity is (ẋR, ẏR). The position of the pay-
load is (xR + L3sin(θ), yR − L3cos(θ)) and the associated velocity is (ẋR +
L3cos(θ)θ̇, ẏR + L3sin(θ)θ̇).

The dynamic model of the system will be defined using Euler-Lagrange anal-
ysis (see Rigatos and Busawon, 2018). The kinetic energy of the cart is

Kc =
1
2M(ẋ2

R + ẏ2R). (2)

The kinetic energy of the load is

KL = 1
2m[((ẋR + L3cos(θ)θ̇)

2 + (ẏR + L3sin(θ)θ̇))
2] . (3)

The aggregate kinetic energy of the crane is

K = Kc +KL⇒K =
1

2
M(ẋ2

R + ẏ2R)+

+
1

2
m[(ẋR + L3cos(θ)θ̇)

2 + (ẏR + L3sin(θ)θ̇)
2], (4)

which, after intermediate operations and regrouping of terms, gives

K =
1

2
(M +m)ẋ2

R +
1

2
(M +m)ẏ2R+

+mẋRL3cos(θ)θ̇ +mẏRL3sin(θ)θ̇ +
1

2
mL2

3θ̇
2. (5)

By defining vector q = [xR, yR, θ]
T and vector q̇ = [ẋR, ẏR, θ̇]

T , the kinetic
energy of the crane can be written down in matrix form as

K =
1

2
q̇M̃qT⇒K =

1

2

(

ẋR, ẏR, θ̇
)





(M +m) 0 mL3cos(θ)
0 (M +m) mL3sin(θ)

mL3cos(θ) mL3sin(θ) mL2
3









ẋR

ẏR
θ̇



 . (6)

Next, the potential energy of the crane, consisting of the potential energy of
the cart and the potential energy of the payload, is found to be

P = MgyR +mg(yR − L3cos(θ)) . (7)
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The Lagrangian of the crane is given by

L = K − P⇒L =
1

2
(M +m)ẋ2

R +
1

2
(M +m)ẏ2R+

+mẋRL3cos(θ)θ̇ +mẏRL3sin(θ)θ̇ +
1

2
mL2

3θ̇
2−

−MgyR −mg(yR − L3cos(θ)). (8)

The forces, which are exerted on the robotic crane are the tensions of the
two strings F1 and F2, while there is no torque. By applying Euler-Lagrange
analysis, one obtains:

∂

∂t

∂L

∂q̇1
−

∂L

∂q1
= F1 (9)

∂

∂t

∂L

∂q̇2
−

∂L

∂q2
= F2 (10)

∂

∂t

∂L

∂q̇3
−

∂L

∂q3
= 0. (11)

From Eq. (9) and after computing the related partial derivatives of the La-
grangrian, one gets:

(M +m)ẍR −mL3sin(θ)θ̇
2 +mL3cos(θ)θ̈ = F1 (12)

(M +m)ÿR +mL3cos(θ)θ̇
2 +mL3sin(θ)θ̈ − (M −m)g = F2 (13)

mẍRL3cos(θ) +mÿRL3sin(θ) +mL2
3θ̈ +mgL3sin(θ)−

−mẋRL3sin(θ)θ̇ +mẏRL3cos(θ)θ̇ = 0. (14)

In Eq. (14) the terms, which appear in the last row are zero, meaning that there
is

−mẋRL3sin(θ)θ̇ +mẏRL3cos(θ)θ̇ = 0 or mL3θ̇[−ẋRsin(θ) + ẏRcos(θ)] = 0.

Actually, it holds that

−ẋRsin(θ) + ẏRcos(θ) = 0.

This is obtained after considering a body-fixed frame for expressing the ve-
locity of the load and knowing that the velocity of the load along the vertical
axis of this frame is 0. Indeed, the transformation of the velocities vector of the
load from the inertial reference frame to the body-fixed frame, gives

(

v1
0

)

=

(

cos(θ) sin(θ)
− sin(θ) cos(θ)

)(

ẋR + L3cos(θ)θ̇

ẏR + L3sin(θ)θ̇

)

, (15)
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out of which one obtains

−sin(θ)[ẋR + L3cos(θ)θ̇] + cos(θ)[ẏR + L3sin(θ)θ̇] = 0
⇒− ẋRsin(θ) + ẏRcos(θ) = 0.

(16)

Consequently, from Euler-Lagrange analysis, the equations of the system’s dy-
namics become

(M +m)ẍR + 0ÿR −mL3sin(θ)θ̇
2 +mL3cos(θ)θ̈ = F1 (17)

0ẍR + (M +m)ÿR +mL3cos(θ)θ̇
2 +mL3sin(θ)θ̈ − (M −m)g = F2 (18)

mẍRL3cos(θ) +mÿRL3sin(θ) +mL2
3θ̈ +mgL3sin(θ) = 0. (19)

In matrix form, the dynamic model of the two cable-driven 3-DOF robotic crane
is written as:





(M +m) 0 (mL3cos(θ))
0 (M +m) (mL3sin(θ))

(mL3cos(θ)) (mL3sin(θ)) mL2
3









ẍ
ÿ

θ̈



+





−(mL3sin(θ))θ̇
2

(mL3cos(θ))θ̇
2

0



+





0
0

mgL3cos(θ)



 =





F1

F2

0



 . (20)

Using the fact that q =]xR, yR, θ]
T , this is a dynamic model of a robot with

the inertia matrix M(q)∈R3×3, the Coriolis forces vector C(q, q̇)∈R3×1, gravi-
tational forces vector G(θ)∈R3×1, and external (control input) forces/torques
vector τ∈R3×3. This dynamic model can be written down in the concise form
as

M(q)q̈ + C(q, q̇) +G(q) = τ . (21)

The inverse of the inertia matrix M(q) is computed as follows:

M(q)−1 = 1
detM





M11 −M12 M13

−M21 M22 −M23

M31 −M32 M33



 (22)

where the sub-determinants of M(q) are:
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M11 = (M +m)mL2
3 − (ML3sin(θ))

2, M12 = −(mL3)
2sin(θ)cos(θ),

M13 = −(M +m)(mL3cos(θ)), M21 = −(mL3)
2sin(θ)cos(θ),

M22 = (M +m)mL2
3 − (mL3cos(θ)

2), M23 = (M +m)(mL3cos(θ)),

M31 = −(M +m)(mL3cos(θ)), M32 = (M +m)(mL3sin(θ))

and M33 = (M +m)2

while the determinant of M(q) is detM = (M +m)M11 + (mL3cos(θ))M13.

The Coriolis forces vector is written down as C = [C1, C2, 0]
T and the grav-

itational forces vector as G = [0, 0, G3]
T . Thus, after some intermediate opera-

tions, the dynamic model of the robotic crane is expressed as





ẍR

ÿR
θ̈



 = −
1

detM





M11 −M21 M31

−M12 M22 −M32

M13 −M23 M33









C1

C2

G3



+

+
1

detM





M11 −M21 M31

−M12 M22 −M32

M13 −M23 M33









F1

F2

0



 , (23)

which finally gives





ẍR

ÿR
θ̈



 =













−M11C1+M21C2−M31G3

detM

M12C1−M22C2+M32G3

detM

−M13C1+M23C2−M33G3

detM













+
1

detM













M11

detM
− M21

detM

− M12

detM
M22

detM

M13

detM
− M23

detM













(

F1

F2

)

. (24)

Next, the state vector of the robotic crane is defined as x = [x1, x2, x3, x4, x5, x6]
T

or x = [xR, ẋR, yR, ẏR, θ, θ̇]
T , and the control inputs vector is defined as u =

[u1, u2]
T or u = [F1, F2]

T . Thus, the dynamic model of the crane is represented
as

















ẋ1

ẋ2

ẋ3

ẋ4

ẋ5

ẋ6

















=

















x2
−M11C1+M21C2−M31G3

detM

x4
M12C1−M22C2+M32G3

detM

x6
−M13C1+M23C2−M33G3

detM

















+

















0 0
M11

detM
− M21

detM

0 0
− M12

detM
M22

detM

0 0
M13

detM
− M23

detM

















(

u1

u2

)

(25)



166 G. Rigatos, F. Zouari, M. Abbaszadeh, M. Al-Numay and P. Siano

or, equivalently, the crane’s dynamics can be expressed in the nonlinear affine-
in-the-input state-space form

ẋ = f(x) + g(x)u (26)

x∈R6×1, f(x)∈R6×1, g(x)∈R6×1, and u∈R2×1. Nonlinear dynamics and un-
deractuation make the solution of the associated control problem a nontrivial
task.

2.2. Differential flatness properties of the 3-DOF cable-driven crane

It will be proven that the dynamic model of the two cable-driven 3-DOF robotic
crane is differentially flat, with the flat outputs vector Y = (xR, yR)

T . It holds
that

x2 = ẋ1⇒x2 = h2(Y, Ẏ )

x4 = ẋ3⇒x4 = h4(Y, Ẏ ),
(27)

which signifies that the state variables x2, x4 are differential functions of the
flat outputs of the system. Besides, from the condition of Eq. (16) it holds that

−sin(θ)ẋR + cos(θ)ẏR = 0⇒tan(θ) = ẏR

ẋR
⇒θ = tan−1( ẏR

ẋR
)

⇒x5 = tan−1( ẋ3

ẋ1

)⇒x5 = h5(Y, Ẏ )

x6 = ẋ5⇒x6 = h6(Y, Ẏ ) ,

(28)

which signifies that the state variables x5 and x6 are also differential functions
of the flat outputs of the system. Next, one uses Eq. (24), which in concise
form is expressed as

q̈ = F̃ (q, q̇) + G̃(q)u . (29)

Using the Moore-Penrose matrix of G̃(q) one obtains

u = [G̃T (q)G̃(q)]−1G̃T (q)[q̈ − F̃ (q, q̇)], (30)

where q = [xR, yR, θ]
T . Thus, it is confirmed that the control inputs vector

u = [u1, u2]
T is a differential function of the flat outputs vector, or

u1 = hu1
(Y, Ẏ ) u2 = hu2

(Y, Ẏ ) . (31)

The proof of differential flatness properties for the robotic crane’s model is an
implicit proof of the system’s controllability. Besides, it allows for treating the
setpoints definition problem. One selects setpoints without constraints for state
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variables x1 = xR and x3 = yR, which are associated with the flat outputs
of the system. For the state variable θ, the setpoints should be chosen using
the differential relation which connects this variable with the flat output θd =

tan−1(
ẏd
R

ẋd
R

). At the steady state it holds that θd = 0. The latter conclusion can

be justified using Eq. (14) and the stabilization conditions ẋR = 0, ẍR = 0,
ẏR = 0, ẏR = 0, θ̇ = 0, θ̈ = 0. Then, Eq. (14) gives sin(θ) = 0, which also
implies θ = 0. Thus, at the steady-state of the two-cable 3-DOF crane, the
setpoint for the swing angle θ of the payload is θd = 0.

3. Approximate linearization of the two cable-driven 3-

DOF robotic crane

The dynamic model of the two cable-driven 3-DOF crane undergoes approximate
linearization with the use of first-order Taylor series expansion and through the
computation of the associated Jacobian matrices. The linearization process
takes place at each sampling instance around the temporary operating point
(x∗, u∗), where x∗ is the present value of the system’s state vector and u∗ is the
last sampled value of the control inputs vector. The modelling error, which is
due to the truncation of higher-order terms from the Taylor series expansion,
is considered to be a perturbation, which is asymptotically compensated by the
robustness of the control method.

The initial nonlinear state-space model of the crane being in the form ẋ =
f(x) + g(x)u, after linearization turns into the form:

ẋ = Ax+Bu+ d̃ (32)

where matrices A, B are the Jacobian matrices of the system:

A = ∇x[f(x) + g(x)u] |(x∗,u∗) ⇒A = ∇xf(x) |(x∗,u∗) +
+∇xg1(x)u1 |(x∗,u∗) +∇xg2(x)u2 |(x∗,u∗)

(33)

B = ∇u[f(x) + g(x)u] |(x∗,u∗) ⇒B = g(x) |(x∗,u∗), (34)

where the cumulative vector od disturbances (x∗, u∗) comprises (i) modelling
error due to truncation of higher-order terms from the Taylor series expansion,
(ii) external disturbances, (iii) sensor measurement noise of any distribution.
Because of linearizing at each sampling instance around the present position of
the crane’s state vector, the span of the Taylor series expansion is small and
the modelling error is negligible. The procedure of computation of the Jacobian
matrices of this robotic system is given in the Appendix.

Remark 1 It is noted that the linearization approach, which has been followed
for implementing the nonlinear optimal control scheme, results in a quite ac-
curate model of the system’s dynamics. Consider, for instance, the following



168 G. Rigatos, F. Zouari, M. Abbaszadeh, M. Al-Numay and P. Siano

affine-in-the-input state-space model

ẋ = f(x) + g(x)u⇒

ẋ = [f(x∗) +∇xf(x) |x∗ (x− x∗)] + [g(x∗) +∇xg(x) |x∗ (x− x∗)]u∗

+g(x∗)u∗ + g(x∗)(u− u∗) + d̃1⇒

ẋ = [∇xf(x) |x∗ +∇xg(x) |x∗ u∗]x+ g(x∗)u− [∇xf(x) |x∗

+∇xg(x) |x∗ u∗]x∗ + f(x∗) + g(x∗)u∗ + d̃1 (35)

where d̃1 is the modelling error, due to truncation of higher order terms in the
Taylor series expansion of f(x) and g(x). Next, by defining A = [∇xf(x) |x∗

+∇xg(x) |x∗ u∗], B = g(x∗), one obtains

ẋ = Ax+Bu−Ax∗ + f(x∗) + g(x∗)u∗ + d̃1 . (36)

Moreover, by denoting d̃ = −Ax∗ + f(x∗) + g(x∗)u∗ + d̃1 about the cumulative
modelling error term in the Taylor series expansion procedure one has

ẋ = Ax+Bu+ d̃ (37)

which is the approximately linearized model of the dynamics of the system of Eq.
(32). The term f(x∗) + g(x∗)u∗ is the derivative of the state vector at (x∗, u∗),
which is almost annihilated by −Ax∗.

4. Design of an H-infinity nonlinear feedback controller

4.1. Equivalent linearized dynamics of the two cable-driven 3-DOF
robotic crane

After linearization around its current operating point, the dynamic model for
the two cable-driven 3-DOF robotic crane is written as

ẋ = Ax+Bu+ d1 . (38)

Parameter d1 stands for the linearization error in the two cable-driven 3-DOF
robotic crane’s model that was given previously in Eq. (38). The reference
setpoints for the state vector of the aforementioned dynamic model are denoted
by xd = [xd

1, · · · , x
d
6]. Tracking of this trajectory is achieved after applying the

control input u∗. At every time instant, the control input u∗ is assumed to differ
from the control input u, appearing in Eq. (38), by a value equal to ∆u, that
is, u∗ = u+∆u

ẋd = Axd +Bu∗ + d2 . (39)
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The dynamics of the controlled system, described in Eq. (38), can be also
written down as

ẋ = Ax+Bu+Bu∗ −Bu∗ + d1 (40)

and by denoting d3 = −Bu∗+d1 as an aggregate disturbance term, one obtains

ẋ = Ax+Bu+Bu∗ + d3 . (41)

By subtracting Eq. (39) from Eq. (41), one gets

ẋ− ẋd = A(x− xd) +Bu+ d3 − d2 . (42)

Upon denoting the tracking error as e = x− xd and the aggregate disturbance
term as Ld̃ = d3 − d2, the tracking error dynamics becomes

ė = Ae+Bu+ Ld̃, (43)

where L is a disturbance inputs gain matrix. The above linearized form of the
two cable-driven 3-DOF robotic crane’s model can be efficiently controlled after
applying an H-infinity feedback control scheme.

4.2. The nonlinear H-infinity control

The initial nonlinear model of the two cable-driven 3-DOF robotic crane is in
the form

ẋ = f(x, u) x∈Rn, u∈Rm. (44)

Linearization of the model of the two cable-driven 3-DOF robotic crane is
performed at each iteration of the control algorithm around its present operating
point (x∗, u∗) = (x(t), u(t − Ts)). The linearized equivalent of the system is
described by

ẋ = Ax+Bu+ Ld̃ x∈Rn, u∈Rm, d̃∈Rq (45)

where matrices A and B are obtained from the computation of the previously
defined Jacobians and vector d̃ denotes disturbance terms due to linearization
errors, while L is a disturbance inputs gain matrix. The problem of disturbance
rejection for the linearized model that is described by

ẋ = Ax+Bu+ Ld̃
y = Cx

(46)
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where x∈Rn, u∈Rm, d̃∈Rq and y∈Rp, cannot be handled efficiently if the clas-
sical LQR control scheme is applied. This is because of the existence of the
perturbation term d̃. The disturbance term d̃, apart from modeling (paramet-
ric) uncertainty and external perturbations, can also represent noise terms of
any distribution.

In the H∞ control approach, a feedback control scheme is designed for tra-
jectory tracking by the system’s state vector and simultaneous disturbance re-
jection, considering that the disturbance affects the system in the worst possible
manner. The disturbance effects are incorporated in the following quadratic cost
function:

J(t) = 1
2

∫ T

0
[yT (t)y(t) + ruT (t)u(t)− ρ2d̃T (t)d̃(t)]dt, r, ρ > 0 . (47)

The significance of the negative sign in the cost function term that is associated
with the perturbation variable d̃(t) is that the disturbance tries to maximize
the cost function J(t), while the control signal u(t) tries to minimize it. The
physical meaning of the relation given above is that the control signal and the
disturbances compete with each other within a min-max differential game. This
problem of min-max optimization can be expressed as minumaxd̃J(u, d̃).

The objective of the optimization procedure is to compute a control signal
u(t), which can compensate for the worst possible disturbance, that is externally
imposed on the two cable-driven 3-DOF robotic crane. However, the solution to
the min-max optimization problem is directly related to the value of parameter
ρ. This means that there is an upper bound in the disturbance magnitude that
can be annihilated by the control signal.

4.3. Computation of the feedback control gains

For the linearized system, given by Eq. (46), the cost function of Eq. (47)
is defined, where coefficient r determines the penalization of the control input
and weight coefficient ρ determines the reward of the disturbances’ effects. It
is assumed that (i) the energy that is transferred from the disturbance signal
d̃(t) is bounded, that is,

∫∞

0
d̃T (t)d̃(t)dt < ∞, (ii) matrices [A,B] and [A,L] are

stabilizable, (iii) matrix [A,C] is detectable. In the case of a tracking problem
the optimal feedback control law is given by

u(t) = −Ke(t) (48)

with e = x − xd being the tracking error, and K = 1
r
BTP , where P is a

positive definite symmetric matrix. As it will be proven in Section 5, matrix P
is obtained from the solution of the Riccati equation

ATP + PA+Q− P ( 2
r
BBT − 1

ρ2LL
T )P = 0 (49)
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where Q is a positive semi-definite symmetric matrix. The worst-case distur-
bance is given by

d̃(t) = 1
ρ2L

TPe(t) . (50)

The solution of the H-infinity feedback control problem for the two cable-
driven 3-DOF robotic crane and the computation of the worst case disturbance
that the related controller can sustain, comes from the superposition of Bell-
man’s optimality principle when considering that the two cable-driven 3-DOF
robotic crane is affected by two separate inputs (i) the control input u, and (ii),
the cumulative disturbance input d̃(t). Solving the optimal control problem for
u, that is, for the minimum variation (optimal) control input that achieves elim-
ination of the state vector’s tracking error, gives u = − 1

r
BTPe. Equivalently,

solving the optimal control problem for d̃, that is, for the worst-case disturbance
that the control loop can sustain, gives d̃ = 1

ρ2L
TPe.

The diagram of the considered control loop for the two cable-driven 3-DOF
robotic crane is presented in Fig. 2.

Figure 2 gives also a block diagram for the nonlinear optimal control scheme.
The implementation stages of the control method can be formulated as follows:

(1) at each sampling instance there is linearization of the state-space model
of the 3-DOF two-cable driven robotic crane around a time-varying op-
erating point, which is defined by the present value of the system’s state
vector and by the last sampled value of the control inputs vector. The
linearization is performed through first-order Taylor series expansion and
the computation of the associated Jacobian matrices,

(2) for the approximately linearized model of the 3-DOF two-cable driven
robotic crane an H-infinity feedback controller is designed. To compute
the controller’s feedback gains an algebraic Riccati equation is also repeti-
tively solved at each time-step of the control algorithm. Main parameters
of this Riccati equation are the gains r and ρ, as well as the gain matrices
Q and L,

(3) the computed optimal control inputs are applied directly to the initial
nonlinear state-space model of the system.

The global stability of the control method and the elimination of the state
vector’s tracking error are confirmed through Lyapunov analysis. The computa-
tional effort for the implementation of this control method is moderate and the
solution of the method’s Riccati equation is achieved in a time interval, which
is smaller than the sampling period.
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Figure 2. Control scheme and implementation stages for the two cable-driven
3-DOF robotic crane
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5. Lyapunov stability analysis

5.1. Stability proof

Through Lyapunov stability analysis it will be shown that the proposed nonlin-
ear control scheme assures H∞ tracking performance for the two cable-driven
3-DOF robotic crane, and that in the case of bounded disturbance terms asymp-
totic convergence to the reference setpoints is achieved. The tracking error
dynamics for the two cable-driven 3-DOF robotic crane is expressed in the form

ė = Ae+Bu+ Ld̃, (51)

where in the two cable-driven 3-DOF robotic crane’s case L∈R6×6 is the distur-
bance inputs gain matrix. Variable d̃ denotes model uncertainties and external
disturbances of the two cable-driven 3-DOF robotic crane’s model.

The following Lyapunov equation is considered

V = 1
2e

TPe (52)

where e = x − xd is the tracking error. By differentiating with respect to time
one obtains

V̇ = 1
2 ė

TPe+ 1
2e

TP ė⇒

V̇ = 1
2 [Ae+Bu+ Ld̃]TPe+ 1

2e
TP [Ae+Bu+ Ld̃]

(53)

V̇ = 1
2 [e

TAT + uTBT + d̃TLT ]Pe+

+ 1
2e

TP [Ae+Bu+ Ld̃]
(54)

V̇ = 1
2e

TATPe+ 1
2u

TBTPe+ 1
2 d̃

TLTPe+
1
2e

TPAe+ 1
2e

TPBu+ 1
2e

TPLd̃ .
(55)

The previous equation is rewritten as

V̇ = 1
2e

T (ATP + PA)e+ ( 12u
TBTPe+ 1

2e
TPBu)+

+( 12 d̃
TLTPe+ 1

2e
TPLd̃).

(56)

Assumption 1 For given positive definite matrix Q and coefficients r and ρ
there exists a positive definite matrix P , which is the solution of the following
matrix equation

ATP + PA = −Q+ P ( 2
r
BBT − 1

ρ2LL
T )P . (57)

Moreover, the following feedback control law is applied to the system

u = − 1
r
BTPe . (58)
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By substituting Eq. (57) and Eq. (58) one obtains

V̇ = 1
2e

T [−Q+ P ( 2
r
BBT − 1

ρ2LL
T )P ]e+

+eTPB(− 1
r
BTPe) + eTPLd̃⇒

(59)

V̇ = − 1
2e

TQe+ 1
r
eTPBBTPe− 1

2ρ2 e
TPLLTPe

− 1
r
eTPBBTPe+ eTPLd̃

(60)

which, after intermediate operations, gives

V̇ = − 1
2e

TQe− 1
2ρ2 e

TPLLTPe+ eTPLd̃ (61)

or, equivalently

V̇ = − 1
2e

TQe− 1
2ρ2 e

TPLLTPe+

+ 1
2e

TPLd̃+ 1
2 d̃

TLTPe .
(62)

Lemma 1 The following inequality holds

1
2e

TPLd̃+ 1
2 d̃L

TPe− 1
2ρ2 e

TPLLTPe≤ 1
2ρ

2d̃T d̃. (63)

Proof The binomial (ρa − 1
ρ
b)2 is considered. By expanding the left part of

the above inequality, one gets

ρ2a2 + 1
ρ2 b

2 − 2ab ≥ 0 ⇒ 1
2ρ

2a2 + 1
2ρ2 b

2 − ab ≥ 0 ⇒

ab− 1
2ρ2 b

2 ≤ 1
2ρ

2a2 ⇒ 1
2ab+

1
2ab−

1
2ρ2 b

2 ≤ 1
2ρ

2a2 .
(64)

The following substitutions are carried out: a = d̃ and b = eTPL and the
previous relation becomes

1
2 d̃

TLTPe+ 1
2e

TPLd̃− 1
2ρ2 e

TPLLTPe≤ 1
2ρ

2d̃T d̃ . (65)

Eq. (65) is substituted in Eq. (62) and the inequality is enforced, thus giving

V̇≤− 1
2e

TQe+ 1
2ρ

2d̃T d̃ . (66)

Eq. (66) shows that the H∞ tracking performance criterion is satisfied. The
integration of V̇ from 0 to T gives

∫ T

0
V̇ (t)dt≤− 1

2

∫ T

0
||e||2Qdt+

1
2ρ

2
∫ T

0
||d̃||2dt⇒

2V (T ) +
∫ T

0
||e||2Qdt≤2V (0) + ρ2

∫ T

0
||d̃||2dt .

(67)

Moreover, if there exists a positive constant Md > 0 such that

∫∞

0
||d̃||2dt ≤ Md (68)
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then one gets

∫∞

0
||e||2Qdt ≤ 2V (0) + ρ2Md . (69)

Thus, the integral
∫∞

0
||e||2Qdt is bounded. Moreover, V (T ) is bounded and from

the definition of the Lyapunov function V in Eq. (52) it becomes clear that e(t)
will be also bounded, since e(t) ∈ Ωe = {e|eTQe≤2V (0)+ρ2Md}. According to
the above, and with the use of Barbalat’s Lemma one obtains limt→∞ e(t) = 0.

After following the stages of the stability proof one arrives at Eq. (66) which
shows that the H-infinity tracking performance criterion holds. By selecting the
attenuation coefficient ρ to be sufficiently small and, in particular, to satisfy
ρ2 < ||e||2Q/||d̃||

2, one has that the first derivative of the Lyapunov function
is upper bounded by 0. This condition holds at each sampling instance and,
consequently, global stability for the control loop can be concluded.

5.2. Robust state estimation with the use of the H∞ Kalman filter

The control loop has to be implemented with the use of information provided
by a small number of sensors and by processing only a small number of state
variables. To reconstruct the missing information about the state vector of the
two cable-driven 3-DOF robotic crane it is proposed to use a filtering scheme
and, on its basis, to apply the state estimation-based control (Rigatos, 2016;
Rigatos, Abbaszadeh and Siano, 2022). By denoting as A(k), B(k) and C(k) the
discrete-time equivalents of matrices, respectively, A, B and C of the linearized
state-space model of the system, the recursion of the H∞ Kalman Filter for the
model of the two cable-driven 3-DOF robotic crane, can be formulated in terms
of a measurement update and a time update part

Measurement update:

D(k) = [I − θ̄W (k)P−(k) + CT (k)R(k)−1C(k)P−(k)]−1

K(k) = P−(k)D(k)CT (k)R(k)−1

x̂(k) = x̂−(k) +K(k)[y(k)− Cx̂−(k)] .
(70)

Time update:

x̂−(k + 1) = A(k)x(k) +B(k)u(k)
P−(k + 1) = A(k)P−(k)D(k)AT (k) +Q(k) ,

(71)

where it is assumed that parameter θ is sufficiently small to assure that the
covariance matrix

P−(k)
−1

− θ̄W (k) + CT (k)R(k)−1C(k)
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will be positive definite. When θ = 0, theH∞ Kalman Filter becomes equivalent
to the standard Kalman Filter. One can measure only a part of the state vector
of the crane, for instance, the state variables x1, x3, x5, and can estimate
through filtering the rest of the state vector elements (velocity variables x2, x4,
x6). Moreover, the proposed Kalman filtering method can be used for sensor
fusion purposes.

6. Simulation tests

The global stability properties of the control method and the elimination of the
state vector’s tracking error, which were previously proven through Lyapunov
analysis, are further confirmed through simulation experiments. Indicative val-
ues for the parameters of the crane’s model have been: M = 1.0 kg, m = 1.0 kg,
L3 = 0.5m and g = 10m/sec2. The sampling period was Ts = 0.01 sec. To
implement the control method one had to solve at each sampling instance the
algebraic Riccati equation of Eq. (57). The obtained results are shown in a
series of illustrations, from Fig. 3 to Fig. 18. In the related diagrams, the real
values of the state vector elements are printed in blue color, the reference set-
points are plotted in red color, while the estimated values of the state variables
are depicted in green color.

It can be noticed that in all test cases the control method applied achieved
fast and accurate tracking of reference setpoints by the state variables of the
crane under minimal variations of the control inputs. By keeping small the
amplitude of the control signal, the nonlinear optimal control method achieves
also the minimization of the dispersion of energy by the actuators (motors) of
this robotic system. The transient performance of the control method depends
on the selection of values for the main parameters r, ρ, Q of the method’s Riccati
equation. For relatively small values of r, the state vector’s tracking error is
eliminated. For relatively large values of the diagonal elements of matrix Q, the
speed of convergence to setpoints is increased. Finally, the smallest value of ρ,
for which one obtains a valid solution of the method’s Riccati equation, is the
one that provides the control loop with maximum robustness.

Comparing to other nonlinear control schemes that one could have consid-
ered for the dynamic model of the two cable-driven 3-DOF robotic crane, the
following can be stated:

(i) unlike global linearization-based control schemes, such as Lie-algebra-
based control and flatness-based control with transformation into canonical
forms, the nonlinear optimal control method does nor need complicated changes
of state variables (diffeomorphisms) and state-space model transformations. The
control inputs are computed for the initial nonlinear state-space model of the
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system without the need for inverse transformations and without coming against
the risk of singularities (non-invertibility);

(ii) unlike Nonlinear Model Predictive Control (NMPC), the global stabil-
ity properties are proven and the convergence of the iterative search for the
optimum of the new nonlinear optimal control method does not depend on ini-
tialization and ad-hoc selection of the controller’s parameters;

(iii) unlike sliding-mode control and backstepping control, the application
of the new nonlinear optimal control method does not have as a prerequisite
the dynamic model of the system to be found in a specific state-space form (for
instance, the canonical form, the input-output linearized form, or the strict-
feedback form). For example, it is known that unless a nonlinear system is
established in the input-output linearized form, there is no systematic manner
for defining a sliding surface and a sliding-mode controller about it. Addition-
ally, unless a nonlinear system is found in the strict-feedback (triangular) form,
the application of the backstepping control method is not a straightforward
procedure;

(iv) unlike PID control, the new nonlinear optimal control method is of
proven global stability and the selection of the controller’s gains is not based
on heuristics. The nonlinear optimal control loop remains reliable at changes of
operating points and time-varying setpoints, and

(v) unlike multiple local model-based feedback control, the nonlinear optimal
control method uses only one linearization point and needs the solution of only
one Riccati equation, therefore it is computationally more efficient.

To elaborate on nonlinear optimal control for the 3-DOF two-cable driven
robotic crane the following tables are given:

(i) Table I, providing the results concerning the accuracy of tracking of
setpoints by the state variables of the 3-DOF two-cable driven robotic crane
under an exact dynamic model,

(ii) Table II, providing the results, concerning the accuracy of tracking of
setpoints by the state variables of the 3-DOF two-cable driven robotic crane
under a model that is subject to disturbances (for instance, change of ∆α% in
the mass M of the cart),

(iii) Table III, providing the results, concerning the accuracy of state esti-
mation for the 3-DOF two-cable driven robotic crane provided by the H-infinity
Kalman Filter, and

(iv) Table IV, providing the results concerning the convergence times to
setpoints of the state variables of the 3-DOF two-cable driven robotic crane.
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Figure 3. Tracking of setpoint 1 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) tracking of setpoints (red line) by the
state variables of the crane x1 to x3 (blue line) and estimates provided by the
H-infinity Kalman Filter, (bottom) tracking of setpoints (red line) by the state
variables of the crane x4 to x6 (blue line) and estimates provided by the H-
infinity Kalman Filter
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Figure 4. Tracking of setpoint 1 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) variations of the control inputs of the
gantry crane u1 and u2 (blue line), (bottom) convergence to 0 of the tracking
error variables e1, e3 and e5 associated with state variables x1 = xR, x3 = yR
and x5 = θ
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Figure 5. Tracking of setpoint 2 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) tracking of setpoints (red line) by the
state variables of the crane x1 to x3 (blue line) and estimates provided by the
H-infinity Kalman Filter, (bottom) tracking of setpoints (red line) by the state
variables of the crane x4 to x6 (blue line) and estimates provided by the H-
infinity Kalman Filter
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Figure 6. Tracking of setpoint 2 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) variations of the control inputs of the
gantry crane u1 and u2 (blue line), (bottom) convergence to 0 of the tracking
error variables e1, e3 and e5 associated with state variables x1 = xR, x3 = yR
and x5 = θ
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Figure 7. Tracking of setpoint 3 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) tracking of setpoints (red line) by the
state variables of the crane x1 to x3 (blue line) and estimates provided by the
H-infinity Kalman Filter, (bottom) tracking of setpoints (red line) by the state
variables of the crane x4 to x6 (blue line) and estimates provided by the H-
infinity Kalman Filter
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Figure 8. Tracking of setpoint 3 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) variations of the control inputs of the
gantry crane u1 and u2 (blue line), (bottom) convergence to 0 of the tracking
error variables e1, e3 and e5 associated with state variables x1 = xR, x3 = yR
and x5 = θ
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Figure 9. Tracking of setpoint 4 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) tracking of setpoints (red line) by the
state variables of the crane x1 to x3 (blue line) and estimates provided by the
H-infinity Kalman Filter, (bottom) tracking of setpoints (red line) by the state
variables of the crane x4 to x6 (blue line) and estimates provided by the H-
infinity Kalman Filter
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Figure 10. Tracking of setpoint 4 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) variations of the control inputs of the
gantry crane u1 and u2 (blue line), (bottom) convergence to 0 of the tracking
error variables e1, e3 and e5 associated with state variables x1 = xR, x3 = yR
and x5 = θ
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Figure 11. Tracking of setpoint 5 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) tracking of setpoints (red line) by the
state variables of the crane x1 to x3 (blue line) and estimates provided by the
H-infinity Kalman Filter, (bottom) tracking of setpoints (red line) by the state
variables of the crane x4 to x6 (blue line) and estimates provided by the H-
infinity Kalman Filter
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Figure 12. Tracking of setpoint 5 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) variations of the control inputs of the
gantry crane u1 and u2 (blue line), (bottom) convergence to 0 of the tracking
error variables e1, e3 and e5 associated with state variables x1 = xR, x3 = yR
and x5 = θ
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Figure 13. Tracking of setpoint 6 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) tracking of setpoints (red line) by the
state variables of the crane x1 to x3 (blue line) and estimates provided by the
H-infinity Kalman Filter, (bottom) tracking of setpoints (red line) by the state
variables of the crane x4 to x6 (blue line) and estimates provided by the H-
infinity Kalman Filter
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Figure 14. Tracking of setpoint 6 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) variations of the control inputs of the
gantry crane u1 and u2 (blue line), (bottom) convergence to 0 of the tracking
error variables e1, e3 and e5 associated with state variables x1 = xR, x3 = yR
and x5 = θ
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Figure 15. Tracking of setpoint 7 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) tracking of setpoints (red line) by the
state variables of the crane x1 to x3 (blue line) and estimates provided by the
H-infinity Kalman Filter, (bottom) tracking of setpoints (red line) by the state
variables of the crane x4 to x6 (blue line) and estimates provided by the H-
infinity Kalman Filter
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Figure 16. Tracking of setpoint 7 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) variations of the control inputs of the
gantry crane u1 and u2 (blue line), (bottom) convergence to 0 of the tracking
error variables e1, e3 and e5 associated with state variables x1 = xR, x3 = yR
and x5 = θ
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Figure 17. Tracking of setpoint 8 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) tracking of setpoints (red line) by the
state variables of the crane x1 to x3 (blue line) and estimates provided by the
H-infinity Kalman Filter, (bottom) tracking of setpoints (red line) by the state
variables of the crane x4 to x6 (blue line) and estimates provided by the H-
infinity Kalman Filter
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Figure 18. Tracking of setpoint 8 by the two cable-driven 3-DOF robotic crane
with nonlinear optimal control: (top) variations of the control inputs of the
gantry crane u1 and u2 (blue line), (bottom) convergence to 0 of the tracking
error variables e1, e3 and e5 associated with state variables x1 = xR, x3 = yR
and x5 = θ
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Table I - Nonlinear optimal control
Tracking RMSE in the disturbance-free case

RMSEx1
RMSEx2

RMSEx3
RMSEx4

RMSEx5
RMSEx6

test1 0.0015 0.0000 0.0012 0.0000 0.0000 0.0000
test2 0.0015 0.0000 0.0015 0.0000 0.0000 0.0000
test3 0.0012 0.0000 0.0014 0.0000 0.0000 0.0000
test4 0.0022 0.0001 0.0028 0.0002 0.0000 0.0000
test5 0.0004 0.0001 0.0070 0.0002 0.0000 0.0000
test6 0.0020 0.0000 0.0039 0.0002 0.0000 0.0000
test7 0.0025 0.0001 0.0058 0.0002 0.0000 0.0000
test8 0.0040 0.0013 0.0056 0.0006 0.0010 0.0003

Table II - Nonlinear optimal control
Tracking RMSE in the case of disturbances

∆a% RMSEx1
RMSEx2

RMSEx3
RMSEx4

RMSEx5
RMSEx6

0% 0.0012 0.0000 0.0012 0.0001 0.0000 0.0000
10% 0.0068 0.0001 0.0088 0.0001 0.0000 0.0000
20% 0.0099 0.0001 0.0121 0.0001 0.0000 0.0000
30% 0.0111 0.0001 0.0131 0.0001 0.0000 0.0000
40% 0.0125 0.0001 0.0126 0.0001 0.0000 0.0000
50% 0.0128 0.0001 0.0113 0.0001 0.0000 0.0000
60% 0.0129 0.0001 0.0004 0.0001 0.0000 0.0000

Table III - Nonlinear optimal control
RMSE of state estimates provided by the HKF

RMSEx̂1
RMSEx̂2

RMSEx̂3
RMSEx̂4

RMSEx̂5
RMSEx̂6

test1 0.0001 0.0009 0.0001 0.0009 0.0000 0.0000
test2 0.0001 0.0010 0.0001 0.0010 0.0000 0.0000
test3 0.0000 0.0008 0.0001 0.0009 0.0000 0.0000
test4 0.0002 0.0001 0.0002 0.0020 0.0000 0.0000
test5 0.0000 0.0003 0.0006 0.0052 0.0000 0.0000
test6 0.0002 9, 9991 0.0003 0.0027 0.0000 0.0000
test7 0.0002 0.0002 0.0005 0.0043 0.0000 0.0000
test8 0.0002 0.0001 0.0007 0.0029 0.0000 0.0000
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Table IV - Nonlinear optimal control
Convergence times Ts (sec) of the state variables

Ts x1 Ts x2 Ts x3 Ts x4 Ts x5 Ts x6

test1 3.5 3.5 2.5 2.5 2.5 2.0
test2 2.5 3.0 3.0 2.5 1.5 3.0
test3 3.5 3.5 3.0 4.0 3.5 2.5
test4 3.5 3.5 2.5 3.5 3.0 1.5
test5 3.5 3.5 3.0 3.0 3.0 1.5
test6 2.5 3.0 3.0 3.5 2.5 1.5
test7 3.5 3.5 3.0 3.5 3.5 1.5
test8 3.5 4.0 3.5 3.5 3.0 2.5

The proposed nonlinear optimal control method has clear computational
advantages, when compared to fuzzy multi-model feedback control. The state-
space model of the 3-DOF two-cable driven robotic crane has the state vector
x∈R6×1. If one substitutes the initial nonlinear model with fuzzy-weighted local
models, then the aggregate number of local models and the associated number of
linearization points grows exponentially with the number of the state variables.
Thus, if each state variable is partitioned into 5 fuzzy sets, the total number
of local models will be 56 = 15 635. Therefore, to cover sufficiently the entire
state-space of the controlled system one has to use a remarkably high number
of local models and has to solve an equal number of Riccati equations.

On the top of this, with the article’s nonlinear optimal control approach
there is need to solve only one Riccati equation in each iteration of the control
algorithm. For a total number of iterations N = 1000 this means that one has
to solve 1000 Riccati equations, which is only 6.4% of the Riccati equations
that have to be solved in the case of fuzzy control with multiple local models.
Consequently, there is a significant computational benefit if one uses the article’s
nonlinear optimal control method and the associated sequential linearization
approach. It has been also confirmed that the execution time for the solution
of the Riccati equation is of the order of msec and is significantly shorter than
the sampling period of the sequential linearization method.

7. Conclusions

Cable-driven robotic cranes are widely used in industry, particularly in appli-
cations, in which the robot operates in large work-spaces. In this article, a
nonlinear optimal control method has been proposed for the dynamic model of
a two cable-driven 3-DOF cable train. Such cranes can be used in ship main-
tenance and repair. Using Euler-Lagrange analysis the state-space model of
the robotic crane has been formulated and differential flatness properties have
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been proven about it. Next, the system’s state-space model undergoes an ap-
proximate linearization procedure around a temporary operating point, which
is updated at each sampling interval. The linearization process is based on first-
order Taylor series expansion and on the computation of Jacobian matrices. For
the linearized model of the crane an H-infinity feedback controller is designed.

The H-infinity controller provides the solution to the optimal control problem
for the linearized equivalent dynamics of the crane under model uncertainty and
perturbations.To select the gains of the H-infinity controller an algebraic Riccati
equation has to be solved at each iteration of the control algorithm. The global
stability properties of the control scheme have been proven through Lyapunov
analysis. The proposed nonlinear optimal control method achieves fast and
precise tracking of setpoints by the state variables of the robotic crane under
moderate variations of the control inputs. Moreover, the method achieves all
defined control objectives without the need for a change of state variables and
state-space model transformations. The method is of generic use and can be
applied to more types of cranes and to other underactuated robotic systems.
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Appendix: Jacobian matrices of the 3-DOF two-cable driven

robotic crane

In what follows, the computation of Jacobian matrix ∇xf(x) |(x∗,u∗) is pre-
sented.

(1) First row of the Jacobian matrix ∇xf(x) |(x∗,u∗):
∂f1
∂x1

= 0, ∂f1
∂x2

= 1, ∂f1
∂x3

= 0,
∂f1
∂x4

= 0, ∂f1
∂x5

= 0 and ∂f1
∂x6

= 0.

(2) Second row of the Jacobian matrix ∇xf(x) |(x∗,u∗): It holds that

f2 =
f2,num

f2,den
= −M11C1+M21C2−M31G3

detM
. (72)

It holds that for 1, 2, · · · , 6

∂f2
∂xi

=
∂f2,num

∂xi
detM−f2,num

∂detM
∂xi

detM2

(73)

where for 1, 2, · · · , 6

∂f2,num
∂xi

= −
∂M11

∂xi

C1−M11
∂C1

∂xi

+
∂M11

∂xi

C2+M21
∂C2

∂xi

−
∂M31

∂xi

G3−M31
∂G3

∂xi

(74)
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and also for 1, 2, · · · , 6

∂detM
∂xi

= (M +m)∂M11

∂xi
− (mL3sin(x5))M13 +mL3cos(x5)

∂M13

∂xi
. (75)

(3) Third row of the Jacobian matrix ∇xf(x) |(x∗,u∗):
∂f3
∂x1

= 0, ∂f3
∂x2

= 0,
∂f3
∂x3

= 0, ∂f3
∂x4

= 1, ∂f3
∂x5

= 0 and ∂f3
∂x6

= 0.

(4) Fourth row of the Jacobian matrix ∇xf(x) |(x∗,u∗): It holds that

f4 =
f4,num

f4,den
= M12C1−M22C2+M32G3

detM
. (76)

It holds that for i = 1, 2, · · · , 6

∂f4
∂xi

=
∂f4,num

∂xi
detM−f4,num

∂detM
∂xi

detM2

(77)

where for i = 1, 2, · · · , 6

∂f4,num
∂xi

=
∂M12

∂xi

C1+M12
∂C1

∂xi

−
∂M22

∂xi

C2−M22
∂C2

∂xi

+
∂M32

∂xi

G3+M32
∂G3

∂xi

. (78)

(5) Fifth row of the Jacobian matrix∇xf(x) |(x∗,u∗):
∂f5|
∂x1

= 0, ∂f5
∂x2

= 0, ∂f5
∂x3

= 0,
∂f5
∂x4

= 0, ∂f3
∂x5

= 0 and ∂f5
∂x6

= 1.

(6) Sixth row of the Jacobian matrix ∇xf(x) |(x∗,u∗): It holds that

f6 =
f6,num

f6,den
= −M13C1+M23C2−M33G3

detM
. (79)

It holds that for 1, 2, · · · , 6

∂f6
∂xi

=
∂f6,num

∂xi
detM−f6,num

∂detM
∂xi

detM2

(80)

where for 1, 2, · · · , 6

∂f6,num

∂xi
= −∂M13

∂xi
C1 −M13

∂C1

∂xi
+ ∂M23

∂xi
C2 +M23

∂C2

∂xi
− ∂M33

∂xi
G3 −M33

∂G3

∂xi
.

(81)

Following this, the Jacobian matrix ∇xg1(x) |(x∗,u∗) computation is presented:

(1) First row of the Jacobian matrix ∇xg1(x) |(x∗,u∗):
∂g11
∂xi

= 0. for i =
1, 2, · · · , 6.
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(2) Second row of the Jacobian matrix ∇xg1(x) |(x∗,u∗): It holds that for i =
1, 2, · · · , 6

∂g21
∂xi

=
∂M11

∂xi
detM−M11

∂detM
∂xi

detM2 . (82)

(3) Third row of the Jacobian matrix ∇xg1(x) |(x∗,u∗):
∂g31
∂xi

= 0. for i =
1, 2, · · · , 6.

(4) Fourth row of the Jacobian matrix ∇xg1(x) |(x∗,u∗): It holds that for i =
1, 2, · · · , 6

∂g41
∂xi

=
−

∂M12

∂xi
detM+M12

∂detM
∂xi

detM2 . (83)

(5) Fifth row of the Jacobian matrix ∇xg1(x) |(x∗,u∗):
∂g51
∂xi

= 0, for i =
1, 2, · · · , 6.

(6) Sixth row of the Jacobian matrix ∇xg1(x) |(x∗,u∗): It holds that for i =
1, 2, · · · , 6

∂g61
∂xi

=
∂M13

∂xi
detM−M13

∂detM
∂xi

detM2 . (84)

Now, the Jacobian matrix ∇xg2(x) |(x∗,u∗) is computed as follows:

(1) First row of the Jacobian matrix ∇xg2(x) |(x∗,u∗):
∂g12
∂xi

= 0. for i =
1, 2, · · · , 6.

(2) Second row of the Jacobian matrix ∇xg2(x) |(x∗,u∗): It holds that for i =
1, 2, · · · , 6

∂g22
∂xi

=
−

∂M12

∂xi
detM+M12

∂detM
∂xi

detM2 . (85)

(3) Third row of the Jacobian matrix ∇xg2(x) |(x∗,u∗):
∂g32
∂xi

= 0. for i =
1, 2, · · · , 6.

(4) Fourth row of the Jacobian matrix ∇xg2(x) |(x∗,u∗): It holds that for i =
1, 2, · · · , 6

∂g42
∂xi

=
∂M22

∂xi
detM−M22

∂detM
∂xi

detM2 . (86)
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(5) Fifth row of the Jacobian matrix ∇xg2(x) |(x∗,u∗):
∂g52
∂xi

= 0, for i =
1, 2, · · · , 6.

(6) Sixth row of the Jacobian matrix ∇xg2(x) |(x∗,u∗): It holds that for i =
1, 2, · · · , 6

∂g62
∂xi

=
−

∂M32

∂xi
detM+M32

∂detM
∂xi

detM2 . (87)

Computation of the partial derivatives of the sub-determinants of the inertia
matrix:

M11 It holds that ∂M11

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5

while ∂M11

∂x5

= −(ML3)
2sin(x5)cos(x5).

M12 Additionally, it holds that ∂M12

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while

∂M12

∂x5

= −(mL3)
2[cos(x5)

2 − sin(x5)
2].

M13 Moreover, it holds that ∂M13

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while

∂M13

∂x5

= (M +m)(mL3)sin(x5).

M21 Furthermore, one has that ∂M21

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while

∂M21

∂x5

= −(mL3)
2[cos(x5)

2 − sin(x5)
2].

M22 Additionally, it holds that ∂M22

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while

∂M22

∂x5

= 2(mL3)
2sin(x5)cos(x5).

M23 Moreover, it holds that ∂M23

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while

∂M23

∂x5

= (M +m)(mL3)cos(x5).

M31 Furthermore, one has that ∂M31

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while

∂M31

∂x5

= (M +m)(mL3)sin(x5).

M32 Moreover, it holds that ∂M32

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while

∂M32

∂x5

= (M +m)(mL3)cos(x5).

M33 Finally, it holds that ∂M33

∂xi
= 0 for i = 1, 2, · · · , 6.
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Computation of the partial derivatives of the non-zero elements of the Coriolis
forces vector C(q, q̇):

It holds that ∂C1

∂x1

= 0, ∂C1

∂x2

= 0, ∂C1

∂x3

= 0, ∂C1

∂x4

= 0, ∂C1

∂x5

= −(mL3cos(x5))x
2
6,

and ∂C1

∂x6

= −2(mL3sin(x5))x6.

Moreover, it holds that ∂C2

∂x1

= 0, ∂C2

∂x2

= 0, ∂C2

∂x3

= 0, ∂C2

∂x4

= 0, ∂C2

∂x5

=

−(mL3sin(x5))x
2
6, and

∂C2

∂x6

= 2(mL3cos(x5))x6.

Computation of the partial derivatives of the non-zero elements of the gravita-
tional forces vector G(q):

It holds that ∂G3

∂x1

= 0, ∂G3

∂x2

= 0, ∂G3

∂x3

= 0, ∂G3

∂x4

= 0, ∂G3

∂x5

= (mgL3cos(x5)), and
∂G3

∂x6

= 0.


