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1. Introduction

Calculus of Variations is the branch that still retains the essence of natural
philosophy that permeated mathematical analysis before the 20th century. Nat-
ural philosophy was the precursor to modern science and encompassed a wide
range of disciplines, including physics, astronomy, chemistry, and mathematics.
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During this period, there was a deep-seated belief that the laws governing the
physical world could be discovered through logical reasoning, observation, and
mathematical analysis. Variational calculus is a mathematical framework that
emerged during this era and it played a significant role in preserving and ad-
vancing this spirit of natural philosophy. Variational calculus focuses on finding
solutions to optimization problems, particularly those involving the minimiza-
tion or maximization of certain physical quantities. One of the most famous
early applications of variational calculus is the Bernoulli problem of identifying
the brachistochrone.

Real-world optimization problems are often characterized by ambiguous or
uncertain information, due to the complexity of the environment, in which they
arise. It is inherently unpredictable, and there are numerous factors that can
introduce uncertainties into the problem at hand. These uncertainties can arise
from various sources, including measurement errors, variability in system be-
havior, limited knowledge about the problem domain, and external factors that
affect the problem parameters. To overcome this shortcoming, using fuzzy num-
bers to represent data and thus build fuzzy optimization models has been a pop-
ular research direction in recent years. For more excellent results on fuzzy opti-
mization, the interested reader is referred to Al-Awami et al. (2017), Babazadeh
(2019), Guo et al. (2021, 2022, 2023). On the other hand, to address uncer-
tainty in an optimization problem, interval-valued and robust optimization are
also growing areas of applied mathematics and can provide an alternative choice
for considering uncertainty. Over time, several researchers have been involved
in obtaining solution procedures in robust control and interval analysis (see, for
instance, Moore, 1979, Ishibuch and Tanaka, 1990, Ahmad et al., 2019, Treanţă,
2021b,c, 2022b).

Duality theory is an effective method for examining (primal) optimization
problems. It offers a complementary perspective through the dual problem, al-
lowing us to derive insights, obtain bounds, and solve optimization problems
more effectively, particularly in the context of control programming and under
convexity assumptions. In this regard, the duality theory for a class of control
programming problems has been established under convexity assumptions by
Mond and Hanson (1968). Beck and Ben-Tal (2009) demonstrated that the
primal worst is equivalent to the dual best and reached a robust optimization
solution via duality. Jeyakumar, Li and Lee (2012) established the robust du-
ality results under data uncertainty for generalized convex problems. In recent
years, the utilization of optimization problems has been witnessed in a wide
range of fields such as artificial intelligence (see Koopialipoor and Noorbakhsh,
2020), orbit optimization (see Esmaelzadeh, 2014), and other diverse areas.
Treanţă (2021a) studied a novel class of multi-objective optimization problems
with a duality analysis incorporating the interval-valued ratio vector compo-
nents. Based on Becor, Chandra and Husain (1984), and Bector and Husain
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(1992), recent advances in this field of research can be seen in Upadhyay et
al. (2022), and Upadhyay, Gosh and Treanţă (2023). Recently, Dhingra and
Kailey (2022) studied optimality conditions and duality theory for second-order
interval-valued variational problems. More precisely, they formulated the nec-
essary optimality conditions and, under the assumptions of η-bonvexity, they
established the duality results (that is, weak and strong duality models) to relate
the values of the two problems.

In this paper, motivated by the results stated in Dhingra and Kailey (2022),
and following Treanţă (2022a), we introduce and investigate a novel class of dual
problems of second order, associated with a new class of (η, ξ)-bonvex interval-
valued variational control problems. The main merit of this study is the presence
of the control variable, implying the introduction of the new concept of (η, ξ)-
bonvexity for a controlled real-valued integral-type functional, which is the key
element for proving the main results derived in this paper. We notice that the
considered classes of extremal optimization and control problems extend the
problems investigated by Ahmad et al. (2019) and Bector, Chandra and Husain
(1984) and Bector and Husain (1992) (see Remark 2). Also, the presence of
mixed-type constraints (equality and inequality constraints) is another element
of contribution relative to the study carried out by Dhingra and Kailey (2022).
More specifically, by considering the corresponding optimality necessary condi-
tions, we prove the associated duality (weak, strong, strictly converse) results
under the new (η, ξ)-bonvexity assumptions of the involved functionals. In ad-
dition, illustrative examples are provided in order to highlight the theoretical
elements established in the paper. Consequently, because the families of vari-
ational models considered in this article cover more general cases (compared
to previous studies) of optimization problems, and due to the applicability of
control in various branches of science, the present work represents a study of
real importance for the academic community.

The following outline presents the structure of this article. Section 2 intro-
duces important preliminaries, addresses the concept of (η, ξ)-bonvexity for a
controlled real-valued integral-type functional, and formulates the variational
control problem under study. In Section 3, the dual problem of second-order
associated with the primal control problem is formulated, and strong, weak, and
strictly converse duality results are established. Section 4 includes an illustra-
tive example, associated with the theoretical results, established in this paper,
and Section 5 concludes the paper.

2. Preliminary results and notions

In the following, we consider B = [t0, t1] ⊂ R and R
n be the classical Euclidean

space. Also, let A be the space of piecewise differentiable state functions γ :
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B → R
n, with the norm

‖γ‖ = ‖γ‖∞ + ‖γ̇‖∞,

and consider U to be the space of piecewise continuous control functions u : B →
R
l, equipped with the uniform norm. Moreover, for notational convenience, we

represent γ(t) and γ̇(t) by γ and γ̇, respectively. Denote by qγ and qu the
gradient vectors of q : B × A × A × U → R, q = q(t, γ, γ̇, u), with respect to γ
and u, that is:

qγ =













∂q
∂γ1

∂q
∂γ2

...
∂q
∂γn













and qu =













∂q
∂u1

∂q
∂u2

...
∂q
∂ul













,

and qγγ is the Hessian matrix, associated with q, with respect to γ (similarly,
qγ̇γ , qγγ̇ and qγ̇γ̇):

qγγ =















∂2q
∂γ1∂γ1

∂2q
∂γ1∂γ2

· · · ∂2q
∂γ1∂γn

∂2q
∂γ2∂γ1

∂2q
∂γ2∂γ2

· · · ∂2q
∂γ2∂γn

...
...

. . .
...

∂2q
∂γn∂γ1

∂2q
∂γn∂γ2

· · · ∂2q
∂γn∂γn















.

Let I be the class of bounded and closed real intervals. If S ∈ I, we use
the notation S =

[

sL, sU
]

=
{

s : sL ≤ s ≤ sU
}

. If sL = sU = s ∈ R, then

S = [s, s] = s . For S =
[

sL, sU
]

and W =
[

wL, wU
]

∈ I, we consider:

(i) S =W =⇒ sL = wL and sU = wU ,

(ii) S +W = {s+ w : s ∈ S and w ∈W} =
[

sL + wL, sU + wU
]

,

(iii) −S = {−s : s ∈ S} =
[

−sU ,−sL
]

.

In consequence, S−W = S+(−W ) =
[

sL − wU , sU − wL
]

. Also, for c ∈ R, we
consider:

(iv) c+ S = {c+ s : s ∈ S} =
[

c+ sL, c+ sU
]

(v) cS = {cs : s ∈ S} =







[

csL, csU
]

if c ≥ 0

[

csU , csL
]

if c < 0.

In interval analysis, some partial orderings are defined in Moore (1979),
Ishibuch and Tanaka (1990), and Treanţă (̧2022a). In this paper, by using the
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notations "�LU" and "≺LU", the following rules are assumed:

S �LU W if and only if sL ≤ wL and sU ≤ wU ,

and

S ≺LU W if and only if S �LU W and S 6=W,

or, equivalently,

sL < wL, sU < wU ,

or, sL ≤ wL, sU < wU ,

or, sL < wL, sU ≤ wU .

Now, we formulate the definition of (η, ξ)-bonvexity for a controlled real-
valued integral-type functional.

Definition 1 The functional G(γ, u) =

∫ t1

t0

q(t, γ, γ̇, u)dt is said to be bonvex

at (z, v) ∈ A × U with respect to the C1-class functions η : B × (A × U)2 →
R
n, ξ : B×(A×U)2 → R

l (or, (η, ξ)-bonvex at (z, v) ∈ A×U), where η|t=t0,t1 =
ξ|t=t0,t1 = 0, if for all (γ, u) ∈ A × U and b(t) ∈ R

n, the following inequality is
satisfied:

∫ t1

t0

{

q(t, γ, γ̇, u)− q(t, z, ż, v) +
1

2
bTGb

}

dt

≥

∫ t1

t0

η(t, γ, u, z, v)
{

qγ(t, z, ż, v)−Dqγ̇(t, z, ż, v)

+ Gb
}

dt+

∫ t1

t0

ξ(t, γ, u, z, v)qu(t, z, ż, v)dt,

where G := (qγγ + quγ)(t, z, ż, v)−D(qγγ̇ + quγ̇)(t, z, ż, v) and D := d
dt

.

If the previous inequality is a strict inequality for (γ, u) ∈ A×U , (γ, u) 6= (z, v),
then the functional is named strictly (η, ξ)-bonvex at (z, v).

Remark 1 For b = 0, the previous definition becomes the definition of (η, ξ)-
invex controlled integral-type functionals.

Example 1 Consider B = [1, 4] and define A as the family of piecewise dif-
ferentiable state functions γ : B → [0,∞). Also, consider U as the space of
piecewise continuous control functions u : B → R. Define q : B × A × A ×
U → R as q(t, γ, γ̇, u) = γ2 − γ, η, ξ : B × (A × U)2 → R let be defined as
η(t, γ, u, z, v) = ξ(t, γ, u, z, v) = z − γ, and b : B → R as b(t) = (t + 1)2. Thus,
G = (qγγ + quγ)(t, z, ż, v) − D(qγγ̇ + quγ̇)(t, z, ż, v) = 2 − 0 = 2. Since the
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inequality

∫ 4

1

(

q(t, γ, γ̇, u)− q(t, z, ż, v) +
1

2
bTGb

)

dt

−

∫ 4

1

(η(t, γ, u, z, v) {qγ(t, z, ż, v)−Dqγ̇(t, z, ż, v) + Gb}) dt

−

∫ 4

1

ξ(t, γ, u, z, v)qu(t, z, ż, v)dt

=

∫ 4

1

(

γ2 − γ −
(

z2 − z
)

+
1

2
(t+ 1)22(t+ 1)2

)

−
(

(z − γ)
{

2z − 1 + 2(t+ 1)2
})

dt

=

∫ 4

1

(

γ2 − γ + (t+ 1)4 −
(

(z − γ)
{

2z − 1 + 2(t+ 1)2
})

−
(

z2 − z
))

dt

=

∫ 4

1

(

γ2 + 2γ
(

(t+ 1)2 − 1
)

+ (t+ 1)4
)

dt ≥ 0,

is satisfied, for (γ, u) ∈ A × U and (z, v) = (0, 0), therefore, the functional
∫ 4

1

q(t, γ, γ̇, u)dt is (η, ξ)-bonvex at (0, 0). But, it is not an (η, ξ)-invex function

at (0, 0) as:

∫ 4

1

(q(t, γ, γ̇, u)− q(t, z, ż, v))− (η(t, γ, u, z, v) {qγ(t, z, ż, v)

−Dqγ̇(t, z, ż, v)}) dt−

∫ 4

1

ξ(t, γ, u, z, v)qu(t, z, ż, v)dt

=

∫ 4

1

(

γ2 − γ −
(

z2 − z
))

− ((z − γ){2z − 1})dt

=

∫ 4

1

(

γ2 − γ + γ(−1)
)

dt

=

∫ 4

1

(

γ2 − 2γ
)

dt 6≥ 0,

for (γ, u) ∈ A× U and (z, v) = (0, 0).

Definition 2 A functional F : B ×A×A× U → I, delineated by

F(t, γ, γ̇, u) =
[

fL(t, γ, γ̇, u), fU (t, γ, γ̇, u)
]

,

where fL(t, γ, γ̇, u) ≤ fU (t, γ, γ̇, u), ∀t ∈ B, is called an interval-valued controlled
integral-type functional.
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Next, we introduce the following problem of minimizing an interval-valued
controlled integral-type functional:

(P ) min
(γ,u)

C(γ, u) =

[∫ t1

t0

qL(t, γ, γ̇, u)dt,

∫ t1

t0

qU (t, γ, γ̇, u)dt

]

subject to

γ (t0) = α, γ (t1) = β, (1)

h(t, γ, γ̇, u) ≤ 0, t ∈ B, (2)

f(t, γ, u) = γ̇, t ∈ B, (3)

where q : B × A × A × U → I is an interval-valued functional, and qL, qU :
B × A × A × U → R, h : B × A × A × U → R

m and f : B × A × U → R
n are

continuously differentiable functionals.

Let us denote the class of feasible points for (P) as:

Z =
{

(γ, u) ∈ A× U : γ (t0) = α, γ (t1) = β, h(t, γ, γ̇, u) ≤ 0,

f(t, γ, u) = γ̇, t ∈ B
}

.

Definition 3 The pair (γ, u) ∈ Z is an LU -optimal solution for (P) if C(γ̄, ū)
≺LU C(γ, u) is not fulfilled, for all (γ̄, ū) ∈ Z.

Now, in accordance with Ahmad et al. (2019) and Treanţă (2021b), we
formulate the necessary optimality conditions for (P).

Theorem 1 (Necessary optimality conditions) Let (γ̄, ū) be an LU -opti-
mal solution of (P). Then there exist ι : B → R

2, ι =
(

ιL, ιU
)

≥ 0, ι 6= 0,
ζ : B → R

m, ζ ≥ 0, and ν : B → R
n, such that the following relations

(i) ιLqLγ (t, γ̄, ˙̄γ, ū) + ιUqUγ (t, γ̄, ˙̄γ, ū) + ζThγ(t, γ̄, ˙̄γ, ū) + νT fγ(t, γ̄, ū)

−D
[

ιLqLγ̇ (t, γ̄, ˙̄γ, ū) + ιUqUγ̇ (t, γ̄, ˙̄γ, ū) +ζThγ̇(t, γ̄, ˙̄γ, ū)− νT
]

= 0,

(ii) ιLqLu (t, γ̄, ˙̄γ, ū) + ιUqUu (t, γ̄, ˙̄γ, ū) + ζThu(t, γ̄, ˙̄γ, ū) + νT fu(t, γ̄, ū) = 0,

(iii) ζTh(t, γ̄, ˙̄γ, ū) = 0, t ∈ B,

are fulfilled, except at discontinuity points, where D := d
dt

.

Proof The proof associated with this result can be inferred from Ahmad et al.
(2019) (for instance) and so we omitted it.
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3. Second-order dual problems associated with (P)

In the following, we formulate the dual problem of second-order associated with
the primal control problem (P):

(Dual) max
(z,v)

J(z, v, ι, ζ, ν, b)

=

[∫ t1

t0

{qL(t, z, ż, v)−
1

2
bT
(

(qLγγ + qLuγ)(t, z, ż, v)−D(qLγγ̇ + qLuγ̇)(t, z, ż, v)
)

b}dt ,

∫ t1

t0

{qU (t, z, ż, v)−
1

2
bT
(

(qUγγ + qUuγ)(t, z, ż, v)−D(qUγγ̇ + qUuγ̇)(t, z, ż, v)
)

b}dt

]

subject to

z (t0) = α, z (t1) = β (4)

ιLqLγ (t, z, ż, v) + ιUqUγ (t, z, ż, v) + ζThγ(t, z, ż, v) + νT fγ(t, z, v)

−D
(

ιLqLγ̇ (t, z, ż, v) + ιUqUγ̇ (t, z, ż, v) + ζThγ̇(t, z, ż, v)− νT
)

+(G+H + F )b = 0, t ∈ B, (5)

ιLqLu (t, z, ż, v)+ι
UqUu (t, z, ż, v)+ζ

Thu(t, z, ż, v)+ν
T fu(t, z, v) = 0, t ∈ B, (6)

∫ t1

t0

{ζTh(t, z, ż, v)−
1

2
bTHb}dt ≥ 0, t ∈ B, (7)

∫ t1

t0

{νT [f(t, z, v)− ż]−
1

2
bTFb}dt ≥ 0, t ∈ B, (8)

ι =
(

ιL, ιU
)

≥ 0, ι 6= 0, ζ ≥ 0, (9)

where

b : B → R
n, ζ : B → R

m, ι : B → R
2, ν : B → R

n,

G = ιLqLγγ(t, z, ż, v) + ιLqLuγ(t, z, ż, v) + ιUqUγγ(t, z, ż, v) + ιUqUuγ(t, z, ż, v)

−D
(

ιLqLγγ̇ + ιLqLuγ̇ + ιUqUγγ̇ + ιUqUuγ̇
)

(t, z, ż, v),

H = ζThγγ(t, z, ż, v) + ζThuγ(t, z, ż, v)−D
(

ζThγγ̇(t, z, ż, v) + ζThuγ̇(t, z, ż, v)
)

,

F = νT fγγ(t, z, ż, v) + νT fuγ(t, z, ż, v)−D
(

νT fγγ̇(t, z, ż, v) + νT fuγ̇(t, z, ż, v)
)

.

The class of feasible points for (Dual) is:

Z1 = {(z, v, ι, ζ, ν, b) satisfying (4)-(9)} .
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Remark 2 (i) For b = 0 and if we remove the control variable, then (P) and
(Dual) become the problems investigated by Ahmad et al. (2019).

(ii) For qL = qU , ιL = ιU , b = 0, and if we remove the control variable,
then (P) and (Dual) become the problems investigated in Bector, Chandra and
Husain (1984) and Bector and Husain (1992).

Remark 3 If we take qLγ (t, γ, γ̇, u)+qLu (t, γ, γ̇, u)−
d
dt
qLγ̇ (t, γ, γ̇, u) = LL(t, γ, γ̇, u)

and by using the observations:

DqLγ̇ = qLγ̇t + qLγ̇γ γ̇ + qLγ̇γ̇ γ̈ + qLγ̇uu̇,

∂

∂γ
DqLγ̇ = DqLγ̇γ ,

∂

∂γ̇
DqLγ̇ = DqLγ̇γ̇ + qLγ̇γ ,

∂

∂γ̈
DqLγ̇ = qLγ̇γ̇ where D :=

d

dt
,

we obtain

GL = LL
γ (t, γ, γ̇, u)−

d

dt
LL
γ̇ (t, γ, γ̇, u) +

d2

dt2
LL
γ̈ (t, γ, γ̇, u)

=
∂

∂γ

(

qLγ (t, γ, γ̇, u) + qLu (t, γ, γ̇, u)−
d

dt
qLγ̇ (t, γ, γ̇, u)

)

−
d

dt

(

∂

∂γ̇

(

qLγ (t, γ, γ̇, u) + qLu (t, γ, γ̇, u)−
d

dt
qLγ̇ (t, γ, γ̇, u)

))

+
d2

dt2

(

∂

∂γ̈

(

qLγ (t, γ, γ̇, u) + qLu (t, γ, γ̇, u)−
d

dt
qLγ̇ (t, γ, γ̇, u)

))

= qLγγ + qLuγ −
d

dt
qLγ̇γ

−
d

dt
qLγγ̇ −

d

dt
qLuγ̇ +

d2

dt2
qLγ̇γ̇ +

d

dt
qLγ̇γ

−
d2

dt2
qLγ̇γ̇

= qLγγ + qLuγ −
d

dt
qLγγ̇ −

d

dt
qLuγ̇ .

Similarly, we obtain GU = qUγγ + qUuγ − d
dt
qUγγ̇ − d

dt
qUuγ̇ , and as G = ιLGL +

ιUGU , this implies

G = ιLqLγγ + ιLqLuγ + ιUqUγγ + ιUqUuγ −D
(

ιLqLγγ̇ + ιLqLuγ̇ + ιUqUγγ̇ + ιUqUuγ̇
)

.

In the same manner, we compute H and F , as well.
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Now, we will formulate and prove a weak-type duality theorem to connect
the values of (P) and (Dual).

Theorem 2 Consider (γ, u) ∈ Z and (z, v, ι, ζ, ν, b) ∈ Z1 and assume that:

(i) ι =
(

ιL, ιU
)

> 0;

(ii)

∫ t1

t0

(

ιLqL + ιUqU
)

(t, γ, γ̇, u)dt is (η, ξ)-bonvex at (z, v);

(iii)

∫ t1

t0

ζTh(t, γ, γ̇, u)dt is (η, ξ)-bonvex at (z, v);

(iv)

∫ t1

t0

νT [f(t, γ, u)− γ̇]dt is (η, ξ)-bonvex at (z, v).

Then, the following relation is fulfilled

C(γ, u) ⊀LU J(z, v, ι, ζ, ν, b).

Proof Let us consider, contrary to the results, that

C(γ, u) ≺LU J(z, v, ι, ζ, ν, b)

is satisfied. This implies
{

∫ t1

t0
qL(t, γ, γ̇, u)dt <

∫ t1

t0

(

qL(t, z, ż, v)− 1
2b

TGL(t, z, ż, v)b
)

dt,
∫ t1

t0
qU (t, γ, γ̇, u)dt <

∫ t1

t0

(

qU (t, z, ż, v)− 1
2b

TGU (t, z, ż, v)b
)

dt,

or
{

∫ t1

t0
qL(t, γ, γ̇, u)dt ≤

∫ t1

t0

(

qL(t, z, ż, v)− 1
2b

TGL(t, z, ż, v)b
)

dt,
∫ t1

t0
qU (t, γ, γ̇, u)dt <

∫ t1

t0

(

qU (t, z, ż, v)− 1
2b

TGU (t, z, ż, v)b
)

dt,

or
{

∫ t1

t0
qL(t, γ, γ̇, u)dt <

∫ t1

t0

(

qL(t, z, ż, v)− 1
2b

TGL(t, z, ż, v)b
)

dt,
∫ t1

t0
qU (t, γ, γ̇, u)dt ≤

∫ t1

t0

(

qU (t, z, ż, v)− 1
2b

TGU (t, z, ż, v)b
)

dt.

The above inequalities, together with the hypothesis (i), give

∫ t1

t0

(

ιLqL + ιUqU
)

(t, γ, γ̇, u)dt

<

∫ t1

t0

(

(

ιLqL + ιUqU
)

(t, z, ż, v)−
1

2
bTGb

)

dt.

(10)

Now, by using the constraints (2), (7) and (9), we have

∫ t1

t0

ζTh(t, γ, γ̇, u)dt ≤

∫ t1

t0

(

ζTh(t, z, ż, v)−
1

2
bTHb

)

dt. (11)
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Since

∫ t1

t0

ζTh dt is (η, ξ)-bonvex at (z, v), if we also consider (11), we get

∫ t1

t0

η(t, γ, u, z, v)
{

ζThγ(t, z, ż, v)−D
(

ζThγ̇(t, z, ż, v)
)

+Hb
}

dt

+

∫ t1

t0

ξ(t, γ, u, z, v)ζThu(t, z, ż, v)dt ≤ 0. (12)

From the constraints (5) and (6), we have

∫ t1

t0

η(t, γ, u, z, v)
{

ιLqLγ (t, z, ż, v)+ι
UqUγ (t, z, ż, v)+ζ

Thγ(t, z, ż, v)+ν
T fγ(t, z, v)

−D
(

ιLqLγ̇ (t, z, ż, v) + ιUqUγ̇ (t, z, ż, v) + ζThγ̇(t, z, ż, v)− νT
)

+(G+H + F )b
}

dt = 0,

∫ t1

t0

ξ(t, γ, u, z, v)
{

ιLqLu (t, z, ż, v) + ιUqUu (t, z, ż, v)

+ζThu(t, z, ż, v) + νT fu(t, z, v)
}

dt = 0,

and using (12), we obtain

∫ t1

t0

η(t, γ, u, z, v)
{

ιLqLγ (t, z, ż, v) + ιUqUγ (t, z, ż, v) + νT fγ(t, z, v)

−D
(

ιLqLγ̇ (t, z, ż, v) + ιUqUγ̇ (t, z, ż, v)− νT
)

+(G+ F )b
}

dt ≥ 0,

∫ t1

t0

ξ(t, γ, u, z, v)
{

ιLqLu (t, z, ż, v) + ιUqUu (t, z, ż, v) + νT fu(t, z, v)
}

dt ≥ 0.

Using the above equation and the hypothesis that

∫ t1

t0

(

ιLqL + ιUqU
)

dt

and
∫ t1

t0

νT [f(t, γ, u)− γ̇]dt
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are (η, ξ)-bonvex at (z, v), we have

∫ t1

t0

(

ιLqL + ιUqU
)

(t, γ, γ̇, u)dt

≥

∫ t1

t0

(

(

ιLqL + ιUqU
)

(t, z, ż, v)−
1

2
bTGb

)

dt,

a contradiction to (10). Hence, the result

C(γ, u) ⊀LU J(z, v, ι, ζ, ν, b).

The next theorem formulates a strong-type duality result, associated with
the primal optimization problem (P).

Theorem 3 Consider (γ̄, ū) is an LU -optimal solution of (P). Then there exist
piecewise smooth functions ῑ : B → R

2, ῑ 6= 0, ζ̄ : B → R
m, ζ̄ ≥ 0, and ν̄ :

B → R
n, such that (γ̄, ū, ῑ, ζ̄, ν̄, b̄ = 0) is a feasible point for (Dual) and the

objective values of (P ) and (Dual) are equal at (γ̄, ū) and (γ̄, ū, ῑ, ζ̄, ν̄, b̄ = 0),
respectively. Furthermore, if the hypotheses in the weak duality theorem hold,
then (γ̄, ū, ῑ, ζ̄, ν̄, b̄ = 0) is an LU -optimal solution of the dual problem (Dual).

Proof Since (γ̄, ū) is an LU -optimal solution for (P), from Theorem 1 there
exist piecewise smooth functions ῑ =

(

ῑL, ῑU
)

≥ 0, ῑ 6= 0, ζ̄ : B → R
m, ζ̄ ≥ 0, and

ν̄ : B → R
n such that:

(i) ῑLqLγ (t, γ̄, ˙̄γ, ū) + ῑUqUγ (t, γ̄, ˙̄γ, ū) + ζ̄Thγ(t, γ̄, ˙̄γ, ū) + ν̄T fγ(t, γ̄, ū)

−D
[

ῑLqLγ̇ (t, γ̄, ˙̄γ, ū) + ῑUqUγ̇ (t, γ̄, ˙̄γ, ū) +ζ̄Thγ̇(t, γ̄, ˙̄γ, ū)− ν̄T
]

= 0,

(ii) ῑLqLu (t, γ̄, ˙̄γ, ū) + ῑUqUu (t, γ̄, ˙̄γ, ū) + ζ̄Thu(t, γ̄, ˙̄γ, ū) + ν̄T fu(t, γ̄, ū) = 0,

(iii) ζ̄Th(t, γ̄, ˙̄γ, ū) = 0, t ∈ B,

except at discontinuity points. Hence, (γ̄, ū, ῑ, ζ̄, ν̄, b̄ = 0) fulfills the con-
straints of (Dual) and objective values are equal. Further, let us show that
(γ̄, ū, ῑ, ζ̄, ν̄, b̄ = 0) is an LU -optimal solution for (Dual). If not, then there
exists

(

γ̄1, ū1, ῑ1, ζ̄1, ν̄1, b̄1
)

∈ Z1, satisfying:

J
(

γ̄1, ū1, ῑ1, ζ̄1, ν̄1, b̄1
)

≻LU J(γ̄, ū, ῑ, ζ̄, ν̄, b̄).

As b̄ = 0, then the above relation implies

J
(

γ̄1, ū1, ῑ1, ζ̄1, ν̄1, b̄1
)

≻LU J(γ̄, ū, ῑ, ζ̄, ν̄, b̄ = 0) = C(γ̄, ū)

which contradicts the weak duality result given by Theorem 2. Consequently,
the vector (γ̄, ū, ῑ, ζ̄, ν̄, b̄ = 0) is an LU -optimal solution for (Dual). The proof
is complete.
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The next theorem formulates a strict converse-type duality result associated
with the primal optimization problem (P).

Theorem 4 Consider (γ̄, ū) and (z̄, v̄, ι, ζ, ν, b̄) be feasible points for (P) and
(Dual), respectively, satisfying

C(γ̄, ū) = J(z̄, v̄, ι, ζ, ν, b̄). (13)

Moreover, if we have:

(i) ι =
(

ιL, ιU
)

> 0;

(ii)

∫ t1

t0

(

ιLqL + ιUqU
)

(t, γ̄, ˙̄γ, ū)dt is strictly (η, ξ)-bonvex at (z̄, v̄);

(iii)

∫ t1

t0

ζTh(t, γ̄, ˙̄γ, ū)dt is (η, ξ)-bonvex at (z̄, v̄);

(iv)

∫ t1

t0

νT [f(t, γ̄, ū)− ˙̄γ]dt is (η, ξ)-bonvex at (z̄, v̄),

then the following equality

(γ̄, ū) = (z̄, v̄)

is fulfilled.

Proof Suppose, to the contrary, that (γ̄, ū) 6= (z̄, v̄). By considering the relation
(13), we have

C(γ̄, ū) = J(z̄, v̄, ι, ζ, ν, b̄),

which implies

∫ t1

t0

(

ιLqL + ιUqU
)

(t, γ̄, ˙̄γ, ū)dt =

∫ t1

t0

(

ιLqL + ιUqU −
1

2
b̄TGb̄

)

(t, z̄, ˙̄z, v̄)dt.

(14)

Since (z̄, v̄, ι, ζ, ν, b̄) is a feasible point for (Dual), we obtain

∫ t1

t0

η(t, γ̄, ū, z̄, v̄)
{

ιLqLγ̄ (t, z̄, ˙̄z, v̄)+ι
UqUγ̄ (t, z̄, ˙̄z, v̄)+ζ

Thγ̄(t, z̄, ˙̄z, v̄)+ν
T fγ̄(t, z̄, v)

−D
(

ιLqL˙̄γ (t, z̄, ˙̄z, v̄) + ιUqU˙̄γ (t, z̄, ˙̄z, v̄) + ζTh ˙̄γ(t, z̄, ˙̄z, v̄)− νT
)

+(G+H + F )b̄
}

dt = 0, (15)

∫ t1

t0

ξ(t, γ̄, ū, z̄, v̄)
{

ιLqLū (t, z̄, ˙̄z, v̄) + ιUqUū (t, z̄, ˙̄z, v̄)
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+ζThū(t, z̄, ˙̄z, v̄) + νT fū(t, z̄, v̄)
}

dt = 0. (16)

The feasibility of (γ̄, ū) and (z̄, v̄, ι, ζ, ν, b̄) for (P) and (Dual), respectively,
yields

∫ t1

t0

ζTh(t, γ̄, ˙̄γ, ū)dt ≤

∫ t1

t0

(

ζTh(t, z̄, ˙̄z, v̄)−
1

2
b̄THb̄

)

dt. (17)

Since

∫ t1

t0

ζTh dt is (η, ξ)-bonvex at (z̄, v̄) and by considering (17), we get

∫ t1

t0

η(t, γ̄, ū, z̄, v̄)
{

ζThγ̄(t, z̄, ˙̄z, v̄)−D
(

ζTh ˙̄γ(t, z̄, ˙̄z, v̄)
)

+Hb̄
}

dt

+

∫ t1

t0

ξ(t, γ̄, ū, z̄, v̄)ζThū(t, z̄, ˙̄z, v̄)dt ≤ 0.

By using the above inequality in (15) and (16), we obtain

∫ t1

t0

η(t, γ̄, ū, z̄, v̄)
{

ιLqLγ̄ (t, z̄, ˙̄z, v̄) + ιUqUγ̄ (t, z̄, ˙̄z, v̄) + νT fγ̄(t, z̄, v̄)

−D
(

ιLqL˙̄γ (t, z̄, ˙̄z, v̄) + ιUqU˙̄γ (t, z̄, ˙̄z, v̄)− νT
)

+(G+ F )b̄
}

dt ≥ 0,

∫ t1

t0

ξ(t, γ̄, ū, z̄, v̄)
{

ιLqLū (t, z̄, ˙̄z, v̄) + ιUqUū (t, z̄, ˙̄z, v̄) + νT fū(t, z̄, v̄)
}

dt ≥ 0.

Using the above relations and the hypotheses that

∫ t1

t0

(

ιLqL + ιUqU
)

dt

and
∫ t1

t0

νT [f(t, γ̄, ū)− ˙̄γ]dt

are (strictly) (η, ξ)-bonvex at (z̄, v̄), we get

∫ t1

t0

(

ιLqL + ιUqU
)

(t, γ̄, ˙̄γ, ū)dt

>

∫ t1

t0

(

(

ιLqL + ιUqU
)

(t, z̄, ˙̄z, v̄)−
1

2
b̄TGb̄

)

dt,

a contradiction to (14). Hence, the result (γ̄, ū) = (z̄, v̄).
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4. An illustrative example with physical significance

Now, in order to highlight the theoretical elements derived in the paper, an
application (to which the here proposed approach applies and for which the
previous methods do not work) is presented.

Let us extremize the mechanical work provided by the interval-valued vari-
able force V̄ (γ + 1, γ2 + 3), to move its application point along the interval
B = [0.6, 1], so that the following controlled behavior

γ(0.6) = 0 = γ(1)

γ3 − γ ≤ 0, t ∈ B

γ̇ = u, t ∈ B

− γ ≤ 0, t ∈ B

is satisfied.

To solve the above-given problem, for n = l = 1, we will consider A as the
space of piecewise smooth state functions γ : B → R. Also, we denote U as
the space of piecewise continuous control functions u : B → R. Consider the
following interval-valued variational control problem, formulated as:

(P1) min
(γ,u)

C(γ, u) =

[∫ 1

0.6

(γ + 1)dt,

∫ 1

0.6

(

γ2 + 3
)

dt

]

subject to

γ(0.6) = 0 = γ(1)

γ3 − γ ≤ 0, t ∈ B

γ̇ = u, t ∈ B

− γ ≤ 0, t ∈ B.

The feasible solution set for (P1) is given by

Z =
{

(γ, u) ∈ A× U : γ (0.6) = γ (1) = 0, γ3 − γ ≤ 0, −γ ≤ 0, γ̇ − u = 0
}

.

In the following, we consider

ι(t) =
(

t2 + 2, t2 + 2
)

, ζ(t) =

(

2t3 + t2 + 4t+ 2

2
,
2t3 + t2 + 4t+ 2

2

)

,

b(t) = ν(t) = t.

The dual problem, associated with the above primal problem (P1), is given
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as:
(D1) max J(z, v, ι, ζ, ν, b) =
[∫ 1

0.6

(

z + 1−
1

2
bT (0)b

)

dt,

∫ 1

0.6

(

z2 + 3−
1

2
bT (2)b

)

dt

]

=

[∫ 1

0.6

(z + 1)dt,

∫ 1

0.6

(

z2 + 3− bT b
)

dt

]

subject to

z(0.6) = 0 = z(1),

(

t2 + 2
)

(1) +
(

t2 + 2
)

(2z)+

[

2t3 + t2 + 4t+ 2

2

2t3 + t2 + 4t+ 2

2

][

3z2 − 1
−1

]

+1 +

(

2
(

t2 + 2
)

+ 6z

(

2t3 + t2 + 4t+ 2

2

))

t = 0, t ∈ B,

(

t2 + 2
)

(0) +
(

t2 + 2
)

(0) + t = 0, t ∈ B,
∫ 1

0.6

[

2t3 + t2 + 4t+ 2

2

2t3 + t2 + 4t+ 2

2

] [

z3 − z

−z

]

−
1

2
t

(

6z
2t3 + t2 + 4t+ 2

2

)

tdt ≥ 0, t ∈ B,

∫ 1

0.6

t(u− ż)dt ≥ 0, t ∈ B,

ι : B → R
2, ι =

(

t2 + 2, t2 + 2
)

≥ 0, ι 6= 0,

ζ : B → R
2, ζ =

(

2t3 + t2 + 4t+ 2

2
,
2t3 + t2 + 4t+ 2

2

)

≥ 0,

where

G = ιLqLγγ(t, z, ż, v) + ιLqLuγ(t, z, ż, v) + ιUqUγγ(t, z, ż, v) + ιUqUuγ(t, z, ż, v)

−D
(

ιLqLγγ̇ + ιLqLuγ̇ + ιUqUγγ̇ + ιUqUuγ̇
)

(t, z, ż, v),

H = ζThγγ(t, z, ż, v)+ζ
Thuγ(t, z, ż, v)−D

(

ζThγγ̇(t, z, ż, v) + ζThuγ̇(t, z, ż, v)
)

,

F = νT fγγ(t, z, ż, v)+ν
T fuγ(t, z, ż, v)−D

(

νT fγγ̇(t, z, ż, v) + νT fuγ̇(t, z, ż, v)
)

,
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imply

G =
(

t2 + 2
)

qLγγ(t, z, ż, v) +
(

t2 + 2
)

qLuγ(t, z, ż, v) +
(

t2 + 2
)

qUγγ(t, z, ż, v)

+
(

t2 + 2
)

qUuγ(t, z, ż, v)

−D
[(

t2 + 2
)

qLγγ̇ +
(

t2 + 2
)

qLuγ̇ +
(

t2 + 2
)

qUγγ̇ +
(

t2 + 2
)

qUuγ̇
]

(t, z, ż, v)

=
(

t2 + 2
)

(0) +
(

t2 + 2
)

(0) +
(

t2 + 2
)

(2) +
(

t2 + 2
)

(0)(t, z, ż, v)

= 2
(

t2 + 2
)

,

H =

([

2t3 + t2 + 4t+ 2

2

2t3 + t2 + 4t+ 2

2

]

left[
γ3 − γ

−γ

]

γγ

+

[

2t3 + t2 + 4t+ 2

2

2t3 + t2 + 4t+ 2

2

] [

γ3 − γ

−γ

]

uγ

(t, z, ż, v)

−D

(

[

2t3 + t2 + 4t+ 2

2

2t3 + t2 + 4t+ 2

2

] [

γ3 − γ

−γ

]

γγ̇

+

[

2t3 + t2 + 4t+ 2

2

2t3 + t2 + 4t+ 2

2

] [

γ3 − γ

−γ

]

uγ̇

(t, z, ż, v),

that is,

H =
2t3 + t2 + 4t+ 2

2
(6z)− 0 = 3z

(

2t3 + t2 + 4t+ 2
)

and F = 0.

For simplicity, we take (z, v) = (0, 0). Then, the feasible solution set for
(D1) is given by

Z1 =

{(

(0, 0),
(

t2 + 2, t2 + 2
)

,

(

2t3 + t2 + 4t+ 2

2
,
2t3 + t2 + 4t+ 2

2

)

, t, t

)

∈ A× R
2 × R

2 × R
2, t ∈ B

}

.

Now, for all feasible solutions,

(z(t), v(t), ι(t), ζ(t), ν(t), b(t))

=

(

(0, 0),
(

t2 + 2, t2 + 2
)

,

(

2t3 + t2 + 4t+ 2

2
,
2t3 + t2 + 4t+ 2

2

)

, t, t

)

of (D1), the objective value is
[

0.4, 2.8163

]

. Also, for all feasible solutions of (P1),
the objective value is between [0.4, 1.2] and [0.8, 1.6].
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Let η, ξ : B × (A × U)2 → R be defined by η(t, γ, u, z, v) = ξ(t, γ, u, z, v) =
−γ3+2γ+z

2 . Since

∫ 1

0.6

(

(

ιLqL + ιUqU
)

(t, γ, γ̇, u)−
(

ιLqL + ιUqU
)

(t, z, ż, v) +
1

2
bTGb

)

dt

−

∫ 1

0.6

η(t, γ, u, z, v)
(

ιLqLγ (t, z, ż, v) + ιUqUγ (t, z, ż, v)

−D
(

ιLqLγ̇ (t, z, ż, v) + ιUqUγ̇ (t, z, ż, v)
)

+Gb
)

dt

−

∫ 1

0.6

ξ(t, γ, u, z, v)
(

ιLqLu (t, z, ż, v) + ιUqUu (t, z, ż, v)
)

dt

=

∫ 1

0.6

((

t2 + 2
) (

γ2 + γ + 4
)

−
(

t2 + 2
) (

z2 + z + 4
)

+
(

t4 + 2t2
))

dt

−

∫ 1

0.6

(

−γ3 + 2γ + z

2

)

((

t2 + 2
)

(1) +
(

t2 + 2
)

(2z) +
(

2t3 + 4t
))

dt

=

∫ 1

0.6

(

t2 + 2
) (

γ2 + γ
)

+
(

t4 + 2t2
)

−

(

−γ3 + 2γ

2

)

(

2t3 + t2 + 4t+ 2
)

dt

:=

∫ 1

0.6

ψdt ≥ 0,

with

ψ :=
(

t2 + 2
) (

γ2 + γ
)

+
(

t4 + 2t2
)

−

(

−γ3 + 2γ

2

)

(

2t3 + t2 + 4t+ 2
)

,

is true for (z, v) = (0, 0), t ∈ B and ∀(γ, u) ∈ Z (its graphical representation is

shown in Fig. 1), thus
∫ 1

0.6

(

ιLqL + ιUqU
)

dt is (η, ξ)-bonvex at (z, v) = (0, 0).

Similarly, the inequality

∫ 1

0.6

(

ζTh(t, γ, γ̇, u)− ζTh(t, z, ż, v) +
1

2
bTHb

)

dt

−

∫ 1

0.6

η(t, γ, u, z, v)
(

ζThγ(t, z, ż, v)−D
(

ζThγ̇(t, z, ż, v)
)

+Hb
)

dt

−

∫ 1

0.6

ξ(t, γ, u, z, v)ζThu(t, z, ż, v)dt

=

∫ 1

0.6

([

2t3 + t2 + 4t+ 2

2

2t3 + t2 + 4t+ 2

2

] [

γ3 − γ

−γ

]

−
[

2t3+t2+4t+2
2

2t3+t2+4t+2
2

]

[

z3 − z

−z

]
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+
1

2
t

(

6z
2t3 + t2 + 4t+ 2

2

)

t

)

dt−

∫ 1

0.6

(

−γ3 + 2γ + z

2

)

(

[

2t3+t2+4t+2
2

2t3+t2+4t+2
2

]

[

3z2 − 1
−1

]

+6z

(

2t3 + t2 + 4t+ 2

2

)

t

)

dt

=

∫ 1

0.6

((

2t3 + t2 + 4t+ 2

2

)

(

γ3 − 2γ
)

−

(

−γ3 + 2γ

2

)

(

−
(

2t3 + t2 + 4t+ 2
))

)

dt

= 0 ≥ 0,

implies
∫ 1

0.6
ζThdt is (η, ξ)-bonvex at (z, v) = (0, 0).

Figure 1. The 3-D plot of φ, where 0 ≤ γ ≤ 1 and 0.6 ≤ t ≤ 1

For all feasible solutions of (P1) and (D1), we have

∫ 1

0.6

q(t, γ, γ̇, u)dt ⊀LU

∫ 1

0.6

(

q(t, z, ż, v)−
1

2
bTGb

)

dt,

and, in consequence,

C(γ, u) ⊀LU J(z, v, ι, ζ, ν, b)

and Theorem 2 is verified.
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5. Conclusions

A dual-type problem of second order associated with the new class of (η, ξ)-
bonvex interval-valued variational control problems has been formulated and
studied. For this kind of problem, various duality theorems (weak, strong,
strictly converse) have been established and proven under the new (η, ξ)-bonvexity
assumptions of the involved functionals. In addition, we have presented an il-
lustrative numerical example of a main result (namely, Theorem 2), obtained in
the paper. Due to the applicability of control in various branches of science, the
present work could represent a basis study of real importance for the academic
community. An immediate further development of the paper is the inclusion of
curvilinear or multiple integrals as functionals involved in the considered varia-
tional models. This would considerably increase the role of the present study.
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