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Abstract: We use first- and second-order approximations to es-
tablish necessary and sufficient optimality conditions for nonsmooth
generalized bilevel optimization problems with variational inequality
constraints. To transform the hierarchical problem into a single-level
optimization problem, we employ two approaches: the gap function
reformulation and the KKT reformulation. We compare these ap-
proaches and provide examples to illustrate the applicability of the
results.

Keywords: bilevel optimization; nonsmooth optimization; vari-
ational inequality constraints; first- and second-order approxima-
tions; optimality conditions

1. Introduction

An optimization problem with variational inequality constraints is a special
class of optimization problems, where some or all constraints are defined by
a parametric variational inequality, with y as the primary variable and x as
the parameter. In this paper, we focus on the following generalized bilevel
optimization problem with variational inequality constraints (GBOP):

min
x,y

f(x, y) subject to g(x) ≤ 0, and y ∈ S(x), (GBOP)
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where f : R
n × R

m → R is the leader objective function, g : R
n → R

q is
the constraint function of the upper-level problem, and S(x) is the set of all
solutions of the optimization problem with variational inequality constraints:

〈F (x, y) , y − ξ〉 ≤ 0, ∀ξ ∈ Y (x) , (VI[x])

with F : Rn×R
m → R

m and Y : Rn
⇒ R

m being the follower objective function
and the feasible set-valued map, respectively:

Y (x) := {y ∈ R
m : G(x, y) ≤ 0},

and G : Rn×R
m → R

s being the constraint function of the lower-level problem.
Hence:

S(x) = {y ∈ Y (x) : 〈F (x, y), y − ξ〉 ≤ 0, ∀ξ ∈ Y (x)}.

Let F denote the set of feasible points for the problem (GBOP), given by:

F = {(x, y) ∈ R
n × R

m : g(x) ≤ 0 and y ∈ S(x)}.

Variational inequalities, introduced by Stampacchia (1964), are widely used
in economics, transportation, network and structural analysis, elasticity, engi-
neering, mechanics, supply chain management, finance, and game theory. Their
complexity has spurred the development of quite some numerical methods for
various classes of variational inequalities (see, e.g., Huang, Lin and Xiu, 2014;
Outrata, 1994; Wan and Chen, 2013; Ye, 2000; Ye and Ye, 1997, and references
therein).

Von Stackelberg’s influential work (Stackelberg, 1952) is considered as the
origin of (GBOP). Then, Bracken and McGill (1973) developed the first mathe-
matical bilevel model in 1973. Many real-world problems in engineering, medicine,
and economics can be formulated as (GBOP). The investigation of (GBOP) of-
fers numerous benefits from both theoretical and practical perspectives (see
Ben-Ayed, Boyce and Blair, 1988).

Variational inequalities are valuable tools in modeling equilibrium conditions
and optimality criteria in complex systems. These inequalities have also been
used in terms of the lower-level problem in the context of bilevel optimal con-
trol problems, see El Idrissi, Lafhim and Ouakrim (2024) and El Idrissi et al.
(2024). This connection shows the practical need to develop optimality con-
ditions for bilevel problems with variational inequality constraints. Our work
extends the theoretical framework, so as to include nonsmooth settings and pro-
vides conditions independent of classical constraint qualifications. This is crucial
for real-world problems, where smoothness may not hold, thus broadening the
applicability of bilevel optimization.
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Generalized bilevel optimization problems with variational inequality con-
straints (GBOP) are often reformulated as standard single-level nonlinear pro-
gramming problems (NLP). However, standard constraint qualifications typi-
cally do not hold for the resulting NLP reformulation (Ye, Zhu and Zhu, 1997,
Proposition 1.1). A popular approach is the Karush-Kuhn-Tucker (KKT) refor-
mulation by Chen and Florian (1995), which replaces the lower-level problem
with its KKT necessary optimality conditions. This requires the lower-level
problem’s convexity and a standard constraint qualification, such as Slater’s
condition, see Dempe and Zemkoho (2013, Theorem 3.3) or the Mangasarian-
Fromovitz Constraint Qualification (MFCQ), Zemkoho and Zhou (2021, Theo-
rem 2.2), which ensures that the KKT conditions are valid by requiring positive
linear independence of constraint gradients. Another is Auslender’s gap func-
tion approach (Auslender, 1976). This method replaces the lower-level problem
with a marginal function, known as the gap function. The challenge with this
approach lies in the generally nonsmooth nature of the gap function. In our
analysis, we will use these two reformulations of the bilevel problem as single-
level problems and highlight the advantages of each approach.

To address the challenges of non-smoothness and the limitations of classical
constraint qualifications, we use the concept of approximations of mappings. In-
troduced by Thibault (1980), approximations provide a way to generalize deriva-
tives, even for discontinuous, nonconvex, or unbounded mappings. Sweetser
(1977) considered approximations using subsets of continuous linear maps be-
tween Banach spaces, later revised by Jourani and Thibault (1993). Allali and
Amahroq (1997) advanced the theory of first- and second-order approximations
for continuous functions by introducing the concept of strict prederivatives in
order to address the cases, where classical derivatives or standard generalized
derivatives may not exist. Their work provides tools for deriving optimality
conditions in nonsmooth settings. These methods have proven to be effective
in various optimization problems, including those with set-valued mapping con-
straints, Amahroq and Gadhi (2001, 2003), nonsmooth vector optimization,
Khanh and Tuan (2006), vector equilibrium problems, Khanh and Tung (2013),
and fractional multiobjective bilevel problems, Lafhim, (2024). We build on
this foundation by using first- and second-order approximations as generalized
derivatives.

Numerous studies have investigated hierarchical problems, which can be ap-
plied to (GBOP), establishing first-order (Ye, 1999, 2000; Ye and Ye, 1997;
Zhang, 2014) and second-order (Dardour, Lafhim and Kalmoun, 2024; Dardour
et al., 2025; Dempe and Gadhi, 2010; Dempe and Zemkoho, 2013) optimality
conditions. However, these conditions often rely on restrictive assumptions, such
as twice-differentiable data, convexity, and the satisfaction of classical constraint
qualifications. This limits their applicability to a broader class of problems.
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In our work, we step outside this framework by deriving optimality condi-
tions for (GBOP) without imposing any regularity assumptions or constraint
qualifications, using, instead, approximation tools. Furthermore, to the best of
our knowledge, there are no existing contributions that address second-order
optimality conditions for (GBOP). Our work is therefore the first to estab-
lish such results under assumptions much weaker than the classical ones in the
literature.

This paper makes two main contributions. First, we derive first- and second-
order optimality conditions for the generalized bilevel optimization problem with
variational inequality constraints (GBOP) without relying on constraint qual-
ifications or smoothness assumptions. We achieve this by employing approxi-
mation methods based on derivatives of functions, which enable us to address
nonsmooth and nonconvex settings more effectively. Second, we apply our ap-
proach to two distinct reformulations of the bilevel problem (GBOP) as single-
level problems: the gap function reformulation and the KKT reformulation. For
each of these two reformulations, we establish necessary and sufficient optimality
conditions and provide a detailed comparison of their advantages and limita-
tions. We also present illustrative examples that demonstrate the applicability
of our results by showing how our conditions can be verified in specific cases.

The remainder of this paper is organized as follows. Section 2 presents key
definitions and results, concerning first- and second-order approximations, and
notational conventions. Section 3 uses the gap function reformulation to derive
first- and second-order necessary and sufficient optimality conditions. Section 4
focuses on the KKT reformulation, through which we develop optimality con-
ditions analogous to those in Section 3.

2. Preliminaries

In this section, we establish the mathematical foundation necessary for analyz-
ing optimization problems using approximation theory. We examine first-order
and second-order approximations, which provide powerful tools for analyzing
the local behavior of functions at points where traditional derivatives may not
exist or are difficult to compute. These approximation techniques extend clas-
sical differential calculus to non-smooth settings, which allows for the study
of optimization problems, involving a broader class of objective functions and
constraints.

Let X ⊆ R
n, Y ⊆ R

m, and Z ⊆ R
p denote given sets. We define:

• L(X,Y ): the space of continuous linear mappings from X to Y ,
• B(X,Y ): the space of continuous bilinear mappings from X ×X into Y ,
• BRm : the closed unit ball in R

m, centered at the origin,
• R = [−∞,+∞]: the extended real line.
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For any subset A ⊆ L(X,Y ) and x ∈ X, we define A(x) := {αx : α ∈ A}.

2.1. Background materials

To establish our framework, we introduce key geometric concepts involving cones
and directional structures. Let Ω be a nonempty subset of Rn and z̄ ∈ Ω:

• The cone generated by Ω is: cone(Ω) = {λz : λ ≥ 0, z ∈ Ω}.

• The convex hull of the set Ω is:

co(Ω) =

{
k∑

i=1

λixi : xi ∈ Ω, λi ≥ 0,

k∑

i=1

λi = 1, k ∈ N

}
.

• cl cone(Ω) and cl co(Ω) denote the closure of cone(Ω) and co(Ω), respec-
tively.

• int(Ω) denotes the interior of the set Ω.

• The contingent cone to Ω at z̄ is:

T (Ω, z̄) = {d ∈ R
n : ∃(tm) ↓ 0, (dm) → d, z̄ + tmdm ∈ Ω ∀m ∈ N} ,

with the set of unit tangent directions defined as:

T1(Ω, z̄) = {d ∈ T (Ω, z̄) : ‖d‖ = 1} .

• The cone of weak feasible directions to Ω at z̄ is:

D(Ω, z̄) = {d ∈ R
n : ∃(tm) ↓ 0, z̄ + tmz ∈ Ω ∀m ∈ N} .

The following is based on definitions from Khanh and Tung (2015, Definition
2.1).

Proposition 2.1 Let either A ⊆ L (Rn,Rm) or A ⊆ B (Rn,Rm). Then, the
following assertions hold:

1. Each norm bounded sequence (Mk)k ⊆ A has a subsequence (Mks
)s such

that Mks
converges in norm to M ∈ A.

2. For each unbounded norm sequence (Mk)k ⊆ A, the sequence
Mk

‖Mk‖
has

a subsequence which converges in norm to some M ∈ A \ {0}.

Subsequently, for A ⊆ L (Rn,Rm) or A ⊆ B (Rn,Rm), we adopt the following
notations, used in Khanh and Tuan (2006) and Khanh and Tung (2012). We
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use the notation ‖ ‖ − lim to denote convergence in norm. Specifically, M =
‖ ‖−limMk means that the sequence (Mk) converges toM in the norm topology.

cl(A) = {M ∈ A : ∃ (Mk)k ⊆ A, M = ‖ ‖ − limMk} ,
A∞ =

{
M ∈ A : ∃ (Mk)k ⊆ A, ∃tk → 0+, M = ‖ ‖ − lim tkMk

}
,

p-A = cl(A) ∪ (A∞ \ {0}) .

Observe that cl(A) is the norm closure, while A∞ is the norm recession cone
of the given set.

2.2. First-order approximations

With the basic mathematical structures established, we now turn to first-order
approximations, which generalize the concept of derivatives to broader settings.
These approximations prove especially useful for nonsmooth functions, where
classical derivatives may not exist. In this subsection, we present their definition
and explore their properties, including applications to locally Lipschitz and
continuous functions.

Definition 2.1 Let f : X → Y be a mapping, x̄ ∈ X, and Af (x̄) ⊆ L(X,Y ).
The set Af (x̄) is a first-order approximation of f at x̄ if, for every ε > 0, there
exists δ > 0 such that:

f(x)− f(x̄) ∈ Af (x̄)(x− x̄) + ε‖x− x̄‖BRm

for all x ∈ x̄+ δBRn .

Clarke (1990) defines the subdifferential of f at x̄ as:

∂f(x̄) := cl co {limDf (xn) : xn ∈ domDf, xn → x̄} ,

where Df(x) is the first-order Fréchet derivative of f at x. Using this defini-
tion, the following proposition provides a first-order approximation for locally
Lipschitz functions.

Proposition 2.2 (Allali and Amahroq, 1997, Proposition 2.1.2) If f :
X→ R is locally Lipschitz at x̄, then the Clarke subdifferential ∂f(x̄) of f at x̄
is a first-order approximation of f at x̄.

Allali and Amahroq (1997) demonstrated that the first-order approximation
Af (x̄) is a singleton if and only if f is Fréchet differentiable at x̄.

To give an example of a non-locally Lipschitz function, we recall the following
definition.
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Definition 2.2 (Jeyakumar and Luc, 1998) Let f : X → Y be a contin-
uous mapping and x̄ ∈ X. A closed subset ∂̄f (x̄) ⊆ L (X,Y ) is called an
approximate Jacobian of f at x̄ if, for each u ∈ X and v ∈ Y we have:

(vf)+ (x̄, u) ≤ sup
M∈∂̄f(x̄)

〈v,Mu〉,

where (vf)+ (x̄, u) denotes the upper Dini directional derivative of (vf) at x̄ in
the direction u, i.e.,

(vf)+ (x̄, u) := lim sup
t↓0

〈v, f (x̄+ tu)− f (x̄)〉 /t.

Proposition 2.3 (Khanh and Tuan, 2006) Let f : X −→ Y be a continu-
ous mapping that admits an approximate Jacobian ∂̄f(·) which is upper semi-
continuous at x̄. Then, ∂̄f(x̄) is a first-order approximation of f at x̄.

Definition 2.3 (Mordukhovich and Shao, 1995) Let f : X → R and x̄ ∈
dom(f). The symmetric subdifferential of f at x̄ is defined by

∂0f(x̄) := ∂f(x̄) ⊔ [−∂(−f)(x̄)],

where ∂f(x̄) := lim sup

x
f
→x̄

∂̂f(x) and ∂̂f(x) is the Fréchet subdifferential of f at x.

Note that sufficient conditions for the upper semi-continuity of ∂0f(·) can
be found in Joffe (1989) and Loewen (1992).

Proposition 2.4 (Amahroq and Gadhi, 2001, Proposition 1) Let f : X →
R be continuous and x̄ ∈ dom f . Then, ∂0f(x̄) is a first-order approximation
of f at x̄.

Khanh and Tuan (2006, Remark 2.1) give an example where a first-order ap-
proximation exists for a discontinuous mapping. This emphasizes the advantage
of using approximations over other generalized derivatives.

We now present the calculus rules for first-order approximations, including
rules for sums, products, quotients, and compositions.

Proposition 2.5 Let f, g : X → Y with Af (x̄), Ag(x̄) ⊆ L(X,Y ) as first-order
approximations of f and g at x̄, respectively.

1. Sum (Amahroq and Gadhi, 2001): Af (x̄) +Ag(x̄) is a first-order approx-
imation of f + g at x̄.

2. Product (Lafhim, 2024): If Y = R, g is continuous at x̄, and Af (x̄) is
bounded, then g(x̄)Af (x̄)+f(x̄)Ag(x̄) is a first-order approximation of the
function fg at x̄.
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3. Quotient (Lafhim, 2024): If Y = R, g(x̄) 6= 0 and both Af (x̄) and Ag(x̄)
are bounded, then

g(x̄)Af (x̄)− f(x̄)Ag(x̄)

g2(x̄)

is a first-order approximation of
f

g
at x̄.

4. Chain Rule (Amahroq and Gadhi, 2001): If g : Y → Z, then Ag(f(x̄)) ◦
Af (x̄) is a first-order approximation of g ◦ f at x̄.

2.3. Second-order approximations

We now consider second-order approximations, which provide more detailed
information about local function behavior than the first-order approximations.
These are essential for analyzing optimality conditions and the convergence
of optimization algorithms. We present their definition, key properties, and
existence for important function classes.

Definition 2.4 Let f : X → Y , Af (x̄) ⊆ L(X,Y ), and Bf (x̄) ⊆ B(X,Y ).
The pair (Af (x̄), Bf (x̄)) is a second-order approximation of f at x̄ if:

1. Af (x̄) is a first-order approximation of f at x̄.
2. For all ε > 0 there exists δ > 0 such that:

f(x)− f(x̄) ∈ Af (x̄)(x− x̄) +Bf (x̄)(x− x̄)(x− x̄) + ε‖x− x̄‖2BRm

for all x ∈ x̄+ δBRn .

It is called bounded (or compact) if Af (x̄) and Bf (x̄) are norm-bounded (or
compact, respectively).

Remark 2.1 1. Every C2 mapping f at x̄ admits
(
Df(x̄), D2f(x̄)

)
as a second-

order approximation, where Df(x̄) and D2f(x̄) are the first- and second-order
Fréchet derivatives of f at x̄, respectively.

2. Recall that a mapping f : X → Y is C1,1 at x̄ if it is Fréchet differentiable
near x̄ and Df(·) is Lipschitz at x̄.

We now present the second-order approximation for C1,1 functions.

Definition 2.5 Let f : X → Y be continuously differentiable. The generalized
Hessian ∂2f (x) ⊆ B (Rn,Rm) is an approximate Hessian of f at x if ∂2f (x)
is an approximate Jacobian of f ′ at x, where

∂2f(x̄) := co
{
limD2f (xn) : xn ∈ domD2f, xn → x̄

}
.
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Proposition 2.6 (Allali and Amahroq, 1997, Proposition 2.2.3) If f :

X → R is C1,1 at x̄, then

(
Df(x̄),

1

2
∂2f(x̄)

)
is a second-order approximation

of f at x̄.

Remark 2.2 1. A differentiable function with a bounded first-order approxima-
tion of its derivative at x̄ is necessarily C1,1 at x̄ and thus has a second-order
approximation (see Allali and Amahroq, 1997).

2. Under the assumptions of Proposition 2.6, ∂2f(x̄) is nonempty, compact,
and convex (Hiriart-Urruty, Strodiot and Nguyen, 1984, Definition 2.1).

The following proposition provides a second-order approximation for C1

functions under an additional condition on the Clarke Hessian.

Proposition 2.7 (Khanh and Tuan, 2006, Proposition 2.3) Let f : X →
R be continuously differentiable in a neighborhood of x̄, with ∂2f(·) upper semi-

continuous at x̄. Then, (Df(x̄),
1

2
co ∂2f(x̄)) is a second-order approximation

of f at x̄.

We now present calculation rules for second-order approximations.

Proposition 2.8 Let f, g : X → Y with (Af (x̄), Bf (x̄)) and (Ag(x̄), Bg(x̄)) as
second-order approximations at x̄, respectively.

1. Sum (Allali and Amahroq, 1997): f + g has the second-order approxima-
tion (Af (x̄) +Ag(x̄), Bf (x̄) +Bg(x̄)) at x̄.

2. Product (Khanh and Tung, 2015): If Y = R, Af (x̄) and Ag(x̄) are
bounded, then, the function fg has the second-order approximation

(g (x̄)Af (x̄) + f (x̄)Ag (x̄) , g (x̄)Bf (x̄) + f (x̄)Bg (x̄) +Af (x̄)Ag (x̄))

at x̄.
3. Chain Rule (Jourani and Thibault, 1993): If g : Y → Z, and both

(Af (x̄), Bf (x̄)) and (Ag(ȳ), Bg(ȳ)) are bounded with ȳ := g(x̄), then g ◦ f
has the second-order approximation (Ag(ȳ) ◦ Af (x̄), Bg◦f (x̄)) at x̄, where
Bg◦f (x̄) := Bg(ȳ) ◦ Λ ◦Af (x̄) +Ag(ȳ) ◦Bf (x̄) and Λ(y) = (y, y).

The above proposition shows that f ◦ g always admits a second-order ap-
proximation whenever g is C2 and f is C1,1.

We finally note that first- and second-order approximations are not unique,
as any set that includes an approximation also qualifies as an approximation.
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3. First- and second-order optimality conditions via gap

function

We start this section by presenting an equivalent reformulation of the bilevel
problem (GBOP). Reducing a bilevel optimization problem to a single-level
problem offers significant theoretical and computational advantages. Here, we
apply the gap function reformulation to transform our bilevel problem.

3.1. Gap function reformulation

To tackle the generalized bilevel problem (GBOP), particularly when Y (x) is
not convex, we reformulate it into a single-level problem using the gap function.
This approach relies on the function:

Ψα(x, y) = sup
ξ∈Y (x)

φ(x, y, ξ),

called the gap function, where:

φ(x, y, ξ) = 〈F (x, y), y − ξ〉 − α

2
‖y − ξ‖2,

and α > 0 is a scalar parameter.

The gap function concept, introduced by Auslender (1976) for variational
inequalities, was extended by Hearn (1982) to convex programming. Later,
Marcotte and Dussault (1987, 1989) used the linear gap function (α = 0) for
descent methods, and Fukushima (1992) employed the quadratic, differentiable
version (α > 0) for variational inequalities. In bilevel optimization, Marcotte
and Dussault (1989) and Ye, Zhu and Zhu (1997) applied it to derive single-
level equivalents of (GBOP). In our analysis, we adopt the linear gap function
(α = 0), defined as:

Ψ0(x, y) = sup
ξ∈Y (x)

〈F (x, y), y − ξ〉.

The gap function Ψ0 is typically nondifferentiable and it satisfies:

Ψ0(x, y) ≥ 0 for all y ∈ Y (x), and Ψ0(x, y) = 0 if and only if y ∈ S(x).

Thus, the solution set S(x) can be written down as:

S(x) = {y ∈ Y (x) : Ψ0(x, y) ≤ 0}.

This allows us to reformulate (GBOP) as a single-level problem by replac-
ing the lower-level variational inequality with a gap function constraint. The
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equivalent problem is:

min
x,y

f(x, y)

s.t. g(x) ≤ 0,

G(x, y) ≤ 0,

Ψ0(x, y) ≤ 0.

(GFR)

The feasible set F becomes:

F = {(x, y) ∈ R
n × R

m : g(x) ≤ 0, G(x, y) ≤ 0, Ψ0(x, y) ≤ 0}.

For certain proofs, we use an equivalent form of (GFR) to simplify notation:

min
x,y

f(x, y) s.t. Γ(x, y) ≤ 0, (P)

where Γ : Rn ×R
m → R

r, Γ(x, y) = (g(x), G(x, y),Ψ0(x, y)), and r = q + s+ 1.
The feasible set is then:

F = {(x, y) ∈ R
n × R

m : Γ(x, y) ≤ 0}.

3.2. First- and second-order necessary optimality conditions

In this subsection, we use approximations to derive first- and second-order nec-
essary optimality conditions for the generalized bilevel optimization problem
(GBOP) without assuming convexity in the lower-level problem or that S(x) is
a singleton. We achieve this through the reformulation (GFR).

Theorem 3.1 Let z̄ = (x̄, ȳ) ∈ F be a local solution of (GFR). Assume that
f , g, G, and Ψ0 admit first-order approximations Af (z̄), Ag(z̄), AG(z̄), and
AΨ0

(z̄) at z̄, respectively. Then, for all z = (x, y) ∈ R
n × R

m, there exist
Af ∈ p-Af (z̄), A

g ∈ Ag(z̄), A
G ∈ AG(z̄), A

Ψ0 ∈ AΨ0
(z̄), and scalars α, δ ∈ R+,

β ∈ R
q
+, γ ∈ R

s
+, not all zero, such that:





αAf (z) + 〈β,Ag(z)〉+ 〈γ,AG(z)〉+ δAΨ0(z) ≥ 0,

〈β, g(z̄)〉 = 0,

〈γ,G(z̄)〉 = 0.

Proof Suppose z̄ is a local minimum of (GFR), hence also of (P). For any
z ∈ R

n × R
m, we consider two cases.

Case I: z ∈ D(F , z̄). There exists a sequence tn ↓ 0 with z̄ + tnz ∈ F for
all n ∈ N. Fix ǫ > 0. By the definition of first-order approximations,

f(z̄ + tnz)− f(z̄) ∈ Af (z̄)(tnz) + tnǫ‖z‖BR. (3.1)
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Since z̄ is a local minimum of (GFR),

f(z̄ + tnz)− f(z̄) ≥ 0. (3.2)

From (3.1) and (3.2), there exist Af
n ∈ Af (z̄) and bn ∈ BR such that:

Af
n(z) + ǫ‖z‖bn ≥ 0. (3.3)

We claim that there exists Af ∈ p-Af (z̄) with:

Af (z) ≥ 0. (3.4)

Indeed, if (Af
n)n is bounded and converges to Af ∈ clAf (z̄), compactness of BR

implies bn → b ∈ BR, so Af (z) + ǫ‖z‖b ≥ 0. As ǫ → 0, Af (z) ≥ 0. If (Af
n)n

is unbounded, assume ‖Af
n‖ → ∞ and Af

n/‖Af
n‖ → Af ∈ Af (z̄)∞ \ {0}. From

(3.3),

Af
n(z)

‖Af
n‖

+ ǫ‖z‖ bn

‖Af
n‖

≥ 0.

With BR compact and ǫ → 0, we still have Af (z) ≥ 0.

Case II: z /∈ D(F , z̄). For all tn ↓ 0, z̄ + tnz /∈ F . Fix ǫ > 0. By the
definition of first-order approximations,

Γ(z̄ + tnz)− Γ(z̄) ∈ AΓ(z̄)(tnz) + tnǫ‖z‖BRr . (3.5)

To prove that there exists AΓ ∈ AΓ(z̄) such that:

AΓ(z) + Γ(z̄) ≥ 0, (3.6)

assume the contrary: AΓ(z) + Γ(z̄) < 0 for all AΓ ∈ AΓ(z̄). From (3.5),

Γ(z̄ + tnz) ∈ (1− tn)Γ(z̄) + tn (Γ(z̄) +AΓ(z̄)(z) + ǫ‖z‖BRr ) .

We know that z̄ is a local minimum of (GFR), then z̄ is also a local minimum
of (P). Since Γ(z̄) ≤ 0, for small ǫ,

Γ(z̄) +AΓ(z̄)(z) + ǫ‖z‖BRr ⊆ int(Rr
−),

so:

(1− tn)Γ(z̄) + tn (Γ(z̄) +AΓ(z̄)(z) + ǫ‖z‖BRr ) ⊆ int(Rr
−),

implying Γ(z̄ + tnz) ≤ 0, a contradiction. Hence, (3.6) holds.

From (3.4) and (3.6),

(Af (z), AΓ(z) + Γ(z̄)) /∈ int(R− × R
r
−).
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By applying a classic separation theorem from convex analysis (see Rockafellar,
1970, Theorem 11.2), there exist α, δ ∈ R+, β ∈ R

q
+, γ ∈ R

s
+, not all zero, such

that: {
αAf (z) + 〈(β, γ, δ), AΓ(z)〉 ≥ 0,

〈(β, γ, δ),Γ(z̄)〉 = 0.
(3.7)

Since Γ = (g,G,Ψ0), there exist Ag ∈ Ag(z̄), A
G ∈ AG(z̄), and AΨ0 ∈ AΨ0

(z̄)
such that:

αAf (z) + 〈β,Ag(z)〉+ 〈γ,AG(z)〉+ δAΨ0(z) ≥ 0.

With Ψ0(z̄) = 0, the second condition in (3.7) implies:

〈β, g(z̄)〉 = 0, 〈γ,G(z̄)〉 = 0.

This completes the proof.

Example 3.1 Consider the generalized bilevel optimization problem:

min
x,y

{f(x, y) = x2 + y : g1(x) = x− 4 ≤ 0, g2(x) = −x ≤ 0, y ∈ S(x)},

where S(x) is the solution set of:

〈F (x, y), y − ξ〉 ≤ 0, ξ ∈ Y (x),

with F (x, y) = |xy| and:
Y (x) = {y ∈ R

m : G1(x, y) = −y−3 ≤ 0, G2(x, y) = −|x|+y−4 ≤ 0} = [−3, |x|+4].

The point z̄ = (x̄, ȳ) = (0,−3) is the global optimum, with:

S(x) =

{
[−3, 4] if x = 0,

{−3, 0} if x 6= 0.

The gap function is:

Ψ0(x, y) = sup
ξ∈Y (x)

〈F (x, y), y − ξ〉 = (y + 3)|xy|.

The reformulated problem becomes:

min
x,y

f(x, y)

s.t g1(x) = x− 4 ≤ 0,

g2(x) = −x ≤ 0,

G1(x, y) = −y − 3 ≤ 0,

G2(x, y) = −|x|+ y − 4 ≤ 0,

Ψ0(x, y) = (y + 3)|xy| ≤ 0.

To verify Theorem 3.1 at z̄ = (0,−3), compute the first-order approximations:
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• Af (z̄) = {(0, 1)},
• Ag1(x̄) = {1},
• Ag2(x̄) = {−1},
• AG1

(z̄) = {(0,−1)},
• AG2

(z̄) = [−1, 1]× {1},
• AΨ0

(z̄) = {(0, 0)} (since Ψ0(0,−3) = 0 and is locally constant).

Upon choosing Af = (0, 1), Ag1 = 1, Ag2 = −1, AG1 = (0,−1), AG2 = (1, 1),

AΨ0 = (0, 0), and scalars α = 1, β = (0, 0), γ = (1, 0), δ =
3

2
, we get:

αAf (z) + 〈β,Ag(z)〉+ 〈γ,AG(z)〉+ δAΨ0(z) = y − y = 0 ≥ 0,

〈β, g(z̄)〉 = 0, 〈γ,G(z̄)〉 = 0,

satisfying the theorem’s conditions. Thus, z̄ = (0,−3) is a candidate optimum.

It is noteworthy that in this example, the lower-level constraint function
G2(x, y) = −|x|+y−4 is non-differentiable with respect to x at x̄ = 0. Further-
more, the gap function Ψ0(x, y) = (y+3)|xy| is also non-differentiable. Standard
optimality conditions relying on smoothness might not be directly applicable or
would require more complex constraint qualifications. The use of first-order ap-
proximations, as demonstrated, provides a robust framework for handling such
non-smoothness.

Remark 3.1 In Theorem 3.1, if there exist z ∈ R
n×R

m and scalars α, δ ∈ R+,
β ∈ R

q
+, γ ∈ R

s
+ such that:

〈β,Ag(z)〉+ 〈γ,AG(z)〉+ δAΨ0(z) < 0

for all Ag ∈ Ag(z̄), A
G ∈ AG(z̄), and AΨ0 ∈ AΨ0

(z̄), then α 6= 0.

In the following theorem, we derive the second-order necessary optimality
conditions for the problem (GBOP) using the reformulated problem (GFR). To
this end, we define the following critical direction set:

Λ1(z̄) =





z = (x, y)

Af (z) ≤ 0 ∀Af ∈ Af (z̄)
Ag(z) + g(z̄) ≤ 0 ∀Ag ∈ Ag(z̄)

AG(z) +G(z̄) ≤ 0 ∀AG ∈ AG(z̄)

AΨ0(z) ≤ 0 ∀AΨ0 ∈ AΨ0
(z̄)





.

Theorem 3.2 Let z̄ = (x̄, ȳ) ∈ F be a local solution of (GFR). Assume
that (Af (z̄), Bf (z̄)), (Ag(z̄), Bg(z̄)), (AG(z̄), BG(z̄)), and (AΨ0

(z̄), BΨ0
(z̄)) are

second-order approximations of f , g, G, and Ψ0 at z̄, respectively. Then, for all
z ∈ Λ1(z̄), there exist Bf ∈ p-Bf (z̄), B

g ∈ Bg(z̄), B
G ∈ BG(z̄), B

Ψ0 ∈ BΨ0
(z̄),
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and scalars α, δ ∈ R+, β ∈ R
q
+, γ ∈ R

s
+, not all zero, such that:





αBf (z, z) + 〈β,Bg(z, z)〉+ 〈γ,BG(z, z)〉+ δBΨ0(z, z) ≥ 0,

〈β, g(z̄)〉 = 0,

〈γ,G(z̄)〉 = 0.

Proof Suppose z̄ is a local minimum of (GFR), hence also of (P). For any
z ∈ R

n × R
m, we consider two cases and adapt the approach from the proof of

Theorem 3.1 to second-order approximations.

Case I: z ∈ D(F , z̄). There exists a sequence tn ↓ 0 with z̄ + tnz ∈ F for
all n ∈ N. Fix ǫ > 0. By the definition of second-order approximations,

f (z̄ + tnz)− f(z̄) ∈ tnAf (z̄)(z) + t2nBf (z̄)(z, z) + t2nǫ‖z‖2BR.

Since z̄ is a local minimum of (GFR),

f(z̄ + tnz)− f(z̄) ≥ 0.

Thus, there exist Af
n ∈ Af (z̄), B

f
n ∈ Bf (z̄), and bn ∈ BR such that:

tnA
f
n(z) + t2nB

f
n(z, z) + t2nǫ‖z‖2bn ≥ 0. (3.8)

For z ∈ Λ1(z̄), A
f
n(z) ≤ 0. Hence, from (3.8),

t2nB
f
n(z, z) + t2nǫ‖z‖2bn ≥ 0.

Divide by t2n > 0:

Bf
n(z, z) + ǫ‖z‖2bn ≥ 0.

As in the proof of Theorem 3.1, whether (Bf
n)n is bounded or unbounded, there

exists Bf ∈ p-Bf (z̄) such that Bf (z, z) ≥ 0.

Case II: z /∈ D(F , z̄). For all tn ↓ 0, z̄ + tnz /∈ F . Fix ǫ > 0. By the
definition of second-order approximations,

Γ(z̄ + tnz)− Γ(z̄) ∈ tnAΓ(z̄)(z) + t2nBΓ(z̄)(z, z) + t2nǫ‖z‖2BRr .

Since z ∈ Λ1(z̄), A
Γ(z) + Γ(z̄) ≤ 0 for all AΓ ∈ AΓ(z̄). To prove that there

exists BΓ ∈ BΓ(z̄) such that:

BΓ(z, z) + Γ(z̄) ≥ 0,

assume the contrary: BΓ(z, z) + Γ(z̄) < 0 for all BΓ ∈ BΓ(z̄). For large n,

(
1

2
− tn

)
Γ(z̄) + tn

(
Γ(z̄) +AΓ(z)

)
≤ 0,
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and, for small ǫ,
(
1

2
− t2n

)
Γ(z̄) + t2n

(
Γ(z̄) +BΓ(z, z) + ǫ‖z‖2BRr

)
⊆ R

r
−,

since Γ(z̄) ≤ 0. Thus,

Γ(z̄ + tnz) ∈ tnAΓ(z̄)(z) + t2nBΓ(z̄)(z, z) + t2nǫ‖z‖2BRr ⊆ R
r
−,

implying Γ(z̄ + tnz) ≤ 0, a contradiction to z /∈ D(F , z̄). Hence, such a BΓ

exists.

From Case I and II, for z ∈ Λ1(z̄), whether z ∈ D(F , z̄) or not,

(Bf (z, z), BΓ(z, z) + Γ(z̄)) /∈ int(R− × R
r
−).

As in Theorem 3.1 (see Rockafellar, 1970, Theorem 11.2), there exist α, δ ∈ R+,
β ∈ R

q
+, γ ∈ R

s
+, not all zero, such that:

αBf (z, z) + 〈(β, γ, δ), BΓ(z, z)〉 ≥ 0, 〈(β, γ, δ),Γ(z̄)〉 = 0.

Since Γ = (g,G,Ψ0), there exist Bg ∈ Bg(z̄), B
G ∈ BG(z̄), and BΨ0 ∈ BΨ0

(z̄)
satisfying:

αBf (z, z) + 〈β,Bg(z, z)〉+ 〈γ,BG(z, z)〉+ δBΨ0(z, z) ≥ 0,

with 〈β, g(z̄)〉 = 0 and 〈γ,G(z̄)〉 = 0, which completes the proof.

3.3. First- and second-order sufficient optimality conditions

In this subsection, we derive first- and second-order sufficient optimality con-
ditions for the bilevel optimization problem (GBOP) using the gap function
reformulation (GFR). Unlike the necessary conditions in the previous subsec-
tion, we seek to establish sufficient conditions that ensure optimality. We use
first- and second-order approximations through generalized derivatives. This
method sidesteps strict convexity assumptions and broadens applicability.

We begin with the first-order sufficient optimality conditions for the refor-
mulated problem (GFR).

Theorem 3.3 Let z̄ ∈ F be a feasible point of (GFR), and let Af (z̄), Ag(z̄),
AG(z̄) and AΨ0

(z̄) be first-order approximations of f , g, G and Ψ0 at z̄, respec-
tively. Suppose that for all d ∈ T1(F , z̄) and for all Af ∈ p-Af (z̄), A

g ∈ p-Ag(z̄),
AG ∈ p-AG(z̄), and AΨ0 ∈ p-AΨ0

(z̄), there exist α ∈ R+, β ∈ R
q
+, γ ∈ R

s
+, δ ∈

R+, not all zero, such that:




αAf (d) + 〈β,Ag(d)〉+ 〈γ,AG(d)〉+ δAΨ0(d) > 0,
〈β, g(z̄)〉 = 0,
〈γ,G(z̄)〉 = 0.

(3.9)

Then, z̄ is a local minimum of (GFR).
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Proof Suppose z̄ is not a local minimum of (GFR), hence not of (P). Then,
there exist (zn)n∈N converging to z̄ such that f(zn) → f(z̄), Γ(zn) ≤ 0, and:

f(zn)− f(z̄) < 0, ∀n ∈ N. (3.10)

Define tn = ‖zn− z̄‖ and dn = (zn− z̄)/‖zn− z̄‖. We have tn ↓ 0 and dn → d for
some d with ‖d‖ = 1. As zn = z̄ + tndn ∈ F , it follows that d ∈ T1(F , z̄) \ {0}.

By the definition of first-order approximations, for any ǫ > 0, there exists
N ∈ N such that for all n ≥ N :

f(zn)− f(z̄) ∈ tnAf (z̄)(dn) + tnǫ‖dn‖BR.

From (3.10), this implies that there exist Af
n ∈ Af (z̄) and bn ∈ BR such that:

Af
n(dn) + ǫ‖dn‖bn < 0.

Taking n → ∞ and ǫ ↓ 0, we extract a subsequence (if necessary), where
Af

n → Af ∈ p-Af (z̄) and dn → d. Thus, Af (d) ≤ 0.

At Γ(z̄) = (g(z̄), G(z̄), 0R), the first-order approximation of Γ gives:

Γ(zn)− Γ(z̄) ∈ tnAΓ(z̄)(dn) + tnǫ‖dn‖BRr .

Since Γ(zn) ≤ 0, we have:

Γ(z̄) + tnA
Γ
n(dn) + tnǫ‖dn‖brn ≤ 0 for some AΓ

n ∈ p-AΓ(z̄), b
r
n ∈ BRr .

Upon dividing by tn and letting n → ∞, ǫ ↓ 0, we obtain:

AΓ(d) ∈ −cl cone
(
R

r
+ + Γ(z̄)

)
,

where AΓ ∈ p-AΓ(z̄). By the chain rule for approximations, this implies that
there exist Ag ∈ p-Ag(z̄), A

G ∈ p-AG(z̄), and AΨ0 ∈ p-AΨ0
(z̄) such that:

(
Af (d), Ag(d), AG(d), AΨ0(d)

)
∈ −

(
R+ × cl cone

(
R

q
+ + g(z̄),Rs

+ +G(z̄),R+

))
.

For any non-trivial multipliers (α, β, γ, δ) ∈ R+ × R
q
+ × R

s
+ × R+ satisfying

〈β, g(z̄)〉 = 0 and 〈γ,G(z̄)〉 = 0, this leads to:

αAf (d) + 〈β,Ag(d)〉+ 〈γ,AG(d)〉+ δAΨ0(d) ≤ 0,

which contradicts the strict inequality in (3.9). Hence, z̄ must be a local mini-
mum of (GFR).

Next, we establish the second-order sufficient conditions. Define:

Λ2(z̄) =





z = (x, y)

Af (z) ≥ 0 ∀Af ∈ Af (z̄),
Ag(z)− g(z̄) ≥ 0 ∀Ag ∈ Ag(z̄),

AG(z)−G(z̄) ≥ 0 ∀AG ∈ AG(z̄),

AΨ0(z) ≥ 0 ∀AΨ0 ∈ AΨ0
(z̄)





.
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Theorem 3.4 Let z̄ ∈ F be feasible for (GFR), and (Af (z̄), Bf (z̄)), (Ag(z̄),
Bg(z̄)), (AG(z̄), BG(z̄)), and (AΨ0

(z̄), BΨ0
(z̄)) be second-order approximations

of f , g, G, and Ψ0 at z̄, respectively. Suppose that for all d ∈ T1(F , z̄), the
following hold:

(i) There exists a neighborhood V of d such that z ∈ Λ2(z̄) for all z ∈ V with
‖z‖ = 1.

(ii) For all Bf ∈ p-Bf (z̄), B
g ∈ p-Bg(z̄), B

G ∈ p-BG(z̄), and BΨ0 ∈ p-BΨ0
(z̄),

there exist α ∈ R+, β ∈ R
q
+, γ ∈ R

s
+, δ ∈ R+, not all zero, such that:





αBf (d, d) + 〈β,Bg(d, d)〉+ 〈γ,BG(d, d)〉+ δBΨ0(d, d) > 0,
〈β, g(z̄)〉 = 0,
〈γ,G(z̄)〉 = 0.

(3.11)

Then, z̄ is a local minimum of (GFR).

Proof Suppose z̄ is not a local minimum of (GFR), hence not of (P). Then,
there exist (zn)n∈N converging to z̄, such that f(zn) → f(z̄), Γ(zn) ≤ 0, and:

f(zn)− f(z̄) < 0 for all n ∈ N. (3.12)

Define tn = ‖zn − z̄‖ and dn = (zn − z̄)/‖zn − z̄‖. Then, tn ↓ 0, dn → d with
‖d‖ = 1, and zn = z̄ + tndn ∈ F , implying d ∈ T1(F , z̄) \ {0}.

By the second-order approximation of f at z̄, for any ǫ > 0 there exists
N ∈ N such that for all n ≥ N :

f(zn)− f(z̄) ∈ tnAf (z̄)(dn) + t2nBf (z̄)(dn, dn) + t2nǫ‖dn‖2BR. (3.13)

Since dn ∈ Λ2(z̄) for sufficiently large n, by hypothesis (i), we have Af (dn) ≥ 0,
∀Af ∈ Af (z̄). From (3.12) and (3.13), there exist Bf

n ∈ Bf (z̄) and bn ∈ BR such
that:

0 > f(zn)− f(z̄) ≥ t2n
(
Bf

n(dn, dn) + ǫ‖dn‖2bn
)
.

Taking n → ∞ and ǫ ↓ 0, we obtain:

Bf (d, d) ≤ 0 for some Bf ∈ p-Bf (z̄).

At Γ(z̄) = (g(z̄), G(z̄), 0R), the second-order approximation yields:

Γ(zn)− Γ(z̄) ∈ tnAΓ(z̄)(dn) + t2nBΓ(z̄)(dn, dn) + t2nǫ‖dn‖2BRr .

Since Γ (zn) ≤ 0, there exist AΓ
n ∈ AΓ(z̄), B

Γ
n ∈ BΓ(z̄) and brn ∈ BRr such that

Γ(z̄) + tnA
Γ
n (dn) + t2nB

Γ
n (dn, dn) + t2nǫ ‖dn‖2 brn ∈ R

r
−.
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Divide by tn:

AΓ
n(dn) + tnB

Γ
n(dn, dn) + tnǫ‖dn‖2brn ∈ −cl cone(Rr

+ + Γ(z̄)).

By hypothesis (i), AΓ
n(dn)− Γ(z̄) ≥ 0. Subtracting yields:

tnB
Γ
n(dn, dn) + tnǫ‖dn‖2brn ∈ −cl cone(Rr

+ + Γ(z̄)).

Divide again by tn, let ǫ → 0 and pass to the limit for n to infinity:

BΓ(d, d) ∈ −cl cone(Rr
+ + Γ(z̄)).

By the chain rule, there exist Bg ∈ p-Bg(z̄), B
G ∈ p-BG(z̄) and BΨ0 ∈ p-BΨ0

(z̄)
such that:

(Bf (d, d), Bg(d, d), BG(d, d), BΨ0(d, d)) ∈
−
(
R+ × cl cone(Rq

+ + g(z̄),Rs
+ +G(z̄),R+)

)
.

For any non-negative multipliers (α, β, γ, δ), satisfying 〈β, g(z̄)〉 = 0 and 〈γ,G(z̄)〉
= 0, this yields

αBf (d, d) + 〈β,Bg(d, d)〉+ 〈γ,BG(d, d)〉+ δBΨ0(d, d) ≤ 0,

which contradicts the strict positivity in (3.11). Thus, z̄ is a local minimum.

Example 3.2 Let us consider the following generalized bilevel optimization
problem:

min
x,y

{
f(x, y) =

2

3
|x| 32 + x2 +

1

2
(y − 1)2 : g(x) = x− 1 ≤ 0, y ∈ S(x)

}
,

where for x ∈ R, S(x) is the solution set of the variational inequality

〈F (x, y), y − ξ〉 ≤ 0, for all ξ ∈ Y (x),

with F (x, y) = [(xy)+]2, where (xy)+ = max {xy, 0}. The set-valued map Y (x)
is given by

Y (x) = {y ∈ R : G1(x, y) = −y ≤ 0, G2(x, y) = x2 + y − 2 ≤ 0}

=

{
[0, 2− x2] if x ∈ [−

√
2,
√
2]

∅ otherwise.

The solution set is:

S(x) =





[0,−x2 + 2] if x ∈ [−
√
2, 0] ∪ {

√
2}

{0} if x ∈]0,
√
2[

∅ otherwise.
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The point z̄ = (x̄, ȳ) = (0, 1) is a candidate for the global optimum. The gap
function for the lower-level problem is:

Ψ0(x, y) = sup
ξ∈Y (x)

〈F (x, y), y − ξ〉 = [(xy)+]2y,

as ξ should be chosen as small as possible, i.e., ξ = 0 (since y ≥ 0). This yields
the equivalent single-level reformulated problem (GFR):

min
x,y

f(x, y) =
2

3
|x|3/2 + x2 +

1

2
(y − 1)2

s.t. g(x) = x− 1 ≤ 0,

G1(x, y) = −y ≤ 0,

G2(x, y) = x2 + y − 2 ≤ 0,

Ψ0(x, y) = [(xy)+]2y ≤ 0.

The feasible set F for this reformulated problem is determined by the simulta-
neous satisfaction of all constraints. The condition Ψ0(x, y) ≤ 0, combined with
G1(x, y) ≤ 0 (i.e., y ≥ 0), implies that either y = 0 or (y > 0 and xy ≤ 0, which
means x ≤ 0). Considering also g(x) ≤ 0 and G2(x, y) ≤ 0, and that Y (x) is

non-empty only for x ∈ [−
√
2,
√
2], we find:

F =
{
(x, y) ∈ R

2 : x ∈ [−
√
2, 0] and y ∈ [0, 2− x2]

}
∪ (0, 1]× {0}.

Note that the interval for the second part is (0, 1], due to g(x) = x− 1 ≤ 0.

We now demonstrate that z̄ = (0, 1) satisfies the second-order sufficient
optimality conditions in Theorem 3.4.

The contingent cone to F and the set of unit tangent directions at z̄ = (0, 1)
take the following form:

T (F , z̄) = R− × R, T1(F , z̄) =
{
(d1, d2) ∈ R

2 : d1 ≤ 0, ‖(d1, d2)‖ = 1
}
.

At z̄ = (0, 1), the feasible directions d = (d1, d2) must have d1 ≤ 0. If d1 < 0,
we move into the region where y can vary. If d1 = 0, we can move along the
y-axis (since for x = 0, y ∈ [0, 2] is feasible). Movement with d1 > 0 from (0, 1)
is not possible as it would require an immediate jump to y = 0.

For condition (i) of Theorem 3.4, we consider the first-order approximations
at z̄ = (0, 1): Af (z̄) = {(0, 0)}, Ag(z̄) = {(1, 0)}, AG1

(z̄) = {(0,−1)}, AG2
(z̄) =

{(0, 1)}, and AΨ0
(z̄) = {(0, 0)}. Let d = (d1, d2) ∈ T1(F , z̄). For any unit vector

z in a neighborhood V of d, the conditions defining Λ2(z̄) are:

• Af (z) = 0 ≥ 0.
• Ag(z)−g(z̄) = z1+1 ≥ 0, since z is near d and d1 ≤ 0 (with ||d|| = 1 =⇒

d1 ∈ [−1, 0]), and so z1 ≤ 0 and near d1.
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• AG1(z)−G1(z̄) = −z2 + 1 ≥ 0, because z2 ∈ [−1, 1] as ||z|| = 1.
• AG2(z)−G2(z̄) = z2 + 1 ≥ 0.
• AΨ0(z)−Ψ0(z̄) = (0, 0) · z − 0 = 0 ≥ 0.

Thus, z ∈ Λ2(z̄) for z ∈ V . Consequently, condition (i) of Theorem 3.4 holds.

For condition (ii), direct calculations of second-order approximations at z̄ =
(0, 1) provide:

∂2f(0, 1) =

{(
a+ 2 0
0 1

)
: a ≥ 0

}
, ∂2g(0, 1) = {0},

∂2G1(0, 1) =

(
0 0
0 0

)
, ∂2G2(0, 1) =

(
2 0
0 0

)
, ∂2Ψ0(0, 1) =

(
0 0
0 0

)
.

The multipliers must satisfy complementarity: g(z̄) = −1 6= 0 =⇒ β = 0;
G1(z̄) = −1 6= 0 =⇒ γ1 = 0; G2(z̄) = −1 6= 0 =⇒ γ2 = 0; Ψ0(z̄) = 0, so
δ ≥ 0. The second-order condition from Theorem 3.4 (ii) becomes:

αBf (d, d) + δBΨ0(d, d) > 0.

Since BΨ0(d, d) =
1

2
dT∂2Ψ0(z̄)d = 0, we need αBf (d, d) > 0. For d = (d1, d2) ∈

T1(F , z̄), we have Bf (d, d) =
1

2
dT∂2f(z̄)d =

1

2

(
(a+ 2)d21 + d22

)
, with a ≥ 0.

Since d 6= 0 and a + 2 ≥ 2, (a + 2)d21 + d22 > 0. Upon choosing α > 0 (e.g.,
α = 1) and δ ≥ 0 (e.g., δ = 0), with β = 0, γ1 = 0, γ2 = 0, the condition
αBf (d, d) > 0 is satisfied for all d ∈ T1(F , z̄).

Thus, for every d ∈ T1(F , z̄), there exist multipliers α > 0, β = 0, γ = (0, 0),
and δ ≥ 0 (not all zero) satisfying the conditions of Theorem 3.4. This proves
that z̄ = (0, 1) is a strict local minimum for the reformulated problem, and
hence also for the original bilevel problem.

This example highlights several key aspects, with respect to which our
approxima-tion-based approach is beneficial. The objective function f(x, y) con-
tains the non-differentiable term |x|3/2 at x̄ = 0. The gap function Ψ0(x, y) =
[(xy)+]2y is non-differentiable at z̄ = (0, 1), due to the (xy)+ term. Moreover,
the feasible set F is non-convex and has a non-smooth boundary. Classical
optimization techniques might struggle with these features, whereas the frame-
work of first- and second-order approximations allows us to establish rigorous
optimality conditions.

3.4. First- and second-order approximations of the gap function

The optimality conditions derived earlier rely on first- and second-order approxi-
mations of the gap function Ψ0. This subsection examines these approximations
under various regularity conditions.
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For the first-order approximation AΨ0
(z̄) at z̄ = (x̄, ȳ):

• If Ψ0 is Fréchet differentiable at z̄, its derivative serves as AΨ0
(z̄).

• If Ψ0 is locally Lipschitz around z̄, Proposition 2.2 establishes the Clarke
subdifferential ∂Ψ0(z̄) as AΨ0

(z̄).
• If Ψ0 is continuous with an approximate Jacobian ∂̄Ψ0(·) semi-continuous
at z̄, Proposition 2.3 identifies ∂̄Ψ0(z̄) as AΨ0

(z̄).
• If Ψ0 is only continuous at z̄, Proposition 2.4 shows that the symmetric

subdifferential ∂0Ψ0(z̄) acts as AΨ0
(z̄).

• To determine the first-order approximation of Ψ0 when it is not continuous
at z̄, we first introduce the following proposition:

Proposition 3.1 (Clarke, 1990, Proposition 2.3.12) Let T be a separa-
ble set and {ft}t∈T a family of functions with bounded approximations Aft(z̄)
at z̄. Define h(z) = sup

t∈T
ft(z) and J(z̄) = {t ∈ T : ft(z̄) = h(z̄)}. If t 7→ ft(z̄) is

upper semicontinuous, then co {Aft(z̄) : t ∈ J(z̄)} approximates h at z̄.

By setting hξ(x, y) = 〈F (x, y), y − ξ〉, Proposition 3.1 yields a first-order
approximation of Ψ0 at z̄ = (x̄, ȳ), as shown in:

Corollary 3.1 Let z̄ = (x̄, ȳ) ∈ F be feasible for (GFR). Assume Y (x̄)
is separable and {hξ}ξ∈Y (x̄) admits bounded approximations Ahξ

(z̄) at z̄. If
ξ 7→ hξ(z̄) is upper semicontinuous, then co {Ahξ

(z̄) : ξ ∈ J(z̄)} is a first-order
approximation of Ψ0 at z̄ where J(z̄) = {ξ ∈ Y (x̄) : hξ(z̄) = Ψ0(z̄)}.

For the second-order approximation BΨ0
(z̄) at z̄ = (x̄, ȳ):

• If Ψ0 is C2 at z̄, then
(
DΨ0(z̄), D

2Ψ0(z̄)
)
is a second-order approximation

of Ψ0 at z̄, as mentioned in Remark 2.1.

• If Ψ0 is C1,1 at z̄, Proposition 2.6 shows that

(
DΨ0(z̄),

1

2
∂2Ψ0(z̄)

)
is a

second-order approximation of Ψ0 at z̄.
• If Ψ0 is continuously differentiable and the Clarke generalized Hessian

∂2Ψ0(·) is upper semi-continuous in an open neighborhood of z̄, then(
DΨ0(z̄),

1

2
co ∂2Ψ0(z̄)

)
is a second-order approximation of Ψ0 at z̄, ac-

cording to Proposition 2.7.

Remark 3.2 In our analysis above, we have provided a second-order approxi-
mation of the gap function Ψ0 under the assumption that it is at least continu-
ously differentiable. However, Ψ0 can still admit a second-order approximation
even when it is nonsmooth, as demonstrated in Example 3.2.

On the other hand, the regularity of marginal functions (particularly the gap
function) has been extensively studied, with various conditions proposed through-
out the literature. In the following, we present some of these results:
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• Danskin (1967) established the foundational result that if F (x, y) is con-
tinuously differentiable and the solution set to the lower-level problem is a
singleton for each x, then Ψ0 is differentiable with the gradient expressed
through the optimal solution.

• Bonnans and Shapiro (2000) refined this framework by adding the require-
ment of second-order sufficient conditions to ensure C1 smoothness of Ψ0.

• Gauvin and Dubeau (1982) made a significant contribution by examining
the differential properties of Ψ0 in the context of mathematical program-
ming, introducing the concept of pseudo-regularity at a given point and
demonstrating that under this condition, plus the Mangasarian-Fromovitz
constraint qualification, Ψ0 is differentiable and locally Lipschitz.

• Rockafellar and Wets (1998) proved that if F satisfies certain equidiffer-
entiability properties, Ψ0 is differentiable without requiring uniqueness of
maximizers.

• Fiacco and McCormick (1990) contributed through the parametric pro-
gramming formulation, demonstrating that when the constraints defining
Y (x), are sufficiently regular and a constraint qualification holds at the
solution, Ψ0 is differentiable.

• Mordukhovich, Nghia and Rockafellar (2013) established C1 properties
using variational analysis and generalized differentiation, requiring only
upper-Lip-schitzian behavior of the solution mapping rather than strict
uniqueness of solutions, thus relaxing Danskin’s original conditions, while
still ensuring differentiability of the marginal function Ψ0.

Remark 3.3 The use of the gap function reformulation of the bilevel prob-
lem (GBOP) provides a single-level problem that proves easier to handle. This
approach employs approximations that require neither convexity nor constraint
qualifications for our nonsmooth reformulated problem (GFR). A difficulty
emerges, however: in some cases, approximations of the gap function, particu-
larly the second-order ones, prove hard to determine. These often demand con-
tinuous differentiability of the gap function, a property not always clear. For this
reason, the subsequent section adopts the second well-known method, the KKT
reformulation. This approach requires convexity and a constraint qualification
from the lower-level problem but avoids significant complexity in approximation
computations.

4. First- and second-order optimality conditions using KKT

reformulation

In this section, we will use another reformulation of the bilevel problem (GBOP)
into a single-level problem, namely, the well-known KKT reformulation. By
employing this reformulation, we derive the first and second-order optimality
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conditions using approximations. To proceed, we first introduce the equivalent
reformulated problem.

4.1. KKT-reformulation

The Karush-Kuhn-Tucker (KKT) reformulation transforms the generalized bilevel
optimization problem (GBOP) into a mathematical program with equilibrium
constraints (MPEC). This approach, first introduced by Chen and Florian (1995),
demonstrated its applicability to bilevel problems where the lower-level problem
is convex. Since then, the KKT reformulation has become a fundamental tool
in the study and numerical solution of bilevel optimization problems.

One can check that y solves (VI[x]) if and only if y is an optimal solution of
the optimization problem

min
ξ∈Y (x)

〈F (x, y), ξ〉.

Thus, one can equivalently write

S(x) = argmin {〈F (x, y), ξ〉 : ξ ∈ Y (x)} .

This equivalence allows us to view the (GBOP) as a standard bilevel optimiza-
tion problem (BOP). Therefore, to study our (GBOP), one can use the KKT
reformulation introduced in Chen and Florian (1995) for BOP.

Under the condition that the feasible region Y (x) is convex, the core idea
behind this approach is to interpret the variational inequality constraint y ∈
S(x), where y is a solution to the following optimization problem:

min
ξ∈Y (x)

〈F (x, y), ξ〉,

and replace this minimization problem with its corresponding KKT necessary
optimality conditions. To proceed, we assume the following for any x and y ∈
S(x):

• The feasible set Y (x) = {ξ ∈ R
m : G(x, ξ) ≤ 0} is convex.

• The function G(x, y) is continuously differentiable with respect to y.
• For a given x, and for any y ∈ S(x), a suitable constraint qualifica-

tion (CQ), such as the Mangasarian-Fromowitz Constraint Qualification
(MFCQ), holds for the system of constraints G(x, ξ) ≤ 0 (defining Y (x))
at ξ = y. This ensures that y ∈ S(x) is equivalent to the existence of
a multiplier w ∈ R

s
+ satisfying the KKT conditions for the variational

inequality.

Under these assumptions, (x̄, ȳ) is a solution to the generalized bilevel opti-
mization problem (GBOP) if and only if there exists w̄ ∈ R

s
+ such that (x̄, ȳ, w̄)
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is a solution to the following MPEC:

min
x,y,w

f(x, y)

s.t. F (x, y) +∇yG(x, y)Tw = 0,

g (x) ≤ 0,

G (x, y) ≤ 0,

− w ≤ 0

〈−w,G (x, y)〉 = 0.

(KKTR)

Let us note that the new formulation (KKTR) is also stated in Ye, Zhu and Zhu
(1997) but without deriving optimality conditions for this reformulation. The
relationship between the derived BOP and the KKT reformulation (KKTR) is
a standard result in the literature, see e.g. Dempe and Dutta (2012). Conse-
quently, in order to deal with the (GBOP) we will work with its KKT reformu-
lation.

To treat this problem as a one-level optimization problem with inequality
constraints, we will rewrite it in the following equivalent form:

min
x,y,w

f(x, y)

s.t.
∥∥F (x, y) +∇yG(x.y)Tw

∥∥ ≤ 0,

g (x) ≤ 0,

G (x, y) ≤ 0,

− w ≤ 0,

〈−w,G (x, y)〉 ≤ 0.

(KKTR)

Let FKKT be the feasible set of the the problem (KKTR).

4.2. First- and second-order necessary optimality conditions

We begin this subsection by deriving the first-order necessary optimality condi-
tions for the bilevel optimization problem (GBOP) without assuming that the
set S(x) is a singleton, using the reformulation (KKTR). In the following, we
use the notation r = n+m+ s to simplify the writing.

Theorem 4.1 Let z̄ = (x̄, ȳ, w̄) ∈ FKKT be a local minimum of (KKTR).
Assume that G is differentiable, and the functions f , F , ∇yG and g admit
first-order approximations Af (z̄), AF (z̄), A∇yG(z̄), Ag(z̄) at z̄, respectively.

Then, for all z = (x, y, w) ∈ R
n × R

m × R
s, there exist Af ∈ p-Af (z̄), A

F ∈
AF (z̄), A

∇yG ∈ A∇yG(z̄), A
g ∈ Ag(z̄), b

m ∈ BRm , and α, µ, ν ∈ R+, β ∈ R
q
+,

γ ∈ R
s
+, δ ∈ R

s
+ not all zero, such that
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



α
(
Af (z)

)
+ µ

(〈
bm, AF (z) +A∇yG(z)

⊤
w +∇yG(z)

⊤
1s

〉)

+ 〈β,Ag(z)〉+ 〈γ,∇G(z̄)z〉 − 〈δ, 1s〉 − ν
(
∇G(z̄)z

⊤
w +G(z)

⊤
1s

)
≥ 0,

〈β, g(z̄)〉 = 0,
〈γ,G(z̄)〉 = 0,
〈δ, w〉 = 0.

,

where 1s represents the vector in R
s with all components equal to 1.

Proof The proof follows the same arguments as in Theorem 3.1, utilizing the
calculation rules for first-order approximations, provided in Proposition 2.5.

Remark 4.1 The norm ‖ · ‖ is locally Lipschitz around 0. Hence, according
to Proposition 2.2, its first-order approximation at 0 is given by the Clarke
subdifferential ∂‖0‖, which corresponds to the closed unit ball.

We now proceed to establish second-order necessary optimality conditions
using the reformulation (KKTR). For this purpose, we define the following
subset Λ1

KKT (z̄) ⊆ R
r as:

Λ1
KKT (z̄) =





z = (x, y, w)

∣∣∣∣∣∣∣∣∣∣∣

Af (z) ≤ 0
Ag(z) + g(z̄) ≤ 0
∇G(z̄)z +G(z̄) ≤ 0〈
bm, AF (z) +A∇yG(z)

⊤
w +∇yG(z)

⊤
1s

〉
≤ 0

∇G(z̄)z
⊤
w +G(z)

⊤
1s ≤ 0.





,

for all Af ∈ Af (z̄), A
g ∈ Ag(z̄), A

∇yG ∈ A∇yG(z̄), A
F ∈ AF (z̄) and bm ∈ BRm .

Theorem 4.2 Let z̄ = (x̄, ȳ, w̄) ∈ FKKT be a local minimum of (KKTR). As-
sume that G is differentiable and that (Af (z̄), Bf (z̄)), (Ag(z̄), Bg(z̄)), (∇G(z̄) ,
BG(z̄)), (AF (z̄), BF (z̄)), and (A∇yG(z̄), B∇yG(z̄)) are second-order approxima-
tions of f , g, G, F and ∇yG at z̄, respectively.

Then, for all z = (x, y, w) ∈ Λ1
KKT (z̄) there exist B

f ∈ p-Bf (z̄), B
g ∈ Bg(z̄),

BG ∈ BG(z̄), B
F ∈ BF (z̄), B

∇yG ∈ B∇yG(z̄), b
m ∈ BRm , and α, µ, ν ∈ R+,

β ∈ R
q
+, γ ∈ R

s
+ not all zero, such that:





α
(
Bf (z, z)

)
+ µ

(〈
bm, BF (z, z) +B∇yG(z, z)

⊤
w +A∇yG(z)

⊤
1s

〉)

+ 〈β,Bg(z, z)〉+
〈
γ,BG(z, z)

〉
− ν

(
BG(z, z)

⊤
w
)
≥ 0

〈β, g(z̄)〉 = 0
〈γ,G(z̄)〉 = 0.



Bilevel optimization with variational inequality constraints 149

Proof The proof employs the same reasoning as in Theorem 3.2, making use
of the second-order approximation rules outlined in Proposition 2.8.

Example 4.1 Let us consider the following generalized bilevel optimization
problem:

min
x,y

{f(x, y) = x2+ |y| | g1(x) = |x|−1 ≤ 0, g2(x) = x2−6 ≤ 0, y ∈ S(x)}.

Let
F (x, y) = |xy|.

For every x ∈ R, let S(x) denote the set of all optimal solutions of the optimiza-
tion problem with variational inequality constraints

〈F (x, y), y − ξ〉 ≤ 0, ξ ∈ Y (x),

and

Y (x) = {y ∈ R
m : G1(x, y) = x2 − y ≤ 0, G2(x, y) = y2 − 4 ≤ 0}.

Hence

Y (x) =

{
[x2, 2] ; −

√
2 ≤ x ≤

√
2

∅ ; otherwise.

On the one hand, it can be observed that z̄ = (x̄, ȳ) = (0, 0) is an optimum of
our problem. The gap function of our problem is given by

Ψ0(x, y) = sup
ξ

{〈F (x, y), y − ξ〉 | ξ ∈ Y (x)} = |xy|(y − x2).

Observe that the gap function Ψ0 in not differentiable at z̄, and so we cannot
apply the results from Theorem 3.2.

On the other hand, the KKT reformulation of the considered problem is
given by:

min
x,y,w

f(x, y) = x2 + |y|

s.t. |xy| − w1 + 2yw2 = 0

g1(x) = |x| − 1 ≤ 0

g2(x) = x2 − 6 ≤ 0

G1(x, y) = x2 − y ≤ 0

G2(x, y) = y2 − 4 ≤ 0

− w1 ≤ 0, −w2 ≤ 0
(
x2 − y

)
w1 +

(
y2 − 4

)
w2 = 0.
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We will now show that z̄ verifies the necessary optimality conditions, estab-
lished in Theorem 4.2.

First, we have that

Λ1
KKT (z̄) = {0} × {0} × R+ ×

{
1

2

}
.

Direct calculations gives:

∂2f(0, 0) =

(
2 0
0 0

)
, ∂2g1(0, 0) = {0} , ∂2g2(0, 0) = {2} ,

∂2G1(0, 0) =

(
2 0
0 0

)
, ∂2G2(0, 0) =

(
0 0
0 2

)
,

∂2∇yG1(0, 0) = {0} and ∂2∇yG2(0, 0) = {0} .

Thus, for all z ∈ Λ1
KKT (z̄), the multipliers β1 = β2 = 0, γ2 = 0, and for

any α, µ, γ1, ν ∈ R+ and b ∈ [−1, 1] satisfy the optimality conditions, stated in
Theorem 4.2.

In this case, while the gap function approach was complicated by the non-
differentia-bility of Ψ0 at z̄ = (0, 0), the KKT reformulation offers an alternative
path. The KKT approach transforms the problem into an MPEC, whose con-
straints (like the complementarity condition (−w,G(x, y)) = 0) are inherently
non-smooth. Our approximation-based conditions for the KKTR formulation
(Theorems 4.1 and 4.3, and the following Theorems 4.5, 4.6) are designed to
handle such structures, without requiring restrictive MPEC-specific constraint
qualifications that often involve linear independence or constant rank condi-
tions, which thereby illustrates the broad applicability of the approximation
framework.

4.3. First- and second-order sufficient optimality conditions

In this final subsection, we derive first- and second-order sufficient optimality
conditions using the reformulation (KKTR) of the problem (GBOP). The fol-
lowing result addresses the first-order conditions:

Theorem 4.3 Let z̄ = (x̄, ȳ, w̄) be a feasible point of (KKTR). Assume that G
is differentiable, and the functions f , F , ∇yG and g admit first-order approx-
imations Af (z̄), AF (z̄), A∇yG(z̄), Ag(z̄) at z̄ respectively. Suppose that for all

d = (dx, dy, dw) ∈ T1(FKKT , z̄) and for all Af ∈ p-Af (z̄), A
F ∈ p-AF (z̄), A

∇yG ∈
p-A∇yG(z̄), A

g ∈ p-Ag(z̄), bm ∈ BRm , there exist α, µ, ν ∈ R+, β ∈ R
q
+,
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γ ∈ R
s
+, δ ∈ R

s
+, not all zero, such that





α
(
Af (d)

)
+ µ

(〈
bm, AF (d) +A∇yG(d)

⊤
dw +∇yG(d)

⊤
1s

〉)

+ 〈β,Ag(d)〉+ 〈γ,∇G(z̄)d〉 − 〈δ, 1s〉 − ν
(
∇G(z̄)d

⊤
dw +G(d)

⊤
1s

)
> 0,

〈β, g(z̄)〉 = 0,
〈γ,G(z̄)〉 = 0,
〈δ, w〉 = 0.

Then, z̄ is a local minimum of (KKTR).

Proof The proof follows the same arguments as in Theorem 3.3, utilizing the
calculation rules for the first-order approximations, provided in Proposition 2.5.

In order to derive second-order sufficient optimality conditions using the
reformulation (KKTR), we introduce the subset Λ2

KKT (z̄) ⊆ R
r as follows:

Λ2
KKT (z̄) =





z = (x, y, w)

∣∣∣∣∣∣∣∣∣∣∣

Af (z) ≥ 0
Ag(z)− g(z̄) ≥ 0
∇G(z̄)z −G(z̄) ≥ 0〈
bm, AF (z) +A∇yG(z)

⊤
w +∇yG(z)

⊤
1s

〉
≥ 0

∇G(z̄)z
⊤
w +G(z)

⊤
1s ≥ 0





,

for all Af ∈ Af (z̄), A
g ∈ Ag(z̄), A

∇yG ∈ A∇yG(z̄), A
F ∈ AF (z̄) and bm ∈ BRm .

Theorem 4.4 Let z̄ = (x̄, ȳ, w̄) ∈ FKKT be a feasible point of the problem
(KKTR). Assume that G is differentiable. Let (Af (z̄), Bf (z̄)), (Ag(z̄) , Bg(z̄)),
(∇G(z̄), BG(z̄)), (AF (z̄), BF (z̄)) and (A∇yG(z̄), B∇yG(z̄)) be the second-order
approximations of f , g, G, F and ∇yG at z̄, respectively. Suppose that for all
d = (dx, dy, dw) ∈ T1(FKKT , z̄), the following two conditions hold:

(a) There exists V , a neighbourhood of d, such that for all z ∈ V with norm one,
z ∈ Λ1

KKT (z̄).

(b) For all Bf ∈ p-Bf (z̄), Bg ∈ p-Bg(z̄), BG ∈ p-BG(z̄), BF ∈ p-BF (z̄) and
B∇yG ∈ p-B∇yG(z̄), b

m ∈ BRm , there exist α, µ, ν ∈ R+, β ∈ R
q
+ and γ ∈ R

s
+,

not all zero, such that:




α
(
Bf (d, d)

)
+ µ

(〈
br, BF (d, d) +B∇yG(d, d)

⊤
dw +A∇yG(d)

⊤
1s

〉)

+ 〈β,Bg(d, d)〉+
〈
γ,BG(d, d)

〉
− ν

(
BG(d, d)

⊤
dw

)
> 0

〈β, g(z̄)〉 = 0
〈γ,G(z̄)〉 = 0.

Then, z̄ is a local minimum of (KKTR).
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Proof The proof follows the same reasoning as in Theorem 3.4, leveraging the
second-order approximation rules, established in Proposition 2.8.

5. Conclusion

In this paper, we have investigated first- and second-order necessary and suf-
ficient optimality conditions for generalized bilevel optimization problems with
variational inequality constraints. To achieve this, we have employed two dis-
tinct single-level reformulations of the hierarchical model (GBOP): the gap
function reformulation (GFR) and the KKT reformulation (KKTR). The first
reformulation does not require convexity or the satisfaction of constraint qual-
ifications for the lower-level problem. However, it presents challenges in de-
termining the approximations of the gap function, particularly when dealing
with second-order approximations. On the other hand, the second approach,
based on the KKT reformulation, necessitates convexity and the satisfaction
of constraint qualifications for the lower-level problem, but it avoids significant
complexity in the computation of approximations. In addition to the theoreti-
cal developments, we have provided examples to illustrate the applicability and
effectiveness of our results.
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