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Abstract: This paper establishes connections between new classes
of generalized Stampacchia (weak) vector variational control inequal-
ities and the corresponding multiple-objective extremization prob-
lems. In this regard, we introduce the concepts of (strictly) strong
convexity and preconvexity, associated with controlled multiple in-
tegral type functionals, and a mean value type theorem.
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1. Introduction

In 1964, by variational techniques, Hanson (1964) conceived the relationship be-
tween mathematical and classical programming. The applications of variational
(control) problems have been well stated in Kim (2004). In 1980, Giannessi
(1980) studied the notion of a vector variational inequality in a finite-dimensional
Euclidian space. Later, Giannessi (1998) studied the relationship between effi-
cient solutions of a differentiable convex vector optimization problem and solu-
tions of a Minty-type vector variational inequality. Oveisiha and Zafarani (2013)
investigated generalized Minty vector variational-like inequalities and vector op-
timization problems in Asplund spaces. Within the same research stream, Yu
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and Yao (1996) extended the existence results with respect to vector variational
inequalities for monotone operators in Banach space. Then, Lee (2000) studied
the relations between vector variational inequalities and the associated convex
vector optimization problems. Continuing the research on Minty’s variational
principle, Yang and Teo (2004) presented some results, linking the vector varia-
tional inequality and the vector optimization problem under the pseudoconvex-
ity and pseudomonotonicity hypotheses. Using the same ideas as their predeces-
sors, Santos, Rojas-Medar and Rufidn-Lizana (2006) established a connection
between the nonconvex vector optimization problem and the variational-like in-
equality problem. The Minty vector variational inequality and the Stampacchia
vector variational inequality were used by Ansari and Lee (2010) to establish
a necessary and sufficient optimality condition for a vector minimal point of a
vector optimization problem with pseudoconvex functions involving Dini deriva-
tives. Similar techniques have been used by Al-Homidan and Ansari (2010) to
determine the relationship between Minty and Stampacchia vector variational-
like inequality problems and vector optimization problems for nondifferentiable
and nonconvex functions. Arana-Jiménez et al. (2010) considered efficiency and
duality results in multiobjective variational problems, proving that the introduc-
tion of new classes of functions may provide a sufficient and necessary condition
to establish the duality results of a given problem. Miholca (2014) introduced
several types of generalized invexity and established some relations between a
multivalued optimization problem and the corresponding vector variational in-
equality. Jayswal, Singh and Kurdi (2016) established a connection between
the solutions of some vector variational-type inequalities with weak formulation
and the efficient solutions of the considered multi-objective problem. Later,
Jayswal and Singh (2016) established several relationships between Minty and
Stampacchia generalized variational inequalities and the associated multiobjec-
tive variational problems. For other advancements in this research direction,
interested readers can consult the papers by Crespi, Ginchev and Rocca (2004,
2008), Ruiz-Garzon et al. (2010), Yu and Lu (2011).

In this paper, motivated by the previously mentioned developments, we ex-
tend the Stampacchia type (weak) vector variational inequalities to the Stampac-
chia type (weak) vector variational control inequalities. Using the new concepts
of (strictly) strong convexity and preconvexity, associated with controlled mul-
tiple integral type functionals, and a mean value type theorem, we establish the
relationships of these (weak) vector variational control inequalities with the asso-
ciated multiple-objective optimization problems. Concretely, the new elements
included in this study are represented by the presence of the control variable
and the associated concepts of (strictly) strong convexity and preconvexity for
multiple integral functionals.

This work consists of four sections. In the second section, we present the
preliminary notions used to prove the main results of the current paper. In
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Section 3, we establish relations between Stampacchia (weak) vector variational
control inequalities and the associated multiobjective optimization problems. In
addition, the theoretical notions are highlighted by considering some suitable
examples. The last section formulates the conclusions of this paper.

2. Some preliminary results

Let D C R? be a compact set (for instance, a hyper-parallelepiped having the
diagonally located points a and b in R?). Also, let 6 : D x R® x R™ — R" be
a C'-class function. For notation simplicity, we will write  and z, instead of
x(t) and z,(t), respectively, where x : D — R™ is a piecewise smooth function
with partial derivative 2, := §%, 7 =1,¢. Also, we will write u instead of u(t),
where u : D +— R™ is a piecewise continuous function. We denote the partial
derivatives of a scalar function ¢ : D x R” x R™ — R with respect to x and
2., respectively, by ¢, ¢z and, in a similar manner, we consider the partial
derivative of ¢ with respect to u.

Further, let us denote by X the space of all piecewise smooth state func-
tions z : D — R™ such that z(a) = «, x(b) = 8, with the norm ||z| = ||z|lco +
> |lzr| s, and consider U to be the space of piecewise continuous control
functions u : D+ R™, having the uniform norm || - ||cc.

Now, we consider the following multiple-objective optimization problem:

(P) rnin/ 0(t,z,u)dw = (/ 0 (t,z,u)dw,--- 7/ Gr(t,x,u)dw),
(zu)JD D D

subject to

z(a)=a, z(b)=p,
g(t,x,u)SO, t€D7
Ri(t,xu)=gat, teD,i=1,n, 7=1,q,

where dw :=dt!,---dt?, g: DxR®* xR™ — R¥ and h: D x R" x R™ — R™ are
assumed to be continuously differentiable functions. We denote by K C X x U
the convex set of all feasible pairs of P.

DEFINITION 2.1 A point (y,v) € K is named the efficient pair of P if for all
(z,u) € K the following inequality cannot hold

/Op(t,a:,u)dwg/ 0P (t,y,v)dw,
D

D

with < for at least one p € P, where P={1,--- ,r}.
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DEFINITION 2.2 A point (y,v) € K is named the weak efficient pair of P if for
all (x,u) € K the following inequality cannot hold

/Hp(t,x,u)dw</ 0P (t,y,v)dw, VpeP.
D D

In order to formulate and prove the main results, which are derived in this
paper, we present the notions of strong preconvexity and strong convezxity for
the involved multiple integral functionals.

DEFINITION 2.3 A scalar functional ® : K - R, ®(x,u) :/ o(t,z,u)dw is named

D
strongly preconvex on K if there exists 0 > 0 such that, for all (x,u), (y,v) €K
and o € [0,1], the inequality

A¢(t,y+g(x—y),v+g(u—'U))do.}SU’/DQS(t,iC,'LL)dW'F(l—U)/;(ZS(t,y,’U)dUJ
—do(1—a)|[(z,u) - (y,0)[,
is satisfied.

DEFINITION 2.4 A scalar functional ® : K - R, &(x,u) :/ o(t,z,u)dw is named
D

strongly convex on K if there exists § >0 such that, for all (x,u), (y,v) €K, the
inequality

/D[ﬂbm(t,y,v)(fc — )+ bult,y,v) (u—v)]dw + 6| (z,u) = (y,0)|>

< [ ottaudo- [ oty
D D
is satisfied.
Obviously, a strong convex functional is also a convex functional, but the
converse is not true.
EXEMPLE 2.1 Consider ¢:[0,1)2 xR xR — R, with ¢(t,z,u) =z +u and z(t) =
t!+12, u(t) = c € R. The functional ®(z,u) = o(t,z,u)dw is convex at

[0,1]2
(y,v) = (0,0) since, for all (z,u) € R?, we have

/ o(t,z,u)dw —/ o(t,y,v)dw >
[0,1]2 [0,1]2

/ [¢x(t,yvv)($—y)+¢u(t,y,v)(u—v)} dw.

[0,1)2
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Indeed, we get

| stando- [ stpndo= [ @rudo- [ o
[0,1]2 [0,1)2 [0,1]2 [0,1]2

=1+c,
and

/ (62 (t,9,0) (@ — )+ du (b ,0) (u—v)] deo = / (2 —y) + (u—v)]dw
[0,1]2 [0,1]2
=1+c.

The functional ® is not strongly convez at (y,v) = (0,0), since we get

/[0 2 [ (t,y,0) (2 —y) + du(t,y,0) (u—v)]dw + 6| (z,u) — (y,v)]|

- [/[071]2 oA = /[0,1]2 ¢(t’y,v)dw]
= 6||(z,u) — (y,v)]* £ 0,

for any § > 0.

DEFINITION 2.5 A scalar functional ® : K — R, ®(x,u) :/ o(t,x,u)dw is called

D
strictly strongly convex on K if there exists § > 0 such that, for all (z,u),(y,v) €
K and (z,u) # (y,v), we have

/D (62 (£,,0) (& — ) + Gt ,0) (u— 0)]deo + 81|, ) — (9,0)]2
</ng(t,x,u)dw—/DQS(t,y,v)dw.

Based on the convex set concept, we introduce the following definition for
the path notion.

DEFINITION 2.6 Let (z,u) and (y,v) be arbitrary in K. A set Py ), (yw) 18
named closed path linking (y,v) and (z,u), if

Plau) () = {(z;w) = (#,u) + o((y,v) — (z,u)) : 0 €[0,1]}.
Similarly, P(Oz W) (v) 18 called an open path linking (x,u) and (y,v), if
P(O:t,u),(y,v) = {(Z,IU) = (J?,U,) +U((y,U) - (I,U)) IS (Oa 1)}

Next, we will formulate a mean value type theorem for differentiable func-
tionals defined on a convex set.
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THEOREM 2.1 Let ®: K — R, ®(z,u) :/ o(t,z,u)dw be a differentiable func-

tional and Py y),(y.v) be an arbitrary closed path contained in K. Then, there
exists (xg,up) € P(OJC W) (y0) such that the following relation holds

[ ottyito- [ ottauido= [ [6a(t0,u0)( =00+ bu(t.0,m0) (0 0] do
D D D
PRrooF Consider f:[0,1] — R, a real-valued function, given by

f(a):/D(b(t,x—i—a(y—x),u—i—a(v—u))dw—/D(b(t,J;,u)

—aUl)g(t,y,v)dw—/Dqs(t,z,u)dw].

Since f(0) = f(1) =0, we use Rolle’s theorem that involves the fact that there
exists € € (0,1) with f'(e) =0. By considering relation (), we get

(1)

O:f’(e):/Dd)z(t,ere(yf:r),que(vfu))(yfl‘)dw
+/ du(t,x+e(y—x),u+e(v—u))(v—u)dw
D

7/ ¢(t7y7v)dw+/ gb(t,zm)dw,
D D

that is,

/DQS(t,y,U)dW*/Dd)(t,I,U)dw:\/D[¢x(t7x+€(y7ZL’),’U,+€(’U*U))(y7£L')
+ou(t,x+e(y—x),u+te(v—u))(v—u)dw.

By taking (x0,ug) := (x +€(y — ), u+ (v —u)), the above relation completes
the proof, namely

/D¢(t,y,v)dw—/D¢(t,:U,u)z/D[d)z(t,xo,uo)(y—x)—|—¢u(t,mo,uo)(v—u)}dw.D

The following lemma will help us to prove our main results, presented in the
next section of the paper.
LEMMA 2.1 Let @ : K — R, ®(z,u) :/ o(t,z,u)dw be a differentiable func-

tional. If the functional @ is strongly convex on K, then it is strongly preconvex
on K.
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PROOF Since K is a convex set, we have

(z1,u1) = (z,u) +o((y,v) — (z,u)) €K, V(z,u), (y,v) €K, o €]0,1].

Using strong convexity of ®(z,u) = / o(t,z,u)dw, we obtain that there exists

D
0 > 0 such that, for all (x1,u1), (y,v) € K, we have

/[%(t,xl,ul)(y—xl)+¢u(t,x1,u1)(v—ul)]dw+5||(y,u)—(xl,ul)nzg
D

(2)
L¢(t7y7v)dw_L¢(t7$1,U1)dw.

Similarly, we use the strong convexity of ®(z,u) = / o(t,z,u)dw and we obtain

that there exists § > 0 such that, for all (z1,u1), (z,u) € K, we have

/[%(t’xhul)(m—xl)+¢u(t7$17U1)(u—ul)]dw+5ll($»u)—(w17ul)||2S
D 3)

x,u)dw — t,x1,u1)dw (
/D¢(t7 ) ) A¢(v 1,u1 .

Now, we multiply the inequalities [2)) and @B by ¢ and 1— o, respectively.
Next, upon adding both inequalities, it follows that there exists d > 0 such that
for all (z,u), (y,v) € K and o € [0,1], we obtain

/D(b(t,as—i—o(y—x),u—i—a(v—u))dw§U/D¢(t7y7v)dw+(1—0)/D¢(t,x,u)
—80(1—a)ll(y,v) — ()%,

and this completes the proof. O

Now, we use the idea of a generalization for the Stampacchia variational
inequality, provided by Oveisiha and Zafarani (2013), and state generalized
Stampacchia vector variational control inequalities, which help us in the inves-
tigation of the efficient pairs of the above-mentioned multiobjective variational
control problem P:

GSVVIL,: For a given 7, let us find (y,v) € K such that there exists no
(z,u) € K, fulfilling

/D 62(t,,0) (2 — ) + 08 (1,1, 0) (u— )] do -+ ] (2.0) — (3.0)]|* <O,

with < for at least one p € P;
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GWSVVL,: For a given 7, let us find (y,v) € K such that there exists no
(z,u) € K, fulfilling

/D 07 (1,11.0) (& — ) + 07 (t.11,0) (- )] o £ | 20) — (9,02 < 0, Vip € P:

GWMVVIL,: For a given v, let us find (y,v) € K such that there exists no
(z,u) € K, fulfilling

/D [02(¢,2,) (y — @) + 04 (t, 2, u) (v~ w)] dw + ]| (y,v) = (z,0)||* >0, VpeP.

Particular cases

If y=0in GSVVI, (GWSVVL,), we obtain (weak) vector variational control
inequality, studied by Treantd, Antczak and Saeed (2023), or Treantd and Saeed
(2023). If we remove the control variable, consider vy =0 and D =1 = [a,b] C R,
then we obtain the class of variational inequalities, formulated in Kim (2004).

In the next example, we show that there exists a solution of GSVVL,, but it
is not a solution for vector variational control inequality, studied by Treanta and
Guo in (2023). Also, a practical application (mechanical work) of the theoretical
developments, derived in the current paper, can be found in Treanta, Antczak
and Saeed (2023).

EXEMPLE 2.2 Consider 0:[0,1]> x R x R — R?, given by
e(taxﬂj') = (91(t,x,u),92(t,m,u)) = (—JI—U,—J}—FU?),

that generates the following vector functional

/ 0(t,z,u)dw = / Gl(t,x,u)dw,/ 02(t, 2z, u)dw |,
[0,1]2 [0,1]2 [0,1]2

with z:[0,1] = R, z(t) =t' +#2, and u:[0,1] = R, u(t) = 1.
By direct computation, we find that (y,v) = (0,0) is a solution of GSVVIL,.
Indeed, for v = %, we get

(/[0 2 [01(t,y,0) (z —y) + 0L (t,y,0) (u—v)] dw + 7| (z,u) — (y,v)]||%,

/[0 2 [ﬁ(t,y,v) (r—y) +93(t7y7v)(u—v)] dw +v||(z,u) — (y,v)||2) £ (0,0).

On the other hand, it can be easily shown that, for v=0, the corresponding class
of variational control inequalities, studied by Treantd and Guo in (2023), is not
solvable at (0,0).
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3. Main results

In the following, we investigate the connections, which appear between the solu-
tions of the above-mentioned generalized Stampacchia vector variational control
inequalities and the associated multiple-objective optimization problem P.

Next, we establish a connection between the considered multiple objective
variational control problem P and the associated class of generalized Stampac-
chia vector variational control inequalities.

THEOREM 3.1 For each p € P, consider the functional ©F :/ 0P (t,-,-)dw that

D
is strongly convex on K with constant 6,. If (y,v) € K is a solution of GSVVL,,
where v = min{dy,...,0, }, then it is an efficient pair of P.

ProoF Consider that (y,v) is a solution of GSVVL,. Then, for a real constant
7y, there exists no (x,u) € K satisfying

/1395(%1/,@)(%*1/) + 08 (t,y,0) (u—v)ldw +|(z,0) = (y,0)|> <0, (4)

with < for at least one p € P. We use the assumption of strong convexity of

the functionals ©F = / 0P (t,-,-)dw and we get that there exists a real constant
D

dp > 0 such that

/D[@ﬁ(t,y,v)(fc*y) + 08 (8, y,0) (u— ) dw + 8| (2, w) — (y,)|I?

§/ Hp(t,x,u)dwf/ 0P (t,y,v)dw, V(z,u)eK, peP.
D D

In particular, for v = min{d,...,d, }, we get

/D[f)é’(tvyvv)(zfy) + 08 (t,y,0) (w—v)]dw +| (2, u) = (y,0)|*

§/ Gp(t,z,u)dw—/ 0P (t,y,v)dw, V(z,u)eK, pelP.
D D

Using @) and (&), we obtain that there is no (z,u) € K such that

/9 txudw</9pty,

with < for at least one p € P. Hence, the pair (y,v) is an efficient pair of P and
the proof is complete. O

Now, we establish a connection between the class of generalized Stampacchia
weak vector variational control inequalities and the class of generalized Minty
weak vector variational control inequalities.
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THEOREM 3.2 Let the functional ©P = [ 0P(t,-,-)dw be strongly conver on

D
K with constant 6,, p € P. If (y,v) € K solves GWSVVL,, then it solves
GWMVVL,, where y=min{dy,...,6,}.

PRrROOF We assume that (y,v) is a solution of GWSVVL,, that is, for a given
7, there is no (z,u) € K satistying

/D[ﬁé’(tyw)(x—y)+95(t,y,v)(u—v)]dw+7||(w,u)—(y,v)llz<0, peP. (6)

We obtain the following inequality by using the strong convexity of ©F, for a
real 0 > 0,

/D[Gi(t,y,v)(x—y) + 08 (t,y,0) (u—v)]dw + 8 | (,u) — (3, )|

S/ 9p(t,:17,u)dwf/ 0P (t,y,v)dw, V(z,u)eK, pelP.
D D

For v = min{éy,...,d, }, we get

/D[f)é’(t?yw)(z*y) + 08 (t,y,0) (u—v)]dw +| (2, 1) = (y,0)|*

< /DHp(t,z,u)dw—/Dﬁp(t,y,v)dw, V(z,u) €K, peP. v
In inequality () we interchange (z,u) with (y,v) and obtain
/D[@i’(t%u)(y—w)+95(t»$»u)(v—U)]dervll(yav)—(%u)HZ
< /DGP(Ly,v)dw—/Dﬁp(t,ac,u)dw, V(z,u) €K, peP. ©
Using () and (8]) we arrive at
/D@ﬁ(t,l‘,U)(y—ﬂC)+95(t,$,U)(v—U)]dé«)+7\|(y,v)—(Wl)llz
(9)

<- [/ 08 (t,,0) (2 — )+ 0 (¢, ,0) (u— v)]deo | — ] (,0) — (7, 0)]%
D

Now, we combine (@) and (@) and, for v € R, we can say that there is no (z,u) €K,
satisfying

/D[Gﬁ(t%U)(y—x)+93(t7$,U)(v—U)}dervll(y,v)—(w‘aU)HQ>0, peP.
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Hence, the pair (y,v) is a solution of GWMVVL,. O

Next, we establish a connection between the considered multiple objective
variational control problem P and the associated class of generalized Stampac-
chia weak vector variational control inequalities.

THEOREM 3.3 Let the functional ©P :/ 0P (t,-,-)dw be a strongly convex func-

D
tional on K with respect to 6, for each p € P. If (y,v) is a solution of GWSVVL,,
where v = min{d1,...,0r }, then it is a weak efficient pair of P.

PROOF Assume, by contrary, that (y,v) is not a weak efficient pair of P. Thus,
there exists (z,u) € K such that

/9p(t,x,u)dw</ 0P (t,y,v)dw, VpeP. (10)
D D

Since the functional ©F = / 0P (t,-,-)dw is strongly convex, it follows that there

exists d, > 0, a real constant, such that
/D[Gﬁ(tyw)(x—y) + 08 (1,y,0) (u—v))dw + 8| (2, u) — (y,0) ||

S/ Gp(t,m,u)dw—/ 0P (t,y,v)dw, Y(z,u)€eK,peP.
D D

If we consider v = min{dy,...,d, }, we have

/[95(757?;711)(%—9)+95(t72/711)(u—v)]dw+7||(ﬂ?7u)—(y,v)Hz
v (11)
S/D9p(t,x,u)dw—/DHP(t,y,v)dw, V(z,u) €K, peP.

Taking into account inequalities (I0) and (IIl), we obtain that there exists
(z,u) € K such that

/D[Qé'(t,y,v)(a: _y) +05(t,y,v)(u—v)]dw+7||(a:,u) - (y7v)||2 < Oa pe Pa
which contradicts that (y,v) is a solution of GWSVVL,. O
EXEMPLE 3.1 Consider 6:[0,1] x R?2 — R2, given by

O(t,z,u) = (01 (t,2,u),0%(t,z,u)) = (22,1 +22),

that generates the following vector functional

1 1 1
/ O(t,z,u)dt = </ 91(t,x,u)dt,/ 02(t,x,u)dt> ,
0 0 0
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with z,y: [0,1] = R, z(t) =c1 -t and y(t) =ca-t, Ver,c2 € R and u,v : [0,1] —
R, u(t) =c1, v(t) = ca. For 61 = o1 e obtain

1
/ [02(t,y:0) (@ —y) + 04, (t,y,0) (u—v)]dt + 61| (2, 1) = (y,0) ||

1 1
/ 01 txudt+/ Gl(t,y,v)dt
0 0
1

1 1
1’ u—v Tr.u)— v 27 Z2 2
/ Y)+0-(u nﬂ+&m,><%n|té ﬁ+/ydt

0

o

1 1 1
/ 22y — 2> Jdt+61||((e1 — e2)t, 01702)”27/ xgdtJr/ y2dt

0 0

1 1 1
/ [2xy — 2y°]dt + 461 (¢ 1702)27/ :cgdtJr/ y2dt
0 0 0

(c1—c2)?
= < <.
G <

o

1
Sitmilarly, for do = o1 Ve obtain

1
| 00— )+ 62 0.0) = o)+ B ) = 0]

/92tmudt+/ 02(t,y,v)

(c1—c2)?
7<O
6 —_ )

involving the fact that the two functionals are strongly convex with respect to 01
and §o. For vy = 2—14 and (y,v) a solution of GWSVVL,, by direct computation,
it follows that (y,v) is a weak efficient pair of the corresponding extremization
problem.

4. Conclusions

In this paper, we have defined the notions of (strictly) strongly convex and pre-
convex functionals, given by controlled multiple integrals. By considering these
concepts, we have studied the relationships between the solutions of generalized
Stampacchia (weak) vector variational control inequalities and (weak) efficient
pairs of the associated multiobjective optimization problems. More exactly, the
new elements included in this study have been represented by the presence of
the control variable and the associated concepts of (strictly) strong convexity
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and preconvexity for multiple integral functionals. As further developments,
based on this study, the authors suggest the analysis of well-posedness and of
saddle-point criteria for such type of problems.
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